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Abstract

We obtain an atomic decomposition for weighted Triebel-Lizorkin spaces on spaces of homogeneous
type, using the area function, the discrete Calderdn reproducing formula and discrete sequence spaces.
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1. Introduction and statement of main result

Spaces of homogeneous type were introduced by Coifman and Weiss [3] in the 1970s
in order to extend the Calderén—Zygmund theory of singular integrals to a more
general setting. These spaces have no translations or dilations, no analogues of the
Fourier transform or convolution, and no group structure. Examples of spaces of
homogeneous type include Euclidean space, the n-torus, smooth compact Riemannian
manifolds, the boundaries of Lipschitz domains, and d-sets in R".

Recently, based on the works of Christ [1] and David et al. [4], Deng and Han [5]
developed a version of harmonic analysis on spaces of homogeneous type, using
discrete Littlewood—Paley—Stein analysis. They first defined test function spaces and
the so-called distribution spaces on spaces of homogeneous type, and then proved a
new ‘T 1-theorem’, namely, the boundedness on a test function space of a certain class
of Calderén—Zygmund operators whose kernels satisfy an additional second-order
smoothness condition. Next, they established several discrete Calderén reproducing
formulas on spaces of homogeneous type. As an application of these results, they
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studied function spaces on spaces of homogeneous type, including L?”, where 1 <
p < 00, the generalized Sobolev spaces L?*, the Hardy spaces H”, the bounded mean
oscillation space and the Besov spaces. Theorems of 7'1 type on these spaces are also
proved. Han [10, 11] studied Triebel-Lizorkin spaces on spaces of homogeneous type,
using discrete Littlewood—Paley—Stein analysis. See also [16, 18, 22].

We recall the definition of Muckenhoupt weights. A weight w belongs to A,, where
1 < g < o0, if there is a constant C;; such that

sup (L f w(x)du(x))<# / w(x) /@D du(x))q_l<c (L1)
Bcx \(B) Jg w(B) Jp - .

The class A is defined by letting ¢ tend to 1, that is,

1
- d 1w Cy,
;léI;((M(B)/Bw(X) u(x))”w L) < Ci

where C; depends only on w. These classes, in the Euclidean setting, were introduced
by Muckenhoupt [20] and developed by Coifman and Fefferman [2]; see also Garcia-
Cuerva and Rubio de Francia [9]. For more information on Muckenhoupt weights, we
refer the reader to Stein [21].

In this paper, we consider weights that belong to the class A, which is the union
of the classes A; when 1 < g < co; we define the critical index g, of w by

qw =inf{g > 1:w € Ay}

Garcia-Cuerva and Martell [8] found the wavelet characterization of the weighted
Hardy space H) (R). Deng et al. [6] gave an atomic characterization of the weighted
Triebel-Lizorkin spaces F 1 (R"), using an idea of [8], namely, of combining wavelet
analysis and the theory of vector-valued Calderén—-Zygmund operators. See [6,
Theorem 1].

The aim of this paper is to study weighted Triebel-Lizorkin spaces on spaces of
homogeneous type and present an atomic decomposition of functions in these spaces.
The main tools used are the area function and the discrete Calderén reproducing
formula. We also study the duality between these weighted Triebel-Lizorkin spaces by
considering weighted sequence spaces, and the lifting and projection operators on the
weighted Triebel-Lizorkin spaces. Sequence spaces originated in the work of Frazier
and Jawerth [7], and were developed by Deng and Han [5] in the single-parameter case
and by Han, Lu and the author [13, 14] in the multi-parameter cases.

We now begin by recalling the definitions necessary for introducing weighted
Triebel-Lizorkin spaces on spaces of homogeneous type. A quasi-metric d on a set X
is a function d : X x X —> [0, oo) satisfying the conditions:

(i) d(x,y)=0ifandonlyifx =y;

(i) dx,y)=d(y,x)forallx, ye X;

(iii) there exists a constant A € [1, co) such that d(x, y) < A[d(x, z) + d(z, y)] for
all x, y,z € X.
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Any quasi-metric defines a topology, whose balls B(x,r)={ye X :d(y, x) <r}
form a base. But the balls need not be open if A > 1.
We now state the definition of a space of homogeneous type.

DEFINITION 1.1 [3]. A space of homogeneous type (X, d, 1) is a set X with a quasi-
metric d and a nonnegative Borel regular measure p on X such that 0 < w(B(x, r)) <
oo (for all x € X and all r > 0) and there exists a positive constant A" such that

(B (x, 2r)) < A'u(B(x, r))

forall x € X and r > 0. Here p is assumed to be defined on a o -algebra which contains
all Borel sets and all balls B(x, r).

