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Abstract

In this paper, we introduce quotients of étale groupoids. Using the notion of quotients, we describe
the abelianizations of groupoid C*-algebras. As another application, we obtain a simple proof that
effectiveness of an étale groupoid is implied by a Cuntz—Krieger uniqueness theorem for a universal
groupoid C*-algebra.
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1. Introduction

The study of C*-algebras associated to étale groupoids, groupoid C*-algebras, was
initiated by Renault in [10]. Since then, many researchers have studied the relationship
between étale groupoids and groupoid C*-algebras. In the previous studies, there are
many results for C*-algebras associated to Hausdorff étale groupoids. However, C*-
algebras associated to non-Hausdorff étale groupoids do not seem to have been studied
sufficiently. Non-Hausdorff groupoids naturally arise as mentioned in [5, 8] and so on.
Exel pointed out in [7] that some results known for Hausdorff étale groupoids do not
necessarily hold for non-Hausdorff groupoids. In [4], the authors treat simplicity of
groupoid C*-algebras associated to non-Hausdorff étale groupoids.

In this paper we calculate the abelianization of a groupoid C*-algebra. For a discrete
group T, the abelianization C*(I')® of its group C*-algebra C*(T') is isomorphic to
C*(Fab) where ™ b js the abelianization of I'. Furthermore, C*(I") is isomorphic to
C(Fab) where T is the Pontryagin dual of T, It is natural to consider an étale
groupoid analogy. For aEEtale groupoid G, we construct an Etille groupoid G* and

a topological groupoid G so that C*(G)™® =~ C*(G*®) ~ Cy(G*) holds. In order to
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[2] Quotients of étale groupoids 57

construct G*°, we introduce the notion of quotient étale groupoids. A quotient étale
groupoid often becomes non-Hausdorff even if the original étale groupoid is Hausdorft.
Therefore, we treat not necessarily Hausdorft étale groupoids and their C*-algebras,
which are defined by Connes [5]. As a byproduct, we obtain a simple proof that
effectiveness of an étale groupoid is implied by a Cuntz—Krieger uniqueness theorem
for a universal groupoid C*-algebra (see Corollary 3.16). We remark that this result
has been shown in [3] for Hausdorff étale groupoids in a different way and the proof
in [3] seems to work for non-Hausdorft étale groupoids.

This paper is organized as follows. Having recalled definitions and basic facts about
not necessarily Hausdorff étale groupoids and their C*-algebras, in Section 2 we
introduce the notion of quotient étale groupoids and show some applications. Using
quotients, we obtain a simple proof that a Cuntz—Krieger uniqueness theorem for a
universal groupoid C*-algebra implies effectiveness of an étale groupoid.

In Section 3, for an étale groupoid G, we construct an étale abelian group bundle
G® through quotients. Finally, we show that the abelianization of a groupoid C*-
algebra is isomorphic to the C*-algebra associated to G*®. Since the abelianization
of a C*-algebra is commutative, it is isomorphic to Cy(X) for some locally compact
Hausdorft space X by the Gelfand—Naimark theorem. We show that the abelianization

of a groupoid C*-algebra C*(G) is isomorphic to Co(G?), where G2 is introduced in
this paper.

We obtain some results by using quotients of étale groupoids, which are not
necessarily Hausdorff. We hope that this paper will stimulate the study of non-
Hausdorft étale groupoids.

2. Etale groupoids and groupoid C*-algebras

In this section we recall the notions of étale groupoids and groupoid C*-algebras.
We refer to [9, 10, 12] for details.

2.1. Etale groupoids. A groupoid is a set G together with a distinguished subset
G c G, source and range maps s, 7: G — G and a multiplication

G? :={(a,) e GxG|s(@)=rB)}> (@B~ aBeC
such that
(1) forall x € G, s(x) = x and r(x) = x hold,
(2) forall @ € G, as(a) = r(@)a = a holds,
(3) forall (@,B) € G?, s(aB) = s(B) and r(a8) = r(e) hold,

) if (@,B),(B,7) € G, we have (aB)y = a(By), and
(5) for every y € G, there exists ¥’ € G which satisfies (y',7), (y,y") € G?, s(y) =

Yy and r(y) = yy'.
Since the element 3’ in (5) is uniquely determined by 7y, ¥’ is called the inverse of

y and denoted by y~'. We call G the unit space of G. A subgroupoid of G is a
subset of G which is closed under inversion and multiplication. For U ¢ G, we define
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Gy := s7'(U) and GY := r"1(U). We define also G, := G, and G* := G\ for x € G©.
The isotropy bundle of G is denoted by Iso(G) := {y € G | s(y) = r(y)}. If G satisfies
G =150(G), G is called a group bundle over G®. A group bundle G is said to be abelian
if G, is an abelian group for all x € G©.

A topological groupoid is a groupoid equipped with a topology where the
multiplication and the inverse are continuous. Note that the source map and range
map of a topological groupoid are continuous.

DerintTION 2.1. A topological groupoid G is said to be étale if

(1) the unit space G c G is a locally compact Hausdorff space with respect to the
relative topology of G,

(2) the source map s: G — G is a local homeomorphism (that is, for all a € G,
there exists an open neighborhood U ¢ G of « such that s(U) c G is open and
s|y is a homeomorphism onto s(U)).

An étale topological groupoid is called an étale groupoid for short. In this paper, we
assume that the unit space of an étale groupoid is a locally compact Hausdorff space.
We do not assume that an étale groupoid is a Hausdorff space as a topological space.

Note that a local homeomorphism is an open map. If s is a local homeomorphism,
then r is also a local homeomorphism since r(y) = s(y~!) holds for all y € G. By
Definition 2.1, the family of all locally compact Hausdorff open subsets of G is an open
basis for the topology of G. An étale groupoid G is said to be effective if G = Iso(G)°,
where Iso(G)° denotes the interior of Iso(G).

