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SOME CHARACTERIZATION AND DISTORTION THEOREMS
INVOLVING FRACTIONAL CALCULUS, GENERALIZED
HYPERGEOMETRIC FUNCTIONS, HADAMARD
PRODUCTS, LINEAR OPERATORS, AND
CERTAIN SUBCLASSES OF
ANALYTIC FUNCTIONS*

H. M. SRIVASTAVA anp SHIGEYOSHI OWA

By using a certain linear operator defined by a Hadamard product or
convolution, several interesting subclasses of analytic functions in the
unit disk are introduced and studied systematically. The various results
presented here include, for example, a number of coefficient estimates and
distortion theorems for functions belonging to these subclasses, some in-
teresting relationships between these subclasses, and a wide variety of
characterization theorems involving a certain functional, some general
functions of hypergeometric type, and operators of fractional calculus.
Some of the coefficient estimates obtained here are fruitfully applied in
the investigation of certain subclasses of analytic functions with fixed
finitely many coefficients.

§1. Introduction and Definitions

Let o denote the class of functions of the form
(L.1) &)= 5 az (@@=

which are analytic in the unit disk # = {z: |z| <1}. Then a function f(2)
belonging to ./ is said to be in the class ¥"(«) if it satisfies the inequality

(1.2) Re {f/f'(_"’l}> —a  (ze®)

Received June 12, 1985.

Revised February 19, 1986.

* The present investigation was carried out at the University of Victoria while the
second author was on study leave from Kinki University, Osaka, Japan.

This work was supported, in part, by the Natural Sciences and Engineering Re-
search Council of Canada under Grant A-7353.

1

https://doi.org/10.1017/50027763000000854 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000854

2 H. M. SRIVASTAVA AND SHIGEYOSHI OWA

for « > —1. On the other hand, a function f(z) belonging to .« is said
to be in the class #(«) if it satisfies the inequality

2f"(2)
(1.3) Re {1 + 7'(7)‘}> —a  (zed)
for « > — 1. It is easily observed that
(1.4 f(2) e (@) & 2f'(2) e V' (); W (@) C ¥ (a).

Throughout this paper, it should be understood that functions such as

2f'(2)/f(2) and zf”(2)/f'(z), which have removable singularities at z = 0,

have had these singularities removed in statements like (1.2) and (1.3).
Let «; (j=1, ---,p) and B, (=1, ---, q) be complex numbers with

ﬂj:,'éoy —1, _"2"";.].:19"" q.

Then the generalized hypergeometric function ,F (z) is defined by (cf.
[16, p. 33]).

(15) qu(Z) = qu(afh ceey, C\fp; 131’ e ‘Bq; 2)

_ 5 (e, (), 2" < 1
LGy Gyl =t

where (1), is the Pochhammer symbol defined by

1, ifn=0

(1.6) @ = {Z(Z—I—l) @ +n-=1), ifnes ={1,23 -}

We note that the F, series in (1.5) converges absolutely for |z| <oo if
p<qg+1, and for ze % if p = g + 1. Furthermore, if we set

(1.7 w = ]Z: B; — JZI;I oy,

it is known (see, e.g., [16, p. 34]) that the ,F, series, with p =q + 1, is
absolutely convergent for |[z| =1 if Re(w) > 0, and conditionally con-
vergent for |z| =1 (z+ 1) if

—1<Re(<0.
For the functions fi(z2) (i = 1, 2) defined by
(18) f@) =3 a2 (e, =1i=19,
n=0

let f, xf«(2) denote the Hadamard product or convolution of fi(z) and fyz),
defined by
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(1'9) f&*fZ(z) = ZO al,n+1a2,n+lzn+1 .
Now define the function ¢(a, ¢) by

(1.10) #a, c; 2) = 3 —@‘»z"“ (c#0, -1, =2, .. .; ze %),

=0 (0),
so that ¢(a, c¢) is an incomplete Beta function with [¢f. Equation (1.5)]
1.11) #a,c; 2 =2z,F(1,a;c; 2).

Corresponding to the function ¢(a, c), Carlson and Shaffer [2] defined a
linear operator #(a,c) on o/ by the convolution [2, p. 738, Equation (2.2)]

(1.12) L(a, o)f = fla, c)*f

for f(z) e /. Clearly, #(a, c) maps & onto itself, and Z(c, @) is an inverse
of Z(a, c), provided that

a+0 —-1,-2, ...
Furthermore, Z(a, a) is the identity operator, and
(1.13) W () = L1, 2)7 («) (> —1)
or, inversely,
(1.14) V() =L (2, )W (a) (> —1).

A function f(z) belonging to o/ is said to be in the class 7'(q,c; «)
if Z(a,c)f is an element of ¥(«) for &« > —1. Further, a function f(2)
belonging to .7 is said to be in the class #7(a, ¢; @) if zf’(2) is an element
of ¥(a,c; @) for « > —1. Then it is easily verified that [¢f. Equations
(1.13) and (1.14)]

(1.15) #(a,c; a) = L1, 27 (a,c; a),

(1.16) v (a, c; @) = L2, D)W (a,c; a),

1.17) W (a) = W(a, a; a) = £1,2)7(q,a; a),
and

(1.18) v (a) =¥ (a,a; a) = L2, D)W (a,a; a).

