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SHORT AMICABLE SETS AND
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Dedicated to Professor George Szekeres

Short amicable sets were introduced recently and have many applications. The con-
struction of short amicable sets has lead to the construction of many orthogonal
designs, weighing matrices and Hadamard matrices. In this paper we give some con-
structions for short amicable sets as well as some multiplication theorems. We also
present a table of the short amicable sets known to exist and we construct some
infinite families of short amicable sets and orthogonal designs.

1. INTRODUCTION

An orthogonal design of order n and type (s\, s2,... , su) denoted OD(n; s\, s 2 , . . . , su)

in the variables x\, x2,... , xu, is a matrix A of order n with entries in the set {0, ±xx,±x2,
. . . , ±a;u} satisfying

where /„ is the identity matrix of order n. Let Bi, i = 1,2,3,4 be circulant matrices of
order n with entries in {0, ±xi, ±x2,... , ±xu} satisfying

t = i

Then the Goethals-Seidel array

B\ B2R B3R B4R i
-B2R Bx BjR -BjR

-B3R -BjR

V -B4R BjR -

where R is the back-diagonal identity matrix, is an OD{An; sx, s2,... , su). See [2, p.107]
for details.
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A pair of matrices A, B is said to be amicable (anti-amicable) if ABT — BAT = 0
(ABT + BAT = 0). To be consistent in the notation of this paper we shall also denote
these as 2 - SAS{n; s\, s2; G), where the group G is described below. Following [4] a set
{A\, A2, • • • , A2n} of square real matrices is said to be amicable if

(1)

for some permutation a of the set {1,2, . . . ,2n}. For simplicity, we shall always take
a(i) = i unless otherwise specified. So

(2)

Clearly a set of mutually amicable matrices is amicable, but the converse is not true in
general. Throughout the paper Rk denotes the back diagonal identity matrix of order k.

A set of matrices {B\,B2, • • • , Bn] of order m with entries in {0, ±X\, ±x2, • • • , ±xu}

is said to satisfy an additive property of type (si, s2,... , su) if

(3)
t = i

Let {-4i}f=i be an amicable set of circulant matrices (or group developed or type 1) of
type (si, s 2 , . . . , s«) and order t. We denote these by 8-AS(t; Si,s2, s3, s4,s5, s6, s7, s8; Zt)

(or 8 — AS(t; si, s2, s3, s4, s5, s6, s7, s8; G) for group developed or type 1). In all cases, the
group G of the matrix is such that the extension by Seberry and Whiteman [7] of the
group from circulant to type 1 allows the same extension to R. Then the Kharaghani
array [4]

H =

A\
-A2

-A4Rn

./I3 Ihfi

-A5Rn

-A8Rn
-ATRH

A2

Ax

-AsRn

A4Rn
-A5Rn

A6Rn

-A1Rn

A%Rn

A4Rn
A3Rn

Ai

-A2

AjRn
-AjRn

-AjRn

AT
bRn

A3Rn

A2

A,

-AjRn

-AlRn
AjRn

AjRn

A6Rn
AbRn

-AlRn
ATR

Ax

-A2

AlRn
-AlRn

A5Rn
-A6Rn

AjRn
ATR
/ ig JXn

A2

A,

-AT
3Rn

-AlRn

A&Rn

AjRn

AlRn
-AlRn
-AlRn
AlRn

Ax
-A2

AlRn
—A^R,
-A\R
-AjR
AlRn
AlRn

A2

A,

\

1

n

n

)

is an OD(8t; sus2;... , su).

The Kharaghani array has been used in a number of papers [1, 3, 4] to obtain

infinitely many families of orthogonal designs. Research has yet to be initiated to explore

the algebraic restrictions imposed on amicable set by the required constraints.
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Short amicable sets were denned in [1] as a set of matrices {^t}*=1 of order m and type
(ui, t t2 ,w3,u4), abbreviated as 4 - S A S ( m ; u i , u 2 , u 3 , u 4 ; G ) , if (2) and (3) are satisfied for
n = 4 and u ^ 4. 4 - SAS(m;ui,U2,u3,u^G) can be used in either the Goethals-Seidel
array or the short Kharaghani array

A B CR DR
-B A DR -CR

-CR -DR A B
-DR CR -B A

to form an O-D(4m;ui,u2,u3,u4). In all cases, the group G of the matrices in the amicable

set is such that the extension by Seberry and Whiteman [7] of the group from circulant
to type 1 allows the same extension to R.

In general a set of 2n matrices of order m and type (si ,S2,. . . ,su) that satisfy
equations (2) and (3) will be denoted as In — S'AS(m;s\,s2,. -. ,su;G). Moreover if
these matrices are circulant they will be denoted as In — SCAS(m; Si, s2, • • • , su; Zm).

