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( r e c e i v e d M a r c h 14, 1959) 

1, The we l l -known t h e o r e m of M i n k o w s k i , [ l ] , [2 ] , 
s t a t e s tha t : 
(M) a p lane convex r e g i o n , s y m m e t r i c about the o r i g i n O, 
i n c l u d e s a l a t t i c e point o t h e r t h a n O if i t s a r e a i s g r e a t e r t h a n 4 . 

By a l a t t i c e point we sha l l u n d e r s t a n d a point in the p l a n e , 
both of whose c o o r d i n a t e s a r e r a t i o n a l i n t e g e r s . In connec t ion 
with ( M) a c r i t i c a l r e g i o n i s defined to be a convex s y m m e t r i c 
r e g i o n of a r e a 4 , which inc ludes no l a t t i c e point o t h e r t han O. 
One such r e g i o n is the open s q u a r e S = { ( x , y ) | | x | < 1, l y l < l j , 
an infini te se t of c r i t i c a l r e g i o n s i s f o r m e d by the p a r a l l e l o g r a m s 
bounded by the l i n e s y = x+ 1, y = x - 1 , y - 1 = k ( x - l ) r y+1 = k ( x + l ) , 
0 ^ - k < °° . F i n a l l y , t h e r e i s a c r i t i c a l hexagon H, bounded by 
the following s ix l i n e s : y - 1 =~(x- l ) , y+1 = - (x+1) , y - 1 = m x , 
y+1 = m x , y = (1/mXx- 1), y = ( l /m)(x+l ) , w h e r e m = t a n 1T/ 12. 
Al l the v e r t e x a n g l e s of H a r e equal to 2TT/3. 

Since a l l c r i t i c a l r e g i o n s a r e convex polygons it i s n a t u r a l 
t o expec t tha t the cons tan t 4 in (M) ought to be d i m i n i s h e d if the 
b o u n d a r y of the convex s y m m e t r i c r e g i o n i s r e q u i r e d to c u r v e 
m o r e s t rong ly t h a n a s t r a i g h t l i n e . It i s the a i m of t h i s a r t i c l e 
to find the c o r r e s p o n d i n g c r i t i c a l r e g i o n s and the c o n s t a n t s which 
r e p l a c e 4 in ( M ) unde r su i t ab le c u r v a t u r e r e s t r i c t i o n s on the 
r e g i o n . 

It should be e m p h a s i z e d that the topology of v a r i o u s r e g i o n s 
d o e s not e n t e r in to the p i c t u r e . It wi l l be c l e a r in e a c h c a s e 
w h e t h e r the p o i n t - s e t used i s to be t a k e n a s open o r c l o s e d . 

The following nota t ion i s u s e d . Any r e g i o n , u n l e s s o t h e r ­
w i se spec i f i ed , i s a s s u m e d to be convex and s y m m e t r i c about 
the fixed o r i g i n O. A p . l . p . ( p r o p e r l a t t i c e point) i s a l a t t i c e 
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point other than O. Capital l e t t e r s , other than A,B and O, will 
denote regions . A(X) and B(X) will stand for the a rea and the 
boundary of X, respect ively . Small l e t t e r s will denote points 
or numbers , and small Greek le t t e r s will denote curves or 
angles . For any set Z, Z# will be i ts image in O. 

2. Let R be a region and let p€B(R). A circle if is said 
to be a supporting circle of R at p if it is tangent there to a 
supporting line of R, and if B(R), and therefore R as well, 
l ies inside or on X . R is said to be an r - r eg ion if at each 
point of B(R) there exists a supporting circle of radius ^ r , 
while for at least one point there is no supporting circle of 
smal le r r ad ius . 

It follows from this definition that if B(R) consists of a 
finite number of a r c s along each of which there exists a contin­
uously varying radius of curvature (continuity is one-sided at 
the co rne r s ) , then R is an r - r eg ion , 0<r< oo . However, it is 
easy to give an example of an r - reg ion R, such that curvature 
fails to exist at an uncountable subset of B(R). We give the 
following example based on the proper t ies of the Cantor set . 
Let o( be the unit c i rc le about O. On the upper semi -c i r c l e let 
a be the set which becomes the ordinary t e rna ry Cantor set 
based on [0,7f] when oC is unrolled onto a l ine. Let r be r ea l , 
1 < r < oo . Replace the a r c of c* , corresponding to the first 
excluded middle third, by an a r c of a c i rc le of radius r located 
so that the resul t is a convex curve. Repeat the same on each 
middle third of the succeeding s tages . Finally, c a r ry out the 
same procedure for the lower s e m i - c i r c l e . It is clear that one 
obtains in this way a convex curve B(K) which bounds an r - reg ion 
K, while along B(K) curvature fails to exist at all points of (X 
and ÔL . 

