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Abstract. In the standard scenario of planet formation, solid planets are formed through ac-
cretion of small bodies called planetesimals. The dynamics of planetesimals is important since
it controls their growth mode and timescale. Here, I brie”y explain the basic dynamics of plan-
etesimals due to the two-body gravitational relaxation process. The important roles of two-body
relaxation in a planetesimal system are viscous stirring and dynamical friction. Due to viscous
stirring, the random velocities (eccentricities and inclinations) of planetesimals increase, while
dynamical friction realizes the energy equipartition of the random energy. I also explain the or-
bital repulsion of protoplanets which is the coupling e�ect of two-body scattering and dynamical
friction.
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1. Introduction
In the standard scenario for planet formation, terrestrial planets and the cores of

Jovian planets are formed through the accretion of small bodies called planetesimals.
This process is called as planetary accretion. Planetary accretion is an important stage
of planet formation since it determines the timescale of planet formation and the spatial
structure of the planetary system.

The dynamics of planetesimals controls the planetary accretion. For a planetesimal,
the solar gravity is a dominant force. Thus, the orbit is nearly Keplerian. The deviation
velocity v of the planetesimal from the Keplerian velocity vK of the local non-inclined
circular orbit is called random velocity and is given by

v � (e2 + i 2)1/ 2vK , (1.1)

where e and i are the eccentricity and inclination of the planetesimal. Note that the
random velocities in the radial and vertical directions are proportional to e and i , re-
spectively. The random velocity is an important factor that controls planet formation.
For example, the growth timescale of planetesimals depends on the random velocity as
Tgrow � v2 when gravitational focusing is e�ective in collisions.

The orbit evolves through mutual gravitational interaction among planetesimals, i.e.,
two-body gravitational relaxation. In terms of stellar dynamics, a planetesimal system is
a collisional system where two-body encounters play key roles in the dynamical evolution
of the system. The two basic e�ects of two-body relaxation in a planetesimal system are
viscous stirring and dynamical friction. Viscous stirring increases the random velocity of
planetesimals, while dynamical friction realizes the energy equipartition of the random
energy. In the present paper, I brie”y demonstrate the basics of viscous stirring and
dynamical friction in a planetesimal system. I also describe the orbital repulsion process
in which two large bodies expand their orbital separation in a swarm of planetesimals.

41

�K�W�W�S�V�������Z�Z�Z���F�D�P�E�U�L�G�J�H���R�U�J���F�R�U�H���W�H�U�P�V�����K�W�W�S�V�������G�R�L���R�U�J�������������������6��������������������������������
�'�R�Z�Q�O�R�D�G�H�G���I�U�R�P���K�W�W�S�V�������Z�Z�Z���F�D�P�E�U�L�G�J�H���R�U�J���F�R�U�H�����,�3���D�G�G�U�H�V�V�����������������������������������R�Q���������-�D�Q�������������D�W�����������������������V�X�E�M�H�F�W���W�R���W�K�H���&�D�P�E�U�L�G�J�H���&�R�U�H���W�H�U�P�V���R�I���X�V�H�����D�Y�D�L�O�D�E�O�H���D�W



42 Kokubo

For details of the velocity evolution of planetesimals, see e.g., Ida (1990), Ohtsuki (1999),
and Stewart & Ida (2000).

2. Two-Body Relaxation
The equation of motion for a planetesimal is given as

d2x i

dt2 = ŠGM �
x i

|x i |3
+

N�

j =1 ,j �= i

Gmj
x j Š x i

|x j Š x i |3
+ f gas, (2.1)

where the terms on the r.h.s. express the solar gravity, the mutual gravitational interac-
tion, and the gas drag, from left to right. For the standard minimum-mass disk model,
the solar gravity is dominant except for the rare cases of close encounters of planetesi-
mals and thus the orbit of planetesimals is almost Keplerian. The mutual interaction of
planetesimals is the main perturbing force in a planetesimal system.

The orbit of planetesimals gradually changes due to the mutual gravitational inter-
action. This process is equivalent to the two-body relaxation process in star clusters.
In terms of stellar dynamics, a planetesimal system is a collisional system like globular
clusters, in the sense that the system evolves through two-body encounters.