We suppose that @ (X) = oo and p({x}) =0 for all x € X. It was shown by Macias
and Segovia [19, Theorems 2 and 3] that, in this case, p'(x, y), the infimum of the
measures i (B) where B runs over the balls containing x and y, is a quasi-metric on
X yielding the same topology as d. Further, there is a quasi-metric p equivalent to p’
in the sense that there is a constant C such that C~'p/(x, y) < p(x, y) < Cp(x, y) for
all x, y € X, and there are constants C and 0 < 6 < 1 such that

C'r <u(B(x,r)) <Cr
forallx €e X and r > 0, and
lp(x, ¥) — p(x', )| < Co(x, x)PLo(x, y) + px’, W17

for all x, x’, y € X. For more on spaces of homogeneous type, see [5, Section 1.2].
We now recall the notion of an approximation to the identity on X.

DEFINITION 1.2 [5]. A sequence {Sy}kxez of operators is said to be an approximation
to the identity of order € € (0, 0] if there exists a constant C > 0 such that for all k € Z
and all x, x’, y, ¥’ € X, the kernel Sk (-, -) of the operator S, is a function from X x X
to C satisfying

2—ke

1Sk VI = € s (12)

, p(x’ x/) € 2—/(6
- 13
1Sk Cx, ¥) Sk(x,y)|50(2_k+p(x’y)> Ty 0

when p(x, x') < QA)'Q7F + p(x, y));

, o, ¥) \ ke
— 1.4
1Sk Cx, ¥) Sk(x,y)|sC(2_k+p(x’y)) Ty 08

when p(y, ) < QA1 Q7F + p(x, y));
|Sk(x’ y) - Sk(x7 y/) - Sk(x/7 )’) + Sk(x/7 y/)|

<c( plx, X )( PO e 27k (1.5)
T\ ) N2 el y)) Q7F A+ p(x, )
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when p(x, x), p(y, ) < QA TQ7* + p(x, ));
/Xsku,y)du(y)=/xsk(x,y>du<x>=1. (1.6)

REMARK 1.3. An approximation to the identity was constructed by Coifman as
follows. Take a nonnegative smooth function / equal to 1 on [1, 9] and supported in
[0, 10]. Let Hy be the operator with kernel 2¢h(2%p(-, -)). The doubling condition
on p and the construction of # imply that there is a constant C > 1 such that
C~'<H(1)<C for all keZ. Let My and Wi be the operators of pointwise
multiplication by (Hi(1))™! and wy = (Hi(Hi(1))~!)~! respectively, and finally let
S = My Hy Wi Hy M. 1Tt is easy to check that this S; satisfies conditions (i)-(iv) of
Definition 1.2. Examples of approximations to the identity on Euclidean space include
the Gaussian kernel and the Poisson kernel.

DEFINITION 1.4 [5]. Fix y > 0 and 0 < 8 < €. We say that a function f defined on
X belongs to M(xg, r, B, y) if it satisfies the following conditions:

. ry ;

@) FACIR= C(r + p(x, xo))1tr’

) px,y) 1\’ r’

(if) @) = SO Sc(r+p(x,xo>) (r + p(x, x0) 7

for all x, y € X with p(x, y) < 2A)" (r + p(x, x0)).
For a fixed xo € X, we write M (8, y) = M(xg, 1, B, v), and define
I £l amcp.) = inf{C > 0 : (i) and (ii) hold}.

Let Mo(B, v) be the set of all f € M(B, y) such that jX fx)du(x)=0. Its dual
space, denoted by (Mg(8, y))’, consists of all linear functionals £ from Mg(8, y)
to C for which there exists a constant C such that |L(f)| < C|| fllm,g,y) for all

f € MO(IB ’ V)

Let {Sx}x be an approximation to the identity of order €, and set Dy = Sy — Sk—1.
Then for every f € (Mo(B, y))’, where 0 < 8, v < €, we define the Littlewood-Paley
G-function and the S-function by

1/q
ga,q<f)(x)={Z(zkamk(fxxnﬂ} ; (1.7)
k
1/q
Sa,q(fxx):{z / 2k(2ka|Dk(f)()’)|)qdlL()’)} . (18)
T Yk, y)=C327F

We now introduce the weighted Triebel-Lizorkin spaces F SZJ (X).
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DEFINITION 1.5. Suppose that —e <« < ¢ while min(1+a+¢, 1 +6)" ' <p<
ooand 1 < g < oo. Given w € Axo With gy < g, the weighted Triebel-Lizorkin space
Fy i (X), where 0 < B, ¥ <€, is the collection of all f € (Mo(B, y))’ that satisfy

11 ) = 1Gaq (D) < 00 (1.9)

where the L}, (X) are weighted L? spaces. .
In particular, when w = 1, we denote ngffj (X) by Fg’q (X).

