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Abstract

We prove a Banach version of Zuk’s criterion for groups acting on partite (i.e., colorable) simplicial complexes.
Using this new criterion, we derive a new fixed point theorem for random groups in the Gromov density model with
respect to several classes of Banach spaces (L? spaces, Hilbertian spaces, uniformly curved spaces). In particular,
we show that for every p, a group in the Gromov density model has asymptotically almost surely property (FLP)
and give a sharp lower bound for the growth of the conformal dimension of the boundary of such group as a function
of the parameters of the density model.
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1. Introduction

Fixed point properties of groups is a general theme in the study of groups. For instance, for a discrete
group, both amenability and Kazhdan’s property (T) are equivalent to fixed point properties. This paper
will focus on the study of fixed point properties of a group when acting on (a class of) Banach spaces.
Explicitly, the following definition was given in Bader at el. [4] as a generalization of property (FH):
Given a Banach space E and a group G, we say that G has property (F E) if every continuous affine
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2 1. Oppenheim

isometric action of G on E has a fixed point. More generally, given a class of Banach spaces £, we say
that G has property (FE) if it has (F E) for every E € £. In this notation, property (FH) is property
(FEnitvert), where Eqipert is the class of all Hilbert spaces. Bader at el. [4] also studied property (FLP)
which will be considered in this article: Using the notation above, property (FL”) is property (FErr)
where £p» is the class of all L” spaces.

This paper was motivated by the questions regarding Banach fixed point properties for random groups.
Banach fixed properties for random groups were studied in [12, 11, 29]. In all these works, the results
regarding random groups in the triangular model were rather strong (e.g., all these works show that for
every 2 < p < oo, arandom group in the triangular model has property (FLP) asymptotically almost
surely). In contrast, the results for random groups in the density model were much less satisfactory;
[11,29] did not address this model at all, and in [12], the results in this model were rather weak (see exact
results below). It was conjectured by Drutu and Mackay [12] that property (FL?) forevery 2 < p < oo
should hold also in the density model. The problem with generalizing the approach of the author in [29]
to the density model was the lack of a Zuk style criterion in the Banach setting for groups acting on
partite complexes (see more on this below).

The main results of this paper are first, establishing a Banach version of Zuk’s criterion for groups
acting on partite complexes (Theorem 1.3), and second, applying this criterion for random groups in
the density model (Theorem 1.5). As a consequence, we also derive a sharp bound on the growth of the
conformal dimension of the boundary of a random group in the density model (Theorem 1.8).

1.1. Banach version of Zuk’s criterion for groups acting on partite simplicial complexes

In [15], Garland showed how to prove vanishing of real cohomology for a group acting on an affine
building via studying the local geometry of the building. This approach was later generalized by various
authors to vanishing of cohomology with Hilbert coefficients for groups acting on simplicial complexes;
see [35, 5, 13, 14, 25]. We recall that vanishing of the first cohomology with Hilbert coefficients is
equivalent to property (FH). Later, this approach was also applied in the Banach setting in various levels
of effectiveness/success; see [8, 24, 23, 26, 27, 12, 11, 29].

The idea behind this approach is the following local to global argument: Given a group G acting
geometrically on a simplicial complex X, one can deduce fixed point properties of G by geometric
conditions on the links on X. In dimension 2, this approach is also known as Zuk’s criterion. Recently,
there were also computer assisted proofs for property (T) and property (FH) that refined this idea and
gave geometric proofs studying the geometry of 2-balls around vertices (while Zuk’s criterion studies
the geometry of 1 balls); see [18, 17, 22].

In order to explicitly state Zuk’s criterion and our generalization of it, we will need some terminology
of spectral graph theory. Given a finite graph (V, E') without loops or double edges, denote m(v) to be the
valency of v € V. We also define £%(V, m) to be the space of functions ¢ : V — C with an inner-product

(@9) =D =m»eP[).

veV

The simple random walk operator on (V,E) as above is the operator A : £2(V,m) — €>(V,m)
defined as

1
m(v)

Apm = > o (u).

ueV {u,v}ekE

With the inner-product above, this is a self-adjoint operator and its spectrum is contained in [—1, 1].
We recall that the space of constant functions is an eigenspace of A with eigenvalue 1 and, if (V, E) is
connected, then all the other eigenvalues of A are strictly less than 1.
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The Hilbert (classical) version of Zuk’s criterion goes as follows:

Theorem 1.1 ([5, 35] forn = 2, [25] for all n > 2). Let G be a locally compact, unimodular group and X
be a pure n-dimensional simplicial complex such that X is gallery connected and all the 1-dimensional
links of X are connected. Assume that G is acting on X by simplicial automorphisms and the the action is
proper and cocompact. If for every 1 dimensional link of X, the second largest eigenvalue of the simple
random walk operator on the link is < then G has property (FH) (and property (T)).

+1’

We note that in the Hilbert case, the criteria stated above need only a bound on the second largest
eigenvalue of the links. However, when generalizing this criterion to the Banach setting, one usually
needs to bound the norm of the random walk operator in order to get a workable version; see [11, 29].
Explicitly, for a finite graph (V, E) and a Banach space E, we define £2(V,m;E) to be the space of
functions ¢ : V — E with the norm

17 = > m)Ig()2.

veV

Define A ® idg : €2(V,m;E) — €>(V,m;E) as above and M ® idg : €>(V,m;E) — €*(V,m;E) as

MO = Sy 2 MO0

vev
Denote /IJEV E) = |[(A(1 = M)) ® idg |l (¢2(v ,m:g))- Note that in the Hilbert setting (where E = H),
bounding /l E) is equivalent to bounding the non-trivial spectrum of the operator from above and
below. In [79] the author showed the following:

Theorem 1.2 [29, Theorem 4.4]. Let G be a unimodular, locally compact group that acts properly
and cocompactly on a locally finite, pure 2-dimensional simply connected simplicial complex X with
connected 1-dimensional links. For any reflexive Banach space E, if

max 15 < !
vex(0) Xv 2’

then G has property (F E).

The main issue with using the operator norm of the random walk operator instead of the second largest
eigenvalue is that in some interesting examples, the simplicial complex X is partite. An n-dimensional
simplicial complex is called partite (or colorable) if its vertices can be colored in n + 1 different colors
such that each n-simplex has a vertex of every color. In particular, a graph (V, E) is called bipartite
if V can be partitioned into two disjoint sets V = S; U S, called sides such that for each {u,v} € E,
[{u,v} N S1| = |{u,v} N S,| =1 (i.e., each edge has exactly one vertex in each side). We note that for
a partite n-dimensional complex, each one dimensional link is a bipartite graph. We also note that the
random walk operator on bipartite graphs always has the eigenvalue —1 corresponding to the function
1s, — 1g, (where 1g, is the indicator function on §;), and thus for every (nonzero dimensional) Banach

space E, we always have ’l(v E) 2 1.

Consider the classical case of E = C. For a connected bipartite graph (V, E), when A acts on KZ(V, m),
it is standard to think of the the trivial spectrum of A as +1 and the space of trivial eigenfunctions is the
space spanned by the constant function and 15, — 15, , or equivalently, the space of trivial eigenfunctions
is span{1lg,, 1g, }. The projection on the space of trivial eigenfunctions can be described explicitly as
follows: We define the following averaging operators My, M, : £*(V,m) — C:

1

Ml =)

D m)ew),

uesS;
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where m(S;) = 3, s, m(v). We also define Mi;qes £2(V,m) — £2(V,m) by

Mi¢p ues
Miiges (1) = .

Myp uec$;
With this notation, the non-trivial spectrum of A is bounded in the interval [—||A(] — Miges)||, |A(I —
Miges) ||]. This discussion gives rise to the following definition: Let E be a Banach space and (V, E) be
a bipartite graph. Define

E .

A(V,E),bipartite = ”(A(I - Msides)) ® idg ”B(fz(V,m;E))'
For a partite n-dimensional X and an (n — 2)-simplex 7, we denote /IE,bipartite = ’lI}Ek,,bipanne’ where X; is
the link of 7 (which is a bipartite graph). With these definitions, we prove the following Theorem:

Theorem 1.3 (Zuk type criterion for Banach fixed point property; see Theorem 3.10 for a more detailed
version). Let G be alocally compact, unimodular group and X be a pure n-dimensional, partite simplicial
complex such that X is gallery connected and all the 1-dimensional links of X are connected. Assume
that G is acting on X by simplicial automorphisms and the the action is proper and cocompact. Let Ex
be the class of Banach spaces such that for every B € Ex, it holds that

1
< —F.
3

E
max /lT,bipartite 8n —

7eX (n-2)
Assume that C € Ex, then G property (FEx).

The idea behind the proof of this Theorem is the following: In [26], the author proved a version of this
Theorem under the assumption that the fundamental domain of the action is a single simplex. The main
argument there was bounding the angle between the projections defined by the subgroups stabilizing the
(n — 1)-faces of the fundamental domain. In this paper, the idea is to use this angle criterion but apply it
on the projections defined by the coloring of the simplicial complex. As in [26], this leads to a proof of
a strengthened version of Banach property (T) (i.e., robust property (T)) and this property in turn leads
to Banach fixed point properties.

1.2. Fixed point properties of a random group in the Gromov model

A random group is a group chosen randomly according to some model, and one is interested in the
asymptotic properties of such randomly chosen group. The most famous model is the Gromov density
model:

Definition 1.4 (Gromov density model). Let k € N,k > 2 and 0 < d < 1 be constants and / € N be
a parameter. A random group in the Gromov density model D(k, 1, d) is a group I = (A|R), where
|A| = k and R is a set of relators of length / (in .A U A~!) randomly chosen from the set

{R is a set of cyclically reduced relators of length [ : |R| = [ (2k — 1)¥ ]}

with uniform probability. We denote a random group in this model by I" € D(k, [, d).
For a group property P, we say that P holds asymptotically almost surely (a.a.s.) in D(k, [, d) if

llim P(T" € D(k,1,d) has property P) = 1.