In some papers, the condition that the source map s: G — G is a local
homeomorphism in Definition 2.1 is replaced by the condition that the source map
s: G — G is a local homeomorphism. As in Proposition 2.2, these definitions are
equivalent.

ProrosiTion 2.2 [6, Proposition 3.2]. Let G be an étale groupoid. The unit space
G is an open subset of G. In particular, the source and range maps s, r are local
homeomorphisms as maps from G to G.

DeriniTioN 2.3. Let G be an étale groupoid. A subset U C G is called a bisection if both
sly and r|y are injective.

For an étale groupoid G, an open bisection of G is a locally compact Hausdorff
space because it is homeomorphic to an open subset of G and we assume that G© is
locally compact Hausdorff. Note that the set of all open bisections forms a basis of G.

To a given discrete group action, we can associate an étale groupoid, which is called
a transformation groupoid. We will consider a certain quotient of a transformation
groupoid in Example 3.18.

ExawmpLE 2.4. Let X be a locally compact Hausdorff space, I" be a discrete group and
a: ' ~ X be an action. The transformation groupoid I' <, X is defined as follows.
Define I' <, X :=T X X as a topological space. The unit space of I" <, X is X, which
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is identified with the subset of I" <, X via an inclusion X 3 x — (e, x) € I' <, X. The
source map and range map are defined by s((¢, x)) = x and r((¢, x)) = a,(x) respectively,
for (t, x) € I' <, X. For a pair (t,), (2, x) € I' <, X with y = @, (x), their multiplication
is defined by (#1,) - (2, X) := (112, x). An inverse is given by (£, x)™' = (¢!, a;(x)).
Then I' <, X is a Hausdorff étale groupoid.

ProposiTion 2.5 [9, Proposition 2.2.4]. Let G be an étale groupoid and U,V C G be
open sets. Then a set UV :={afeG|ac ULeV,s(a)=r{B)} CG is an open set.
Furthermore, if U,V C G are open bisections, UV is also an open bisection.

DeriNiTioN 2.6. Let G be a groupoid. A subset F ¢ G is said to be invariant if s(y) € F
implies r(y) € F for all y. A point x € G© is called a fixed point if {x} ¢ G© is
invariant.

Note that a set F ¢ G is invariant if and only if G \ F is invariant. If F ¢ G© is
invariant, then Gy = Gy N G c G is a subgroupoid whose unit space is F.

ProposiTioN 2.7. Let G be an étale groupoid. Then the set of all fixed points F ¢ G©
is a closed subset.

Proor. We show that G \ F ¢ G© is an open set. Take x € G \ F. Then there exists
v € G such that x = s(y) and x # r(y). Take an open bisection U which contains 7.
Let Sy: s(U) — r(U) denote a homeomorphism defined by S y(s(@)) = r(a) for each
a € U. Since G is Hausdorf, there exist open sets Uy, V; ¢ G such that s(y) € U,
, "(y) € Vi and U; N V| = 0. By the continuity of Sy, there exists an open set U, C U
such that y € U, and S y(U,) € V,. Now one can see that U, ¢ G \ F. Therefore,
GO\ F c G is an open set. O

We will use the next proposition for the set of all fixed points.

ProposiTion 2.8. Let G be an étale groupoid and U, F ¢ G be an invariant open and
closed subset, respectively. Then Gy C G is an open subgroupoid of G and an étale
groupoid in the relative topology. Similarly, Gr C G is a closed subgroupoid of G and
an étale groupoid in the relative topology.

Proor. Observe that U and F are locally compact Hausdorff' spaces in the relative
topology of G, Now it is clear that Gy and G are étale groupoids. O

In particular, if x € G is a fixed point, then G, C G is a discrete group.

2.2. Etale groupoid C*-algebras. Following Connes’ idea in [5], we associate a
C*-algebra to an étale groupoid which is not necessarily Hausdorff. See [6, Section 3]
for more details.

Let G be an étale groupoid. For an open Hausdorff subset U ¢ G, we denote the
set of all continuous functions with compact support on U by C.(U). We regard an
element in C.(U) as an element in Funct(G), the vector space of all complex-valued
functions on G, by defining it to be 0 outside of U. We define C(G) := span |y C.(U) C
Funct(G), where the union is taken over all open Hausdorff subsets U C G.

https://doi.org/10.1017/51446788720000154 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788720000154

60 F. Komura (5]

If G is Hausdorff, then C(G) coincides with C.(G). If G is not Hausdorff, an element
in C(G) need not be continuous.

ProrosiTion 2.9 [6, Proposition 3.10]. Let G be an étale groupoid. Take an open basis
{Ui}ier of G consisting of open Hausdorff subsets. Then C(G) is the linear span of
Uier Co(U)). In particular, C(G) is the linear span of \Jy C.(U), where the union is
taken over all open bisections of G.

Proor. This follows from a partition of unity argument. O

Derinition 2.10. Let G be an étale groupoid. Recall that C(G) is equipped with
a structure of C-vector space by pointwise addition and scalar multiplication. The
multiplication f * g € C(G) and involution f* € C(G) of f, g € C(G) are defined by

Frem= > foB 8B, o=

BEG )
Then C(G) is a *-algebra under these operations.
One can see that C.(G?) c C(G) is a *-subalgebra.

Lemma 2.11 [6, Proposition 3.14]. Let G be an étale groupoid and f € C(G).
Then there exists Cy >0 such that ||o(f)ll < Cy for all Hilbert spaces H and all
*-homomorphisms p: C(G) — B(H).