DEFINITION 1.6. Suppose that —€ <« < e and min(l +« + €, 1 + el < p<lx<
g < oo. A function a € (Moy(B, y)), where 0 < B, ¥ <€, is said to be a (p, g, a)-
atom for F’ (X) if

suppa C B = B(xp, 1'); (1.10)
lall g ) < w(B)/971P; (1.11)
/ a(x)du(x)=0. (1.12)

X

Here is the main result of this paper.

THEOREM 1.7. Suppose that —e <o <€ and min(l +a+¢€,1+€) ' <p<l<
g < 0. Given w € Aso for which q,, < q, a function f defined on X belongs to
F ;‘;g (X) if and only if f has a decomposition

fO) =) har(x),
k=0

where the series converges in the sense of (Mo(8, y)) where 0 < B, y < ¢, the ay are
(p, q, a)-atoms, and )", | i |P < oo. Furthermore,

00 1/p
1 g oy & inf(Z |xk|P> :

k=0
where the infimum is taken over all such decompositions.

This paper is organized as follows. In Section 2 we recall the continuous and
discrete Calder6n reproducing formulas on spaces of homogeneous type, and obtain
the Plancherel-Pélya inequalities for F ;,x,’f,ﬂ (X) and an equivalence of F,‘;‘;f,é (X) in terms
of the S-function. In Section 3, we use the sequence spaces of Frazier and Jawerth to
obtain the duality of F;‘Z, (X) (see Theorem 3.5 below). The proof of our main result,
Theorem 1.7, is given in Section 4 by combining the results of Section 3, estimates of
the area function, and the continuous Calderén reproducing formula.

Throughout, C will denote (possibly different) constants that are independent of the
essential variables. Further, A &~ B means that the ratio A/B is bounded and bounded
away from zero by constants that do not depend on the relevant variables in A and B.
And ¢’ denotes the conjugate index of ¢ € (1, c0), thatis, 1/q + 1/q" = 1.

https://doi.org/10.1017/5144678871000159X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871000159X

260 J.Li [6]

2. Some basic results

We first recall a result of Christ [1], which gives an analogue of the Euclidean dyadic
cubes.

LEMMA 2.1 [1]. Let (X, p, i) be a space of homogeneous type. Then there exist a
collection {Qf; C X :k €Z, o € I} of open subsets, where Iy is some index set, and
constants C1, Cp > 0, such that:

i) wX\U, Q%) =0for each fixed k and Q% N Q’; =0 ifa#p;

(i) foralla, B, k, | where l > k, either Qfg C Q’& or Q% N Q](; =0;

(i) for each (k, @) and each | <k, there is a unique B such that Qg C Qig;
(iv) diam(QK) < C127%;

(v) each Q§ contains a ball B(yéj, C»27%), where y{; € X.

We think of QF as a dyadic cube with diameter roughly 2% and center
yk. We define CQX to be the dyadic cube with the same center as QX and
diameter Cdiam(Qf;). When k € Z and t € I, we denote by Q];’”, where v =
1,2,..., N(k, 1), the set of all cubes Q’;“ C Q';, where J is a fixed large positive
integer, and by y’r"” a point in Q’?v.

We now state the continuous and the discrete Calderén reproducing formulas on
spaces of homogeneous type, as developed in [5].

PROPOSITION 2.2 (Continuous Calderén reproducing formula). Suppose that { Sy}
is an approximation to the identity of order €. Set Dy = Sg — Sk—1 for all k € Z. Then
there exists a family of operators { Dy} such that

=Y DiDi(f), 2.1)
k

forall f € (Mo(B, y)), the dual of My(B, y), and the series converges in the sense
that

lim < D Di(f), g>=0
M—o00 |k|2§:M

forallg € My(B', y'), where 0 < B < 8/ and 0 < y < y'. Moreover; the kernel of Dy
satisfies (1.2) and (1.4) with € replaced by €', where 0 < €' < ¢, and

/Dkoc,y)du(x):/ De(x, y) dp(y) =O.
X X

PROPOSITION 2.3 (Discrete Calderén reproducing formula). Suppose that { Sy }i is an
approximation to the identity of order €, and set Dy = Sy — Sg—1 for all k € Z. Then
there exists a family of operators { Dy} such that, for all f € Mo(B, v),

N(k,7)

FO =) w(@8")Drlx. yEV)Di(HH(EY), 22)

keZ tely v=I
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where the series converges in the norm of Mo(8’, y'), where 0 < 8/ < Band0 <y’ <
v, and also in the space Mo(B", y") where 0 < B < " and 0 <y < y". Moreover,
the kernel of Dy satisfies (1.2) and (1.3) with € replaced by €', where 0 < €' < ¢, and

/ Di(x, y) du(X)=/ Dy(x, y)du(y) =
X X

In order to verify that the definition of F ;‘;g (X) is independent of the choices of
approximations to the identity, we need the following Plancherel-Pélya inequalities.