A single-valued function f(z) is said to be univalent in a domain 2
if it never takes on the same value twice, that is, if f(z) = f(z,) for z,
2,€ 2 implies that z, = 2, A set & is said to be starlike with respect to
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w, € & if the line segment joining w, to every other point w € & lies entirely
in 6. If a function f(z) maps 2 onto a domain that is starlike with
respect to w,, then f(2) is said to be starlike with respect to w,. In par-
ticular, if w, is the origin, then we say that f(2) is a starlike function in
2. Further, a set & is said to be convex if the line segment joining any
two points of & lies entirely in &. If a function f(2) maps 2 onto a convex
domain, then we say that f(2) is a convex function in 2.

Now let % denote the class of all functions in & which are univalent
in the unit disk #. Then a function f(z) belonging to % is said to be
starlike of order « if and only if

(1.19) Re {ﬂ?l} S>a  (zed)
f(2)
for some o« (0 < « <1). We denote by #*(w) the class of all functions

in & which are starlike of order «.
A function f(2) belonging to & is said to be convex of order « if and

only if

(1.20) Reft+ T >0 ew)
f(2)
for some o (0 < o <<1). We denote by #(x) the class of all functions in

& which are convex of order «.
We note that f(2) e #(«) if and only if 2f'(z) € #*(«). We also have

(1.21) FHa) © F*0) = F*,
(1.22) Ha) € H0) =",
and

(1.23) H(a) C F*a) &L,
for 0 < 1.

The classes #*(«) and o (a) were first introduced by Robertson [11],
and were studied subsequently by Schild [13], MacGregor [7], Pinchuk [10],
Jack [4], and others (cf., e.g., [9]). Indeed, from the above definitions of
the various subclasses of .7, it follows readily that

(1.24) FHa) C V(B C A
and
(1.25) A () C (B C o
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for0<a<land —1<—-—a<§.
Finally, let  be the subclass of .7 consisting of functions of the form

(1'26) f(Z) = i anJrlzn+1 (al = 1; Qp i1 é 07 Vn e'/V) 3
n=0

where, as also in (1.6), ./ = {1,2,3, ---}, and denote by ¥ (a) and # (x)
the classes obtained, respectively, by taking the intersections of ¥"(«) and
# () with 77; that is,

(1.27) Vi) =7 (NI  (a>-1)

and

(1.28) Wola) = W (a) N T (¢ > -1).
Also let

(1.29) v la,c; ) =¥ (a,c;a) N T (> =1)
and

(1.30) wla,c;a)=W(ac,a) N T (a>-1).

Silverman [14] studied the subclasses 7 *(x) and %(x) of & defined by

(1.31) THa) =S )NT (0<a<])
and
(1.32) ) =AH@WNT 0<La<l),

so that, upon comparison with the definitions (1.27) to (1.30), we have

(1.33) T *a) C ¥ (a, a; H=7"p) C &
and
(1.34) Cla) C #a,a; B) = 7B C

for0£a<land -1 < —a<p

In the present paper, we prove a number of coefficient estimates and
distortion theorems for functions belonging to the various subclasses of
</ defined above, and derive some interesting relationships involving these
subclasses. For these subclasses we also give a wide variety of charac-
terization theorems and numerous other applications involving a certain
functional, some general functions of hypergeometric type, and operators
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of fractional calculus. By using some of the coefficient estimates obtained
in Section 2, certain further subclasses of analytic functions with fixed
finitely many coefficients are studied systematically.

§2. Coefficient estimates

The various coefficient estimates (given by Theorem 2.1 to Theorem
2.4 below) lay the foundation of our systematic study of the subclasses of
o/ defined in the preceding section.

THEOREM 2.1. Let the function f(z) be defined by (1.1). If

n=1 (1 + a)n { (c)n
for o« > —1. then f(2) e ¥ (a,c; a). The result (2.1) is sharp.

@1) 5 @+ 2 @,

]anHI é 1

Proof. We need to prove that (2.1) implies
2[ZL(a, O)f ) _
2.2) Re {W} >—a  (ze®)

for « > —1. And, in order to establish the inequality (2.2), it is sufficient
to deduce from (2.1) that

2.3) %—1}<1+a (ze %)
for « > —1.
Indeed, since
2.4) #(a, 0f@)= 3, ((“;; 6.2 (a=1).
we have
2[ZL(a, Of (D)) _ 4]

25) ZL(a, 0)f(2) 1l

an (a)" | n+1[

= w—'iz»") —<l+4a,

- 2ol

provided that
2 | (@), = | (@),

26) 5l Delia, = @+ o1 - 5149 ia.).
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which is equivalent to (2.1).
Clearly, the result (2.1) is sharp for the functions given by

— (1 + Ol)n(c)n n+1
(27) f(Z) =2+ Z‘Q‘?;)*n(*dj;z (n € '/V‘) ’

which completes the proof of Theorem 2.1.

CoROLLARY 2.1. Let the function f(z) be defined by (1.1). If

2 (2 + w)
2.8 Cra, <1
(238) I
for « > —1, then f(z)e ¥ (). The result (2.8) is sharp for the functions
given by
(2.9) f@=z+ AT (e 4y

2+ a).

Remark 2.1. In its special case when —1 <« <0, Corollary 2.1
yields the corresponding result for the class ¥*(«) due to Silverman [14,
p- 110, Theorem 1].