Proor. We may assume that f € C.(U) for some open bisection U C G. One can see
that f* * f € C.(GY). Since C.(G?) is a union of commutative C*-algebras, we have
o) < sup,ego ()l for all h € C.(G®). Then we obtain [lp(NI? = llo(f* * f)ll <
SUp,egolf* * ()] < co. o

Let G be an étale groupoid. We denote the left regular representation by A4,: C(G) —
£2(Gy) at x € GO, which is defined by

ADo= ). F@)ap
s(@)=r(B)

for f € C(G) and S € G,. One can see that @xer) Ay 1s a faithful *-representation of

C(G). The reduced norm of f € C(G) is defined by
A1 == sup [IA(OII.

xeGO

We denote the reduced groupoid C*-algebra of G by C7(G), which is the completion
of C(G) by the reduced norm.
The universal norm of f € C(G) is defined by

I1£1l := sup{llo(NIl | p: C(G) — B(H) is a *-representation}.

By Lemma 2.11, the universal norm takes values in [0, o). Since the left regular
representation of C(G) induces a faithful *-representation of C(G), the universal
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norm becomes a C*-norm (see [4, Section 4]). The completion of C(G) by universal
norm is denoted by C*(G). We remark that every *-representation of C(G) induces
the *-representation of C*(G). Note that the inclusion C.(G®) c C(G) extends to
Co(GD) c C*(G).

ProrosiTioN 2.12. Let G be an étale groupoid and F ¢ G© be a closed invariant
set. Then the restriction C(G) 3 f + flg, € C(Gr) extends to the surjective
*-homomorphism C*(G) — C*(Gp).

Proor. First, we check that flg, € C(GF) for all f € C(G). We may assume that
f € C.(U) for some open Hausdorff subset U C G, since C(G) is spanned by | C.(U),
where the union is taken over all open Hausdorff subsets U c G. Defining V :=
Gr N U,V isaHausdorff open subset of Gr. Then f|g, is contained in C.(V) C C(GF).

Direct calculations imply that the restriction C(G) 3 f — flg, € C(Gp) 1is
a *-homomorphism.

Next, we show that the restriction C(G) 3 f — flg, € C(GF) is surjective. Note
that {GF N U | U C G is an open Hausdorff subset} is an open basis of Gr. Take an
open Hausdorff subset U c G and f € C.(Gg N U) arbitrarily. Put V := Gp N U.
Since V c U is a closed subset of U and f € C.(V), there exists f € C.(U) such
that f|y = f by the Tietze extension theorem. Now we obtain f € C(G) such that
fIGF = f. By Proposition 2.9, C(GF) is the linear span of |Jy C.(Gr N U), where
the union is taken over all open Hausdorff subsets U c G. Therefore, the restriction
C(G) 3 f = flg, € C(GF) is surjective.

By the universality of C*(G), the restriction C(G) 3 f — flg, € C(GF) extends to
the *-homomorphism C*(G) — C*(GF). Since the image of C*(G) is dense in C*(Gp),
C*(G) — C*(Gp) is surjective. O

3. Quotients of étale groupoids

After introducing the notion of quotient étale groupoids, we will see that a quotient
of an étale groupoid induces a *-homomorphism of a groupoid C*-algebra.

3.1. Quotients of étale groupoids. In this subsection we introduce the notion of
quotient étale groupoids. First, we define normal subgroupoids and quotient groupoids.
Then we show that quotient groupoids of étale groupoids by open normal subgroupoids
again become étale.

DermviTion 3.1. Let G be a groupoid. A subgroupoid H C G is said to be normal if
(1) G c H cIso(G) holds and
(2) aHa ' ¢ Hholds forall @ € G.

DeriniTION 3.2. Let G be a groupoid and H € G be a normal subgroupoid. Then we
define an equivalence relation ~ on G by declaring that @ ~ S if s(a) = s(8) and
af~! € H. We denote the quotient set G/~ by G/H.
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We prove some lemmas needed to define the groupoid structure of a quotient
groupoid.

Lemma 3.3. Let G be a groupoid and H C G be a normal subgroupoid. Suppose that
a,a’ € G satisfy a ~ a'. Then we have s(a) = s(@’) and r(a@) = r(a@’).

Proor. It follows that s(a) = s(a’) from the definition of @ ~ /. Since ae’™! € H C
Iso(G), we have r(a) = r(aa’™") = s(aa’™!) = r(@). o

Lemma 3.4. Let G be a groupoid and H C G be a normal subgroupoid. Suppose that
a,d,B,B8 €G satisfy a ~a’, B~, s(a) =r(B). Then we have s(a’) = r(8’) and
ap ~a'p.
Proor. By Lemma 3.3, we have s(a) = s(a’) and r(B8) = r(8’). Using s(a) = r(B), we
obtain s(a’) = r(8').

The last assertion follows from a simple calculation. Indeed, we have s(aB) = s(8) =
s(B8) = s(a’B’) and

af(@’B)" = app ™ o’ = (epp o™ (e ™) € H.

Note that f8’'a~! € H, since H is normal. O

Derinition 3.5. Let G be a groupoid, H C G be a normal subgroupoidand g: G — G/H
be the quotient map. A groupoid structure of G/H is defined as follows:

e aunit space (G/H)? is g(G?), which can be identified with G via an injection
qlgo;

e source and range maps s,7: G/H — G are defined by s(g(y)) := g(s(y)),
r(q(y)) == q(r(y)) fory € G;

e multiplication of G/H is defined by g(a)q(B) := g(ap) for o, € G with s(a) =
r(B).

One can see that the inverse map of G/H satisfies g(y)™' = g(y~") for y € G. Then
G/H is a groupoid under these operations.

REmark 3.6. The operations of G/H are well defined by Lemmas 3.3 and 3.4.

If G is a topological groupoid, then we consider the quotient topology as a topology
of G/H.

Lemma 3.7. Let G be an étale groupoid and H C G be an open normal subgroupoid.
Then the quotient map q: G — G/H is an open map. Furthermore, q is a local
homeomorphism.

Proor. Let U C G be an open subset. Then ¢~ (¢(U)) = UH is an open subset of G by
Proposition 2.5. Hence, g(U) c G/H is an open subset by the definition of the quotient
topology.