In [1] where all this was first defined was mentioned that:

REMARK 1.

1. If there exists a 2-SAS(n;si,s2;G) and a 2 -SAS(n ; s 3 ) s 4 ;G) then there

exists a 4 - SAS(n; si, s2, s3, s4; G).

2. If there exists a 2-SAS(n; Si,s2; G), 2-SAS(n; s3, s4; G), 2-SAS{n; s5, s6; G)

and a 2-SAS(n; s7, s8; G) there exists an 8—AS(n\ Si, s2, s3, s4, s5, s6, $7. s8; G).

3. If there exists a 4 —SJ45(n;s1,s2,s3 ls4;G) and &4-SAS(n\s5,s6, s7,sz;G)

there exists an 8 - AS(n; Si,s2] s3, s4,S5,S6,s7,s8;G).

Thus we can obtain many classes of 4 - SAS(n; Si, s2, s3, s4; G) combining together

two pairs of the given 2 — SAS(n; Si, s2; G) and 2 —5A5(n;s3,s4;G). Moreover, in Table

2, we give some A-SAS(m; u\,u2, u3, u4; Zm) that can not be constructed by this method.

Generally, unless we have other information regarding the structure, we are unable to
ensure that the matrix R with the desired properties for the Kharaghani, Goethals-Seidel
or short Kharaghani arrays exists unless the amicable sets have been group generated
(circulant or type 1) or constructed from blocks of these kinds. Thus if we have the
required matrix Ri for the group Gi, i = 1,2 then RQ — Ri x R2 will be the required
matrix for G = G\ x G2, (see [7]).

Let Ai and A2 be matrices of order m. We define circ(.4i, ,42) =
 1 2 . Ami-

[ A2 J4I J
cable sets made from 2n such block circulant matrices will be called block amicable sets,
short block amicable sets or 2-short block amicable sets, 2n — SB AS(2m; s\, s2,... ,su;G),
n — 1,2,4, where, using Rt for the back-diagonal matrix of order t, G = Z2 x Zm and
Rc = R2 x Rm. Here, if A\ and A2 are circulant, then we use the backdiagonal matrix
of the same order for R ensuring Ai(AjR)T = AjRAf. The required RG = R2 * Rm-
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A (1 , -1) matrix of order n is called a Hadamard matrix if HHT = HTH — nln,

where HT is the transpose of H and /„ is the identity matrix of order n. A (1, —1) matrix

A of order n is said to be of skew type if A — In is skew-symmetric.

A matrix W — ciic(wi,... ,wn), Wi € {0, ±1} which satisfies WWT = kln is called

a circulant weighing matrix of order n and weight k or CW(n, k).

We denote the product Zp x Zp x • • • x Zp(r times) by EA(pr) the Elementary

Abelian group. Moreover - a is denoted by a.

Throughought this paper we use the symbol 0m to denote the sequence of length m

with all elements zero and the symbol Ot to denote the txt matrix with all entries zero.

For the undefined terms we refer the reader to the book by Geramita and Seberry

[2]-
Suppose C = circ(co, Ci , . . . , cn_i) is a circulant matrix of order n. Let

T —

of order n, be the shift matrix. Then we can write C = CQI + c{Tn +... + cn_1T^1"1. Note
n - l

that T£ = I the identity matrix of order n. We say the Hall polynomial of C is ^ cix'-
n-l i=0

The Hall polynomial of C T is J2ciXn~'.
t=0

Given a set of I sequences Aj = {o,ji,aj2, • • •,ajn}, j — 1, ...,£, of length n the

non-periodic autocorrelation function, denoted NPAF, NA (s) is defined as

0
0

0
1

1
0

0
0

0
1

0
0

0
0

0
0

. . . 0

. . . 0

. . . 1

. . . 0

I n-s

= 0 , 1 , . . . , n - 1, (4)
j=l t = l

If Aj (z) = a.ji+ a,j2Z + . . . + o,jnz
n is the associated polynomial of the sequence Aj, then

I n n I n—1

A(z)A{z-1) = <~fc - NA(0) 0. (5)
j=l t = l k=l

Given At, as above, of length n the periodic autocorrelation function, denoted PAF,

PA{S) is defined, reducing i + s modulo n, as

I n
PA(S) = = 0 , 1 , . . . , n - (6)

3=1 i=l

We note NPAF sequences imply PAF sequences exist, the NPAF sequences being
padded at the end with sufficient zeros to make longer lengths. Hence NPAF sequences
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can give more general results. If two NPAF sequences have differing lengths then sufficient
zeros are added to the end of each to make all the sequences the same length. In all cases
NPAF and PAF sequences can be used to make circulant matrices satisfying the additive
property (see [3, 4]); if NPAF sequences of lengths n\ and n2 are used, then by padding,
circulant matrices for all orders n ^ max(ni ,n2) will exist; if PAF sequences of lengths
n are used, then circulant matrices of order n exist.