THEOREM 2.2. Let the function f(2) be defined by (1.1). If

2 (2.2 + @), | (@),
2.10
(2.10) Z D1 + @), | (o),

for @« > —1, then f(2) e #(a, c; «). The result (2.10) is sharp.

2] =1

Proof. Since f(2) e #'(a, c; a) if and only if
2f"(z) = £(2, Vf(2) e 7 (a, ¢; @) ,

we have the theorem if we replace «,,, in Theorem 2.1 by [(2),a,..]/(1)..
Further, the result (2.10) is sharp for the functions given by

— (1)72(1 + O()n(c)n n+1
(2.11) f(2) =z + .2+ a)"(dj,:z (ne ).

COROLLARY 2.2. Let the function f(z) be defined by (1.1). If

(2,2 + ),
2.12 3o Aehia 1<
( 1 ) n=1 (1)7L<1 a)ﬂ |an+ ! S 1

for a« > —1, then f(2) e W («). The result (2.12) is sharp for the functions
given by
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D1+ @)
2.13 z =2+LL—Lz"“ neA).
219 fO=24 G+ a. (

Remark 2.2. If, in Corollary 2.2, we assume that —1 <« <0, we
shall obtain the corresponding result for the class /" («) due to Silverman
[14, p. 110, Corollary].

For the classes ¥"\(a, ¢; «) and # (a, c; «), we next prove Theorem 2.3
and Theorem 2.4 below.

THEOREM 2.3. Let the function f(z) be defined by (1.26). Then f(2)e
v a, c; a) if and only if

2 (2 + @).a),
(2.14) Zl T+ a0, .1l =1

for « > —1, where (a),/(c), > 0. The result (2.14) is sharp.

Proof. Assume that (2.14) holds true. Then it follows immediately
from Theorem 2.1 that f(z) € ¥"(a, ¢; a).
Conversely, assume that f(z) € ¥"(a, ¢; «). Then, by definition,

AL, AR
(2.15) Re { T %, ofz) }

= (2)n(a)n n+1

Z an +1 2

= Re n=0 (1)“((2" >
3 &)E a Hz"“
n=0 (c)n "

for « > —1 and ze . Choose values of z on the real axis so that

2[Z(a, O)f ()]
Z(a, O)f (2)
is real. Upon clearing the denominator in (2.15) and letting z-— 1-, we
get
(2.16) 1- 3 20,

=1 (1),(c)a
> a(i >(g))~"|an+xl — 1) ,

n=1 (C n

which implies (2.14). Further, by taking the functions defined by

_ 1+ )uOn nss Y4
(2.17) fz) =z @+ a0 z (ne )
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we can prove that the result (2.14) is sharp.

CoROLLARY 2.3. Let the function f(z) defined by (1.26) be in the class
v (a, c; «) with (a),/(c), > 0. Then

(1 Of) (C)n
2.18 J< $ta _
(2.18) @, < 21 ) (e )n (ne A)

The result (2.18) is sharp for the functions f(z) given by (2.17).
COROLLARY 2.4. Let the function f(z) be defined by (1.26). Then f(2)
e v («) if and only if

& (2 + )
(2.19) nZ=:l ?r+ ), Ta, L] 21

for « > —1. The result (2.19) is sharp for the functions given by

(2.20) f(2) =z — (4 a), A (neA).
2+ )
Remark 2.3. For « constrained by —1 <« <0, Corollary 2.4 cor-
responds to a result for the class J *(«) proved by Silverman [14, p. 110,
Theorem 2].

THEOREM 2.4. Let the function f(2) be defined by (1.26). Then f(z)¢e
W (a,c; o) if and only if

2 (2.2 + a).(a),
(2.21) g DA+ 0.0, la...| =1

for « > —1, where (a),/(c), > 0. The result (2.21) is sharp.

Proof. The proof of Theorem 2.4 is much akin to that of Theorem
2.3, and we skip the details involved. Equality in (2.21) is indeed attained
by the functions given by

— o W+ Duln s
(2.22) f(z) = @2+ ) (a\ (ne ).

COROLLARY 2.5. Let the function f(z) defined by (1.26) be in the class
W (a, ¢; &) with (a),/(c), > 0. Then

(.01 + ),(0), .
(2.23) |G, = @.2 + @@, (neA)

The result (2.23) is sharp for the fun-tions f(z) given by (2.22).
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COROLLARY 2.6. Let the function f(z) be defined by (1.26). Then f(2) ¢
W () if and only if

< (2.2 + @),
(2.249) :1__.:1 mlannl =1

for « > —1. The result (2.24) is sharp for the functions given by

—r— D+ o o
(2.25) f(2) ==z @2 + ), 2 (ne ).

Remark 2.4. Corollary 2.6 corresponds, for —1 < a <0, to a result
for the class %¥(«) given by Silverman [14, p. 111, Corollary 2].

§3. Distortion theorems

With a view to determining the extreme points of the classes ¥"((a, c; @)
and # (a, ¢; a), we first prove

Lemma 3.1. The class ¥ (a, c; a) with (a),/(c), > 0 is convex considered
as a linear space over the field of real numbers.