Next, we show that the quotient map g: G — G/H is a local homeomorphism.
Fix a v € G. Then take an open bisection U Cc G with y € U. One can see that g|y
is injective. Since ¢ is an open map, ¢g|y is a homeomorphism onto an open subset
q(U) c G. Hence, ¢ is a local homeomorphism. O
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Observe that glgo : G — (G/H)® is homeomorphic.

ProposiTioN 3.8. Let G be an étale groupoid and H C G be an open normal
subgroupoid. Then G/H is an étale groupoid.

Proor. First, we show the continuity of the inverse G/H 3 § — ¢~! € G/H. One can
see that a map G 3y — ¢g(y)~! € G/H is continuous, since the following diagram is
commutative:

G inverse G
7| Iy
G/H ™% G/H

By the definition of the quotient topology, the inverse of G/H is continuous.

Next, we show that the multiplication of G/H is continuous. Take (g(«), g(B)) €
(G/H)® and an open set U c G/H such that g(a)g(8) € U. Since a8 € g'(U) and
q‘l(U) C G is open, there exist open sets Vi, V, C G such that @ € V|, € V, and
ViV, C q‘l(U). Subsets Vi, V, € G are open, so g(Vi),q(V,) € G/H are open. One
can see that g(a@) € g(V1), g(B) € g(V») and q(V1)q(V>) = qg(V1V,) C U. Therefore, the
multiplication of G/H is continuous.

Finally, we show that G/H is étale. Since the restriction ¢lgo gives a
homeomorphism from G to (G/H)?, (G/H)© is a locally compact Hausdorff space.
One can see that the source map s: G/H — (G/H)? is a local homeomorphism,
since we have Lemma 3.7 and the following diagram is commutative for every open
bisection U C G:

U—1 4

s(U) ——= s(q(U))
Therefore, G/H is an étale groupoid. O

DeriniTioN 3.9. Let G and G, be groupoids. A map ®: G; — G, is called a groupoid
homomorphism if (®(a), D(B)) € G and B(a) = D(a)D(B) hold for all (a, 8) € G}

We obtain the next theorem by Lemma 3.7 and Proposition 3.8.

TueoreM 3.10. Let G be an étale groupoid and H C G be an open normal subgroupoid.
Then the sequence of the étale groupoids

inclusion q

H -« G G/H

is exact, that is, ¢_'(G/H)?) = H.

As in the case of topological groups, Hausdorffness of a quotient groupoid can be
characterized as follows.
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Prorosition 3.11. Let G be an étale groupoid and H C G be an open normal
subgroupoid. Then G/H is Hausdorff if and only if H C G is closed.

Proor. Recall that an étale groupoid G is HausdorfF if and only if its unit space G©
is a closed subset of G (see, for example, [12, Lemma 2.3.2]). If G/H is Hausdorff,
(G/H)® c G/H is closed. Hence, H = ¢~ '((G/H)) is a closed subset of G.
Suppose that H C G is closed. Since ¢ is an open map, (G/H) \ (G/H)? = q(G \
H) c G/H is open. Hence, (G/H)® c G/H is closed, which implies that G/H is
Hausdorft. O

ProposiTioN 3.12. Let G be an étale groupoid. Then the interior of isotropy Iso(G)° C
Iso(G) is a normal subgroupoid.

Proor. We show that Iso(G)° is normal. By Proposition 2.2, G© is contained in
Iso(G)°. Take a € G and y € Iso(G)° with s(a) = r(y). There exist open bisections
U,VcG with « € U and y € V C Iso(G). Then, by Proposition 2.5, Uvu-'lcG
is an open subset which contains aya™!. Since U is bisection and V C Iso(G), we
have UVU™! c Iso(G). Therefore, aya™' € Iso(G)° and Iso(G)° is an open normal
subgroupoid. O

An étale groupoid G/ Iso(G)°, which is a special case of quotient groupoids,
coincides with a groupoid of germs of the canonical action (see [11, Section 3]). One
can see that G/ Iso(G)° is effective.

3.2. *-homomorphisms induced by quotients of étale groupoids. For an étale
groupoid G and an open normal subgroupoid H C G, we have obtained the quotient
étale groupoid G/H. Next, we see that the quotient map ¢: G — G/H induces
a *-homomorphism C*(G) — C*(G/H).

For f € C(G), we define f: G/H — C by

=3 f@

g(a)=y

for y € G/H. Then the following proposition holds.

ProrosiTion 3.13. Let G be an étale groupoid and H C G be an open normal
subgroupoid. Then C(G) 3 f + f € C(G/H) is a surjective *-homomorphism.

Proor. First, we show f € C(G/H). We may assume that there exists an open bisection
U C G such that f|y € C.(U) and fl|g\v = 0. Then g(U) C G/H is an open bisection
and flyw) = f o (gly)™" € Co(q(U)), since gly is a homeomorphism onto the image.
Moreover, one can see that f(G /m\qw) = 0. Hence, feCq(U)) c C(G/H).

We show that C(G) 3 f +— f e C(G/H) is a *-homomorphism. We only check that
C(G) > f = f € C(G/H) preserves multiplication, since it is easy to check that this
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map is linear and preserves the involution. For all f, g € C(G) and y’ € G/H, we have

fre0)= ), frem= Y. > fl@g®= ). fl@gp),

9=y’ q)=y’ af=y q(ap)=y’
Fraoh= ). f@@)= >, > . f@ep
ap=y aB'=y gl@)=a’ qB)=p
= D fl@g®.
q(eB)=y"

Finally, we show that C(G) > f — f € C(G/H) is surjective. Note that
{g(U) c G/H | U c G is an open bisection}

is an open basis of G. Let U C G be an open bisection and f € C.(g(U)). One can see
that g|y is a homeomorphism onto its image. Define g := f o g|y € C.(U). Then we
have g = f. By Proposition 2.12, C(G/H) is the linear span of |y C.(q(U)), where the
union is taken over all open bisections U C G. Hence, C(G) > f — f €C(G/H)is a
surjective *-homomorphism. m]

By Proposition 3.13, a map C(G)> f — f € C(G/H) c C*(G/H) is a *-
homomorphism. By the definition of the universal norm of C(G), we have || f]| < || ]I
for all f € C(G). Therefore the *-homomorphism in Proposition 3.13 extends to the
*-homomorphism Q: C*(G) — C*(G/H). Since the image of Q is dense in C*(G/H),
Q is surjective (see, for example, [2, Corollary 11.5.1.2]).