LEMMA 2.4. Suppose that {Si}kez, and { Py }rey, are approximations to the identity of
order €, Dy = Sy — Si—1 and Ey = Py — Py_1. Then when f € (Mo(B, y)) where
0<B,y<e —e<a<eandmin(l +a+e, 14+¢)" ! <p, g <oo

N&ED q)1/q
HZZ 2 [MQ’“’ ~ sup |Dk<f)<x>|xQ¢.v(->} }

keZ tely v= xeQhv Lh
' N(k,7) 1/q (23)
[ 2 3 o= e im0l
p
keZ tely v= XGQT Ly

The proof of Lemma 2.4 is similar to that of [5, Theorem 4.6] with only minor
modifications. We omit the details here. _
Using the definition of ng’” and Lemma 2.4, we see that when [ € F gff, (X),

Nk,) Vg
HZZ 2 [u(Q M) inf |Dk<f)<x>|kaL<>} }

keZ tely v= xEQr 24
N(k,7) 1/q
HZ 2, [MQi N o |Ek(f><x>|kav<)] }
keZ tely v=1 b

N to g 1/q
~ Z(z 1D ()

= IGeq ()l 5 cx)
= “f”FZ‘,’i(X)'

w

This shows that the definition of F g,’ff, (X) is independent of the choice of the
approximation to the identity.

To obtain an atomic decomposition for F > a(X), we need an equivalent
characterization of F§ D, '7(X) in terms of area functlon More precisely, we have the
following result.

LEMMA 2.5. Forall f € F (X)),
1 g o0y = 1Geqg (g 2 1Sqg ()l 1 -
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PROOF. From (1.8) and Lemma 2.4, we obtain

1S0.q (Pl
ok 1/q
= Z/ 2(2a|Dk(f)(y)|)quv()’)}
L Jpy=C2k L
N(k,t) 1/q
3 @D ) du(y)kaﬁum}
X tel, v=1 Yp(x»=C327F 4 L
N(k,t)
< 2k
Xk:rZeI; v=1 /P(X,y')SCﬂ_k
X q 1/q
><<2a sup |Dk(f)(Z)|> du(y)xQ/;v(x)} ,
Ly

zeco Y

N(k,7) e
SCH{ZZ Z (2'” sup |Dk(f)(z>|> kaU(x)}

tely v= zeCQ

= CllGaqg(Hllp.

Ly

On the other hand,

1Sag (Dllz

N(k,7)
H{z >y 2
K rel, v=1 Jply)=C27*

q
x<2"°‘ 1nf IDk(f)(Z)I> d/L(y)XQI;,v(X)}

ZECQr

1/q

P
Ly

N(k,7) g
ZCH{ZZ Z <2k0! 1nf |Dk(f)(Z)|> Xka(x)}

tely v= ZECQr

> CllGaq(Hllpps

P
Ly

which proves Lemma 2.5. g
LEMMA 2.6. If w € Ay, where 1 < q < o0, then

w(@) < w(@Vw ()M < Cuu(Q), (2.4)

where w(Q) = [, w(x) dju(x), w’=w 4D gndw®(Q) = wi(x)—1/<q—1> dup(x).
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PROOF. From (1.1),

L / dn(x) = 1/u(Q) / W) ()4 )
w(@) Jo 0

1 J 1/q
< | —
= (M(Q) /Qw(x) “(x))

5 < 1 / (YD ))(q—l)/q
—_— X X
w©@) Jo g

< Cy.
This proves (2.4). O

3. Duality of weighted Triebel-Lizorkin spaces

In recent years Han and Lu have developed an approach to the Hardy spaces H”
and Carleson measure spaces CMO?, where p < 1 and near 1, and obtained the duality,
using discrete Littlewood—Paley—Stein analysis. More precisely, they defined a type of
sequence spaces s” and c”, and proved that H” can be lifted to s” and s” can be
projected to H”. Moreover, the composition of the lifting and projection operators is
equal to the identity operator on H”. Similar results hold for CMO? and c”. Then,
they showed the duality between s” and c¢”. Finally, by working on the level of
sequence spaces, they obtained the duality between H” and CMO?P. Their methods
can be applied to the multi-parameter product case [13], the multi-parameter case
with implicit flag structures [14] and also the multi-parameter case with Zygmund
dilations [15]. /

In this section, we will show that the dual space of F;i 4(X) is F[;fxu’)‘,] (X) when
—e<a<e l<g<ooandw € Ao Where gy <gandw' =w V=D =y’ e A .
Following [5], we introduce sequence spaces.