It was proven [34, 19, 12, 3] that for every d > %, property (T) (and equivalently, property (FH))
holds a.a.s. in D(k, [, d) (in most cases, it is assumed that / is divisible by 3, but recently Ashcroft [3]
showed how to remove this assumption). Prior to our work, generalizing this result to L? spaces was met
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with some difficulty. Indeed, prior to this work, the state-of-the-art result was by Drutu and Mackay [12]
who proved the following: Given 2 < p < oo, if k£ > 10 - 27, then for every d > % it holds a.a.s. that
D(k,1,d) has property (FLP") for any 2 < p’ < p. As noted by Drutu and Mackay [12], it is natural
to expect that for any k > 2 and any d > %, it holds a.a.s. that D(k, I, d) has property (FLP) for any
2 < p < oo, but they could not achieve this result.

Below, we use our Theorem 1.3 to vastly improve on the known results for Banach fixed point
properties for random group in the Gromov density model. Explicitly, we consider the class of uniformly
curved Banach spaces (see Definition 2.9 below) and prove that for every & > 2 and every d > %, it
holds a.a.s. that D(k, [, d) has property (F E) for every uniformly curved Banach space. The class of
uniformly curved Banach spaces contains all L? spaces, and thus we prove the fixed point L? property
that was conjectured by Drutu and Mackay. More explicitly, we prove the following:

Theorem 1.5 (Banach fixed point properties for the density model; see Theorem 4.17 for a more detailed
version). Let % <d< %, k > 2 be constants. For | divisible by 3 and for every uniformly curved space E,
it holds a.a.s. that D(k, 1, d) has property (F E). In particular, for every 2 < p < oo, it holds a.a.s. that
D(k,1,d) has property (FL?). Explicitly, there are universal constants C’,C" independent of k, 1, d
such that for any

2<p<C(d- %)(log(Zk — 1)l -c”,

D(k,1,d) has property (FLP) a.a.s. (given that l is divisible by 3).

As acorollary, we give alower bound on the conformal dimension of the boundary of arandom groups
in the density model. Namely, by a Theorem of Bourdon [9], if for a given 2 < p, a hyperbolic group I
has property (FL?), then the conformal dimension of d.I" is > p. This readily gives the following:

Corollary 1.6. Let % <d< %, k > 2 be constants. For [ divisible by 3, let I be a random group in
the model D(k, 1, d). Then there are universal constants C’,C"" independent of k, 1, d such that it holds
a.a.s. that

1
C’(d - 3)(log(2k — 1))I = " < Confdim(d.sT).

An upper bound for the conformal dimension was given by Mackay:

Proposition 1.7 [21, Proposition 1.7]. Let % <d< % k > 2 be constants and let I" be a random group
in the model D(k, 1, d). Then it holds a.a.s. that

16 1
Confdim(0sI") < ———————(log(2k — 1))!.
onfdim(9uT) < 11— (log(2k — 1)
Combining Corollary 1.6 with Mackay’s upper bound, one can see that our lower bound for the
conformal dimension is in fact sharp:

Theorem 1.8. Let % <d< %, k > 2 be constants. For [ divisible by 3, let I" be a random group in
the model D(k, 1, d). Then there are universal constants C’,C"" independent of k, 1, d such that it holds
a.a.s. that

1 c” Confdim(9,I") 16 1
< <

3 (log(2k — 1))l = (log(2k — 1))l ~ log(2) 1 -2d"

/d_
C'( 3

Remark 1.9. After the completion of this manuscript, we were informed about a forthcoming work by

Jordan Frost attaining a similar lower bound on the growth of the conformal dimension for all d < %

(and not just % <d< % as in our work). We note that Frost methods are completely different from ours,
and he does not attain results regarding Banach fixed point properties.
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Our proof of Theorem 1.5 follows the scheme of proof [19, Theorem B]: first, we reduce the problem
to another model of random groups in which the Cayley complex of a random group is a partite simplicial
complex, and then we apply our version of Zuk’s criterion (this is not completely straightforward and
we heavily use the ideas of [1] in the analysis).

1.3. Organization

The paper is organized as follows. In Section 2, we cover preliminary material. In Section 3, we prove
Banach version of Zuk’s criterion for groups acting on partite complexes (i.e., we prove an extended
version of Theorem 1.3). In Section 4, we use our criterion to prove Banach fixed point properties for
random groups in the density model (i.e., we prove an extended version of Theorem 1.5).

2. Preliminaries
2.1. Robust Banach property (T) and the fixed point property

In [26], the author introduced the notion of robust Banach property (T) as a strengthened version of
Banach property (T) (as defined is [4]) that is weaker than the notion of strong Banach property (T)
defined by V. Lafforgue [20]

Let G be a locally compact group. Let F be a family of linear representations on Banach spaces,
n : G — B(E), that are continuous with respect to the strong operator topology. Denote C.(G) to be
the compactly supported continuous functions f : G — C. For every n € F, define n(f) € B(E) via
the Bochner integral

x(f)x = /G F(g)m(g).xdg.Vx € E,

where 7 (f).x denotes the action of 7 ( f) on x (recall that f is compactly supported, and thus this integral
converges). Define the norm ||.||z on C.(G) as || f||lz = sup e+ [l7(F)Il-

If F is closed under complex conjugation (i.e., 7 € F = 7 € F) and under duality (i.e., 71 € F =
7" € F), then Cx(G) is a Banach algebra with an involution

f (g) = f(g71),vg € G.

Definition 2.1 (Robust Banach property (T)). Let G be a compactly generated group and let K be
some symmetric compact set that generates G. For a class of Banach spaces £ and a constant 8 > 1,
denote F (&, K, 8) to be the class of all the continuous representations 7 of G on some E € £ such that
supgex 7 (g)Il < B.

We say that G has robust Banach property (T) with respect to a class of Banach spaces &, if there
exists B8 > 1 and a sequence of real functions f; € C.(G) such that for every &, / fr = 1 and such that
the sequence ( f) converges in Cr (¢ k ) top and V(rr,E) € F(&, K, B), n(p) is a projection on E*(G),

We will call the sequence f above a Kazhdan projection with respect to F (&, K, ).

Remark 2.2. The above Definition assumes compact generation. A more general definition can be found
in [26]. Also, the definition in [26] assumes that the functions fj are symmetric, and thus (as noted
in [10]) p is central. Since the main focus of this paper is fixed point properties (see below), centrality
of p is not needed and thus omitted from the definition.

Robust Banach property (T) is connected to the fixed point property defined as follows:

Definition 2.3. For a Banach space E, we say that G has property (F E) if every affine isometric action
of G on E has a fixed point. For a class of Banach spaces £, we say that G has property (FE) if for every
E € &, G has property (F E). In particular for 1 < p < o0, a group G is said property (FLP) if it has
property (F E) for every E that is an L?-space.
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Proposition 2.4 [26, Proposition 5.9]. Let £ be a class of Banach spaces such that for every E € &, it
holds that E ®,:C € &. If G has robust Banach property (T) with respect £, then G has property (FE).

It is worth noting that under some extra assumptions, the opposite direction of this Proposition is
also true (see [10, Corollary 5.6]), but we will make no use of this fact.
Last, we state some hereditary properties of property (FE).

Proposition 2.5. If G has property (FE) and G’ is a quotient of G, then G’ has property (FE).

Proof. Every isometric action of G’ on a Banach space E induces an isometric action of G on E. O

Also, under suitable assumptions, a group G has property (FE) if and only if a finite index subgroup
H < G has property (FE):

Proposition 2.6. Let G be as above and H < G be a closed finite index subgroup of G. For every
Banach space E, if H has property (F E), then G has property (F E). Conversely, for a class of Banach
spaces & that is closed under € sums, if G has property (FE), it follows that H has property (FE).

Proof. Assume first that H has property (F E). Let p be a continuous affine isometric action of G on E.
Then by assumption, the restriction of p to H has a fixed point (i.e., there is xo € E such that for every
h e H, p(h).xg = x9). Thus, for every gH € G/H, p(gH), xo is well-defined. Define

X = Z p(gH).xo.
(G : H] gHeG/H
Then for every g’ € G,
1 1
x = No(gH).xo = H).xo = x,
p(g").x (G H] Z p(&")p(gH).xo Gl Z p(gH).xo = x
gHeG/H gHeG/H

as needed.

Conversely, let £ be a class of Banach spaces that is closed under ¢2 sums and assume that G has
property (FE). Fix E € £ and let p be a continuous affine isometric action of H on E.

Denote p’ to be the induced affine isometric action of G on £>(G/H;E) (see [4, Section 8] for the
definition of the induced action and note that since H is of finite index, there are no integrability issues
here). By our assumption, £2(G/H;E) € £ and thus the p’ action of G on ¢>(G/H;E) has a fixed point
that has to be a constant function ¢ = xy € E. It follows that x is fixed by the p actionof HonE. O

2.2. Vector valued (> spaces

Given a finite set V, a function m : V — R, and a Banach space E, we define the vector valued space
fz(V, m; E) to be the space of functions ¢ : V — E, with the norm
1

> m(v>|¢(v)|2) :

veV

Blle2(v mee) =

where |.| is the norm of E. We denote £>(V, m) = ¢*>(V, m; C) and recall that £2(V, m) is also a Hilbert
space with the inner-product

(@)= > m)e ().

vev

Let T : €2(V,m) — €*(V,m) be a linear operator and (T, ,)u,vev € My |(C) be the matrix such
that for every ¢ € £2(V, m) it holds that
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TH) (V) = Y Ty ud(u).

uev

Define T ® idg : KZ(V, m;E) — 52(\/, m; E) by the formula:

(T ®idz)¢)(v) = )" Ty (),

uev

for every ¢ € £2(V, m;E). We denote ||T ® idg llg(¢2(v,m:E)) to be the operator norm of 7' ® idg.
The norm ||T ® idg || g(¢2 (v ,m:z)) is preserved under some operations on E; this is summed up in the
following Lemma:

Lemma 2.7. Let V be a finite set, T a bounded operator on €>(V,m) and C > 0 constant. Let £ = £(C)
be the class of Banach spaces defined as:

E=AE: IT ®idg llge2(v,mm)) < C}
Then this class is closed under quotients, subspaces, {>-sums and ultraproducts of Banach spaces (i.e.,
performing any of these operations on Banach spaces in £ yields a Banach space in £).