We make some observations on a Cuntz—Krieger uniqueness theorem in the
remainder of this section.

Lemma 3.14. Let Q: C*(G) — C*(G/H) be the *-homomorphism as above. Then
ker O N Co(G®) = {0} holds.

Proor. Since the universal norm of a function in C.(G?’) coincides with the supremum
norm, Qlc. gy is isometric. Therefore, Qlc o) is isometric and ker Q N Co(GD) =
{0}. m|

Lemma 3.15. Let G be an étale groupoid and H C G be an open normal subgroupoid.
Then the *-homomorphism Q: C*(G) — C*(G/H) induced by Proposition 3.13 is
injective if and only if H = G©.

Proor. It is clear that the *-homomorphism Q: C*(G) — C*(G/H) is injective if
H = G, Suppose that G ¢ H and take y, € H \ G). There exists an open bisection
U c G withyy € U c H. By the Urysohn lemma, there exists f; € C.(U) with fi(yy) =
1. Define f> € C.(G©) by

Aly) = fio(sly)™ () (y € s(U)),
7 o (y € GO\ s(U)).
We have f := fi — fo # 0, since f(yp) = 1. One can see that Q(f) = 0, which means
that Q is not injective. m]
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(—1,0) (1,0)

(07_1)

Ficure 1. Picture of X in Example 3.18.

Recall that an étale groupoid G is said to be effective if G = Iso(G)°.

CoroLrLARY 3.16 (cf. [3, Proposition 5.5]). Let G be an étale groupoid. Assume that
every nonzero ideal I ¢ C*(G) satisfies I N Co(G?) # {0}. Then G is effective.

Proor. By Proposition 3.12, Iso(G)° is a normal subgroupoid of G. Letting
Q: C*(G) = C*(G/Iso(G)°) be the *~homomorphism induced by Proposition 3.13, we
have ker QO N Co(G®) = {0} by Lemma 3.14. The assumption implies that Q: C*(G) —
C*(G/TIs0(G)°) is injective. Therefore, we obtain Iso(G)° = G by Lemma 3.15. O

Remark 3.17. It was proved in [3, Proposition 5.5] that Corollary 3.16 holds for
Hausdorft étale groupoids. In the proposition, the authors use the augmentation
representation, which seems to work for non-Hausdorff étale groupoids.

As shown in Proposition 3.13, the quotient map G — G/ Iso(G)° of étale groupoids
induces the *-homomorphism C*(G) — C*(G/Iso(G)°). Using this *~homomorphism,
we obtain the proof of Corollary 3.16, which seems to be more direct than that in [3,
Proposition 5.5].

The converse of Corollary 3.16 does not hold for non-Hausdorff étale groupoids.
Indeed, Exel showed that there exists an effective étale groupoid G such that there
exists a nonzero ideal I ¢ C*(G) with I N Co(G?) # {0} in [7] (cf. Example 3.18).

ExampLe 3.18 [7, Section 2]. Let X := ([-1, 1] x {0}) U ({0} x [-1, 1]) c R? (see
Figure 1) and K := {e, s, t, st} be the Klein group, which is isomorphic to Z/2Z & Z /27Z.
We define an action o of K on X by

O_s((xa y)) = (—X, )’), O-I((x’ )’)) = (X, _y)9 O'S[(()C, J’)) = (—)C, _)’)

for (x,y) € X.
Consider the transformation groupoid G := K <, X (see Example 2.4). One can see
that

Is0(G) =GP U {(s5,(0,y)) € G | y e [-1,1]}
U{(t,(x,0)) € G | x € [-1, 11} U {(st, (0, 0))}.

Moreover, we have Iso(G)° = Iso(G) \ {(s, (0, 0)), (z, (0, 0)), (st, (0, 0))}. Since Iso(G)°
is not closed in G (for example, (s, (0,0)) € Iso(G)° \ Iso(G)°), the quotient étale
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groupoid G/ Iso(G)° is not Hausdorft by Proposition 3.11. In [7], Exel shows that there
exists a nonzero ideal I ¢ C*(G/ Iso(G)°) with I N Co((G/ Iso(G)°)?) # {0}, although
it is effective.

Let G be an étale groupoid. In [4], the authors defined the notion of singularity for
an element of C(G). An element a € C(G) is said to be singular if the interior of
{y € G | {6y450)(@)05(5)) # 0} is empty, where 6,, € £2(G,) denotes the delta function at
v € Gy. In [4], the authors proved the following theorem.

THeorEM 3.19 [4, Theorem 4.4]. Let G be a second countable étale groupoid. Assume
that G is effective and C(G) has no nonzero singular element. Then every nonzero
ideal I C C%(G) satisfies I N Co(G?) # {0}

By the universality of C*(G), the left representation extends to the *-representation
Ac: C*(G) = B({*(Gy)). Following [4], we say that an element a € C*(G) is singular
if the interior of {y € G | {6,|45,)(a)d)) # 0} is empty, where 6, € £2(G,) denotes the
delta function at y € G,. A uniqueness theorem for C*(G) implies that C*(G) has no
nonzero singular elements.

Prorosition 3.20. Let G be a second countable étale groupoid. Assume that every
nonzero ideal I ¢ C*(G) satisfies 1 N Co(G?) # {0). Then C*(G) has no nonzero
singular elements.