Proof. Let the functions f,(z) (i = 1, 2) defined by [¢f. Equation (1.8)]

(3'1) fi(z) = i: ai,n+lzn+l (ai,l = 1; a'i.n+1 —é 0, Vne'/V‘)
n=0

be in the class ¥"(a, ¢; «). Then we need only prove that the function
@D+ A —Dfz) O=21)

is also in the class ¥ (a, ¢; ). Note that

(3.2) 2fi(2) + (1 — Df2)
= 2+ 3 Gy + (1= Dazp )2,

which, by virtue of Theorem 2.3, yields

=

(2 + a).(a), _
(3.3) > REYN Alay ] + @ — az,us1])

= Iaz,n+1|

n=1 (1 + a)n(c)n n=1 (1 + a)n(c)n
1.

= 22 CH+ D@Dy 1 ya—p3 CF 0@

A

This evidently completes the proof of Lemma 3.1.
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Since the class ¥ (a, ¢; «) is convex, as we have shown in Lemma 3.1,
it does have some extreme points given by Lemma 3.2 and Theorem 3.1
below.

LeMmMmA 3.2. Let

(3.4) f(z) =z
and
(3.5) 2=z~ AT DD uis e )

2 + @) (@),
with (a),/(c), > 0. Then f(z) e ¥ (a, c; @) if and only if it can be expressed

in the form

(3.6) &) = 3 (2

where 2, >0, Yne A4 U {0}, and
(3.7) S, =1.
n=0

Remark 3.1. Stated simply, Lemma 3.2 asserts that the family ¥ (a, ¢; @)
is an infinite-dimensional simplex with definite vertices defined by certain
extremal conditions.

Proof. We first assume that the function f(z) has the expression (3.6),
that is, that

(3.8) f@)=z—3 At DulOn g e

n=1 (2 + a)n(a)n "
Substituting from (3.8) into the left-hand side of (2.14), we have

& (2 + a)@), (1 + a)u(0)n =
3.9 ( U =S =1—2<1,
(39) ;1 1+ @)u(0)n 2+ a)u(a), nZ=1 T
which (in view of Theorem 2.3) implies that f(2) ¢ ¥ (a, ¢; «).
For the converse, we assume that f(2) e ¥ (a, ¢; @) with (a),/(c), > 0.
Making use of Corollary 2.3, we may write

_ 2+ a(a),
(310) Rn - H’; a)n(C)n lanﬂl (n € ‘/V)

and
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(3.11) A=1-—-312,.

We thus have the expression (3.6).
The following result on the extreme points of the class 7"(q, c; a)
follows immediately from Lemma 3.2.

THEOREM 3.1. The extreme points of the class v |(a, ¢; o) with (a),/(c),
> 0 are the functions f,(z) (n = 0) given by (3.4) and (3.5).
In precisely the same manner, we can establish

THEOREM 3.2. The extreme points of the class % (a, c; a) with (a),/(c),
> 0 are the functions f,(z) (n = 0) given by (3.4) and

—_ — (l)w.(l + (X)n(c)n n+1
(3.12) fi2) =2 X EREYED z (neA).

Remark 3.2. As already observed in Remark 3.1, each of Theorem 3.1
and Theorem 3.2 can indeed be restated in terms of infinite-dimensional

simplexes.

Corresponding to Theorem 3.1 and Theorem 3.2, we now prove the fol-
lowing distortion theorems for functions belonging to the classes ¥ (a, ¢; «)
and % (a, ¢; «).

THEOREM 3.3. Let the function f(2) defined by (1.26) be in the class
v a, ¢; ) with (a),/(c), > 0 and a =c. Then

_(tae <o+ At e e
(3.13) 2l ~ w2 S @I =l + s el

for ze %. Furthermore, if either

a=0 and c¢c<min(g,a— 1)

or
—1<a<0 and c¢c> -1,

then

(3.19) 1-— MM <If@<1+ Mlzl

2+ a)a 2+ wa
for ze %. The results (3.13) and (3.14) are sharp.

Proof. We first note that the extremal function is one of the extreme
points. Since
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(1 + a)n(c)n n+1
@+ @,

is a decreasing function of n, we have, for f,(2) (n = 0) defined by (3.4)
and (3.5),

(3.15) fllz) = £ = —f(—=lz) (ze ),

which readily yields the assertion (3.13) of Theorem 3.3.
To prove the assertion (3.14) of Theorem 3.3, we note that

(3.16) @) = 1 — max { g;g ! gngfl); 2}
and
(3.17) |F@] £ 1 + max {%ﬁg;%m}

for ze%. Thus we need only prove that the function

_ 2,0 4 2.0
(3.18) Gl e am 2D = 360 1 @y

is decreasing in n (ne A"). For |z| + 0,

(3.19) G(a, c,a,n,|2)) = G(a, ¢, a, n + 1,]2))
if and only if

3200 Gya,c, a,n,|z)

=mn+Dn+24+a)n+a)—(n+2)n+1+ a0)n+c)lz
= 0.

Since G(a,c, a, n,|z|) is a decreasing function of |z| for fixed a, ¢, «, ,

we have

(3'21) Gl(a, C) C(, ny IZD 2 Gl(a’ Cy 0() n" 1)
=@+ Dae—)n+2+a —an+o)
=0,

provided that a, ¢, « are constrained to satisfy either set of the inequali-
ties preceding (3.14). Appropriate substitutions in (3.16) and (3.17) lead to
the assertion (3.14) of Theorem 3.3.