Proof. The fact that £ is closed under quotients, subspaces and ultraproducts of Banach spaces was
shown in [33, Lemma 3.1]. The fact that £ is closed under £Z-sums is straightforward and left for the
reader. o

2.3. Uniformly curved Banach spaces
Uniformly curved Banach spaces were introduced by Pisier in [31]:

Definition 2.8 (Fully contractive operator). An operator T : £>(V,m) — €>(V,m) is called fully
contractive if for every Banach space E, it holds that |7 ® idg ||g(¢2(v mm)) < 1-

Definition 2.9 (Uniformly curved space). Let E be a Banach space. The space E is called uniformly
curved if forevery 0 < & < 1, thereis & > 0 such that for every space £2(V, m) and every fully contractive
linear operator T : £2(V, m) — €>(V,m), if IT15e2(v my) < 0, then ||T ®idg l|lg(e2(v,mm)) < &-

Given a monotone increasing function w : (0, 1] — (0, 1] such that

lim w(z) =0,
t—0

we denote £%ed o be the class of all uniformly curved Banach spaces E such that for every space
£%>(V,m) and every fully contractive linear operator T : £2(V,m) — £>(V,m), if ITNge2(v my) < 0,
then ||T ® ld]E ”B({’Z(V,m;E)) < a)((S)

Applying Lemma 2.7 on £%°™¢d defined above yields the following Corollary:

Corollary 2.10. For any monotone increasing function w : (0, 1] — (0, 1] such that lim;_,¢+ w(t) = 0,
the class £ defined above is closed under quotients, subspaces, €*-sums and ultraproducts of
Banach spaces.

Proposition 2.11. Let T : £>(V,m) — €*>(V,m) be a linear operatorand L > 1,0 < § < 1 be constants
such that:

L. It holds that ||T||g(¢2(v my) < 0.
2. For every Banach space B, ||T ® idg ||g(¢2(v ,mm)) < L.

Then for every monotone increasing function w : (0, 1] — (0, 1] such that lim; o+ w(t) = 0 and every
Ee Egcurved, ||T ® ld]E ||B(€2(V,m;]E)) < Lw((S)
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Proof. We note that %T is a fully contractive operator such that

1 0
”zT“B(é’Z(V,m)) < I

Thus, by the definition of £%¢™¢d it follows for every E € £%°urved that

1 . 1)
”(Z)T ® ide llg(e2(v,mp)) < w(z),
and thus
. )
IT ® idg “B(fZ(V,m;E)) < Lu)(z) < Lw(0),

where the last inequality is due to the fact that L > 1 and w is monotone increasing. O

2.4. Strictly 6-Hilbertian spaces

Here we will describe a special class of uniformly curved Banach spaces that contains all (commutative
and noncommutative) L” spaces.

Two Banach spaces Ey, E; form a compatible pair (Ey, E,) if they are continuously linear embedded
in the same topological vector space. The idea of complex interpolation is that given a compatible pair
(Ep,E;) and a constant 0 < 6 < 1, there is a method to produce a new Banach space [Eg,E|]g as a
‘convex combination’ of Ey and E;. We will not review this method here, and the interested reader can
find more information on interpolation in [7].

This brings us to consider the following definition due to Pisier [30]: a Banach space E is called
strictly 6-Hilbertian for 0 < 6 < 1, if there is a compatible pair (Ey, E;) with E; a Hilbert space such
that E = [Ey, Ei]g. Examples of strictly 6-Hilbertian spaces are L” space and noncommutative L”
spaces (see [32] for definitions and properties of noncommutative L?” spaces), where in these cases,
9:%1f2s1)<ooand9=2—2if1 <p<2

For our use, it will be important to bound the norm of an operator of the form 7 ® idg given that E
is an interpolation space.

Lemma 2.12 [33, Lemma 3.1]. Let (Eo,E|) be a compatible pair, V be a finite set, m : V — R, be a
function and T € B(£*>(V,m)) be an operator. Then for every 0 < 0 < 1,

. . 1-6 : 0
”T ® ld[Eo,El]g ”B({’Z(V,m;[]EO,]EI]g)) < ”T ® ld]Eo ”B(fz(V,m;Eo))”T ® ld]El ||B(€2(V,m;]E|))’

where [Eoy, E1]g is the interpolation of Ey and E,.
This Lemma has the following Corollary that shows that strictly §-Hilbertian spaces are uniformly
curved (see also [33, Lemma 3.1]):

Corollary 2.13. Let E be a strictly 6-Hilbertian space with 0 < 8 < 1, V be a finite set, m : V — R, be
a function and 0 < § < 1 be a constant. Assume that T € B(£*(V,m)) is a fully contractive operator
such that ||T||B(€2(V,m)) < 6. Then ||IT ® idg ”B([z(V,m;]E)) < 5.

In other words, if E is strictly 9-Hilbertian space with 0 < 8 < 1, then for w(t) = t, we have that
Ee gz)—curved'
Proof. For every Hilbert space E; we have that ||T ® idg, ||ge2(v mE,)) < 0, and thus the assertion
stated above follows from Lemma 2.12. O

Combining Lemma 2.7 with the above Corollary yields the following:

Corollary 2.14. For a constant 0 < 0y < 1, denote Eg, to be the smallest class of Banach spaces that
contains all strictly 0-Hilbertian Banach spaces for all 6y < 0 < 1 and is closed under subspaces,
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quotients, €>-sums and ultraproducts of Banach spaces. Then for every 0 < 6y < 1, we have that

C gu-curved .
oy © gw(l):tgo

Remark 2.15. A deep result of Pisier shows that the converse of the above Corollary is ‘almost true’
if one considers arcwise 6y-Hilbertian spaces (see definition in [31, Section 6]). Namely, by [31,
Corollary 6.7], for every 6y < 6 < 1, it holds that every Banach space in 52)2‘)‘!‘;’% is a subquotient of an
arcwise 6p-Hilbertian space. We will not define arcwise 6y-Hilbertian spaces here, and we will make
no use of this fact.

2.5. Angle between projections

The notion of an angle between projection was defined by the author in [26] and further developed in
[27] and [28]. Below, we give the definitions and results on this subject that are needed for this paper.

Definition 2.16. Let E be a Banach space and let Py, P, be projections in B(E). Assume that there is a
projection P on Im(P;) NIm(P2), such that Py 2Py = P12, P12P2 = P . Define the cosine of the
angle between P, P> (with respect to Pj ») as

cosp,,(£(P1, P2)) = max{||P Py — P12, ||P2P1 — P12}

We note that the angle between P;, P, depends on the choice of P> and different choices yield
different angles (see [6, Example 2]). However, to avoid cumbersome notation, when P ; is obvious
from the context, we will denote cos(Z(P1, P)) instead of cosp, ,(£(P1, P2)).

Theorem 2.17 [26, Theorem 3.12]. Let E be a Banach space and let Py, ..., P, be projections in B(E)
(n > 1). Assume that for every 0 < ji < j» < n, there is a projection Pj, j, on Im(Pj) NIm(P},),
such that Pj, ,P; = Pj ;,,Pj jPj, = Pj j,. Denote T = 3, —L_Py. Assume further that there are

n+l
constants
1-(8n-3)y
d 1+ —
Y g B < T G 1y
such that
Pl <

Jmax 1Pl <B

and

max cos(Z(P;,Pj)) <v.
0<j1<j2<<n ( ( N 12)) Y

Then there is a projection T* on ﬂ';.:O Im(P;) and constants 0 < r(y,B) < 1,C(y,B) > 0, such that
for every i, ‘

IT" =T < Cr'

and in particular, T' converges to T in the operator norm.

Remark 2.18. The conditions for the convergence of T* stated above are not optimal and can be
somewhat improved using [28][Theorem 2.2].

2.6. Random walks on bipartite finite graphs

Here we collect some facts regrading /lI(EV E) bipartite defined in the introduction. To ease the reading, we

will repeat the definition and also repeat several definitions and facts that were already mentioned in the
introduction.
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Throughout, let (V, E) be a finite connected graph without loops. For every v € V, we denote m(v)
to be the degree of v. Also, for a non-empty subset U C V, we denote m(U) = 3, ¢y m(v).

The graph (V, E) is called bipartite if V can be partitioned into two disjoint sets V = S} U S, called
sides such that for each {u,v} € E, [{u,v} N Si| = {u,v} N S| = 1 (i.e., each edge has exactly one
vertex in each side). We note that it follows that m(S1) = m(S>) = %m(V).

We also define £2(V, m) as in section 2.2 above; that is, £2(V, m) is the space of functions ¢ : V — C
with an inner-product

@0y = =m0 ).

vev

The random walk operator on (V, E) as above is the operator A : £2(V,m) — (>(V,m) defined as

Apm = >

ueV {u,v}ekE m(v)

We state without proof a few basic facts regarding the random walk operator:

1. With the inner-product defined above, A is a self-adjoint operator, and the eigenvalues of A lie in the
interval [—1, 1].

2. The space of constant functions is an eigenspace of A with eigenvalue 1, and if (V, E) is connected,
then all the other eigenfunctions of A have eigenvalues strictly less than 1.

3. The graph (V, E) is bipartite if and only if —1 is an eigenvalue of A.

Assuming that (V, E) is bipartite with sides S, S,, we note that the spectrum of A is symmetric.
Explicitly, if 1 is an eigenvalue of A with an eigenfunction ¢, then

’ _ ¢(M) ue Sl
¢'u) = {—¢(u) ues

is an eigenfunction of A with an eigenvalue —A. In particular, ¢ = 15, — 1g, is an eigenfunction with
the eigenvalue —1.
We define the following averaging operators: My, M, : £*(V,m) — C:

1
Mi = s ) ().

ues;

We also define Mgjges : €>(V, m) — €>(V, m) by

Mi¢p ues

Miigesp(u) = .
51des¢( ) {M2¢ ues,

We note that Mgiges is the orthogonal projection on the space of functions span{1y, 1s;, — 1s, }.
We recall the following definition of spectral expansion:

Definition 2.19. Let (V, E) be a finite connected graph and 0 < A < 1 a constant. The graph (V, E) is
called a one-sided A-spectral expander if the spectrum of A is contained in [—1, 1] U {1}.