Proor. Observe that the canonical surjective *-homomorphism C*(G) — C}(G) is
isomorphic by the assumption. Note that G is effective by Proposition 3.16. We define
S :={xe G?| G, N G* = {x}}. One can see that S is an invariant set. Moreover, S is
a dense subset of G by [11, Proposition 3.6]. Therefore, letting 7 := P __ A, 7 is
injective on Co(G). Then 7 is injective by the assumption.

Let a € C*(G) be a singular element. By [4, Lemma 4.2], we have

xes

sy € G | (8l Asy)(@)5) # 0} C GO\ S.

Using this fact, we show that m(a) = 0. Take x € S. Assume that there exist @, 8 € G,
such that

(0aldx(a)dp) # 0.
Then we have
<6aﬁ‘1 |/lsQ8‘1)6s(ﬂ‘l)> = <(5a|/lx(a)(5,3) # 0.

It follows that r(8) = s(87') ¢ S. This contradicts the fact that x = s(8) € S and S is
invariant. Now we have (0,|4.(a)dg) = 0 for all @, 8 € G, and therefore A,(a) = 0 holds
for all x € S. Now we have m(a) = 0, which implies a = 0. Hence, C*(G) has no nonzero
singular element. m]
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4. The abelianizations of étale groupoid C*-algebras

In this section we calculate the abelianizations of étale groupoid C*-algebras. First,
we recall the abelianizations of C*-algebras, following [1, Definition 2.8]. For a
C*-algebra A, its abelianization is defined by A®® = A/I, where I C A is the closed
two-sided ideal generated by {xy — yx € A | x,y € A}. The abelianization A® is a
commutative C*-algebra with the following universality: for all commutative C*-
algebras B and *-homomorphisms 7: A — B, there exists the unique *-homomorphism
#: A% — Bsuch that 7t o ¢ = 7, where g: A — A® denotes the quotient map.

4.1. One-dimensional representations of a groupoid C*-algebra. For a C*-
algebra A, we denote the set of all one-dimensional nondegenerate representations
of A by A(A). Namely, A(A) is the set of all nonzero *-homomorphisms from A to
C. We suppose that A(A) is equipped with the pointwise convergence topology. If
A is commutative, A(A) is known as the Gelfand spectrum of A. First, we calculate
A(CH(G)).

Let G be an étale groupoid and x € G be a fixed point of G. Note that G,

is a discrete group. We temporarily denote the surjection in Proposition 2.12 by
Q,: C*(G) — C*(Gy). Also, we denote the circle group by T:={ze€C||z] = 1}.
For a group homomorphism y: G, — T, a map C.(Gy) 3 [+ 2y XV f(y) €C
is a *-homomorphism. This *-homomorphism extends to the *-homomorphism
C*(G,) — C, which we also denote by y: C*(G,) — C.
DeriniTioN 4.1. Let G be an étale groupoid, x € G be a fixed point and y: G, — T
be a group homomorphism. Then we define a *-homomorphism ¢, , : C*(G) — C by
Pxy =X © Ox.

We will show that all elements of A(C*(G)) have this form (Theorem 4.8).

ProposiTion 4.2. Let G be an étale groupoid and ¢ € A(C*(G)). Then there exists a
unique x, € GO that satisfies p(f) = f(xp) forall f e Co(GO).

Proor. We have ¢lc o) # 0 since Co(G?) has an approximate identity of C*(G).
Therefore, ¢|c o) belongs to A(Co(G™)). Now the existence and uniqueness of
x, € G follow from the Gelfand—Naimark theorem. O

ProposiTion 4.3. Let G be an étale groupoid and ¢ € A(C*(G)). Then x, € G as
defined in Proposition 4.2 is a fixed point.

Proor. Assume that y € G satisfies s(y) = x,. We show that r(y) = x,. There exists an
open bisection U C G withy € U. Take n, € C.(U) which satisfies n,(y) = 1. Note that
we have 1+ n, € Co(G) and 1, # ny(x,) = Iny(Y)I* = 1. Fix f € C.(G?) arbitrarily.

Direct calculations show that nj, * f * n,(x,) = n,(y) f(r(y))ny(y) = f(r(y)). On the
other hand, one can see that 1},  f * n, € Co(G”)). Then we have
ny, x fxn,(x,) = @n), * f +n,) = o(n)e(fe(n,) = @), * ny)e(f) = f(x,).

Therefore, f(r(y)) = f(x,) holds for all f € C.(G™), which implies r(y) = x,.. Hence,
x, € GV is a fixed point of G. m
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Proposition 4.4. Let G be an étale groupoid, ¢ € A(C*(G)) and y € G,,. Take an
open bisection U, C G with y € U, and f, € C.(U,) with f,(y) = 1. Then ¢(f,) is
independent of the choice of U, and f,. Moreover, we have ¢(f,) € T.

Proor. First, we show that ¢(f,) € T. Since f; * f, € Co(G?), we have

le (I = @y * ) = f; % f(x) = I[P = 1.

Therefore, ¢(f,) € T.

Second, we show that ¢(f,) is independent of the choice of U, and f,. Assume that
fy € C(Uy) and g, € C.(V,) satisfy f,(y) = g,(y) = 1, where U, and V, C G are open
bisections. Find a function i € C.(s(U, N V,)) € C.(G) such that i(s(y)) = 1. Recall
that s(y) = r(y) = x,, since x,, is a fixed pomt Also, note that ¢(h) = h(x,) = 1. Putting
f7 = fy+*hand g, gy 8y * h, we have that fy and g, are contained in C.(U, N V,). Then

it follows that fy * g, € Co(G?) and

e()e(sy) = eWe(f)e(g,)eh) = ¢(fy, * &)
=, * §(xp) = RGO g, (Mh(s(y) = 1.
Now we have ¢(f,) = ¢(gy) since ¢(f,) € T. m]

ProposiTion 4.5. Let G be an étale groupoid and ¢ € A(C*(G)). We define x,: Gy, = T
by xo(y) := ¢(f,), where y € Gy, and f, € C(G) is a function as in Proposition 4.4.
Then x,: Gy, = T is a group homomorphism.