DEFINITION 3.1. Let fo(x) =pn(Q)"?x(x). When —e <a <€ and 1< p,

q < oo, the sequence space f,‘;‘{{, is defined to be the set of all complex-valued
sequences

s = {sgko Ykezirenv=1... .Nk.1)
such that
N(k,7)

1/q
s |25 E g
k

tely v=1

< o0.
Ly

We now prove the following theorem.

THEOREM 3.2. When —€ <a <€ and 1 < g < oo,

fgod) = Ful- 3.1)
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PROOF. Given a sequence t € f / , set

N(k,7)

L(s)= ZZ Z s;;vl‘ kv

tely v=

for all sequences s € fqa . By Holder’s inequality,

N(k,7)

IL(s)] </ZZ Z H(QE™) sl X g (w9 (x)

tely v=
X Q7 ) iy | X g CYw ™ (x) dpa(x)

= lisll geeg Nl e

q’,w’
i—a,q fa,q
and hence fq/’w, C (fdy
Conversely, for every L € ( f; 7y, we see that

N(k,7)

L(s) = ZZ Z sghoT gt

tely v=

for some sequence t = {tQk,v}keZ;felk;vzl N(k,7)- Define
T

(Z |fk|q>l/q

kel

.....

L4, = {f = {fid : 1 fllpg oy = ‘

L‘{u}

Then (L% (19)) = L?U/, (11 /) when 1 < ¢ < oo, with the obvious pairing, namely,

fr /X D fe0) @ (x) dp(x)
k

when g = {gi} € LZ)/ ,(19"), and the map In from f;¢ to L{, (%) defined by In(s) =

{fx(s)}, where
Nk,7)

fil)= D mQr") sy X g

tely v=l1
is a linear isometry onto a subspace of L%, (/). By the Hahn-Banach theorem, there
exists L € LY, (1) with || L|| = | L| such that L o In = L. In other words, there exists
— 4 14’y wi
={gk} € L, (7) with ||g||Lq 1y = < ||L]| such that

LoIn(s)=L(s) = fx D fi)gex) dpu(x)
k
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forall s € f; . Substituting the expression for f; into this formula, we obtain

N(k,t)

L(s) = ZZ Z SpkvTghos

tely v=

where

l‘Q’;v = /k gk (y) d,u(y)/M(Q/;,v)a-H/z'
(0

Denote by M the Hardy-Littlewood maximal operator. Using the vector-valued
maximal inequality, we see that

N2l j—ag = 1M ()l

I

q"w'

=Clgll = C|IL|l.

L7y = L9y =

This completes the proof of Theorem 3.2. U
We recall the lifting and projection operators defined in [5].

DEFINITION 3.3. Let y*¥ be the center of Q%? as in Lemma 2.1,
(i) For afunction f € (Mgy(8, y))’, we define

Sp(f) = (@) P DN OE Mkezireniv=1.... Nk.0)- (3.2)
(i) For a sequence s € f; 7 we define

N(k,7)

Th(s$)(x) = ZZ Z spko (05 2 Di(x, v, (3.3)

tely v=

To obtain the duality of weighted Triebel-Lizorkin spaces, we need to work at the level
of sequence spaces.

PROPOSITION 3.4. Let Sp and Ty be the operators in Definition 3.3. Then for all
f e FEi o,

1S()l g < ClLF N pa - (3.4)
Conversely, for all sequences s € f;;f "

175l o iy < Cllsll g (3.5)

Moreover, T, o Sp is equal to the identity on F;g, (X).

PROOF. Estimate (3.4) follows directly from Lemma 2.4 and Definition 3.3.
We now prove (3.5). To simplify our notation, we work with dyadic cubes of the
form {QX 1k € Z, T € Iy /). Set

mi (x) = p(Q9) 2 Di(x, 7).
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From the size and cancellation conditions on D; and ﬁk,

i’ 1
Dj(leg)(X)EC/L(Q];)l/ZZ (j—k) (1+2kp(x’ylr<))1+5' (3.6)
Write
1/q
I3 g ) = ‘HZ@J“ID (Tp (s>>|)‘1}
1/q
'HZ(WZ > lspellD; (ka>()|> }
k>j telyy L},
q11/q
H{ (21“ >y |sQ/;||Dj<mQ¢)<->|) }
k<j t€lkty LY,

=T+ Tz,
say. We first estimate the term 77. Denote

o= tad = w1 (@ ¥ iiglicy)}
k

T€lk+y
b = (b = (2 ypezn<0) (k) s

Then Young’s inequality and the vector-valued maximal inequality, together with the
formula