Finally, the bounds of (3.13) and (3.14) are attained by the function
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(1 =+ d)c 2

3.22 )=z — 2 "2,

(3.22) f(2) @+ wa

CoroLLARY 3.1. Let the function f(2) defined by (1.26) be in the class
v (a, ¢; &) with (a),/(c), > 0 and a = c. Then the unit disk % is mapped
onto a domain that contains the disk |w| < r,, where r, is given by

1+ a)c
.2 = 1 _—— RSN
(©.23) o 2+ a)a

COROLLARY 3.2. Let the function f(2) defined by (1.26) be in the class
v (). Then

1+« 1+«

3.24 — (*_> 2 < < ( ) 2
(3.29) |2] 5t o |2 £ 1f@)] < 2] + CRie 2]

for ze %. Furthermore

_ A+ : 21 + a)
(3.25) 1= SO 2 f@l= 1+ 50 g

for ze %. The results (3.24) and (3.25) are sharp for the function

(3.26) f(z2) =z — (; i Z)zz

Remark 3.3. In its special case when —1 < o < 0, Corollary 3.2 yields
the corresponding distortion theorem for the class .7 *(«) proved by Silver-
man [14, p. 111, Theorem 4].

Applying the above technique mutatis mutandis, we can prove

THEOREM 3.4. Let the function f(z) defined by (1.26) be in the class
w(a, c; ) with (a),/(c), >0 and a = c. Then

L+ ae o 1+ ae .
(3.27) 2= g 12 S @I < J2l 4 gt O )

for ze %. Furthermore

A+ a) y (1 + a)c
(3.28) 1-— @t E l<\1’(A2)I<1+(2 Da 2]
for ze %. The results (3.27) and (3.28) are sharp for the function
—_ (1 + a)c 2
(3.29) f(2) =z 22 + aa 2.
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CorOLLARY 3.3. Let the function f(z) defined by (1.26) be in the class
7 (a, ¢; &) with (a),/(c), > 0 and a = c. Then the unit disk % is mapped
onto a domain that contains the disk |w| < r,, where r, is given by

(3.30) r=1— d+ac
22 + a)a

COROLLARY 3.4. Let the function f(z) defined by (1.26) be in the class
W (). Then

(3.31) 12| — 2(12*'“)1 2F < f(2)| < J2] + (+‘;)-szr

for ze %. Furthermore

(3.32) 1 —(%z«j{g-)m <iF@I=1+ (4 : “ )12

for ze %. The results (3.31) and (3.32) are sharp for the function

(3.33) f@)=z— Lt

§4. Starlikeness and convexity

For —1 <« <0, the classes ¥ («) and % («) become, respectively, the
class of starlike functions of order « and the class of convex functions of
order «. Naturally, therefore, we are interested in the starlikeness for
functions belonging to the class ¥"(q, ¢; «) and the convexity for functions
belonging to the class % (a, c; «). We begin by proving

THEOREM 4.1. Let the function f(z) defined by (1.26) be in the class
7 (a, c; ) with (a),/(c), > 0. Then f(2) is starlike of order 5 (0 <45 <1)
in the disk |z| <r,, where

_ 1 -2+ aua), T
“.1) 7o = mf[ (n+1-08)1+ a),,(c)n] .

Proof. It is sufficient to prove that

zf /(§)_ _ 1" 1—
(4.2) @ < 0

for |z| <r, Note that
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3 #E | miel
@ 1 5 la,l2P

if and only if
(4.9) S (n41—da,.llzr<1—35.

By means of Theorem 2.3, we need only find the values of |z| for which

(4.5) o < - (L= @+ (@),
T (4 1= + @),

which obviously completes the proof of Theorem 4.1.

(neA),

CoROLLARY 4.1. Let the function f(z) defined by (1.26) be in the class
v ). Then f(z) is starlike of order 6 (0 <3 <1) in the disk |z| <r,
where

. 1—=38C2+a)
(4.6) r3_:£§[(n+1—5)(1+0‘)n] .

Similarly, by applying Theorem 2.4 instead of Theorem 2.3, we have

THEOREM 4.2. Let the function f(2) defined by (1.26) be in the class
# (a, c; @) with (a),/(c), > 0. Then f(z) is convex of order 6 (0 <6 <1)
in the disk |z| < r, where r, is given by (4.1).

COROLLARY 4.2. Let the function f(z2) defined by (1.26) be in the class
W (). Then f(2) is convex of order 6 (0 <6 < 1) in the disk |z| < r,, where
r, is given by (4.6).

8§5. Further applications of Theorem 2.3 and Theorem 2.4

We deduce several interesting relationships between the various sub-

classes of o/ as further consequences of Theorem 2.3 and Theorem 2.4. We
first state

THEOREM 5.1. Let (a),/(c), > 0. Then
(5.1) W (a, c; a) C 'Vo(a, c; — ,,_gm,> .

The result is the best possible.
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Proof. Let the function f(z) defined by (1.26) belong to the class
W (a, c; o) with (a),/(c), > 0. Noting also that

e y2)
(2.2 + @), 3+ a/n
( ) (l)n(l + 0()71 o (1 . ,‘,g,,,,“)
3+ a/n
for « > —1 and ne 4, we thus find that
-2 )
(5.3) > Shaln g,
n=1 2
(-2 )
3+ a/n

3 (z)n(z’*:“)n(a)n
=2 0.0 + o0, =1

by Theorem 2.4. This implies that

n

f(Z)e"Vo<a, c; — 3-42—a) ,

and, since the result is the best possible for the function f(z) given by
(3.29), we have completed the proof of Theorem 5.1.

COROLLARY 5.1.