Proor. Take @, B € G,,. We show that x,(@)x,(B) = x,(ap). Take f,, fz € C(G) as in
Proposition 4.4. It follows that f, = fz € C.(U) for some open bisection U C G and
fo * f3(aB) = 1. Hence, we have

Xe(ap) = o(fo * fp) = @(fa)e(fp) = X (@)X (B)
by the definition of .. m]

Proposition 4.6. Let G be an étale groupoid. Then we have ¢ = ¢y, for all ¢ €
A(C(G)).

Proor. Take f € C.(U), where U C G is an open bisection. It suffices to show that
o(f) = ¢x,,(f), since C*(G) is generated by such functions. Note that f* =« f €
C(GD). If G, N f~1(C\ {0}) = 0, then we have 0 = f* = f(x,) = lp(f)I*. Since the
restriction of fIGW is zero, it follows that ¢, (f) = 0 = @(f). If G,, N flc\o) #
0, G, N f~H(C\ {0}) is a singleton because f is supported on an open bisection.
Let y € G, N f~'(C\ {0}) be the unique element of G, N f~'(C \ {0}). Observe that
F := f/f(y) € C.(U) satisfies F(y) = 1. Now we have

Gxon. () = Fx(Y) = FM@(F) = @(f).

Hence, Gxpxy = @ |
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ProrosiTioN 4.7. Let G be an étale groupoid, x € G be a fixed point and y: Gy — T
be a group homomorphism. Then x = x,  and x = x,, -

Proor. First, we show that x = x,, . Take f € C.(G©) arbitrarily. Then we have

f(xg,,) = ey (f) = fQOx(x) = f().

Hence, it follows that x = x,_.
Next, we show that y = x,,, . Take y € G, arbitrarily. There exist an open bisection
U cGwithye U and f € C.(U) with f(y) = 1. Then we have

Xeoo, V) = 02, () = fx(y) = x ().

Hence, we have shown that x = x, and y = x,, . - O

Combining Propositions 4.6 and 4.7, we obtain the next theorem.
TueoreM 4.8. Let G be an étale groupoid. Define a set

D = {(x,x) | x € GV is a fixed point

and y: G — T is a group homomorphism}.

Then the map
D3 (x,x) — pry € ACY(G))

is bijective.

4.2. Construction of an étale abelian group bundle G?. For an étale groupoid G,
we construct an étale abelian group bundle G* so that C*(G)*® ~ C*(G™) holds.

ProrosiTion 4.9. Let G be an étale group bundle. We define the commutator
subgroupoid of G by [G,G] := U,cqo|Gy, Gy], where |G, G,] is the commutator
subgroup of G,. Then [G, G] is an open normal subgroupoid of G.

Proor. Itis obvious that [G, G] C G is a normal subgroupoid. We show that [G,G] € G
is open. Take y € [G, G]. By the definition of the commutator subgroup, there exists
fa ¥, BY5; € Gy such that

~1-1 ~15-1 151
Yy =aipiay By afray By by B

Take open bisections U;, V; C G such that ;€ Uj and ;€ V; forall j=1,2,... k.
We show that U; V;U;' V! c [G, G, where we define U™ := {y™! | y e U} for U c G.
Fix y' € U,V UI_IVI‘I. Then there exist a,a’ € U; and 83,5’ € V| which satisfy y =
aBa’~'p’~!. Since G is a group bundle, we have s(@) = s(a’) = s(8) = s(8"). We obtain
@ =’ and 8 = 8’ because U; and V are bijections. Therefore, ¥’ = afa~!87! € [G,G].
Similarly, one can show that U; VUV U, VLU V- UV U V! € [GLG.

By Proposition 2.5, U; ViUV U, V.U 'Vt - U ViU 'Vt s an open set and
contains y. Hence, [G, G] C G is an open normal subgroupoid. O
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Let G be an étale groupoid. Recall that the set of all fixed points F ¢ G? is a closed
subset of G (Proposition 2.7). We define Gy := G, which is an étale groupoid from
Proposition 2.8. Since we have Ggx = Iso(Giyx), Giix 1s an étale group bundle.

DeriniTioN 4.10. Let G be an étale groupoid. We define the abelianization of G by
G* = Giix/[Giix» Giix]-

Let G be an étale groupoid. Then we have a *-homomorphism C*(G) — C*(Ggx)
induced by the restriction (Proposition 2.12). Composing with the *-homomorphism
C*(Ggx) — C*(G™) in Proposition 3.13, we obtain a *-homomorphism 7: C*(G) —
C*(Gab).

Note that C*(G) is commutative if and only if G is an étale abelian group bundle. In
particular, C*(G®™) is commutative.

Lemva 4.11. Let G be an étale groupoid. Then the map ®: A(C*(G®)3 y > yome
A(C*(G)) is bijective.

Proor. Surjectivity of 7 implies that @ is injective. We show that @ is surjective. Take
¢ € A(C*(G)). Then we have the fixed point x, € G and the group homomorphism
X, Which makes the following diagram commutative:

Cc(G) ——= C

| A

C*(Gy)

where g: C*(G) — C*(Gy,) is the *-homomorphism obtained in Proposition 2.12.
By the universality of G := (G,,)* = (G*),,, we obtain the group homomorphism
Yo Gi‘; — T that makes the following diagram commutative:

C'(G,) =3 C

g A

C*(GP),

where ¢': C*(G,,) = C*(Gifz) denotes the *-homomorphism induced by the quotient
map G, = Gig.
Let res: C*(G®) —» C *(Gf;t’) denote the *-homomorphism obtained by the

restriction C(G®) — C(G‘j};) (see Proposition 2.12). Now we have the following
commutative diagram:
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12

m

C*(G) ———— C*(G,) ——— 3 C

C*(G™) e C*(Giz)
In particular, we have ¢ = (j, ores) oxr and j, ores € A(C*(G™)). Hence, @ is
surjective. m|

We are now ready to calculate the abelianization of C*(G).