(a*b)j(x) =Y ax(x)bj 4.
k
give
T < Clilla* bl g, < ClllaC) N Iblli g < ClllaC)llal g,

qy1/q
scH{Z<M(u<Q’;>—“ > |sQ¢|xQ¢)<->> }
k

T€lkts

qy1/q
SCH{Z(“@@‘“ > lsQf;Ichﬁ(')) }
k

T€lkty

L,

L,
= Clisl g

where the first inequality is because M(Q’;)*“ ~ 2K and

> 2 |sQ¢||D,-(mQ¢)(x)|sczz<f—’<>f/M< > |sQ¢|>zQ¢><x>.

k>j t€lity k>j t€lity

A similar argument shows that 75 < C||s]|| g This completes the proof of (3.5). O
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Finally, we prove a duality result of weighted Triebel-Lizorkin spaces.

THEOREM 3.5. Suppose that 0 < B, y <€, while —e <o <€ and 1 < g < oco. Then
(Fgrd (X)) = aq (X).

More precisely, if g € Fq_,jxu’f,],(X), then the map L, defined by Lo(f) = (f, g), initially
for f € Mo(B, v), extends to a continuous linear functional on an,’g) (X) and

1Lel = gl

q w

Conversely, every L € (F;’lj], (X)) is equal to L, for some g € Fq_,jxu’)?/(X).
. —a,q/ .

PROOF. If g € Fq/’w, (X) and f € Mo(B, y), then from Proposition 3.4,
(f, 8) =(TpoSp(f), g)=(Sp(f), Sp(8)),

where 3
S5(8) = (r(QE)' 2 Dr(9) V) ezsrenvat,.. Nk, o)-
By Lemma 2.4 and Definition 3.3,

1S5@ j-aq = Cligll; £

qw

and then

w

L < ISD N g ISp @1 oy < 1 Vg 181 v

This proves that
1Ll = Cligh o'y
Conversely, suppose that L € (F;f 7(X))'. Then
Li=LoTze(fid).
By Theorem 3.2, there exists ¢ € fq_,o;;f’/ such that L (s) = (¢, s) forall s € f;’z, and

21 i—aq” 2 I L1l < CIIL]|

q/,w/

since T is bounded. Now Lj o Sp = L o Tj; o Sp = L by Proposition 3.4. Hence,
L(f)=LoTp(Sp(f) = (Sp(f), 1) =(f, Tp(D)
forall f € Fg’uq)(X), where

N(k,7)

TD@)—ZZ Z ko (QF )2 Di(x, v,

tely v=
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By Lemma 2.4 and Definition 3.3, we obtain

ITo O j-aq = Clitl j-ag” = CILA.-

g g W

Letg=Tp(r) € f qf,%?/. This completes the proof of the theorem. o

4. Proof of Theorem 1.7
To prove the ‘if” part of Theorem 1.7, we need the following lemma.

LEMMA 4.1. Let Sy 4 be the area function defined in (1.8). Then there exists a positive
constant C such that for all (p, q, o)-atoms a,

”Sa,q(a)”iﬁ =C. 4.1)

Let us take this lemma for granted for the moment.

PROOF OF THEOREM 1.7. Let f(x) =), Arax(x), where each a is a (p, q, )-
atom, as in Definition 1.6. From Lemma 4.1,

1 1wy ) = ISaa (DT = D2 1AkIPUSq @Iy < C D el
W w % w X

Conversely, we use the construction of an approximation to the identity by Coifman,
as in Remark 1.3, to obtain {Sy}; on X for which there exists a constant C4 such that,
forallk € Z and x, x’, y € X:

(i) Sk(x,y)=0if p(x, y) > C427% and || Sl < C425;

() 1Sk(x, y) — Sk, y)I < Ca2XH9 p(x, x')e;

(i) [y Se(x, y)du(y) =1;

(iv)  Sk(x, y) = Sk (y, x);

We can check that such {S;} satisfies all the conditions in Definition 1.2. Moreover,
we can see that for each fixed y, when Si(x, y) is considered as a function of x, it is

supported on {x € X : p(x, y) < C42_k}. Set Dy = Sy — Si—1. Then we can see that
similar results hold for Dy but with (iii) replaced by:

(i) [y Di(x, y) du(y) =0.
Su]astituting this { Dy} into (1.8), Definition 1.2 and Proposition 2.2, for a function
fe ngff)(X), we let
Q= 1{x € X1 Sa g (S)(x) > 21,
B ={Q :w(Q N Q) >w(Q)/2, w(Q N Q1) <w(Q)/2},

Qu={xeX: M(xa)(x)>1/2).

