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Abstract

We express the operator norm of a weighted composition operator which acts from the Bloch space B
to H* as the supremum of a quantity involving the weight function, the inducing self-map, and the
hyperbolic distance. We also express the essential norm of a weighted composition operator from B to
H® as the asymptotic upper bound of the same quantity. Moreover we study the estimate of the essential
norm of a weighted composition operator from H to itself.
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1. Introduction

Let H(D) be the set of all analytic functions on the open unit disk D and S(ID)
the set of all analytic self-maps of D. Every analytic self-map ¢ € S(D) induces a
composition operator Cy, : f + f o ¢ and every analytic function u € H (D) induces
a multiplication operator My, : f — u - f. Both C, and M, are linear transformations
from H (D) to itself. The weighted composition operator uCy, is the product of M,
and Cy, thatis, uCy f =M, Copf =u- fog.

Let H® = H*°(D) be the set of all bounded analytic functions on D. H® is a
Banach algebra with the supremum norm

I flloo = sup | f(2)].
zeD

The Bloch space B is the set of all f € H (D) satisfying

A1 = sup(l — 2] (2)] < oo.
zeD
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Then ||| - ||| defines a M&bius invariant complete semi-norm and B is a Banach space
under the norm || fllg =1/ (0)| + [l fll. Note that [[flll < | fllec for any f € H>,
hence H*® C B. Let the little Bloch space B, denote the subspace of 3 consisting of
those functions f such that

Jim (1— 211 f(z) = 0.

The little Bloch space B, is a closed subspace of B. In particular, B, is the closure
in B of the polynomials.
Let w be a point in D and «,, be the Mobius transformation of D defined by

w—z
1 —wz’

ay(z) =

For w, z in D, the pseudo-hyperbolic distance p(w, z) between z and w is given by

w—z
p(w, 2) = loy (2)| = —|
1 —wz
and the hyperbolic metric 8(w, z) is given by
1 14+ p(w, z
B(w, 2) = 5 log 420D,
2 1 —p(w,2)

For f € B, we have that

U\l dt
If(w)—f(O)lslllfIII/O]

w2

Hence we have the growth condition for the Bloch functions:

| f) =[O+ AW, 0). (1.1)
We have also the exact expression of the induced distance on the Bloch space:
sup | f(z) — f(w)| = B(z, w). (1.2)
Ifls=<1

See [9] for more information on the Bloch space.

Let X and Y be two Banach spaces and T be a linear operator from X to Y. Denote
the operator norm of 7 by ||T||x—y. If Y = X, we write ||T||x = ||T||x—x. For a
bounded linear operator T from X to Y, the essential norm || T ||, x—y is defined to be
the distance from T to the closed ideal of compact operators, that is,

IT|le.x—>y =inf{||T + K||lx—v : K is compact from X to Y}.

Notice that T is compact from X to Y if and only if ||T|l. x—y = 0. We also write

ITNe,x =T lle,x—x-
Ohno characterized the boundedness and the compactness of uCy, from B to H®.
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THEOREM A (Ohno et al. [4, 6]). Let u be in H(D) and ¢ be in S(D).
(i)  The weighted composition operator uCy : B — H is bounded if and only if
u € H*® and

e
sup |u(z)| log ———— < o0
b 1100

(ii) Suppose that uCy : B— H is bounded. Then uCy : B — H is compact if
and only if u € H* and

lim sup [u(z)| log ——— =
lp(2)|—1 1 —le(2)]

In [5], Kwon also studied the composition operators from 5 to H* and computed
the operator norm of C, from B° to H* with the condition ¢(0) = 0, where B is the
subspace of 5 which consists of all Bloch functions f with f(0) =0.

THEOREM B (Kwon [5]). For any ¢ € S(D) such that ¢(0) =0, we have

1€yl go—s oo = sup B(@(2), 0).
zeD

In this paper, we estimate the operator norm and the essential norm of uC, acting
between B and H>. We give the explicit formula of the operator norm of uC, from B
to H° in Section 2, and of the essential norm in Section 3, which are the generalization
of Theorems A and B.

Theorem A indicates that the compactness of uC, from B to H implies the
compactness from H to itself. Especially, for the case of composition operators,
the compactness of C, from B to H* is equivalent to the compactness from H* to
itself (see Corollary 3.4). The exact formula of the essential norm of uC, from H*
to itself has not been obtained. Takagi, Takahashi and Ueki gave a partial solution of
luColle, .

THEOREM C (Takagi et al. [7]). Let u be in H(D) and ¢ be in S(D). Forr > 0, let
D, ={zeD:|u(z)|>r}and

y =inf{r > 0: ¢(D,) C D}. (1.3)

Then
Y < uCgplle,go <2y.

