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Francis Brown, Sarah Carr and Leila Schneps

ABSTRACT

In this paper, we introduce cell-forms on My ,,, which are top-dimensional differential
forms diverging along the boundary of exactly one cell (connected component) of the
real moduli space My ,(R). We show that the cell-forms generate the top-dimensional
cohomology group of Mg, so that there is a natural duality between cells and
cell-forms. In the heart of the paper, we determine an explicit basis for the subspace of
differential forms which converge along a given cell X. The elements of this basis are
called insertion forms; their integrals over X are real numbers, called cell-zeta values,
which generate a (Q-algebra called the cell-zeta algebra. By a result of F. Brown, the
cell-zeta algebra is equal to the algebra of multizeta values. The cell-zeta values satisfy a
family of simple quadratic relations coming from the geometry of moduli spaces, which
leads to a natural definition of a formal version of the cell-zeta algebra, conjecturally
isomorphic to the formal multizeta algebra defined by the much-studied double shuffle

relations.
1. Introduction
Let ny,...,n, € N and suppose that n, > 2. The multiple zeta values (MZVs),
1
C(?’Ll,...,nr): Z WER, (11)
0<ki<--<kr 1 "

were first defined by Euler, and have recently acquired much importance in their relation to
mixed Tate motives. It is conjectured that the periods of all mixed Tate motives over Z are
expressible in terms of such numbers. By an observation due to Kontsevich, every multiple zeta
value can be written as an iterated integral:

dty---dt
/ e i
O<ti<<tp<1 (E1—t1) -+ (€0 —ty)

where ¢; €{0,1}, and 1 =1 and €, =0 to ensure convergence, and {=mn; +---+n,. The
iterated integral (1.2) can be considered as a period on My, (with n=~¢+ 3), or a period of
the motivic fundamental group of My 4 = P'\{0, 1, 0o}, whose de Rham cohomology H' (9 4)
is spanned by the forms (dt)/t and (dt)/(1 — t) [Del89, DGO5]. One proves that the multiple zeta
values satisfy two sets of quadratic relations [Che77, Hof00], known as the regularized double
shuffle relations, and it has been conjectured that these generate all algebraic relations between
MZVs [Car00-01, Wal02]. This is the traditional point of view on multiple zeta values.

On the other hand, by a general construction due to Beilinson, one can view the iterated
integral (1.2) as a period integral in the ordinary sense, but this time of the ¢-dimensional affine
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scheme

mom ~ (EITIOA)Z\{diagonals} = {(tl, ey tg) 1t 75 0, 1 y t; 75 tj},
where n = ¢+ 3. This is the moduli space of curves of genus 0 with n ordered marked points.
Indeed, the open domain of integration X ={0<t; <---<ty <1} is one of the connected
components of the set of real points My, (R), and the integrand of (1.2) is a regular algebraic
form in H* (Mo,) which converges on X. Thus, the study of multiple zeta values leads naturally

to the study of all periods on 9 ,,, which was initiated by Goncharov and Manin [Bro09, GMO04].
These periods can be written

/ w where w € H (Mo ,) has no poles along X. (1.3)
X

The general philosophy of motives and their periods [KZ01] indicates that one should study
relations between all such integrals. This leads to the following problems.

(i) Construct a good basis of all logarithmic ¢-forms w in H*(90%,,) whose integral over the
cell X converges.

(ii) Find all relations between the integrals [y w which arise from natural geometric
considerations on the moduli spaces Mg y,.

In this paper, we give an explicit solution to (i), and a family of relations which conjecturally
answers (ii). Firstly, we give an explicit description of a basis of the subspace of H f(imo,n) of
forms convergent on the standard cell, in terms of the combinatorics of polygons. (Note that the
idea of connecting differential forms with combinatorial structures has previously been explored
from different aspects, in [GGLO05, Ter02b] for example.) The corresponding integrals are more
general than (1.2), although Brown’s theorem [Bro09] proves that they do occur as Q-linear
combinations of multiple zeta values of the form (1.2).

For (ii), we explore a new family of quadratic relations, which we call product map relations,
because they arise from products of forgetful maps between moduli spaces. To this family we add
two other simpler families; one arising from the dihedral subgroup of automorphisms of My,
which stabilize X, and the other from a basic identity in the combinatorics of polygons. These
families are sufficiently intrinsic and general to motivate the following conjecture, which we have
verified computationally up through n=9.

CONJECTURE. The three families of relations between integrals (given explicitly in
Definition 2.28) generate the complete set of relations between periods of the moduli spaces
Mo,

1.1 Main results

We give a brief presentation of the main objects introduced in this paper, and the results obtained
using them.