From Lemma 2.1, we know that for each dyadic cube Q in X, there is a unique k € Z
such that Q = QF for some & € I. We denote such k by kg. Also, for each dyadic
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cube Q, there is a unique k € Z such that Q € By. For each dyadic cube Q € By, there
is a unique maximal dyadic cube Q' € By such that Q € Q’. Denote the collection of
all maximal dyadic cubes in By by Qf.‘, i € Ji, an index set which depends on k (it may
be finite). We then have for all dyadic cubes Q,

LQJQ=LkJU U e

i€Jk 0 0f. 0By
Applying the Calderén reproducing formula (Proposition 2.2), we see that

) =" DiDi(f)(x)

k
B /Q Dy (x, ) Dig (F)(3) din(y).
k

i€k 0Ok, 0eBy

To obtain an atomic decomposition, we first claim that

> / 240 24| Dy (YNNI w(Q) dpu(y) < C24w (), (4.2)

Q€By

where C is a constant independent of k and i.
Indeed, by (1.8) and the definition of By,

‘/: Sa,q(f)(x)qw(x) du(x)
QU241

>C /
@\ T o =627
x 212D (H DT dp(y)w(x) dpn(x)

ey [ Yer b o
J

x w({x € Qe \ Qut1: o, ¥) < C3277)) du(y)

>C Y / 2%e 2k | Dy, (£ (DY
QeBy Q~

x w({x € Q \ Qa1 :p(x, y) < C327%eh) du(y)

>C Y | 2@ Dy (HMHDHTw(Q) du(y).

Q€By

4.3)

On the other hand, it follows from the definition of € that
f Saq (F) @) w(x) dp(x) < 25D \ Qiy1) < C2Mw(). (44
Qe \2%k+1

Estimate (4.3), together with (4.4), yields (4.2).
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Define

_ 1/q
xk,,:w(Qf)”p—”q{ > / 2"9(2"Q°‘|DkQ(f><y>|>"w<Q)du(y)} ,
0coF, 0eBy
4.5)

C

= f Diy (6, ) Dig () ditly) if s #0,

ai(x) = (4.6)

ok Qch 0cBy
0 if A = 0.

Here C is a fixed constant to be chosen later, which is independent of k and i.
Let us verify that each ay ; is a (p, ¢, «)-atom. By (iii)’, we can see that each ay ;
satisfies (1.12). And by the construction of Dy,

suppar; C ) lxeX:ip(,y) =C27*)c Cof,
yeQeQnBy

where C is a constant independent of x, y and Qf.‘. This gives (1.10).
To show the size condition of each gy ;, we claim that

sup  agi, h)| <w(@bHVa~l/r, (4.7)

<1
Il

qIL

Let us assume (4.7) first; then (1.11) follows directly from Theorem 3.5. Indeed, for
all i satisfying || A]| . e () = <1, by combining (1.8), (4.5), Lemma 2.6 and Holder’s

inequality, we see th;t "
C _
Hak.i, i)l = — < > / DkQ(x,y)DkQ(f)(y)du(y),h(X)>‘

ki oc ok geB,
C

< / | Dic (WY Dicy (YD) dpa(y)
“ QCQ" 0¢B;

< £ { > f 2ke[2ker| b (f)(y)l]qw(Q)du(y)]l/q

=5 kg
Ak 0coF e, 0 4.8)

, 1/q
x{ > f 2ke[27ke% | Dy, () (»)119 w"(Q) du(y)}
0cok,0eB, * 9

< Cw(@DHVIVP|Se W, q,
A ky1/g—1/p
< CCw(Q¥) 1Al
< w(Qkl/a=1/p,

q w
where C is a constant independent of k and i, and we choose C such that CC <1.
This gives (4.7).
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Finally, from (4.2), we obtain that

SO wal?
k

iely

<Y Y w(gh! v
k

iE]k

~ rlq
x{ > sz(2"Qa|DkQ<f)<y)|>qw<Q)du(y)}
0cok, 0eB, 72

1-p/q
<C Z(Z w(fo))
k

iel;

_ r/q
X{Z 2 f 2kQ(2kQ°’|DkQ(f)(y)l)qw(Q)dﬂ(y)}

i€l 9c ok, 0eBy

<C Z 2K w ()
k

)4

< Cllf ey (-

This concludes the proof of Theorem 1.7, modulo the proof of Lemma 4.1, which we
will give now. O

PROOF OF LEMMA 4.1. Suppose that supp a € B = B(zp, r). Let

IISa,q(a)IIzZ = /X |Sa,q (@ 1Pw(x) dp(x)

= (/ —f—/ )|Sa,q(a)|pw(x) dp(x) =:T) + T»,
2B (2B)¢

say. For the term 77, by Holder’s inequality and (1.11),

p/q 1-p/q
T < (/ ISa,q(a)Iqw(X)du(x)> (/ w(x)dM(X)>
2B 2B

< Clla|’ w(B)!~P/e
<C| ”F,,;,j’,(X) (B)