(5.4) Wia) © "A(— ,Si a) .

The result is the best possible for the function f(z) given by (3.33).
THEOREM 5.2. Let (a),/(c), > 0. Then, if a = c,

(5'5) H%D(ai C; (V) C 1/0(0() ’
and, if a <c,
(5.6) v @, c; a) D7 ) .

Proof. Note that (a),/(c), 1s an increasing function of n if a = ¢, and
is decreasing in n if @ < c¢. By using Theorem 2.4 and Corollary 2.6, we
complete the proof of Theorem 5.2.

Similarly, we have

TueOREM 5.3. Let (a),/(c), > 0. Then, if a = c,
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(5.7 Woa, c; ) C Wa),
and, if a <ec,
(5.8) wa, c; ) D W) .

§6. Subclasses of ¥"(a, c; «) and ¥ (a, c; «) with fixed finitely many
coefficients

We introduce the subclasses ¥ .(a,c; «) and ¥ .(a, c; «) of analytic
functions with fixed finitely many coefficients. In view of Corollary 2.3,
we denote by ¥ .(a, ¢; a) the subclass of ¥"(a, ¢; ) consisting of functions

of the form

6D f@=z-Apa" = 3 a2t (@, 20,
where

6.2) A= 0+ gop <1 (=18,

t 2+ a)i(a)i ’
@), >0, and 0= Yip 1.

In view of Corollary 2.5, we also denote by # .(a,c; «) the subclass
of # (a, c; &) consisting of functions of the form

63  f@=2-3Bpz" = 3 a2 (@20,
where
(6.4) B,= W +ade)  gop <1 (=1... 8,

o (22 + a)(a); ’ -
@@, >0, and 0<Yp<1.

Moreover, we define the classes ¥ (o) and ¥ ,(a) by

(6.5) v (o) = ¥ (a, a; «)
and
(6.6) W) = W (a,a; ).

THEOREM 6.1. Let the function f(z) be defined by (6.1). Then f(z)e
v (a, c; a) if and only if
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S (2 + 0() (a)n _ E )
(6.7) 2 11 o, o z1—-2p:.

The result (6.7) is sharp.

Proof. Putting

(6.8) a; = A;p; G=1---,k
in (2.14), we have (6.7). Further, the result (6.7) is sharp for the function
of the form
(6.9 f@) =2z — 3 Ap2
7=1

a+ a)n(C)n<1 — :le,)
B @ + a).(a),

CoRroLLARY 6.1. Let the function f(z) be defined by (6.1) with a = c.
Then f(z) e v"(«) if and only if

2 (nzk+1).

S 2+, I
(6'10) Elc: (1 + a)n n+l é 1 ;pz .

The result (6.10) is sharp for the function

3 A+ a)pi -
(6.11) flz) = Z @ + a),

k
(1+a)n(1—zpi) . =k 41
_— =1 zn+ n > .
@2+ a)n -
THEOREM 6.2. Let the function f(2) be defined by (6.3). Then f(2)e
W (a, c; «) if and only if

- @,2 + 0.0, :
612 G DU+ o, P T &P

The result (6.12) is sharp for the function
(6.13) f(2) = 2 — 3 Bupi2
i=1

k
(D1 + u(@4(1 = 2p.)
— (ELEAY S nz=zk+1.
(2.2 + a)(a),
The proof of Theorem 6.2 is much akin to that of Theorem 6.1, and

we omit the details involved.
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COROLLARY 6.2. Let the function f(z) be defined by (6.3) with a = c.
Then f(z) e W () if and only if

& (Du2 + @) _ ¥
(6.14) 2 D+ a), =1-2p:.

The result (6.14) is sharp for the function
— 5 < 97,(71 + a)iﬁiw 141
61 O= " Z e tw
1 + @1 - 3 p.)
- 2.2 + ).

With the aid of Theorem 6.1 and Theorem 6.2, we can find the extreme
points of the classes ¥ (a, c; ) and ¥ ,(q, ¢; @) by using the techniques
detailed in Section 3.

zn! n=k+1).

THEOREM 6.3. The extreme points of the class v (a, ¢; ) with (a),/(c),

>0 are

k
(6-16) fei(?) =2 — Z‘{ Ap, 2!
and

k
(6.17) fon(@d) =2 — 2 A D2t
iz

(A + @@a(1 - 2p.)
2 + @) (@),
where A, is given by (6.2).

2t (nzk+1,

THEOREM 6.4. The extreme points of the class W (a, c; a) with (a),/(c),

>0 are

(6.18) forl®) = 2 — Zk; B,p, 2"
and

(619  fuu@=2— 3 Bp.2"

D1 + @, @u(1 ~ 23p.)
Bl 2,2 + a).(a),
where B, is given by (6.4).

' (nzk+1),

https://doi.org/10.1017/5S0027763000000854 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000854

ANALYTIC FUNCTIONS 21

§7. Characterization theorems involving the functional 7 ,(f)

Let #(f) denote a functional defined by
(1.1) £ = L2 [ eofyar
V4 0

for f(z) e « and for a real number 3 > —1. The functional #,f), when
Be N, was studied by Bernardi [1]. In particular, the functional #,(f) was
considered earlier by Libera [5] and Livingston [6].