Tueorem 4.12. Let G be an étale groupoid. Then C*(G)™ is isomorphic to C*(G*®) via
the unique isomorphism T that makes the following diagram commutative:

C*(G) —"— C*(G™)

of A

C*(G)ab
where Q: C*(G) — C*(G)™ denotes the quotient map.

Proor. By the universality of C*(G)®, we obtain a *-homomorphism that makes the
following diagram commutative;

C*(G) —— C*(G™)
of A7
C*(G)®
It is clear that 7 is surjective. We show that 7 is injective. Suppose that a € C*(G)
satisfies m(a) = 0. It suffices to show Q(a) = 0, which is equivalent to @(Q(a)) =0
for all € A(C*(G)™®) since C*(G)™ is commutative. Take @ € A(C*(G)™) and define

¢ := o Q. Then, by Lemma 4.11, there exists ¢ € A(C*(G*®)) that makes the following
diagram commutative;

C*(G) —=—= C*(G™)

L E

Now we have the following commutative diagram:

C*(G) —— C*(G™)

>; k
c* (G)ab
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Hence, we have p(Q(a)) = @(n(a)) = 0. O

4.3. Duals of étale abelian group bundles. Let G be an étale groupoid. Since
the abelianization of C*(G) is a commutative C*-algebra, C*(G)*® is isomorphic
to Co(A(C*(G)™)) via the Gelfand transformation (see, for example, [2, Theorem
I1.2.2.4]). In this subsection we calculate the Gelfand spectrum A(C*(G)™).

For a discrete abelian group I', its Pontryagin dual group is defined as the set of
all group homomorphisms from I' to T, which is denoted by I'. Then I' is an abelian
group with respect to pointwise multiplication. It is known that Tisa compact abelian
topological group with respect to the topology of pointwise convergence.

ProrosiTioN 4.13. Let T be a discrete group and let Q: C*(I') — C*(T™) be the
*-homomorphism induced by the quotient map T' — I'*®. Then the map

®:T® 3y 5 y o Q€ ACHT))
is a homeomorphism. Hence, C*(T)*® is isomorphic to C (I:;’).

Proor. This follows from the universality of ['** and C*(I"). O

As seen in the previous proposition, the key to calculating A(C*(G)) is the
Pontryagin dual.

Derinirion 4.14. Let G be an étale abelian group bundle. We define a group bundle
G:={(x,x) | xe GO,y e G, over GV.

Note that G is a group bundle such that G, = G X {x)(= G,) for every x € GO,
Let G be an étale abelian group bundle and (y, x) € G. Recall that we obtain the
*-homomorphism ¢, , € A(C*(G)) as in Definition 4.1.

Derinirion 4.15. Let G be an étale abelian group bundle. For each f € C(G), we define
evy: G-C by ev((x, x)) = gax)((f) where (y, x) € G. We define a topology of G as
the weakest topology in which ev is continuous for all f € C(G).

ProposiTiON 4.16. Let G be an étale abelian group bundle. Then the map
¥ ACHG) 3¢ - (Yo X,) €G

is a homeomorphism (see Propositions 4.2 and 4.5 for the definition of x, and x,).
Hence, C*(G) is isomorphic to Cy(G).

Proor. Proposition 4.8 states that W is a bijection and W~! is given by ¥~!((y, x)) = ¢, ¥
for each (y, x) € G. For each f€C(G),amap A(C*(G)) 2 p > eve((xe. X)) = @(f) €C
is continuous. This means that ¥ is continuous. The continuity of ¥~! follows from
approximation arguments. Therefore, ¥ is a homeomorphism. ]

Let G be an étale groupoid. Recall that G*® is an étale abelian group bundle.

CoroLLARY 4.17. Let G be an étale groupoid. Then C*(G)™ is isomorphic to CO(EE).
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Proor. Recall that C*(G)® is isomorphic to C*(G*®) by Theorem 4.12. Since G* is
an étale abelian group bundle, Proposition 4.16 implies that C*(G®) is isomorphic to

Co(G™). g

ProposiTion 4.18. Let G be an étale abelian group bundle. Then Gisa locally compact
Hausdorff topological group bundle. Furthermore, G is compact if and only if G© is
compact.

Proor. It is clear that G is locally compact Hausdorff, since G is homeomorphic to
A(C*(G)). In order to show the continuity of the operations, take f € C(G) arbitrarily.
Then the map G? > (1> x2) = evelyixe) = eve(yi) eve(x2) € C is continuous.
Therefore, the multiplication oanz) is continuous. Similarly, one can show that the
inverse is continuous. Hence, G is a locally compact Hausdorff topological group
bundle. The last assertion follows from the fact that G is compact if and only if
C*(G) ~ Cy(G) is unital. m]

ExampLE 4.19. We give an example of an étale groupoid G such that G is
not Hausdorff although G is Hausdorff. Let G5 = (s,7| s = 1> = e, st = ts°) =
{e, s, s%, 1, ts, ts?} be the symmetric group of degree 3 and Az := {e, s, s°} C S3 be the
subgroup of even permutations. Let G := S5 X [0, 1]\ {(z, 1) | # ¢ A3} be an étale group
bundle over [0, 1]. Then G can be drawn as follows:

(t57,0)
(s2,0) %D
(15,0)
(5,0) (s,1)
(2,0) o
(e,0) (e,1)

One can see that [G, G] C G is not closed. By Proposition 3.11, G® = G/[G,G] is not
Hausdorff. Indeed, letting g: G — G® denote the quotient map, G* looks as follows:

4((2,0))

q((€,0)) a((e,1), q((s,1)), (s>, 1))

The dual Ea\b of G® can be drawn as follows:

Note that G2 is not étale.
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