So, in Section 4, we deal with the estimate of [|uCy|l,,g=~ under a certain
assumption.

2. The operator norm of uC, from B to H*

In this section, we consider the operator norm of uCy from B to H*. For z € ,
we shall use the short-hand notation

B(z) =max(1, B(z, 0)}.
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THEOREM 2.1. Let u be in H(D) and ¢ be in S(D). Then we have

[uCyll5— > = luCyllB,~H> = sup u@)B(e(2)).
zZe

PROOF. Since B, C B, it is easy to see that ||uCyllg,— po < [[uCyl|lg— <. For
f € B, the growth condition (1.1) implies

[uCy flloo = sup |u(z) f(p(2))]

zeD

=< Sug{lu(z)l(lf(())l + ANl B(e()))}
ze

< Ifllz sup lu(2)|B(e(2)).
zeD

Hence we obtain
uCyllB— oo < sup [u(z)|B(¢(2)).

zeD

Next we show that

1uCyll5,— e = sup |u(z)|B(p(2)).

zeD

To prove this, we use two test functions. The first one is the constant function 1.
Since 1 is a unit vector of 5, we have

[uCollB,—Ho = |uCy oo = l[t]lo- 2.1)

The second one is defined as following. Let r € (0, 1) and A € D. We put 1, = A/|A|

and
1 1+rmz
fri(@) = = log — 22,
2 1 —rnz
Then f,,(0) =0 and
r(1—1z|?)
1_ Z2 / z - =
(A= EPISLE =5 s

Hence f;, € B, and || ;.|| = r. For arbitrary w € D, put A = ¢(w). Then

1UCy g oo > N1C0 Trow)lloo
> H® = ———
' gl

1 1
= — sup|u(z) = log
2 7 1 =rTpwe@)

I zeD

%

1
~ ()] Blre(w), 0).
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Taking the limit as r — 1 and the supremum over all w € D, we get

[uCyllB,— Hoo = sup |u(z)| B(e(2), 0). (2.2)

zeD

Then (2.1) and (2.2) imply that

[uCyllB,—H> = maX{IIulloo, sup |u(z)| B(e(2), 0)}

zeD

= sup [u(z)| B(9(2)). -
zeD

Considering the case that u = 1, we obtain the characterization of the boundedness
of Cp : B— H™.

COROLLARY 2.2. Let ¢ be in S(D). Then the following statements are equivalent:

(i) Cy is bounded from B to H;
(ii) Cy is bounded from B, to H™;
(i) f@lloo < L.

If uCy is bounded from B to H* and |¢(z)| — 1 as z — ¢ € 0D, then the radial
limit of # must vanish at {. Thus we can conclude that if u is not the zero function
and ¢ has the radial limits of modulus 1 on a set of positive measure, then uC,, is
never bounded. More especially, considering the case that ¢(z) = z, it follows that
that the multiplication operator M,, is bounded from B to H® if and only if u is the
zero function. Then we have the following corollary.

COROLLARY 2.3. Let u be an analytic function on D. Then the following statements
are equivalent:

(1) M, is bounded from B to H*;
(i) M, is bounded from B, to H*;
(iii) M, is compact from B to H*;
(iv) M, is compact from B, to H*;
V) u=0.

3. The essential norm of uC, from B to H*

In this section, we estimate the essential norm of uC, from B to H*. To do this,
we prepare two lemmas.

LEMMA 3.1. Let u be in H(D) and ¢ be in S(D). Suppose that uC, is bounded
from B to H*®. Then uC, is compact from B to H* if and only if |uCy fyllocc = 0
for any bounded sequence { f,} in B that converges to 0 uniformly on every compact
subset of .

The lemma above is a generalization of a well-known result called the weak
convergence lemma and we omit its proof (see [, Proposition 3.11]).
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LEMMA 3.2. For z, win D, let L(z, w) be the positive function on D x D defined by

_ |log(e/(1 — Zw))

L&) = e = )|

Then the following conditions hold:
(i) L(z, w) is bounded on D x D,
(ii)  limpg 1 sup,ep L(z, w) = 1.
PROOF. (i) We can see that
log(e/(1 — |z])) + 27 1+2n
Z, w) < < .
log(e/(1 —|z])) —log2 1 —1log2

Hence we have that L(z, w) is bounded on D x D.
(i1) We have

L(

1 1—- 2
lim sup L(z, w) < lim ogle/( —|z]) +27x
lzI=1 e lzl—1 log(e/(1 — |z])) — log 2

On the other hand, since L(z, z) = 1, we get the assertion. O
Here we give the explicit formula of the essential norm of uC,.