An r - r eg ion is said to be maximal if it contains no p . l . p . 
and if no other r - r eg ion containing no p . l . p . has bigger a r e a . 
We assume henceforth that r > 1, since otherwise the problem is 
t r iv ia l . Strictly speaking, it would be necessary to obtain a 
proof that there exists a maximal r - r eg ion . Such a proof can be 
constructed, as in the i soper imet r ic problem, by the use of 
Blaschke ' s selection pr inciple , [ 3 j , but it is of no in teres t h e r e . 

3. LEMMA 1. Let K be a maximal r - r eg ion . Then B(K) 
consists of a finite number of c i rcular a r c s of radius r . 

Suppose that this is fa lse . Then there a re on B(K) two 
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points pi and p2> bounding the (shorter) a r c °< , such that the 
following proper t ies hold. F i r s t , <X is neither an a rc of 
radius r nor a union of a finite number of such a r c s . Then, 
letting Tf and Tz be any two supporting lines at p^ and p£, the 
non-convex region N bounded by (X , t , and Tz , contains no 
p . l . p . Now replace Tt and Tx by the corresponding supporting 
circles of radius r at p^ and p2» Let M be the non-convex 
region bounded by oC and by these two c i r c l e s . Finally let 
L = K u M \J M . Then L is an r - reg ion containing no p . 1. p . 
and A(L) > A(K), which is a contradiction. We note further 
that since r > 1, there a re at least two a r c s . 

In view of this lemma we shall use the self-explanatory 
t e r m s 'corner 1 and ' inter ior point' for the points on the boun­
dary B(K) of a maximal r - reg ion K. 

LEMMA 2. If K is a maximal r - reg ion , then each a r c of 
B(K) contains an inter ior p . l . p . 

Suppose that this is fa lse . Then there is an a r c Ô in 
B(K), with corners q^ and q? , and without inter ior p . l . p ' s . 
Continue the a r c s , or a r c , adjoining f& at qj and q£, beyond 
q^ and q 2 , and repeat the same with fi' . Now let /3 be 
t ranslated by a paral lel motion through a small distance a away 
from the origin. Let the same operation be repeated on fl' . 
We obtain thus a new r - reg ion L which includes no p . l . p ' s if 
a is small enough. Since A(L) > A(K), the des i red contradic­
tion is proved and the lemma follows. 

LEMMA 3. Let K be a maximal r - r eg ion and let ck be 
one of the a r c s of B(K). If o< contains exactly one inter ior 
p . l . p . p then p is the centre of cC . 

Let q^ and q2 be the corners of cC and suppose that p is 
neare r to q^ t h a n t o q £ . L e t <* and the neighbouring a r c s (or arc) 
be continued beyond q, and q 2 . Rotate the extended oC through 
a small angle 9 about p so as to leave q^ outside the new 
region. Repeat the same operation on df . Suppose that in the 
process the corners q^ and q2 a re moved to q? and q^ r e s ­
pectively. By the hypothesis pq^ < pq^ and 6 is small ; t h e r e ­
fore pq3 ^ pq^ and pq^ s ÇqX. Fur ther for 9 sufficiently 
smal l , JJq*, < pq^ and pql < ^qXV Consider now the two c i rcu­
lar ly bounded non-convex regions pqi qo and Pq2<l4* Let the 
first one be reflected in the line through p which bisects the 
angle at p between the tangents to pq"i and pq^. Under this 
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reflexion the image of q3 is on the inter ior of pq£ and that of qj 
on the in ter ior of pq4* It follows that the first region has 
smal le r a rea than the second one. That i s , more a rea is gained 
than lost in the p r o c e s s , and the maximali ty of K is contradicted, 
which completes the proof. 

LEMMA 4. Let K be a maximal r - r eg ion and let oc be 
one of the a r c s of B(K). Let q^, q and c be the corners and 
the centre of oC respect ively . If oc contains exactly two 
in ter ior p. 1. p . ' s p^ and p 2 , then p^ lies between q^ and c 
(or possibly at c), and p 2 between c and q 2 . Also, P^P;? < cq^-

Suppose that p , and p ? a r e both between q, and c. Rotate 
c*. as in the previous l emma, about p 2 - the maximali ty of K is 
contradicted as before. Suppose now that P 7 P 2 ^ ^ l l * Rotate 
oc as before, but this t ime twice: once about p, so as to leave 
q^ outside, and once about p 2 so as to leave q2 outside. Now 
oc is replaced by the union of the two rotated a r c s and the 
maximali ty of K is again contradicted since the new region has 
l a rge r a r e a . 