The mutual interaction increases the random velocity of planetesimals on average. On
the other hand, the gas drag damps the random velocity. In planetary accretion, there
are equilibrium values of the eccentricity and inclination, at which the e�ects of the
mutual interaction of planetesimals and the gas drag balance. In the present paper, we
focus on the e�ect of the mutual interaction. The timescale of two-body relaxation for
an equal-mass (m) many-body system is given by

T2B �
� 2

d� 2/dt
�

1
n�r G

2� ln �
=

� 3

n�G 2m2 ln �
, (2.2)

where n is the number density of constituent particles, � is the velocity dispersion,rG is
the gravitational radius given by rG = Gm/� 2, and ln � is the Coulomb logarithm (e.g.,
Binney & Tremaine 1987).

The two major roles of two-body relaxation in a planetesimal system are viscous stirring
and dynamical friction. In the following, we demonstrate both roles by showing examples
of N -body simulations. The initial conditions of planetesimals we use in the following
sections are summarized as follows: 1000 equal-mass (m = 1024g) planetesimals are
distributed in a ring of the radius a = 1AU with width � a = 0 .07AU. The surface
density of the ring is almost consistent with the minimum-mass disk model. The initial
distributions of eccentricities and inclinations are set by the Rayleigh distributions with
dispersions� e = � i = 2 rH /a , where rH is the Hill radius of planetesimals given by

rH =
�

2m
3M �

� 1/ 3

a. (2.3)

Note that � e and � i are proportional to the velocity dispersions in thr radial and vertical
directions, respectively. For the numerical integration, the fourth-order Hermite integra-
tor (Kokubo et al. 1998) is used with a special-purpose computer GRAPE-6 (Makino
et al. 2003). Gas drag and collisions are not included for simplicity.

3. Viscous Stirring
Viscous stirring is the process in which velocity dispersions of planetesimals increase

due to two-body encounters. Here we consider an equal-mass planetesimal system for
simplicity. In the dispersion-dominated regime (� e, � i � rH /a ) where the relative velocity
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Figure 1. Snapshots of the planetesimal system on thea-e (left) and a-i (right) planes at
t = 0 year (top) and 10000 year (bottom).

Figure 2. Time evolution of � e (solid) and � i (dashed).

of planetesimals is mainly determined by the random velocity, the rate of viscous stirring
for � e is given by

d� 2
e

dt
�

� 2
e

T2B
. (3.1)

We can obtain the rate of viscous stirring for � i by replacing � e with � i in (3.1).
Figures 1 show the snapshots of the system att = 0 year and 10000 year on thea-e and

a-i planes. The eccentricities and inclinations of most planetesimals signi“cantly increase
in 10000 years. On average, the increase ofe is larger than that of i . The distributions of
e and i relax into the Rayleigh distributions. We also see the di�usion of planetesimals
in a, which is the result of random walk in a due to two-body scattering. These increases
of e and i with the di�usion in a are the basics of viscous stirring.

The time evolutions of � e and � i are shown in “gure 2. It is clearly shown that � e and � i

increase with t1/ 4, and � e/� i � 2 that corresponds to the anisotropic velocity dispersions
in radial and vertical directions. These properties of� e and � i are the characteristics of
two-body relaxation in a disk-shaped system (Idaet al. 1993).

As the number density of planetesimals is inversely proportional to the scale height of
the system that is proportional to the velocity dispersion, in other words, n � � Š 1, we
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Figure 3. Snapshots of the planetesimal system on thea-e(left) and a-i (right) planes at t = 0
year (top) and 3000 year (bottom). The large circle indicates the protoplanet.

Figure 4. Time evolution of eM (solid) and i M (dashed) of the protoplanet.

have T2B � � 4. Thus, we have� � t1/ 4. The origin of the anisotropy of the velocity dis-
persion is the shear velocity between planetesimals with di�erenta due to the di�erential
rotation in the Kepler potential. This type of anisotropy is also known for the galactic
stellar disk (e.g., Kokubo & Ida 1992).

4. Dynamical Friction
Dynamical friction is the process of the equipartition of the random energy, (1/ 2)mv2,

of planetesimals. In other words, the random velocity becomesv � m1/ 2. As an il-
lustration of dynamical friction, we consider a simple case with a protoplanet (large
planetesimal) with M = 100 m embedded in a swarm of planetesimals. We focus on the
orbital evolution of the protoplanet. The initial orbital elements of the protoplanet are
aM = 1AU and eM = i M = 0 .01.

For M � m and eM > e, the rate of dynamical friction for eM is approximated as

de2
M

dt
� Š

m
M

e2
M

T2B
. (4.1)

The rate for i M is obtained by replacingeM with i M in (4.1). Figures 3 show the snapshots
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