THEOREM 3.3. Let u be in H* (D) and ¢ be in S(D). Suppose that uCy, is bounded
from Bto H* (then uCy, is also bounded from B, to H*). Then we have the following
estimation:

[uCqlle,B—H> = [uCyqlle,B,—H~ = lim sup |u(2)|B(¢(2), 0)
lp(2)|—1

where we define the limit supremum above as equal to zero if ||¢lloo < 1.

PROOF. By the inclusion B, C B, we can see that ||uCyl¢,5,— oo < [|[uCylle,B— Hoo.

Since uC, is bounded from B to H*°, we have u € H*. First, suppose that
lelloo < 1. For any bounded sequence {f,} in B such that f, converges to zero
uniformly on every compact subset of D, we have

[uCy falloo = llttlloo  sup [fu(z)| =0
z€p(D)
as n — oo. Hence Lemma 3.1 implies that uC, is compact from B to H>°, and we
get |[uCylle, B> Hoe = 0. Next we assume that ||¢| = 1 and put ¢,(z) =re(z) for
r € (0, 1). Then, by the argument above, we have that uC,, is compact from BB to H°.
Using (1.2), we obtain

IA

””Cgo - ”C(pr | B oo

=Sup{lu(z)| sup If(w(z))—f(wr(z))l}

zeD Iflls=<1
= su]g lu(z)| Ble(2), ¢r(2)).

||uc<p||e,B—>H°°
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Letting r — 1, we have that

luCylle,B—moe < lim sup [u(z)|B(¢(2), ¢r(2)).
r—>1 ,ep

For s € (0, 1), we divide D into two parts: Dj={z:|p(z)| <s} and Dy ={z:

lo(z)| > s}. Since ¢, converges uniformly to ¢ on Dj, we obtain that

lim sup |u(2)[B(¢(2), ¢r(2)) =0.

r—1zeD

Hence it follows that

[uCylle.5—moe < lim sup |u(z)|B(p(2), ¢r(2)).

r=1zeD,

Since
(I =r)e()
1 —rlp@@))?

we get the following estimate independent of 7:

= lp@)l,

p@&%%&h=‘

[uCylle.5—Ho < sup [u(z)|B(p(z), 0).

ZEDz

Here, letting s — 1, we conclude that

[uCylle,5— oo < limsup [u(z)|f(¢(z), 0).

lp(@)|—1
It remains only to prove that
luCqlle,B,—Hoo = lim sup |u(z)|B(¢(2), 0). 3.1
lp(2)|—1

For A € D such that |A| > 1/2 and for p € (0, 1), we put

2\ P+l
8xp(2) =B, 0)“”(% log w) :

1 -2z
We have
19.(0)] = B3, 0077 (% log(1 + Ikl)z)p+1 < (log 4)
and
(1= 12165 0 = 23+ 1 = L_‘M 07| 1og 01’ ,,}‘
1 -2z 2 1—2z

For the moment fix p € (0, 1). Let {A,} be a sequence in D with |A,| — 1. By (i)
of Lemma 3.2, we conclude {g;, »} is a bounded sequence of functions in B,
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which converges to zero uniformly on every compact subset of . For any compact
operator K, the image {Kg;, p} is a relatively compact subset in H°°, and its limit
point is only the zero function. Hence we have that | K gy, pllcc — 0.

By some calculation, we have

1—1z]2 2-=2J1— A2
sup = .

b |1 — Az |A]2

Since |g;,,,p(0)| — 0, (ii) of Lemma 3.2 implies that
Jim gy, plls
= lim |[lgx,,pll
n—od

1= V1= |a? qup| L08te/d — Mn2)) + log((1 + [Aa])?/e)
|An] cenllog(e/(1 = |4, 1%)) + log((1 + [An])?/e)

§(p+l)nli)1go{

]
=p+1

Here, take a sequence {z,,} in D such that |¢(z,)| — 1. Then we have

|uCy — K ||,— mo > lim sup 14Co8p(z),plloc — 1K 8pza),plloo
nee I8¢ pliB

1 .
; lim sup [u(zn) 8o(z,). p(¥(zn))]

n—oo

1 .
= P 1 lim sup IM(Zn)|ﬂ((p(Zn), O)

n—o0

Therefore we get

1
: lim sup |u(z,)|B(¢(zn), 0).

n—oo

”uC(p”e,BgﬁHOO >

Letting p — 0, we obtain

[uColle,B,~ Hoo = lim sup |u(z,)|B(¢(zn), 0).

n—oo

Taking the supremum over all sequences {z,} such that |¢(z,)| — 1, we get (3.1). Our
proof is accomplished. O

Recall that uCy, is compact from H to itself if and only if |u(z)| — 0 whenever
lp(z)] — 1. Hence it follows that Cy, is compact from H to itself if and only if
l¢lloo < 1. Combining this fact with Corollary 2.3, we have the following corollary.
COROLLARY 3.4. Let ¢ be in S(D). Then the following are equivalent:

(i) Cy is bounded from B to H>;
(ii) C, is bounded from B, to H;
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(iii) C, is compact from B to H*;
(iv) C is compact from B, to H*;
(v) Cy is compact from H* to H>;
(VD) lglloo < 1.