LEMMA 5. Let K be a maximal r - r eg ion and let 
©£, /3 , o , S be four a r c s lying in this order on B(K). Let 
/\ , yCC , V be the angles between oC and p , /3 and y , Y and 
S . Suppose that fi and X , co rners included, contain one 
p . l . p . each. Then 7\ + /±+ V > 2fT. 

Let q^ be the co rne r between <X and f2> , q2 that between 
/3 and X , and q3 that between Ï and S . Let pj and p 2 be 
the p , L p . ' s on /3 and tf respect ively . Rotate y3 through a 
small angle about p, and IS through a small angle about p 2 , 
extending the two a r c s as neces sa ry . The sense of rotat ions is 
such as to leave q^ and q^ outside the new region. Suppose that 
the p rocess "moves q^ ,q 2 and q^ to q ^ q c and q^ respect ively . 
Let p be the angle at q2 between the straight segment q2cl5 a n c l 
the tangent at q2 to f2> ; s imi lar ly let 0" be the angle between 
q2qc and the tangent at q2 to Y . Therefore 

(1) p + <T +/A- = 27f. 

Let the same operation be repeated at oL , S , îf , à . 

The total change of a r ea of K during the process is 

(2) A A = 2 [ A ( P l q 2 q 5 ) + A(p 2q 2q 5) - A ^ q ^ ) - A(p 2q 3q 6)] , 

where each summand is the a r e a of the c i rcular ly bounded non-
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convex region with indicated co rne r s . Assume now that 
7< , V > 17/2; it will be seen that the proof holds a fortiori if 
either ~X or V is ^ TT/2. 

By Lemma 3,p, is the centre of /3 and p£ that of ÎT . 
Performing some elementary calculations we get 

(3)AA = 2ai[tan(p-ir/2)-tan(A-7T/2)] + Zs,l{tan((f-IT/Z) -tan(V- TT/2)] + e 

where a^ and a 2 a re the distances from q^ and q~ to q^qc and 
qTq/ respectively, and the e r r o r t e rm e is much smaller than 
the other two summands if qc is sufficiently close to q^, i . e . 
if the angles of rotation of ft and Ï are small enough. Now 

(4) AA = 2a1sin(p-^)sec(p-7T/2)sec(A-ÎT/2) 

+ 2a2sin(or- V)sec(<r-ïï/2)sec(V - ïï/2)+e; 

by the assumptions on various angles the four secants in (4) a re 
positive. Comparing (1) and (4) we see that q^ can be selected 
so as to -make the two sines in (4) positive, provided that 
/\ + yU + 7 < Zlt. If the la t ter holds then the total change A A 
of a rea in the perturbation process is positive, and the maxi -
mality of K is contradicted. 

LEMMA 6. Let K be a maximal r - reg ion and let n be 
the number of p . 1, p . 1 s on B(K). Then n=4 or n=6. 

In the first place, n is a positive integer and, by the 
symmetry of K, n is even. Let the n p . l . p . ' s be, in o rder , 
Pi = (xi jYi) > i = 1 > 2, . . . , n. It is clear than the p^'s a re vert ices 
of a convex polygon P with O in its in te r ior . Also, by the 
determinant formula for the a rea of a tr iangle 

A(P) = iZ i= i K n + i - yixi+i! • 

where xn_j_ \ = x\ and yn^_i = y\ . Each summand is a non-negative 
integer and since O is inside P, each summand is in fact posit ive. 
Therefore 

A(P) > n/2 . 

Suppose now that n } 8. Then A(K) > A(P) ^ 4, and so by (M) 
K includes a p . l . p . which is a contradiction. It remains to 
show that n > 2. Suppose, to the contrary, that n=2. Then, by 
Lemmas 2 and 3,B(K) consists of two a rc s ot and cc', and each 
has a p . l . p . at its centre . Let the lat ter be p and p ' . Then it is 
easy to show that K contains also the circle about O passing 
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through p and p / . Since this c ircle contains two other p . l . p . ' s 
(or more) it follows that either B(K) has at least four p . l . p . ' s , 
or K includes a p . l . p . in its in te r ior . Since either case leads 
to a contradiction the lemma is proved. 