As noted above, for a bipartite graph, the spectrum of A is symmetric with an eigenvalue —1 with
an eigenfunction 1s, — 1s,. Thus, for a connected bipartite graph (V, E), it holds that the graph is a
one-sided A-spectral expander if and only if ||A(I — Mjges)|| < A.

Given a Banach space E, we consider the operator (A (I — Mjges)) ®idg : £2(V,m;E) — £2(V,m;E)
and denote A]](EV,E),bipartite = ||(A(I - Msides)) ®idg ||B([2(V,m;]E))'
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Claim 2.20. For every finite connected graph (V, E) and every Banach space E, A% (V.E).bipartite = 2

Proof. By triangle inequality and linearity,

”(A(I - Msides)) ®idg HB([Z(V,m;E)) =
lA ®idg llg(r2(v miEy) + 1A ® 1de ||g(e2 (v m:E)) | Msides ® g [ 322 (v mim))»

and therefore, in order to prove the claim, it is enough to show that
lA ®ide llg(e2(v mm)) < 1 and [|Msides ® idz [Ig(e2(v mmy) < 1.

Indeed, by the convexity of the function |.|?, for every ¢ € £2(V,m;E),

2
lasidslP= Y mw)| Y 2D g0
veV ueV {u,v}eE m(v)
S Y 2D e S gwr Y mun =
vev ueV {u,v}eE m( ) ueV veV {u,v}eE
D m@le@)P = g1,
ueV
and
2 2
1
i i L= _— u u
I(Myges © idg) g —V; m(v) (S ) gm(w ) +;S]2m(v> ed) u;imwm( )| <
25] ()ﬁzm(”)'q’(“)'z*v;z’"“) oS ;zmuow(u)ﬁ:
> m@le@? + Y mwlgw)? = [1g]> .
ues; UES,

Combining this Claim with Lemma 2.11 and Corollary 2.13 yields the following:

Corollary 2.21. Let (V, E) be a connected finite graph and 0 < A < 1 be a constant such that (V, E) is
a one-sided A-spectral expander. For every monotone increasing function w : (0, 1] — (0, 1] such that
lim, o+ w(t) = 0 and every E € £V ywe have that

E
/I(V E) ,bipartite — 2(4)(/1)

In particular, for every 0 < 6 < 1 and every strictly 8-Hilbertian space E, we have that

E [
/l(V E),bipartite <247

The expansion constant A% can also be described as a cosine between projections as in

(V,E),bipartite
Definition 2.16. For a finite connected graph (V, E), we define £>(E;E) to be the space of functions

& : F — E with the norm

o> = > l@({uvhI*

{u,v}eE

For a finite connected bipartite graph (V, E) with sides Sy, S», we define the following projections on
{?(E;E): Fori = 1,2, and {v{,v,} € E withv; € §;,
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1
m(v;)

Pi®({vi,v2}) = D1 @i u}), Vo € (E;E).

{vi,u}eE
We also define
1
Pl,d=— Z ®({u,v}),¥® € (*(E;E).
|E| {u,v}€E

Since P; is a projection on the space of constant functions, it follows that P;P; > = P; 2. One can
also verify that P 2P; = P;» (we leave this to the reader). Thus, we can define cos(Z(P, P2)) as in
Definition 2.16.

Proposition 2.22. For a finite connected bipartite graph (V, E) and a Banach space E, it holds that

_E
cos(£(P1, Py)) = /l(V,E),bipartite’

where Py, P, are the projections defined above.

Proof. For i = 1,2, define fl.z(V,m;]E) to be the subspace of £2(V,m;E) composed of functions
supported on S;. Note every ¢ € £2(V, m;E) can be decomposed to ¢ = ¢ + ¢» where ¢; € Zl.z(V, m; E)
by defining

oy Jev) ves;
¢1(V)—{0 V¢Si.

Also note that for this decomposition ||¢||> = ||¢1]|> + ||¢2]|* and that

I((A( = Maiaes)) ® idg)BlI> = [|((A(I = Maiges)) ® idg)@1 11> + | (AU = Miiges)) ® idg) o .

Thus, for every non-zero ¢,

(A = Msiaes)) ®ide) 1> _ [[((AU — Miides)) @ id)p1 |1 + [ ((A(1 — Miiaes)) ® idg) oI
16112 6111 + 1142117 '

It follows that
”(A(I - Msides)) ® idE ” = {E?’é ” (A(I - Msides)) ® id]E|[l_2(V,m;]E) ”

Define L; : {*(V,m; E) — ¢*(E;E) by
Lip({vi,v2}) = ¢(vi),

for all {v{,v2} € E such that v € §1,v, € S,. Note that L; is an isometry onto Im(P;) C {>(E;E).
Observe that by the definitions of all the operators, it follows that

(A1 = Miides)) ® idg| 2 (v gy = Ly'Py(I = P1p)Ly = L' Py(I = Py p)PiLy = L3 (P2Py — Pi o)Ly,
and

(A(] = Msiges)) ® idgl 2 (v gy = L' (P1Py = P12)Ls.
Thus, using the fact that L; are isometries onto Im(P;), it follows that

(AU = Msges)) ® idzlzy s | = I1P2P1 = P2l
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and
1 (AU = Miides)) ® idelz2 (v gyl = 1P1P2 = P12l

as needed. O

2.7. Partite simplicial complexes

Given a set V, an abstract simplicial complex X with a vertex set V is a family of subsets X € 2" such
that if T € X and n C 7, then n € X. We will denote X (k) to be the sets in X of cardinality k + 1. A
simplicial complex X is called n-dimensional if X(n+1) = 0 and X (n) # 0. An n-dimensional simplicial
complex X is called pure n-dimensional if for every 7 in X, there is o € X(n) such that r C o

A pure n-dimensional simplicial complex X is called gallery connected if for every o, 0’ € X(n),
there is a finite sequence o7, ...,07 € X(n) such that o = 0,0’ = 0y and forevery 1 <i <[ -1,
oiNoi € X(n—1). Below, we will always assume that X is pure n-dimensional and gallery connected.

Given a simplex T € X, the link of 7 is the subcomplex of X, denoted X, that is defined as

Xe={neX:tnnp=0,7Une X}.

Below we will only be interested in the 1-dimensional links of X. We note that if T € X(k) and X is
pure n-dimensional, then X is pure (n — k — 1)-dimensional. In particular, if T € X(n —2), then X, is a
graph. Thus, we will refer to all links of the form X, where 7 € X (n —2) as the 1-dimensional links of X.
Given a pure n-dimensional simplicial complex X, we call X partite if there is a partition of the vertex
set V, VoU...1V,, = V such that for every o € X(n) and every O < i < n, it holds that |[cNV;| =1 (i.e.,
every n-dimensional simplex has exactly one vertex in each of the sets Vj, ..., V},). A partite simplicial
complex is also sometimes called colorable, since we can think of the partition Vj, ..., V,, as a coloring
of the vertex sets with n + 1 colors, such that each n-dimensional simplex has vertices with all the colors
(or equivalently, each n-dimensional simplex do not have two vertices with the same color). For an
n-dimensional partite simplicial complex, we define a type function type : X — 2101} by

type(t) ={i : v et NV;}.

Last, note that if X is a pure n-dimensional partite simplicial complex, then all the 1-dimensional links
of X are bipartite graphs.

3. Zuk’s criterion for partite links

Let X be a partite pure n-dimensional simplicial complex such that X is gallery connected and the 1-
dimensional links of X are connected finite graphs. Also, let G be a locally compact, unimodular group
acting on X such that the action is cocompact, and for every 7 € X(n —2) U X(n — 1) U X(n) the
subgroup stabilizing 7, denoted G, is an open compact subgroup. We also assume that the action of
G is type-preserving (i.e., for every 0 < k < n and every 7 € X(k), it holds for every g € G that
type(7) = type(g.7)). Last, let  be a continuous representation 7 of G on a Banach space E.

Note that by the assumption that the action of G is type-preserving, it follows for each o= € X (k)
that if g.o = o, then for each vertex v € o, it holds that g.v = v. For every n —2 < k < n, we
choose a fundamental domain D (k) of the action of G on X (k) such that the following holds: for every
n—2<ky <k, <nandevery 7 € D(k;), there is o € D(k;) such that T C 0.

Define C(X(n), ) to be the space of maps ¢ : X(n) — E that are equivariant with respect to  (i.e.,
for every o € X(n) and every g € G, n(g)¢(0) = ¢(g.0)). Define a norm on C(X(n), 7) by

1
gl = > g ()2,
oeD(n) 'u(GO—)

where G is the subgroup stabilizing o~ and y is the Haar measure of G.
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Define K C G to be the set
K={¢geG:30,0" e D(n),|gonoc’|zn-1}.

Note that K is a compact symmetric set that generates G (the last fact is due to the assumption that X is
gallery connected).
The following Lemma is a variant of [13, Lemma 3.3]:

Lemma3.1. Letn—-2 < k <[ <nand

v {(z.m) € X(k) x X(I) : 7 S n} — [0, 00).

Assume that there is a constant k > 1 such that for every g € K and every (t,n) € X (k) x X(I),7 C n,
it holds that y(g.7,8.n) < kY (1,n). Then

> wewsR Y s S utm)

neD(l) ’“‘(G") reX(k),TCn reD (k) nex(k),rcn

and

> Mg Y o= ) utn.

neD(l) #(Gn) 7eX(k),7Cn 7eD (k) neX(k),7Cn

Proof. Note that since K is symmetric, it follows that ¥ (g.7,g.n) > %W(T,T}) for every g € K and
every (7,71) € X(k) X X(1),7 C n. Thus, the proofs of both inequalities are similar (only using reverse
inequalities), and we will only prove the first one.