Remark 7.1. Clearly, #,(f) defined by (7.1) is a particular solution of
the ordinary first-order linear differential equation
tg'(t) + pg(t) = (B + DF(®
at the point ¢ = z. Furthermore, by comparing (7.1) and (1.12), we have
) =2E+2 g+ Df.

Thus, although some of the statements of this section can alternatively
be proved by using this simple relationship together with the obvious fact
that

B+l >0 for p> —1,
B+ 2

our demonstration of the characterization theorems involving the functional
F «{f) will be based upon the following result.

LemMA 7.1 (Jack [4]). Let w(z) be regular in the unit disk % with
w(0) = 0. Then, if |w(z)| attains its maximum value on the circle |z| =r
0 <r<1) at a point z, we can write

(7.2) z2w'(z)) = mw(z,) ,

where m is real and m = 1.
We now state our first characterization theorem involving the func-

tional #(f).
THEOREM 7.1. Let the function f(z) defined by (1.1) by in the class
v(a,c; ). Then, for B = a > —1, Z/f) is also in the class ¥ (a, c; a).
Proof. Define the function w(z) by

(7.3) L@, )f N _ 1= A+ 20wk 0 1.

Z(a, )7 (f) 1+ w(z)
Then it is clear that w(0) = 0.
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Differentiating both sides of (7.3) logarithmically, we have

(7.4) 2[ZL(a, ) f (" + 2[L(a, ) F N _ 2L, I L)
2[Z(a, o). (N Z(a,0) 7 «f)
_ _ 21 + a)zw'(2)
[1+ w@l — A + 20w)]

Note that

(7.5) 2[Z(a, ) () = (B + DZL(a, 0)f(2) — pL(a, 0) 7 «(f) ,

which readily yields

(1.6)  2’[L(a, ) F (N = (B + Dz[Z(a, Of () — (B + Dz[Z(a, )7 ().
Substituting from (7.5) and (7.6) into (7.4), we have

.7 B+ Dz[Z(@, )fR@)] _ B+ 1)L, o)f(2)
2[Z(a, ©).7 (N ZL(a, )7 ()
_ 2(1 + a)zw'(z)
4 w@II - A+ 20w)]

or, equivalently,

(1.8) (B + D)Z(a, 0)f(2) [z[«?(a, of@) _ 2[#,0f p(f)]’]
2[Z(a, o) Z () Z(a, 0)f(2) L(a, )7 «(f)
. 21 + a)zw'(2)
1+ w@Il — (1 + 20)w(z)]

It follows from (7.5) that

(7.9) (B + 1)Z(a, 0)f(2) =14 B<L(a, ¢).7 f)
2[Z(a, ) 7, ()Y 2[Z(a, ) 7 (N
_ (B+1)— Q1+ 2« — puw(z)
1— 1+ 20)w(z)

which, in conjunction with (7.8), yields

AL@ @ _ 1 — (1 + 2ul)
@10 = e of@ 1+ w)
2(1 + a)zw'(2)

L+ w@E+ D — A+ 20 — pu)]

Assume that there exists a point z,e€  such that

b

max| |lw(z)| = |w(zy)| = 1 [w(z) # —1] .

Iz =20
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Then, by using Lemma 7.1, we can write
z,w'(z) = mw(z,) (m is real and m > 1).

Applying Lemma 7.1 to w(2) at 2z, and putting w(z,) = €' (i =+ —1), we
observe that
2[Z(a, o) f ()] _ 1— (1 + 20)w(z,)
(7.1 Re{ Z(a, Of(22) } = Re{ 1+ w(z) }
— Re {y 2(1 + a)mw(z,) }
[1 4+ w(@)I(B+ 1) — (1 4 2a — Bw(z,)]

= —a— D+ &)@ — D)+ cos ) < —a,

where, for convenience,

(7.12) = [(8 — a)1 + cosb,) + (1 + 2a — p) sin’ 4]
+ sin?G,[( — a) — (1 + 2a — ) cosb,]* .

Clearly, (7.11) contradicts the hypothesis that f(2) € ¥*(q, ¢; @). Hence |w(2)|
< 1 for ze %, which implies that

212, (A _ pe [1— (1 + 20w(@)|  _
a1 Ref a0, 05 1) = e {”’TI wie) }> e,

that is, that #,(f) € ¥"(a, ¢; «). This evidently completes the proof of Theo-
rem 7.1.

CoRrOLLARY 7.1. Let the function f(z) defined by (1.1) be in the class
v(a,c;a). Then, for f = a > —1,

(7.14) ZLa, ) f(f)eF* and F(L(a,c)f(2)eF*.

Proof. The first assertion in (7.14) follows easily from Theorem 7.1.
Noting that

(7.15) Z(a, ) F (f) = I (ZL(a, 0 (2)) ,

we have the second assertion in (7.14).

THEOREM 7.2. Let the function f(z) defined by (1.1) be in the class
W (a,c;a). Then, for p=a > —1, Zf) is also in the class ¥ (a, c; ).

Proof. Since

(7.16) f@eN(a,c;a) & 2f'(2)e 7 (a,c;a),
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we need only prove that

(7.17) 27N e?(a,c;a).

Indeed, with the aid of Theorem 7.1, we observe that
f(@ e (a,c;a) & 2 (2) e ¥(a,c; a)

= F2f'(2) e V(a, c; a)
== 2[I(N e?(a,c;a),

which completes the proof of Theorem 7.2.