It has been proved by now that if K is a maximal r - r eg ion 
then B(K) consists of m a rc s of radius r and contains n 
p . l . p . ' s . Fu r the r , m and n are even positive in tegers , 
m ^ n, and n=4 or n=6. Therefore there a re five possibil i t ies 
fo* K: T 2 ; 4 , T 2 i 6 , T 4 ( 4 , T 4 ) 6 , T 6 ) 6 . Here T m > n is the type of 
region bounded by m a rcs and containing exactly n p . l . p . 's on 
its boundary. 

It turns out that the maximal r - r eg ion K is completely 
determined as follows. K can be of the type T? 4 only if 
r < (5/2)1/2; t h e four p . l . p . ' s a r e then (0,±i) and '(±1,0), and the 
two a r c s have their centrées on the line x = -y . K can be of the 
type T2 £ only if r = (5/2p^. the region is then as above, with 
the addition of p. 1. p . ' s ( 1,1) and ( -1 , -1 ) . K can be of the type 
T4 A only if the four a r c s have their centres on the coordinate 
axes and the four p . 1. p . ' s a r e (0,±1) and (±1,0). K can be of 
the type T4 £ only if r > (5/2p 2 ; the four a r c s have then thei r 
centres on the lines x = ±y and the six p. l . p . ! s a re (0,±1), 
(±1,0) (1,1) and ( -1 , -1 ) . Finally K can be of the type T j j 
only if r > (5/2)V^ a n c i the six p . l . p . ' s a r e as above; the centres 
of the a r c s a r e here as follows: two on the line x=y and the 
other four in the second and fourth quadrants , situated symme­
tr ical ly with respect to the line x = -y. It is to be understood 
that the above determination holds only up to reflexions in the 
coordinate axes and their two diagonals. 

Now, the complete determination is reduced to the com­
putation of different a r e a s . For a fixed r the cr i t ical constant 
replacing 4 in (M) i s , of course , the larges t a rea of the admis ­
sible maximal r - reg ion . 

This programme will be car r ied out in the second part of 
this a r t i c l e . In the remainder of this part we consider exten­
sions to the n-dimensional space E n . 

4 . Before proceeding to the general case we r e m a r k that 
in E3 the lemmas 1 and 6 possess the following extensions: 

Let K be a maximal r - r eg ion in E3 . Then B(K) consists 
of a finite number of regions, each region being a part of the 

156 

https://doi.org/10.4153/CMB-1959-019-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1959-019-3


sphere of radias r , bounded by a finite number of other such 
spheres . Each such region contains at least one interior p . l . p . 

Let K be a maximal r - reg ion in E3 and let n be the 
number of p . l . p . 's on B(K): Then n 4 24. 

In E n the constant 4 of (M) is replaced by 2 n . All regions 
will be assumed, as before, to be convex and symmetr ic about 
the origin O. The definition of an r - r eg ion is the same as before, 
supporting hyperplanes and n-spheres replacing supporting lines 
and c i r c l e s . The definition of a maximal r - reg ion is c l ea r . As 
before, we assume that r > 1. 

THEOREM 1. Let K be a maximal r - reg ion in E n . Then 
K is the intersect ion of f(n) solid n-spheres of radius r , where 
f(n) is an even integer and f(n) < 2nn(n-2)l +n - 2 / ( n - l ) . More­
over, each n-spher ical part of B(K) contains an inter ior p . l . p . 

The proof follows exactly the proofs of Lemmas 1 , 2 , and 
6 and the only important difference is the determination of the 
bound on the number f(n). We enumerate the p . l . p . 's on B(K): 
Pl>P2> • • • JPg(n\* ^ i s c l e a r t n a t *(n) ^ g(n)« The points 
p , , . . . , p , x are ver t ices of a convex polytope P whose volume 
V(P) satilffes V(P) < V(K). By the use of the generalized Eule r -
Poincaré formula it can be shown that B(P) can be partitioned 
into h(n) = (n-l)g(n) - n2 +n+2 n-s impl ices , such that all the 
ver t ices of each simplex a re among the points p^, and no two 
simplices overlap except on a lower-dimensional simplex. If 
the n ver t ices of each simplex a re joined by straight segments 
to O, we obtain a decomposition of the polytope P into h(n) 
(n+1)-simplices whose ver t ices have all their coordinates 
in tegral . Then, following the proof of Lemma 6, and making 
use of the determinant formula for the volume of a simplex, we 
show that 

1/ni h(n) < 2 n , 

since otherwise K includes a p . l . p . in its in te r ior . The above 
inequality leads at once to the est imate of f(n) in the theorem. 

The author acknowledges with thanks the r e fe ree ' s sugges­
tions toward clearing up and improving several points in the 
proofs and correcting some e r r o r s . 
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