For every 7 € D(k),n € D(I), we fix a maximal set A(; ,) € G such thatVg € A(; ;, .7 € 7 and
for g,8" € A(z,p),if g # g’, then g.7 # g’.7 (it may be that set A(, ;) is the empty set). Note that by
the choice of D(k), D(I), there are simplices o, 0’ € D(n) such that T C o and n C o’. It follows that
for every g € A(r y), it holds that g.7 C g.o- N ¢’ and thus,

lg.ono’| = |g7|=r|2n-1,

(i.e., A(r,p) € K). Thus,

1 1
—— > u@m= ), ) D, wlgTm)

neD (1) #(Gn) 7eX (k),TCn neD(1) TeD (k) 8€A (1 )

<k Z ! Z w(r,g"')

neD(l),reD (k) “(G") g€A(z.)
1 1
2 7 -1 ’
<k > > / w(r,8'g" m)du(g)
neD(l),teD (k) H(Gn) 8€A (1. /J(GT) G+
5 1 1

- Z Z (7, 8" mdu(g")
TGD(k) /’l(GT) UED(Z) M(Gn) g”,‘rgg”.n

—e Y #(éT) > wa. o

TeD(k) neX(l),7cn

Corollary 3.2. Let v C {0, ..., n} suchthat |v| = n—1or |v| = n. Forevery ¢ € C(X(n), rr), it holds that

ol < (sup ||n(g)||2) Y oS > ek

g€k TeD(|v|-1),type(7)=v oeX(n),TCn

https://doi.org/10.1017/fms.2023.80 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.80

16 1. Oppenheim

and

-1
gl” = (S“}E ||zr(g>||2) > 1 D el
g€

7eD(|v|-1),type(1)=v #(Gr) oeX(n),7Cn

Proof. The proofs of both the inequalities are similar, and we will prove only the first one. Let ¢ €
C(X(n), ) and v as above. Denote k = |v| — 1 and define

Yi{(r,0) e X(k)xX(n) : 1 C o} — [0,0)
as

_Jlg(a)* type(r) =v
y(r,0) = {O type(t) # v’

for all (t,0) € X (k) x X(n) with T C o. Note that for every g € K, it holds that

Y(g.1,8.0) < (Sup ||ﬂ(g)||2)d/(f, o)

gekK

(recall that the action is type-preserving). Thus, by Lemma 3.1, it follows that

6= Y, —osb@P= Y s Y wlno) S

oeD(n) oeD(n) 7eX (k),TCo
1
(sup ||n<g)||2) 2 oG 2 vees
gekK rept) P9 gexmirco

2 1 2
(;ggun(g)n) 2wy 2 le@P

7eD (k),type(7)=v oeX(n),7Co
as needed. |
For x € E, define ¢ : D(n) — E by

1g,
u(Gy)

¢x(0) = ﬂ( )x, Yo € D(n),

where 1, is the indicator function of G .-. Observe that ¢, (o) € E”™(Ge) for every o € D(n). Extend
¢ to X (n) as follows: for every g € G and every o € D(n), define

(8:0) = 7(8)x(0) = (—1”"3" ) - (
x(g.0) =n(g)px(o) =m| r G =T

1gG<r )x
wGa) |

Proposition 3.3. The map ¢, is well-defined and equivariant (i.e., ¢ € C(X(n), n)).

Proof. To show that ¢, is well-defined, we need to show that for every o € D(n) and every g1, g2 € G,
if g1.0 = gr.0, then n(g1)d.(0) = n(g2)d(0), or equivalently, that n(gglg])@(a) = ¢ (o). This
equality follows from the fact that g; g1 € G, and that ¢ (o) € E™(Go),

The fact that ¢, is equivariant readily follows from its definition. O
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Define linear maps Rj, R, as follows:

Ry :E — C(X(n),n),Rix = ¢,

RQIC(X(”),H)—)E,quﬁ:ﬁn)' Z (f)(O’)

oeD(n)

Proposition 3.4. The maps R, R, are bounded and

1
R < max up ||

oD (n) u(Go)
Rzl < max vu(Go).
oeD(n)
Proof. Note that for every x € E with |x| = 1 and every o~ € D(n),
1 1
lpx ()| = m(g)xdu(g)| < |7 (g)xldu(g) < sup [Ix(g)ll-
u(Go) Go u(Gys) G g€Go

Thus, for x € E, with |x| = 1, it follows that

It S ——(sup ()

oD (n) 1(Gy) g€Gy

and the bound on the norm of R; follows.
Next, let ¢ € C(X(n), ) with ||¢|| = 1. Then for every o € D(n), |¢(c)|* < u(G ) and it follows

that
1
Ragl < —— > u(Go) < max Vu(Go). o
[D(n)] oeD(n)
oeD(n)
For O # v C {0, ....,n}, define an equivalence relation ~, on X(n) as o ~, o’ if |c N o’| > |v|,

and there is 7 € X such that type(r) = v and 7 € o N o’. Note that by the assumption that the 1-
dimensional links of X are finite graphs, it follows that for every @ # v C {0,...,n}, |v| > n—1 and
every o € X(n), the set {o’ € X(n) : 0 ~, o’} is finite. For @ # v C {0, ...,n}, |v| = n — 1, define a
projection P} : C(X(n),n) — C(X(n), ) by

Vs — l ’
IO = w2 ¢

(verifying that P ¢ is equivariant with respect to x is straight-forward and left for the reader). Denote
C(X(n),n)y ={¢ € C(X(n),n) :Vo,0',0 ~, 0’ = ¢(0) = ¢(c)},

and note that P} is a projection on C(X(n), 1),

Lemma 3.5. The space (", co,.... n},|v|=n IM(P}}) is the space of all the constant maps ¢ = xo, where
Xo is a fixed point of the action of G on E.

Proof. Fix ¢ € (), c(o,.....n}.|v|=n IM(P7)). As noted above, Im(P7) = C(X(n), )y, and it follows that
if o No’ € X(n-1), then ¢(c) = ¢(c’). Thus, if 0,0’ € X(n) are connected by a gallery, then
¢(0) = ¢(o’). By assumption, X is gallery connected, and thus ¢ is a constant map (i.e., there is xo € E
such that ¢ = x¢). Since ¢ is equivariant, it follows that xg is a fixed point of the actionof GonE. O
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Proposition 3.6. For every v,v’ C {0, ...,n} such that |v| = |v'| = nand v # v, it holds that

Im(P]) NIm(P) =Im(P]., )

400

and

Pﬂ

1400%

,P% = PTPT_, =P~

vy vy’

Proof. Note that since vy’ C v, v/, it follows that C(X (n), 7)yny € C(X(n), n),, C(X(n), n), . Thus,

Im(P7) NIm(P7,) 2 Im(PZ,,,).
For the reverse inclusion, note for every 7 € X (n — 2) with type(r) = v N v/, the link X is connected,
and thus we can argue as in the proof of Lemma 3.5 above for the set {o- : 7 C o} and deduce that if
¢ € Im(P7)NIm(PZ,), then ¢ is constant on 7. This is true for every 7 € X(n—2) with type(r) = vny’,

and thus
Im(P}) NIm(P}) C Im(P},,.).
Second, since P ,, P} are projections and Im(P7, ) € Im(PY), it follows that PTPT. , = P7, .

Last, note that for every two 0,0’ € X(n), if o ~, o', then o ~,n, o’. Thus, for every ¢ €
C(X(n), ) and every o € X(n), it holds that

Pfﬂv’Pg(p(o—) =

! ! " o_
o’ € X(n) : 0~y o'} U,Z Ho” € X(n): 0 ~, o} UZ $(c7) =

3 ’
~yvo! O ~y O

1 ” 1
o =P . o(0).
Ho" € X(n) : o ~yny 0} ,,Z ) ,Z ,H{o” e X(n): o’ ~, 0"} v $(7)
o' ~ap O o'~ 0
Therefore, P"fm,,Pér = anv, as needed. m]

The above Proposition implies that we can define cos(Z(Py, P],)) = cospr (£(P7, P7)) for every
v,v' € A0, ...,n},v # v with |v| = |V'| = n.

Lemma 3.7. For every v C {0, ...,n}, |v| = n, it holds that

IPFIl < sup [Ix(g)I>.
gek

Proof. Fix v C {0, ...,n}, |v| = n and fix some ¢ € C(X(n), 7).
For every 7 € D(n — 1) with type(t) = v, it follows by the convexity of the norm that

b/g 2 1 ni2 —

oeX(n),rCo oeX(n),tCo o’eX(n),o~, 0’

1 N2 _
) o' e X(n) : 7 C o'}| D le)P=

oeX(n), tCo o’eX(n),rCo”’

’ 1 _ ’
I D Y e e TR T LR

o’eX(n),TCo’ oeX(n),7Co o’eX(n),rCo’
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By Corollary 3.2 and the previous inequality, it holds that

1P oI < (S“}Z ||n(g>||2) > N I 1 T
g€

TeD(n-1),type(7)=v M(GT) oeX(n),tCo

2 1 N2 4 2
gsglgnn(g)u) > G 2 @) s(§g£||n<g>u)n¢n

TeD(n-1),type(7)=v o’eX(n),tCo”’

as needed.

E E

We note that for every 7 € X(n — 2), X, is a bipartite graph and we denote A

Lemma 3.8. For every v,v’ C {0, ...,n} such that |v| = |v'| =nand v # v’, denote

E E
Ay = max A
8% 7eD (n-2),type(T)=vnv’ 7, bipartite

Then it holds that

cos(Z(Py, Py)) < (sullz ||7r(g)||2)/ﬂ§w.
ge€

Proof. Let ¢ € C(X(n), ) be some map. Without loss of generality, it is enough to show that

I(PTPT, = Pln, ol < (Sulg |I7T(g)llz)/1]5myfll¢ll-
ge

19

7,bipartite /IX.,,bipartite'

For every T € D(n —2) with type(t) = vNv’ = {2, ...,n}, the link X, is a bipartite graph with sides

S1 ={v € X:(0) : type({v}) = {0, ...,n} \ v},
8> ={v € X;(0) : type({v}) = {0, ...,n} \ v'}.
Let Py, Py, P15 : £2(X.(1); E) — £2(X,(1); E) be defined in section 2.6; that is,

PAO({v1v2) = s D @({viu)). VO € E(X (1)
! {vi,u}ekE

and

1
PLa® = mm Z ®({u,v}),V® € L2(X.(1);E).
| Xz (D] vk (1)

Define the localization of ¢ on X to be the function ¢, € £>(X,(1);E) defined as

¢ ({u,v}) = ¢(r U {u,v}).