CoOROLLARY 7.2. Let the function f(z) defined by (1.1) be in the class
#(a,c;a). Then, for f = a > —1,

(7.18) La,0) f: (et and F(L(a,o)f(2)ex .

§8. Applications of the fractional calculus operator ©2*

From among the various definitions of fractional calculus (that is,
fractional derivatives and fractional integrals) given in the literature cited,
we choose to recall here the following definitions which were used recently
by Owa [8] (and by Srivastava and Owa [17]):

DeriniTION 8.1. The fractional integral of order 1 is defined, for a
function f(2), by

0 g

PR S
(8.1) Dz f(z) - [‘(2) ‘[0 (Z . C)l—).

where 1 > 0, f(2) is an analytic function in a simply-connected region of
the z-plane containing the origin, and the multiplicity of (z — &*™* is
removed by requiring log(z — {) to be real when z — ¢ > 0.

DerFINITION 8.2. The fractional derivative of order 2 is defined, for a
function f(2), by

o) = L d [ fQ
(62) D@ = 55 e o e

where 0 < 2 <1, f(2) is an analytic function in a simply-connected region
of the z-plane containing the origin, and the multiplicity of (z — )* is
removed as in Definition 8.1 above.

DeriniTioN 8.3. Under the hypotheses of Definition 8.2, the fractional
derivative of order n + 2 is defined by
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8.3 Dr+if(z) = —%;Dif(Z) ,

where 0 < 2 <1, and ne A U{0}.

Following the lines of Owa and Srivastava [9], we introduce the linear
operator 2* defined by

(8.4) 2f = I'(2 — DZDif(z) 2<1

for functions f(z) belonging to the class .«#. Note that
(8.5) Qf=22,2-nf <1

for functions f(z) defined by (1.1). Further, we define

(8.6) Qf = 2f = 2f'(2) = 22, Df

and

(8.7 orf = 2 'f) = 22, )f (neS),
with, of course, 2% = f(2). Then it is easily observed that
(8.8) Qriif = QM) = P2, 1) L2, 2 — Nf = 242 f)

for 2 <1 and ne 4.
We begin by proving

TuEOREM 8.1. Let the function f(2) defined by (1.26) be in the class
V(2,2 — ;) for 2<1. Then

(39 D:f@) 2 {1 - (G5
and
(8.10) D@1 = pal {1 (1))

for ze %. The results (8.9) and (8.10) are sharp.

Proof. Since f(z) e ¥ (2,2 — 2; @), the definition of 772, 2 — 2; «) and
(8.5) give

(8.11) Qf = 22,2 —-Nfe?V ().

Now the assertions (8.9) and (8.10) of Theorem 8.1 follow immediately from
(8.4) and Corollary 3.2.
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The results (8.9) and (8.10) are sharp for the function

_ o~ »(ij’_a)(z —A) .
(8.12) f(z) =z 2ot 2.

Similarly, we have

THEOREM 8.2. Let the function f(z) defined by (1.26) be in the class
W2, 2—2; ) for 2 <1. Then

D 2™ ({_ 1+«
(819 D) 2 = (1 = 5 12])
and
2 |zt~ 1+«
(8.14) D@ £ FE (14 )

for ze %. The results (8.13) and (8.14) are sharp for the function

— _(1"‘0()(2“2)2
(8.15) f(z) =z Tt w 2%,

THEOREM 8.3. Let 2 <1. Then
(8.16) QW (2,2 —2;a) C ¥ (a) .
Proof. If f(2)e (2,2 — 2; ), then
DPf= 22,2 —Dfe V().

Hence we have

(8.17) QW22 —2;a) C W ().

Applying the linear operator #(2,1) in (8.17), and using (1.4), we observe
that

(8.18) 2Q,DPW 2,2 —2; a) C V() ,

which implies (8.16).
CoroLLARY 8.1. Let 2 <1. Then

(8.19) QY (2,2 — 25 a) C ¥V (a) .
CoroLLARY 8.2. Let 2 <1. Then

(8.20) QW W(2,2 — 25 ) C V(@) .

Next we prove
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TueoreM 8.4. Let 2 <1. Then

(8.21) Qw2 —2;0) C¥(x).

Proof. Since f(z)e #'(1,2 — ; ) implies that f(2)e L2 — 2, D¥ (a),
we have
(8.22) Qw(A,2—2;0) CRRLE— 2 D? ()

= 22,2 — DL — 2, )W ()
= g(za 1)%(0() = ’V(O{) ’

by using the properties of the linear operator involved.
CoroLLARY 8.3. Let 2 <1. Then

(8.23) Qw1,2 — 2; a) T ¥ ().
CoROLLARY 8.4. Let 2 <1. Then

(8.24) P AL, 2 — 25 a) C ¥ a) .

Finally, we prove the following theorem involving generalized hyper-
geometric functions.

TaEOREM 8.5. Let 2 < 1. Then
(8’25) zq+2Fq+1(2a Tt 25 2; 1, Tt 19 2 — 2; Z) € Qq+l+1(5p*(%) m %‘) .
Proof. Note that

(8'26) Zq+2Fq+1(25 . '3252; 1, "':172_2; Z)
= F"(2, 1D)F?2, 2 — Dp(1,1; 2)
= qu1+1¢(1, 1; Z) ’

where ¢(1,1; 2) is defined by (1.10). It is easy to show that
(8.27) 1, 1; 2)e S HNA,

which obviously completes the proof of Theorem 8.5.
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