2. CONSTRUCTIONS

THEOREM 1 . Write 0s for the sequence of s zeros, and let a, b, c and d be com-

muting variables. Use the matrices A\, A2, A3 and A4 given by

Ai — circ(0sbab03), A2 — circ(03c0c0a),
A3 = circ(0J!c5cOs), A4 = tirc(0sb0b0s),

can be used in the Goethals-Seidel array to obtain an 0D(8s + 12; 1,1,4,4).

PROOF: Observe that

AxAl + A2A\ + A3Al + AAAl = (a2 + d2 + 462 + Ad2)In

and
A^A\ - A2A\ + A3Aj - A4Aj - 0.

Thus A2,A2,A3, Aj are a short amicable set and satisfy the additive property (2) so they

can be used in the Goethals-Seidel array to obtain an 0D(8s + 12; 1,1,4,4). D

THE MELDING CONSTRUCTION. Suppose the matrices Ai, A2, A3 and A4 are are short
amicable sets, on the set of commuting variables {0, ±Xi,±x2, • • • , ±xu} or from {0, ±1},
and satisfy the additive property

(7)

and the matrices A5, A6, A7 and As are also short amicable sets, on the set of commuting

variables {0, ±j/i, ±y2, • • • , ±yv} or from {0, ±1}, and satisfy the additive property

x=5

Then the eight matrices will form an amicable set so we can use the two together in the

Kharaghani array to obtain an OD(8n;pi,p2i ••• iPu>9i>92> • • • ,qv)-

Using Table 2, Remark 1 and the following Melding Construction we obtain many
4-short amicable sets and 8-amicable sets.
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order

n
2n
An

An

type

1,1
2,2

1,4
4,4

group

Zn

z2n
Zin

Zin

order

6n
6n

In

8n

type

4,4

5,5
4,4

8,8

group

Z§n

z6n
Zln

Zsn

order

lOn
lOn
12n
13n

type

4,4

9,9

8,8
9,9

group

ZlOn

ZlOn

Z\2n

Z\3n

order

14n

14n

14n

type

8,8

10,10
13,13

group

Z\in
Z\4n
Zl4n

Table 1: Order and type for small 2-short amicable sets for all n ^ 1.

Type

(1,1,1,1)

(1,1,1,4)

(1,1,2,2)

(1,1,2,8)

(1,1,4,4)

(1,1,5)

(1,1,5,5)

(1,1,8,8)

(1,2,2,4)

(1,4,4,4)

(2,2,2,2)

(2,2,4,4)

(2,2,5,5)

(2,2,8,8)

Al

A2

a
c

0 - d a d
OdOd

aO
bO

0 -c a c
0 c b c
a b -a
c 0 c
-a a a
cOO

-c a c 0
c -d c 0

0 -c -d a d c
0 c d 0 d c

0 - d a d
OdOd
0 - b a b
ObOb

a b
cd

aObO
aO-bO

OaOObO
0 a 0 0 -b 0
-d c a c d 0

-d -c a -c d 0

A3

A4

b

d

O b O O

O c O O

cd
c-d

0 -c b -c
0 -c d c

a 0 a
c d -c
a 0 a
ObO

- d b d O
d c d O

0 c -d 0 -d c
0 -c d b -d c

cObO
cO-bO
d c -d c
-c d c d

a-b
c-d

d c -d c
- c d c d

c -d 0 -d c d
d c 0 c d -c
d -c b c d 0

-d -c b c -d 0

ZERO
NPAF

n
NPAF

An
NPAF

2n
NPAF

An
NPAF

3n
NPAF

An
NPAF

An
NPAF

6n
NPAF

An
NPAF

An
NPAF

2n
NPAF

An
NPAF

6n
NPAF

6n

Table 2: Short amicable sets.
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Type

(3,3)

(4,4,4,4)

(4,4,8,8)

(5,5)

(5,5,5,5)

(6,6)

(6,6,12)

(8,8)

(8,8,8,8)

(10,10,10,10)

(13,13)

(13,13,13,13)

(16,16,16,16)

(17,17,17,17)

(20,20,20,20)

(25,25,25,25)

(26,26,26,26)

(14,14)

(17,17)