One can verify that for every o € X(n) with 7 C o, it holds that

Pl¢(0) = Pig-(0\ 1), PLo(0) = P2¢< (0 \ 7), P}, 0(0) = Pragp< (0 \ 7).
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Let 7 € D(n — 2) with type(7) = v N v’. By Proposition 2.22, it follows that

> PEPE - PELS@F = DT |(P1Pr - Pra)d-({u v DI <

ogeX(n),7Co {u,vieX.(1)
/l]E,bipartile Z |¢T({u’ v})|2 = /I]E,bipa.rtite Z |¢(O-)|2 < AEQV' Z |¢(O’)|2

{u,v}ieX (1) oeX(n),tCo oeX(n),tCo
By Corollary 3.2 (applied twice) and the above computation,

I(PFPY, — P, )81 <

1
sup || ()1 > G5 2 IPIPL-PL8(@)F <
gek TED(n—Z),type(T):vﬂv"u T oreX(n),7Co
1
sup [|(g)II” > G D, P s
g€k TeD(n-2),type(7)=vNy’ T oceX(n),TrCo
sup (@)1l |50, 1%,

g€

as needed.

.....

O

there is a real valued positive function f € C.(G) such that /G frdu =1 (ie., fr is a compactly

support probability function) and

RoTER) = m(fi).

Proof. We start by noting that for every oo € D(n) and every k € N, there is a probability function

fk: X (n) — [0, 1] such that f, is supported on a ball around o=, and

TEp(o) = Y fE(@)e()

o’eX (n)

for every ¢ € C(X(n), r).

Define i : X(n) — C.(G) as follows: for every o’ € X(n), choose o’ € D(n) and g € G such that

g.0” = o’ and define

1e¢G, n
h(o') = =22
) :u(G(r”

From the definition of ¢, and Proposition 3.3, it follows that % is well-defined and that for every

o’ € X(n), ¢x(0’) = w(h(c”’))x.
Recall that Ry¢p = m Yoen(n) ¢(0). Thus, for every x € E,

1 1 , ,
RZT!.;RI)C = m Z T,l:(ﬁx(o') = m Z Z f‘f_((f )¢X(U ) =

oeD(n) oeD(n) o’ esupp(£.5)
1 1
DD N A GO UICOR R DD e |
Do 2 L D) 2
o’ esupp(£.F) oe€D(n) o’ esupp(£.F)
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and we take

ﬁ|mm D DL Fs@hh). o

oeD(n) o’ esupp(f.X)

Theorem 3.10 (Zuk type criterion). Let G be a locally compact, unimodular group and X be a pure
n-dimensional, partite simplicial complex such that X is gallery connected and all the 1-dimensional
links of X are connected. Assume that G is acting on X by simplicial automorphisms and the the action
is cocompact, and that for every T € X(n —2) U X(n — 1) U X(n), G is an open compact subgroup.
Let Ex be the class of Banach spaces such that for every E € Ex, it holds that

1

E

max A-.,. . < —
reD(n—2) T-blparttite = g, 3

Then G has property (F Ex).
Also, for 0 < & < g, let Ex ¢ be the class of Banach spaces such that for every E € Ex, it holds that

A2 <!
max . S =&
reD(n-2) 7, bipartite 8n—3

Then for every € > 0, G has robust property (T) with respect to Ex_ and property (FEx ).
Proof. Note that

U gX,s,

O<e<gly
and thus if we show that G has property (FEx ) for every 0 < £ < # it will follow that G has
property (FEx). Below, we will show that for every 0 < & < ——, it holds that G has robust property

(T) with respect to 8X ¢ and property (FEx ¢).

Fix 0 < ¢ < W If £x. . = {{0}}, then robust property (T) with respect to Ex . and property
(FE&x ) holds trivially. Thus, we will assume below that x . contains a non-trivial Banach space.

Note that by Lemma 2.7, Ex . is closed under ¢, sums. It is also obvious that by its definition, £x
is closed under passing to subspaces, and thus C € £x_ . due to the fact that C is a subspace of every
non-trivial Banach space. It follows from Proposition 2.4 that if G has robust property (T) with respect
to Ex. e, then G has property (FEx ). Thus, it is sufficient to prove that G has robust property with
respect to Ex ¢.

Denote

and

_ l 1-(8n-3)y
'82_\/1+2n—1+(3n—1)y'

Further, denote 8 = min{g, 8} and note that 8 > 1.

Recall that K € G is a compact symmetric generating set of G. We will show that there is a Kazhdan
projection with respect to F(Ex_ s, K, 8). Explicitly, let fx € C.(G) be the probability functions in
Lemma 3.9; that is, the functions such that for every representation r,

7(fi) = RoTERy,
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.....

Y(r,E) € F(E,K,B), n(p) is a projection on E*(G) .

Fix 7 € F(€x,s, K, ). By Lemma 3.7 and the choice of £3,, it holds for every v € {0, ...,n}, [v| =n
that
1-(8n-3)y

Prl<pB<l4—o- 27
1Py < n—1+@Bn-1)y

By Lemma 3.8 and the choice of By, it holds for every v,v’ C {0, ...,n},v # v/, |v| = |v/| = n that

cos(Z(Py,P})) < ,6’%(; - a) =y <

8n -3 8n -3’

It follows that the set of projections {P7 : v C {0, ...,n}, |v| = n} fulfil the conditions of Theorem 2.17.

.....

Myc -, Im(P7) and constants 0 < r(y, 8) < 1,C(y,8) > 0, such that for every &,
vC{0,...,n},|v|=n v
” 7]: T || S rk'

Thus, it holds for every k that

00 1
IRT Ry = 7 (fi)ll < IR I[|Ry[|CrF <Propositon 34 g max Vu(Gy) |Cr*.
o Din) u(G ) oeD(n)

This shows that for every 7 € F(Ex, s, K, 8), the sequence m(fi) converges in norm and the rate of
convergence is bounded independently of . Thus, the sequence ( fx) converges in Cr(gy , . x.8)-

It remains to show that for every (7, E) € F(Ex.e, K, B), the operator R,T°R; is a projection on
E”(©) . First, let x € B7(O). By the definition of ¢, Rix = ¢, is the constant function ¢, = x. By
Lemma 3.5, T is a projection on the subspace of constant functions in C(X(n), ), and thus 7Y ¢ = .
By the definition of R,, Ry¢p, = x (since ¢, = x). Combining all of the above, it follows that for every
x € B7 O RyT®Rx = x.

Second, for every x € E, T°R1x = T, ¢, and by Lemma 3.5, it follows that 7,°¢ is a constant
equivariant function in C(X (n), ) (i.e., there is xo € E™(%) such that T ¢, = x¢). Thus, RyT ¢, =
xo € E™(© and it follows that Im(R,TR;) € E™(9). Therefore, we can conclude that R, TR, is a
projection on E*(9) as needed. O

4. Application to random groups in the Gromov density model

The aim of this section is to apply our Banach Zuk criterion in the setting of random groups in the
Gromov density model. As a consequence, we will prove a generalized version of Theorem 1.5 that
appeared in the introduction. Some definitions below already appeared in the introduction and we recall
them for completeness.

A random group is a group chosen randomly according to some model, and one is interested in the
asymptotic properties of such randomly chosen group. The most famous model is the Gromov density
model:

Definition 4.1 (Gromov density model). Let k € N,k > 2 and 0 < d < 1 be constants and / € N be a
parameter.

A random group is the Gromov density model D(k, [, d) is a group I' = (A|R) where |A| = k and
R is a set of relators of length / (in A U A~!) randomly chosen from the set

{R is a set of cyclically reduced relators of length / : |R| = [ (2k — 1)¥ ]}

with uniform probability. We denote a random group in this model by I" € D(k, [, d).
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For a group property P, we say that P holds asymptotically almost surely (a.a.s.) in D(k, [, d) if

llim P(I" € D(k,1,d) has property P) = 1.

We will show that for certain class of Banach spaces, £ property (FE) holds a.a.s. in D(k, [, d) (see
exact formulation below).
A closely related model to the density model is the binomial model:

Definition 4.2 (Gromov binomial model). Let k € N, k > 2 be a constant, p : N — [0, 1] be a function
and / be a parameter.

A random group is the Gromov binomial model B(k, [, p) is a group I = (A|R) where |A| = k and
R is a set of relators of cyclically reduced length / (in A U A~"), where each relator in R is chosen
independently with probability p (/). We denote a random group in this model by I' € B(k, 1, p).

For a group property P, we say that P holds asymptotically almost surely (a.a.s.) in B(k, [, p) if

llim P(T" € B(k,1, p) has property P) = 1.

For a group property P, we say that P is monotone increasing if it is preserved under quotients. For our
purposes, it will be important that Proposition 2.5 implies that property (F&) is monotone increasing.
The following Proposition appears in [16] (as part of a systematic study of random sets in both models):

Proposition 4.3 [16, Proof of Proposition 1.13]. Let P be a monotone increasing group property and
k >2,0<d <1 beconstants. For C > 1, we denote

pc(l) = 2k —1)" =D _ ok - 1)"G-91,
Then

3
P(I" € D(k,1,d) has property P) > P(I" € B(k, 1, pc) has property P) — ok
The following Corollary readily follows:

Corollary 4.4. Let P be a monotone increasing group property and k > 2,0 < d < 1 be constants.
Denote

1
p(l) = 5 (2k - 1)~(=ar,
Then

P(I" € D(k,1,d) has property P) > P(I" € B(k, 1, p) has property P) — ———.
2k -1)z

Following the ideas of [19] and assuming that / is divisible by 3, we introduce the model B’ (k, [, p)
as a variant of B(k, [, p) defined as follows: Let W/’ be reduced words in A U A~! of length % with a
3
first and last letter in .A. Define W/ to be words in AU A~" of length [ that are concatenations of 3 words
in W7,
3

Definition 4.5. Let k£ > 2 be a constant and p : N — [0, 1] be a function. A random group is the
model B’(k, 1, p) is a group I' = (A|R), where |A| = k and R is a set of relators chosen from W,
independently with probability p([).