Recall that Deligne-Mumford constructed a stable compactification ﬁo,n of Mo, such
that ﬁo,n\smo,n is a smooth normal crossing divisor whose irreducible components correspond
bijectively to partitions of the set of n marked points into two subsets of cardinal greater than
or equal to two [DM69, Knu83|. The real part My ,(R) of My ,, is not connected, but has n!/2n
connected components (open cells) corresponding to the different cyclic orders of the real points
0,t1,...,ts 1,00 € PY(R), up to dihedral permutation [Dev99]. Thus, we can identify cells with
n-sided polygons with edges labeled by {0, t1,...,ts, 1, 00}. In the compactification ﬁo,n(R),
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the closed cells have the structure of associahedra or Stasheff polytopes; the boundary of a
given cell is a union of irreducible divisors corresponding to partitions given by the chords
(cf. Definition 3.3) in the associated polygon. The standard cell is the cell corresponding to the
standard order we denote ¢, given by 0 <t <--- <ty <1. We write Dﬁgm for the space

Mo.»\{all boundary divisors of My, except those bounding the standard cell}.

This is a smooth affine scheme introduced in [Bro09].

1.1.1 Polygons. Since a cell of My, (R) is given by an ordering of {0, t1,..., ¢, 1,00} up
to dihedral permutation, we can identify it as above with an unoriented n-sided polygon with
edges indexed by the set {0, ¢1,..., %, 1, 00}.

1.1.2 Cell-forms. A cell-form is a holomorphic differential /-form on 9, with logarithmic
singularities along the boundary components of the stable compactification, having the property
that its singular locus forms the boundary of a single cell in the real moduli space M, (R).

Up to sign, the cell-form diverging on a given cell is obtained by taking the successive
differences of the edges of the polygon representing that cell (ignoring oo) as factors in
the denominator. For example the cell corresponding to the cyclic order (0,1, ¢y, t3, 00, t2) is
represented by the polygon on the left of the following figure, and the cell-form diverging along
it is given on the right.

dty dty dts
(tr = 1)(ts — t1)(—t2)

«— +

3

Let P denote the Q-vector space generated by oriented n-gons indexed by {0, 1, ¢, ..., ts, 1, 00}.
The orientation fixes the sign of the corresponding cell-form, and this gives a map

p:P — H (M) (1.4)

In Proposition 4.1 of §4.1 we prove that this map is surjective and identify its kernel.
Section 3 is entirely devoted to a purely combinatorial reformulation, in terms of polygons which
simultaneously represent both cells and cell-forms on moduli space, of the familiar notions of
convergence, divergence and residues of differential forms along divisors.

1.1.3 Cell-form cohomology basis. We show that cell-forms provide a good framework
for studying the logarithmic differential forms on 9y ,, starting with the following result
(Theorem 2.12), whose proof is based on Arnol’d’s well-known construction of a different basis
for the cohomology group H*(9My ).

THEOREM. The set of 01 cell-forms (those corresponding to polygons in which 0 appears next to 1
in the indexing of the edges) forms a basis for the cohomology group H Z(Qﬁom) of top-dimensional
differential forms on the moduli space.

In particular, this shows that the cohomology group H f(zmo,n) is canonically isomorphic to
the subspace of P of polygons having 0 adjacent to 1, providing a new approach.
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1.1.4 Insertion forms. Insertion forms (Definition 4.8) are particular linear combinations of
01 cell-forms having the property given in the following theorem (Theorem 4.9), one of the main
results of this paper.

THEOREM. The insertion forms form a basis for the space of top-dimensional logarithmic
differential forms which converge on the closure of the standard cell of Mg ,(R).

In other words, insertion forms give a basis for the cohomology group H* (E)L)Tgm) of (classes
of) forms having no poles along the boundary of the standard cell of 9y, (R), so that the
integral (1.3) converges, yielding a period.

The insertion forms are defined in Definition 4.8, but the definition is based on the essential
construction of Lyndon insertion words given in Definition 3.16 and studied throughout §3.3.
The proof of this theorem uses all the polygon machinery developed in § 3.

1.1.5 Cell-zeta values. These are real numbers obtained by integrating insertion forms over
the standard cell as in (1.3). They are a generalization of multiple zeta values to a larger set of
periods on My 5, such as

/ dty dty dts
O<ti<ta<tz<t (1 —11)(ts — t1)ta’

Note that, unlike the multiple zeta values, this is not an iterated integral as in (1.2).

1.1.6 Product map relations between cell-zeta values. Via the pullback, the maps f:
Mo, — Mo X My s obtained by forgetting disjoint complementary subsets of the marked
points t1,...,t, yield expressions for products of cell-zeta values on My, and My, as linear
combinations of cell-zeta values on My

/ wl/ wgz/ [ (wi Aws). (1.5)
X1 X fH(X1xX2)

There is a simple combinatorial algorithm to compute the multiplication law in terms of cell-
forms. This is a geometric analog of the familiar quadratic relations for multiple zeta values, and
is explained in §2.3.4.