Next we give an example which indicates the difference between the boundedness
and compactness of uCy, from B to H™.

EXAMPLE 3.5. Put 9(z) = (1 +2)/2, u(z) =1 —z, v(z) = (logle/(1 — )L, and
w(z) = (loglog(e®/(1 — z)))~L. Then ¢(1) = 1 and |¢(z)| < 1 for z # 1. Since these
three weight functions tend to 0 as z — 1, uCy, vCy, and wC,, are compact from H*
to H*°. By Theorems 2.1 and 3.3, it follows that uC,, is compact, vCy, is bounded but
is not compact, and wCy, is not bounded from Bto H®.

4. The essential norm of uC, from H* to H*

In this section, we consider the essential norm of uCy, from H* to H*°. We recall
that [|[uCyll g = |#]loo. From this ‘big-oh’ condition, we expect the compactness
of uC, can be described by the corresponding ‘little-oh’ condition. Indeed, we can
interpret Theorem C into the following form.

PROPOSITION 4.1. Let u be in H(D) and ¢ be in S(D). Then

lim sup [u(2)| < [[uCylle,go <2 limsup |u(z)|. 4.1)
le(@)|—1 lp(2)|—>1

The proof of this proposition is straightforward and, hence, is omitted here.

Our intuition suggests that the coefficient ‘2’ in (4.1) could be removable. In [8],
Zheng gave the exact formula of the essential norm of Cy, on H® which supports our
intuition.

THEOREM D (Zheng [8]). Let ¢ be in S(D). Then

0 ifllelle <1,
ICylle, oo = L
1 if lglleo =1

We give a sufficient condition for the essential norm of uC, to coincide with its
operator norm.

PROPOSITION 4.2. Let u be in H(ID) and ¢ be an inner function. Then
[uCylle, oo = [uCyll oo = [[t] oo

PROOF. It is trivial that [[uCylle, g < [[uCy|lg=. By the maximum modulus
principle,

luCylle, goo = lim sup |u(z)| = lim sup [u(z)| = [|ulloc = [uCyll . u
lp(@)—1 lz|—>1
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From this result above, we can observe the fact that if ¢(z) gets too close to the unit
circle too often, then the essential norm of uC, would be close to its operator norm.
As we know, the inner functions are of the high extremeness of the closed unit ball of
H®. Recall the de Leeuw—Rudin characterization of the extreme points of the closed
unit ball of H, that is, ¢ is an extreme point of the closed unit ball of H* if and
only if

2
/ log(1 — |(e'?)]) d6 = —oc0
0

(see [2] or [3, Ch. 9]).

Here we consider the problem of how small is the essential norm of uC, induced
by a nonextreme self-map ¢. For ¢ € S(ID) which is not an extreme point of the closed
unit ball of H, put

2 if
w(z)=exp(L /O ‘ +Zlog<1—|<o<e"9>|>d9>. 4.2)

2 el —z

Then w is a bounded analytic function. Moreover w is an outer function in H*
such that |¢| + |w| <1 on D and |¢(e!?)| + |w(e'®)| = 1 almost everywhere (see [3,
Ch. 9]). Hence we have that |w(z)| — 0 if |¢(z)] — 1. Using this outer function w,
we obtain the following theorem.

THEOREM 4.3. Let u be in H*® and ¢ be in S(D). If ¢ is not an extreme point of the
closed unit ball of H*, then

lim sup [u(z)| < [uCylle, poo < lim sup |u(z)]
lp@)]—1 lw(z)|—0

where w is the outer function defined by (4.2).

PROOF. It is enough to prove the upper estimate. Since w has no zero on D, the nth
root of @ can be defined as a function in H>°. We put v, = u w'/" for any positive
integer n. Then v,,C,, is compact on H* and

1
luCylle.tr < NluCyp — vaCyllm = u(l = "™l oo.
Letting n — 0o, we have that
: 1
luCylle e < lim [lu(l — /™).
n—oo

For any sequence {z;} C ID such that lim sup |w(z;)| > 0,

lim lim sup [u(z;)(1 — &(z;)"/")| = 0.
=00 oo
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Hence we have that

lim u(l — ") |eo = lim limsup [u(z)(1 — w(z)"/™)]
n—oo n—oQ |CU(Z)|—>O

lim lim sup |u(z)|
"7 w(2)|—0

lim sup |u(z)].
lw(2)]—0

Our proof is accomplished. O
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