Proposition 4.6. Let P be a monotone increasing group property, k > 2 be a constantand p : N — [0, 1]
be a function. If a random group in B’(k, 1, p) has P a.a.s., then a random group in B(k,1, p) has P
a.a.s. More explicitly,

P(T" € B(k,1, p) has property P) > P(I"" € B'(k, 1, p) has property P).
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Proof. Denote W; to be the set of cyclically reduced words of length / in A U A", The relators of
I' € B(k, 1, p) are chosen independently from W;, and thus one can start by first choosing relators from
W/ and then from W; \ W/. Thus, it is clear that I € B(k, [, p) is a quotient of I'" € B’(k, [, p) and by
the assumption that P is monotone increasing,

P(T" € B(k,l,p) has P) > P(T"" € B'(k, 1, p) has P). m]

The above Proposition shows that in order to prove property (FE) holds a.a.s. for B(k, [, p) (and
thus for D(k, 1, d) for p(I) = 3(2k — 1)~1=)! by Corollary 4.4), it is sufficient to prove that property
(F&) holds a.a.s. for B’(k, [, p).

Last, again following [19], we define the model M™(m, p) as follows:
Definition 4.7 (The positive triangular model). Let m € N be a parameter and p : N — [0, 1] be a
function. A random group is the model M*(m, p) is a group I' = (S|R) where |S| = m, SN S~ =0
and R is a set of length 3 relators in the letters of S (not using the letters of S~!) chosen independently
with probability p(m).

Fix some k > 2 and A with |A] = k. Let W/, W/ be as above (with respect to \A). For m = |W}/| and

3 3
S = {s1,..., sm} fix a bijection ¢ : § — W7’. This bijection extends to a bijection ¢ : {s; 55,8; : 1 <
3

i1,i2,i3 < m} — W/. Thus, for I' € M*(m, p),I" = (S|R) the map ¢ : I' — (Alp(R)) extends to a
homomorphism. As the following Lemma states, ¢(I") is a finite index subgroup of (A|p(R)).

Lemma 4.8 [19, Lemma 3.15]. For every I in the support of M*(m, p), ¢(I') is a finite index subgroup
of (Ale(R)).

Remark 4.9. The random group models considered in [19] are the density models, but the proof of [19,
Lemma 3.15] passes verbatim to the binomial models.

All the discussion above reduces the problem of proving (FE) to D(k,l,d) to proving (FE) to
M*(m, p) (with the correct choice of p):

Theorem 4.10. Let % <d < 1, k > 2 be constants and &; be a class of Banach spaces (this class may
change as l increases). Define m(l) = %(Zk - 1)§ and p : N — [0, 1] to be p(m) = m. For every

[ divisible by 3,
(T & Dk L. d) has property (FE)) 2 BT € M"(m(). p) has property (F&)) = — : OE
- 1)z
Proof. By Corollary 4.4, for p (1) = %(2k — 1)~1=9! it holds that
P(I" € D(k,1,d) has property (F&)) > P(I" € B(k, 1, p1) has property (F&)) — o 6 I)L '
- 1)z

By Proposition 4.6,
P(T" € B(k,1, py) has property (F&)) > P(I"" € B'(k, I, p1) has property (F&;)).
Thus, we are left to show that for every [ divisible by 3, it holds that

P(I'"” € B'(k,1, p1) has property P) > P(I" € M*(m(l), p) has property (F&))),

with m(l) = %(Zk - 1)% and p(m) = m.
Assume that [ is divisible by 3. By Lemma 4.8, for every I'" € B’ (k, [, %(21{ - l)‘(l‘d”), there is a
group I' € M*(my, pp) with my (1) = |W}| = k*(2k — )52 and po(m)) = $(2k = 1)=U=9! such that

3
¢(T) is a finite index subgroup in IV and I, I'” occur in the same probability.

https://doi.org/10.1017/fms.2023.80 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.80

Forum of Mathematics, Sigma 25

By Proposition 2.6, if I" has property (F&), then I'" has property (F&;). Using the fact that property
(F&;) is monotone increasing it follows that we can replace m by

1
m = E(Zk - l)% > my.

That is,

P(I"" € B'(k, 1, py) has property P) > P(I" € M*(m, p2(m;)) has property (F&))
> P(I" € M*(m, p2(m)) has property (F&)).
Note that
1 1 1 1 1

1
= =2k - 1)~ = == = :
pa(m) = ) 2 (2k - Dhyp0-d) 220000~ 230

It follows that for p(m) = m, it holds that
P(I"” € B'(k,1, p1) has property P) > P(I" € M*(m, p(m)) has property (F&;)),

as needed. ]

Theorem 4.10 reduces the proof of Banach fixed point properties in the Gromov density to proving
Banach fixed properties in the positive triangular model. This model is convenient for us, since its
Cayley complex is a two-dimensional simplicial complex with bipartite links, and thus we can apply
our Theorem 3.10 above. For this, we will need to bound the second eigenvalue of the random walk
operator on the link of the Cayley complex of a group in M™*(m, p). Our approach for bounding the
second eigenvalue is heavily based on [1] and [11] and we claim very little originality here (a few
adaptations were needed in order to provide a sharp result in the triangular positive model). In order to
bound the second eigenvalue, we will first need some general lemmata regarding graphs and the bipartite
Erdos-Rényi graph.

Lemma 4.11. Let (V,E)), ..., (V,Ey) be connected graphs on the same vertex set V. Assume that
E\, ..., Ex are pairwise disjoint and that there are constants d,0 < & < 1 such that for every i, the
degree of avertex in (V, E;) is between d(1—¢) and d(1+¢€). Assume there is A < 1 such that the second
eigenvalue of the random walk operator on each (V, E;) is less than A. Then the second eigenvalue of

the random walk operator on (V,E| U ... U Ey) is less that A + df‘i;.

Proof. For v € V, denote m;(v) to be the degree of v in (V, E;) and m(v) to be the degree of v in
(V,E| U...E;). We need to prove that for ¢ : V — R, if 3, oy m(v)¢(v) = 0, then

2
3 m() (M) < (ﬂ + i) 3 m)lg)P,

_ )4
veV (1 g) veV

where M is the random walk operator on (V, E; U ... U Ey). Equivalently, we need to show that for the
normalized Laplacian I — M, it holds for ¢ as above that

2
ST (= MS)P) > (1 - %) S m) e

veV veV

Recall that

DomEU =MD = > o) - g,

veV {u,v}eEU...UE}
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where double edges (if they exist) are added several times according to their multiplicity. Similarly, if
we denote M; to be the random walk operator on (V, E;), then for every i,

D mOU = M)gme() = > 1) — (v

vev {u,v}eE;
Thus,
k
Dm0 (U=-MgoNs) = D e =g =) > e@) - ¢
veV {u,v}eEU...UE} i=1 {u,v}eE;
k k
=2 D mOU = M)g)SM) = (1=2) Y > mi()|p(v) = — Z mi ()¢ ()
i=1 veV i=l veV (V) eV
k k
=00 Y MW~ (-0 Y S )| 3 il
i=1 veV i=1 veV ueV mi(V)
= (1= Y mIemE - (1 —A)me S .
veV ueV ml(V)
Thus, it is sufficient to prove that
k m;(u) 166>
;mm 2 m @ < G 2, OO

Fix 1 < i < k. Note that for every u € V,

(1-¢e)d < m;(u) < (1+&e)d
k(1+&)d ~ mu) ~ k(1-g&)d’

Thus,

(1—8)2 < m(u) m;(V) < (1+s)2'
l+¢ m;i(u) m(V) 1-¢

Therefore,

m(u) m;(V) 1+e\? 1-¢)? e
'l_mi(u) m(V) Smax{(l_g) _1’1_(1+s) }_(1—5)2'

mi(w) i (v>z(’"f(”) m(u))¢()
mi(V) M S i) T mv)

Z mi(u) (1 _ m(u) mi(V))¢(u) Zml(V) Z mz((‘bg

It follows that

—=¢(u)f’

( _ m) ml-<v>)

- LW\ mi(u) m(V) ) mi(u) m(V)
x 4e 2
< Z;v m,-<u>(—(1 _8)2) lp(w)|* = )4 M;m(u)wnz
as needed. |
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Lemma 4.12. Let (V, Ey), (V, E3) be finite graphs on the same vertex set Vand 0 <1< 1,0 < e < 1
be a constants. Denote m;(v) to be the degree of v in (V, E;). Assume that (V,E| U E;) is connected
and that the second eigenvalue of the random walk operator on it is less than A. If for every v € V,
ng:; <eg< i ’l , then (V, E) is connected and the second eigenvalue of the random walk operator on
it is less than /l +4e.

The proof is very similar to the proof of Lemma 4.11, and thus we allow ourselves to omit some
details.

Proof. Denote M;,i = 1,2 to be the random walk operator on (V,E;). Let ¢ : V — R such that
> mi(v)¢(v) = 0. We need to show that

3 m W (Mis)Se) < (A+4e) 3 m()lpv)P

vev vev

or, equivalently, that

DTme)(U = M)G())$) = (1= A-48) D" mi(»)|g(m)P.

= =
Observe that
2’; m(v)((I = M)$(v)$(v) = ZV mi(V) (I = M)$()$(v) + vam)((l = M2)p(v)p(v)
v < vzvmm((l — M) ¢(»))p(v) +V2 Z‘;mz(\’)lﬂﬁ(v)lz
< Vzvmm)((z — M)G())p(v) ‘2e val(v>|¢<v>|2.
Thus,

DT mi (U = M)GON$) = DT me) (= M)g)S() =28 > m(»)|g()P,

veV veV vev
and we are left to prove that
DT mE)(U = M)()v) = (1=2=28) > m(»)|p(m)P.
veVv vev

my (u)

’ 1+8 < m(u) < land

Note that for every u € V

1 m(V) my(u)
l+e = m(u) my(V) <l+e.