1.1.7 Dihedral relations between cell-zeta values. These relations between cell-zeta values

are given by
/w:/ o (w), (1.6)
X X

where o is an automorphism of 9 ,, which maps the standard cell to itself: o(X) = X, and thus
o is a dihedral permutation of the marked points {0, 1, t1, . . ., t7, co}.

1.1.8 The cell-zeta value algebra C. The multiplication laws associated to product maps (1.5)
make the space of all cell-zeta values on My ,, n > 5, into a Q-algebra which we denote by C. By
Brown’s theorem [Bro09], which states essentially that all periods on 9 ,, are linear combinations
of multiple zeta values, together with Kontsevitch’s expression (1.2) of multiple zeta values, we
obtain the following result (Theorem 2.25).

THEOREM. The cell-zeta value algebra C is equal to the algebra of multiple zeta values Z.
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1.1.9 The formal cell-zeta value algebra FC. By lifting the previous constructions to the
level of polygons along the map (1.4), we define in §2.4 an algebra of formal cell-zeta
values which we denote by FC. It is generated by the Lyndon insertion words (see Definition 3.16),
which are formal sums of polygons corresponding to the insertion forms introduced above, subject
to combinatorial versions of the product map relations (1.5) and the dihedral relations (1.6).
We consider this analogous to the formal multizeta algebra FZ, generated by formal symbols
representing convergent multiple zeta values, subject only to the convergent double shuffle and
Hoffmann relations [Hof00]. The computer calculations in low weight described in §4 motivated
us to make the following conjecture, which essentially says that the product map and dihedral
relations (plus another simple family coming from combinatorial identities on polygons, see
Definition 2.28 for the complete definition of the three families of relations) generate all relations
between periods of the moduli space.

CONJECTURE. The formal cell-zeta algebra FC is isomorphic to the formal multizeta algebra
FZ.

The paper is organized as follows. In § 2, we introduce cell-forms and polygons and define the
three families of relations. In § 3, we define Lyndon insertion words of polygons, which may be of
independent combinatorial interest. These are used to construct the insertion basis of convergent
forms in §4. In §4.4, we give complete computations of this basis and the corresponding product
map relations for My ,,, where n =5,6, 7.

In the remainder of this introduction we sketch the connections between the formal cell-zeta
value algebra and standard results and conjectures in the theory of multiple zeta values and
mixed Tate motives.

1.2 Relation to mixed Tate motives and conjectures

Let MT(Z) denote the category of mixed Tate motives which are unramified over Z
[DGO5]. Let ¢ denote the standard cyclic structure on S ={1,...,n}, and let Bs denote the
divisor which bounds the standard cell X. Let As denote the set of all remaining divisors on
Mo.s\Mo s, so that Dﬁg,s =My s\ As [Bro09]. We write

Ms = H (Mo, \As, Bs\(Bs N As)). (1.7)

By a result due to Goncharov and Manin [GMO04], M;s defines an element in M7 (Z), and
therefore is equipped with an increasing weight filtration W. They show that grgVMg is
isomorphic to the de Rham cohomology H* (mtgn), and that gr{ M is isomorphic to the dual
of the relative Betti homology Hy (Mg, Bs).

Let M be any element in M7 (Z). A framing for M consists of an integer n and non-zero
maps

v € Hom(Q(—n), gryy M) and  f € Hom(gry M, Q(0)). (1.8)

Two framed motives (M, v, f) and (M’, v, ') are said to be equivalent if there is a morphism
¢: M — M’ such that pov=1" and f'o¢ = f. This generates an equivalence relation whose
equivalence classes are denoted [M, v, f]. Let M(Z) denote the set of equivalence classes of framed
mixed Tate motives which are unramified over Z, as defined in [Gon0Olal. It is a commutative,
graded Hopf algebra over Q.
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To every convergent cohomology class w € H‘f(zmg,n) we associate the following ¢-framed
mixed Tate motive:

m(w) = [M;, w, [X]], (1.9)

where [X] denotes the relative homology class of the standard cell. This defines a map
FC — M(Z). The maximal period of m(w) is exactly the cell-zeta value

[ e

ProrosITION 1.1. The dihedral symmetry relation and product map relations are motivic. In
other words,

m(o*(w)) = m(w),
m(wl . (,QQ) = m(W1) & m(CUQ),
for every dihedral symmetry o of X, and for every modular shuffle product w; - we of convergent

forms wi, wa on My, Mo s respectively.

The motivic nature of our constructions will be clear from the definitions. We therefore obtain
a well-defined map m from the algebra of formal cell-zeta numbers FC to M(Z). On My 5, there
is a unique element (s € FC whose period is ((2), which maps to 0 in M(Z).