< Cw(B)p/q_lw(B)l_p/q
S C’

where C depends only on p and C in (4.8).
Now let us turn to the term 75. By Definition 1.8, one can write

P r/q
TF/ {2/ ,2’<2’“|Dj<a)(y)|>4du<y>} wx) dpu(x). (4.9)
@By U~ Jp(x,y)=C327
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By (1.10) and the construction of D; in the proof of Theorem 1.7, we deduce that

for each j, the function y > D;(a)(y) is supported in {y : p(y, z) < Ce277}, where

z € B and Cg is a constant independent of j and B. In the integral in (4.9), moreover, y

should be in {y : p(x, y) < C3277}. Hence there exists a constant C7, which depends
only on C3 and Cg, such that D;(a)(y) =0 when 27J < C7lx — z0|. So
o plq

- | { / | 2](21“|Dj<a)<y)|>4du(y)} W) du).

(2B)° px,y)<C327/
(4.10)

To estimate the right-hand side of (4.10), we first consider D (a). By (1.10) and (1.12),

2/ <C7/p(x—20)

Dj(a)(y)=/XDj(y,z)a(z) du(z)=/x[Dj(y,z)—wj(y)]n(z)a(z) dp(z),

where 7(z) = xp(z) and
[ Dj(y, Dn(z) du(z)

Yi(y) =

[ ) du(z)
Set h(z) =[Dj(y, z) — ¥j(»)In(z). Then, forall z, z’ € B,
h(2)| < €27 u(B)<; (4.11)
h(z) = h(2)] < €21+ p(z, )¢ (4.12)
/x h(z)du(z) =0. (4.13)

Now h(z) =) Dy Dy (h)(2), from Lemma 2.2. Together with Holder’s inequality,
this shows that

IDj(@)| = |[x h()az) du(z)

, Vg @14)
< Cllal F;,,z(x>{ Sk @7 D) @)D v () du(z’)} .

To estimate the right-hand side of (4.14), note that

, 174’
{ fx Y D) (DT w' () du(z/)}
k

, 1/4'
< { Y @D W (@) du(z/)}

4B 5k <pu(B)

, 1/q'
+ : Z QD) DT w’ (@) d,u(z/)}

4B -k~ 1u(B)

oA

, 1/q'
@ D) ()Y w' () du(z’)}
4B) y—k<pu(B)
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A

4B)° 2k ()
=Vi4+ Vo4 Vz+ Vg,

, 1/4'
Q7 D () (DT w’(Z) du(z/)}

say. For the term Vp, by (4.12),

S C2—k€2j(1+€)’

| Dy (h)(2)] = ‘/X Dy (2, )[h(x) — h(z)] dp(x)

which gives V| < C(w’(B))"/4 w(B)*te2/0+e),
Now consider term V;. By (4.11),

|Dr(h) ()] < / |Di (2, 0)||h(x)] dpu(x) < C2K27 09 By e,
X

which proves that V» < C(w”(B))"/4 u(B)*+€2/(1+e),
For the term V3, note that supp 2 € B and 2k <Cu(B),so V3 =0.
Finally, let us estimate the term V4. By (4.13),

| D (h)(2)] < /X |Dy (', x) = Dr(@, zo)|1h(x)| dpa(x)

€ —ke
e /B ( p(x. 20) ) ( 2 29040 L (BY dpu(x)

27K+ p(, zo))'He
2fke
(sz + ,O(Z', ZO))1+2€'

27k + p(2, z0)

< C2j<1+6)M(B)1+26

This shows that V4 is at most

M(B)(l-‘t-ZE)q/ f

(4B)°

Hil+erd

{2—k>u(B) 2had Q2%+ p(2, z0)!+2€

Noting that u(B) < p(z’, z0) < ¢2 % and p(2, z9) > c27¥, we see that
Vg < Cw’(B)'/4 (B e 1),
Combining (4.14) and the estimates of Vi, V3, V3 and V4, we obtain
D@ ()| = Cw(B) /4717w (B)4 u(B)* <27 1+,
Substituting (4.15) back into (4.10), and using Lemma 2.6, we see that

Ty < w(B)P/47 (w”(B))P/7 u(B)@FOP

<[
(2B)¢

] rlq
2](1+€+0[)q} w(x) du(x)
2/ <C7/p(x.20)
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< Cu(B)<l+a+€)pw(B)_l / w(x)

du(x
@By p(x, zg)IFetar s

<C.

Our estimates of 77 and 7> yield (4.1), and the proof of Lemma 4.1 is complete. O
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