Thus,

DmE)U = M)()$) = (1=2) D" mmIpM)I* = (1 = ym(V)

vev vev

m(u) 2
Z AR

m(u)
> () P Wl

2 (1=2) ) m®)g) - m(V)

vev ueV
—(1- 2 m(u) (1_m(V) ml(“)) ’
( A)%val(v>|¢(v>| m(v)’;m(V) G ) |2
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<(1=2) Ym0 =& > mw)lpu)?

vev ueVv

< (1= ). mO)IgW)P =1 +8) > miw)lgw)

veV ueVv
<(1=2) Y mMIgMPE =26 3 mi@)gl,
vev ueVvV
as needed. O

Forn € Nand p : N — [0, 1], let Gpipartite (71, o) be the bipartite Erdos-Rényi graph defined as
follows: The vertex set of V is §; U S, where S1, S, are disjoint sets of size n. We randomly choose
edgesintheset {{u,v} : u € S1,v € S,} where each edge is chosen independently with probability p(n).

6
Theorem 4.13 [2, Theorem A]. If p(n) > @, then with probability tending to 1 as n grows to
8

Vp(n)”

Lemma 4.14. Let 0 < a < 1 be a constant. Assume p(n) > % for some positive constant C. Then

infinity, the graph Gyipariwe (1, p) is connected and its second largest eigenvalue is less than

np(n)

I-a

n3

imP(|m(v) —np(n)| = for some v in Gyipariite (1, p)) = 0.

Proof. Forevery vertex v, m(v) is a binomial random variable. For every 0 < § < 1, it holds by Chernoff
bound that

2
B(n(v) 2 (1+8)np(n)) < exp(~Snp(m),

2
Bm(v) < (1 - 6)np) < exp(~%np(m).

1

I-a »

Thus, if we choose ¢ =

we have that for every large n,

n 3
1-a
Cn
P(Im(v) —np(n)| = %) < Zexp(— npz((fz) ) < 2exp|- " .
ni3 3n~ 3 3
By union bound, the probability the some vertex v has |m(v) — np(n)| > "pls'f,) is less than
n 3
1-a

4n exp(—C"T‘%) and this tends to 0 as n tends to infinity. O

After this setup, we argue as in [1]: Let I' € M™*(m, p). The relations of I" are of the form s;s;s«,
and thus the Cayley complex of I" is a two-dimensional simplicial complex on which I" acts transitively
on the vertices. The link of e € I is a bipartite graph with sides So = S, S; = S~!, where each relation
sisjsk gives rise to 3 edges {s;,s;'}, {sk, 57"}, {5, 53'}. Thus, the link is composed of 3 bipartite
graphs Ly, Ly, Lz on S U sL
1. The graph L; is composed of all the edges {s;, sl.‘l} where s;5 5y is a relation.

2. The graph L, is composed of all the edges {sk, sJ_.l} where s;5;5sy is a relation.
3. The graph L3 is composed of all the edges {s;, s;‘} where s;5 5} is a relation.

Note that we allow double edges (i.e., if 5,55k, 5;55x are two relations of I, then the edge {s;, sl.‘l}
will appear twice).

The idea of [1] is that each of these graphs behaves like Gyipartite (12, 0”), Where p” > p, and thus
by Lemma 4.11 and Theorem 4.13, we can bound the second eigenvalue of the link. However, some
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analysis is needed to account for double edges and this will require Lemma 4.14. To sum up, we will
prove the following:

Theorem 4.15. Let% < a < 2,C > 0beconstants and p(m) = % For arandom groupT" € M™*(m, p),

it holds a.a.s. that link of each vertex in the Cayley complex of I is a connected graph and the second
eigenvalue of the random walk operator on it is < \/61 T
m

Proof. For clarity, in this proof we will denote the degree of a vertex by w(v) and not m(v), since the
letter m already appears as a parameter of the random group.

We first claim that a.a.s., for every i = 1,2, 3, each edge in L; appears with multiplicity < 3. Indeed,
the probability that a specific edge appears four times or more is bounded by m*p(m)*. By union bound,
the probability that some edge appears four times or more is bounded by m®p(m)® < C*m®*®, and

this tends to O since a > %

Second, we claim that a.a.s, for every foreveryi = 1, 2, 3, each vertex in L; has at most K = LTI—.%J +1
double/triple edges connected to it. Indeed, the probability that a specific vertex has K double/triple
edges connected to it is bounded by 73K p(m)?X . By union bound, the probability that some vertex has
K double/triple edges connected to it is bounded by 2m3K+ p(m)*K < 2C?K y3K+1-2K @ and this tends
to 0 since K > 7.

Let L; be the graph obtained from L; by deleting multiple edges. Then a.a.s., forevery v € SU S -1
the degree of v in L differs than the degree of v in L; by at most 2K (which is constant and does not
depend on m).

Each of the L] is a random bipartite Erdos-Rényi graph Guipartite (112, ") with

p'(m)=1-(1-p(m)" > —
m
for every large m.

By Theorem 4.13, it holds a.a.s. for every i = 1,2, 3 that Ll’. is connected and the second eigenvalue

of the random walk operator on it is bounded from above by v 8 = < 7 81_% . By Lemma 4.14, for
mp’ (m m

every i and every vertex in L/, it holds a.a.s. that

mp’(m
2a

m3

lwi(v) —mp’(m)| <

b}

where w; denotes the degree of v in L. Thus, by Lemma 4.11, it holds a.a.s. that for every large m, the
second largest eigenvalue of the random walk operator on L U L/ U L/ is bounded from above by

8 20 9

Note that by the discussion above, L; U L, U L3 is a union of L] U L} U L] and the graph H of the

deleted edges. Also note that a.a.s. it holds that every vertex v, H has at most 6K = 6l_ﬁj + 6 edges

connected to it. Therefore, if we denote w’ to be the degree of a vertex is Li U Lé u Lg and w”’ to be the
degree of a vertex in H, it holds a.a.s. for every large m that

w” (v) 6K 4K
< —— <
w’(v) 3(mp’(m) — %) Cm=«

m 3

Thus, from Lemma 4.12, it follows that a.a.s. the second largest eigenvalue of the random walk operator
on L U Ly U L3 is bounded from above by
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9 N 16K - 10
\/6]111_% sz_a \/fml_%

as needed. O

After this, we can prove the following Theorem:

Theorem 4.16. Let 3 5 <a <2,C > 0 be constants and p(m) = m(, Deﬁne a class of Banach spaces
Epm+(a,C,m) as the union of all the classes ¢ for which w( \/, ] 7 ) < 26

Then M™*(m, p) has property (FEp+(a, C,m)) a.a.s. In particular:

o For any uniformly curved space B, M*(m, p) has property (F E) a.a.s.

— 10g(26) +
o For 6y = (=9) Tog(m)+] Tog (C)Tog(10)” M*(m, p) has property (FEq,) a.a.s.
o For2<p< 20-7 )1og(r?(3;(1;§)(C) 210e(19 , M*(m, p) has property (FLP) a.a.s.

Proof. Let T' € M*(m,p) be a random group. Denote by X the Cayley complex of X. This is a
2-dimensional simplicial complex on which I' acts freely and transitively on vertices and the links of X
are bipartite graphs. By Theorem 4.15, it holds a.a.s. that the second largest eigenvalue of the random
walk operator on the link of a vertex in X is < 10,_% . Thus, by Corollary 2.21, it holds a.a.s. that for

every E € Epq+(a, C,m) and every v € X(0),
1 1
< Zw(—o) <L

Thus, by Theorem 3.10 (noting that C € &+ (a,C,m)), it holds that a.a.s. that I has property
(F5M+(a', C, m))

Next, we derive the particular statements stated above.

First, for every uniformly curved space E, it holds that E € M™*(m, p) given that m is large enough.
Thus, for every uniformly curved space, it holds a.a.s. that M™* (m, p) has property (F E).

Second, by Corollary 2.14, it holds for every 0 < 0y < 1 that &g, C 5(‘;?;‘;3‘},0 Thus, if

( 10 )90_1 "
VCm'-%] 26’

it follows that £g, € Eaq+ (@, C, m), and therefore a.a.s. M*(m, p) has property (FEg,). The equation
(1) is equivalent to

E
/lX v ,bipartite

0 log(26)
0:
(1 - 2)log(m) + § log(C) - log(10)
as needed.
Last, for every 2 < p < oo, every LP space is %—strictly Hilbertian. Thus, for 6y =

log(26)
(1-%) log(m)+ log(C)—log(10)

as above, if 1% > 6, it follows that

2 < log(26)
P (1- %) log(m) + % log(C) - 10g(10)’

it follows that a.a.s. M*(m, p) has property (FLP?). The condition % > 6 is equivalent to

2(1 — 5) log(m) +1og(C) - 2log(10)
log(26)

as needed. O
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Combining the above Theorem and Theorem 4.10 allows us to deduced fixed point properties for
random groups in the Gromov density model:

Theorem 4.17. Let % <d< % k > 2 be constants. Define a class of Banach spaces Ep(k, 1, d) as the

20V2 < |
LGa-1) | = 26
(2k=1)6 04D

Then for [ divisible by 3, D(k, 1, d) has property (FEp(k,1,d)) a.a.s. In particular:

union of all the classes £ for which cu(

o For any uniformly curved space E, D(k, 1, d) has property (F E) a.a.s. given that l is divisible by 3.

_ log(26) . Lo
o For6y= TGa1) Tog 2k —1) oz (20VD)” D(k,1,d) has property (F&g,) a.a.s. given that L is divisible by 3.
_1 1)-
o bFor32 <p< -5 log(ffg(;é)zmg(zoﬁ), D(k,l,d) has property (FLP) a.a.s. given that [ is divisible
y 3.

Proof. Let m = m(k,l) = %(2k - l)% and p(m) = %m We can write p(m) = C# for C = le’
a = 3(1-d). Then with this m and p, the class £+ (@, C, m) defined in Theorem 4.16 contains the class
Ep(k,1,d) defined above. By Theorem 4.10 for [ divisible by 3, D(k, [, d) has property (FEp(k, 1, d))
a.a.s.

The particular statements are proven as in Theorem 4.16 and are left for the reader. O

Remark 4.18. By the proof of Theorem 4.10, a similar Theorem can also be proved in the Gromov
binomial model, and this is left for the reader.
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