Ai

A2

a b
aO

a a b-b
d d-c c

d a -c c a -d
-d -b c c b -d

a a -a
b b - b

-a b a 0 a b
b a -b 0 -b a

a -b a
b a b

c a c b-c a
-c b-c-a c b

a a a-a
b b b - b

a a a-a b b-b b
c c c-c d d-d d

disjoint

c O - c c - c O O c c
g O - g g - g O O g g

A3

A4

b-a
bO

b b-a a
c c d-d

d b c -c b -d
d -a c c a d

a 0 a
b O b

-c d c 0 c d
d c -d 0 -d c

a a -a
b b - b

c a c-a c-a
-c b c-b-c-b

b b - b b
a a-a a

b b b-b a a-a a
d d d-d c c-c c

from Golay

c c - c c c c O O - c
g g - g g g g O O - g

from disjoint sequences
of length 18 and weight 13

disjoint from Golay

from disjoint sequences
of length 26 and weight 17

disjoint

disjoint
of length 36

disjoint

a b -b -b b a a
b -a a a -a b b

a - a a a a a - a a O
c - c c c c c - c c O

from Golay

sequences
and weight 25

from Golay

-b a -b a -b b b
a b a b a -a -a

c -c -c c c c c -c -c
a -a -a a a a a -a -a

ZERO
NPAF

2n
NPAF

in
NPAF

6n
NPAF

3n
NPAF

6n
NPAF

3n
NPAF

6n
NPAF

4n
NPAF

8n
NPAF
n > 10
NPAF

9n
NPAF
n ^ 18
NPAF
n ^ 16
NPAF
n ^ 26
NPAF
n ^ 20
NPAF
n^36
NPAF
n ^ 26
NPAF

In
PAF

. 9n

Table 2: (continued).
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3. SOME GENERAL RESULTS

We now consider the use of sequences with zero non-periodic autocorrelation function
to make an amicable set of matrices. We refer the reader to [6, 8] for any undefined terms.

THEOREM 2 . (General construction.) Let X, Y be two disjoint (0, ±1) sequences

with zero non-periodic autocorrelation function of length n and weight k, Let a, b, c, d

be commuting variables and write aV, bW for the circulant (type 1) matrices of order n

formed by using the first rows with the elements of X multiplied by a and the elements

of Y multiplied by b respectively.

Let A, be the circulant matrices of order n given by

(9) Al=oV + bW A2 = cV + dW A3 = dV - cW A4 = bV- oW

then {Ai}*=1 is a short amicable set satisfying

(10)
t=i

and the additive property

4

(11)

PROOF: NOW AX = aV + bW, where V, W are disjoint (0, ±1) circulant (type 1 or
group developed also suffice) matrices of order n which satisfy VVT + WWT = kln, and
similarly for the other Aj, j = 2, 3, 4.

Then

AiAj = (aV + bW)(aVT + bWT) = c?VVT + b2WWT + ab(VWT + WVT).

Hence

E (AiAf) =(a2 + b2 + c2 + d2) (VVT + WWT)

= k(a2 + b2 + c2 + cP)In,

Now

\ = (aV + bW) (cVT + dWT) - (cV + dW) {aVT + bWT)

- (ad - bc)VWT + (-ad + bc)WVT,

and

A3AJ - A4AJ = (dV - cW)(bVT - aWT) - (bV - aW){dVT - cWT)

= {-ad + cb)VWT + (ad - cb)WVT.

Thus summing over the four A{ we see they form a short amicable set satisfying the
additive property. D
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Type

(1,1,1,1)
(2,2,2,2)

(4,4,4,4)
(5,5,5,5)
(8,8,8,8)

(10,10,10
(13,13,13
(16,16,16
(17,17,17

,10)

,13)
,16)

,17)
(20,20,20,20)
(25,25,25
(26,26,26

,25)
,26)

ZERO

NPAF n ^
NPAF n ^

NPAF n ^

NPAF n 2
NPAF n ^
NPAF n ^
NPAF n >
NPAF n 55
NPAF n ^
NPAF n ^
NPAF n ^
NPAF n >

J 1

J 2

s4

J 6

J 8

10
18
16
26
20
36
26

Table 3: Short amicable sets from Corollary 1

COROLLARY 1 . Let X, Y be a pair of disjoint (0, ±1) sequences with zero non-
periodic autocorrelation function of length n and weight k. Then there exists a short
amicable set which can be used to form an OD(4n; k, k, k, k).

P R O O F : Use the sequences as in the theorem to form an amicable set with the
additive property. Then use this set in the Goethals-Seidel array to obtain the result. D

For a, P, 7,5,e, <fi, ij>, n, u non-negative integers, Koukouvinos and Seberry [5, p.160]
show that there exist two disjoint (0, ±1) sequences, with zero non-periodic autocorre-
lation function, of length ^ n, n € N = {2 x 2a6"l079*14£18*26^24'i34''} and weight
A:, k€K = {2a5/310T13(517£25'*26^34'i501/}. These give the results presented in Table 3.
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