CONJECTURE 1.2. FC is a free Q[(2]-module, and the induced map
m: FCJ(FC — M(Z)
is an isomorphism.
Since the structure of M(Z) is known, we are led to more precise conjectures on the structure

of the formal cell-zeta algebra. To motivate this, let £ = Q[es, es, . . .] denote the free Lie algebra
generated by one element eg,41 in each odd degree. Set

§ = Qlea] & L.
The underlying graded vector space is generated by the following, in increasing weight:
€2; €3] €55 €73 [€3a 65]; €9; [637 67]; [637 [657 63]]7 €11; [637 69]7 [657 67]; BRI

Let UF denote the universal enveloBi\ng algebra of the Lie algebra §. Then, setting M (Z) =
M(Z) ®g Q[¢2], it is known that M(Z) is dual to UF. From the explicit description of §
given above, one can deduce that the graded dimensions dj = dimg grkwﬂ (Z) satisty Zagier’s
recurrence relation

dy = d_2 + dj_3, (1.10)
with the initial conditions dg =1, d; =0, do = 1.
CONJECTURE 1.3. The dimension of the Q-vector space of formal cell-zeta values on Mg,

modulo all linear relations obtained from the dihedral and modular shuffle relations, is equal
to dp, where n=/¢ + 3.

We verified this conjecture for My, for n <9 by direct calculation (see §4.4). When n =09,
the dimension of the convergent cohomology H 6(9%879) is 1089, and after taking into account
all linear relations coming from dihedral and modular shuffle products, this reduces to a vector
space of dimension dg = 2.
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To compare this picture with the classical picture of multiple zeta values, let FZ denote
the formal multizeta algebra. This is the quotient of the free QQ-algebra generated by formal
symbols (1.2) modulo the regularized double shuffle relations. It has been conjectured that FZ is
isomorphic to M (Z), and proved (cf. [Ter02a]) that the dimensions d; are actually upper bounds
for the dimensions of the weight ¢ parts of FZ. This leads us to the second main conjecture.

CONJECTURE 1.4. The formal algebras FC and FZ are isomorphic.

Put more prosaically, this states that the formal ring of periods of 9y, modulo dihedral and
modular shuffle relations, is isomorphic to the formal ring of periods of the motivic fundamental
group of My 4 modulo the regularized double shuffle relations.

By (1.2), we have a natural linear map FZ — FC. However, at present we cannot show
that it is an algebra homomorphism. Indeed, although it is easy to deduce the regularized shuffle
relation for the image of FZ in FC from the dihedral and modular shuffle relations, we are unable
to deduce the regularized stuffle relations. For further detail on this question, see Remark 2.29
below.

Remark 1.5. The motivic nature of the regularized double shuffle relations proved to be
somewhat difficult to establish [GonOla, GonOlb, Ter02a]. It is interesting that the motivic
nature of the dihedral and modular shuffle relations we define here is immediate.

2. The cell-zeta value algebra associated to moduli spaces of curves

Let Mo, n > 4 denote the moduli space of genus zero curves (Riemann spheres) with n ordered
marked points (z1, ..., z,). This space is described by the set of n-tuples of distinct points
(21, ..., 2,) modulo the equivalence relation given by the action of PSLy. Because this action
is triply transitive, there is a unique representative of each equivalence class such that z; =0,
Zn—1 =1, z, = 0o. We define simplicial coordinates t1, ..., t, on My, by setting

t122’2, t2:Z3,...,tg:Zn_2, (2.1)
where ¢ =n — 3 is the dimension of 9y ,,(C). This gives the familiar identification

Mon 2 {(tr,...,t) € (P —{0,1,00})" | t; #1; for all i # j}. (2.2)

2.1 Cell-forms

DEFINITION 2.1. Let S={1,...,n}. A cyclic structure v on S is a cyclic ordering of the
elements of S or equivalently, an identification of the elements of S with the edges of an oriented
n-gon modulo rotations. A dihedral structure § on S is an identification with the edges of an
unoriented n-gon modulo dihedral symmetries.

We can write a cyclic structure as an ordered n-tuple v = (v(1),v(2), ..., v(n)) considered
up to cyclic rotations.

DEFINITION 2.2. Let (z1,...,2,) =(0,%1,...,tp, 1,00) be a representative of a point on My,
as above. Let v be a cyclic structure on S, and let o be the unique ordering of z1,..., 2z,
compatible with v such that o(n) =n. The cell-form corresponding to 7 is defined to be the
differential /-form

dty - - - dity

. 2.3
Zo(2) — Zo(1))(Z0(3) — Z02)) =" (Zo(n—1) — Zo(n-2)) 23)

Wy = [ZO'(l)? ZO’(Q); SR Zo’(n)] - (
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In other words, by writing the terms of wy = [25(1), - - - ; 24(n)] clockwise around a polygon, the
denominator of a cell-form is just the product of successive differences (2(;) — 25(;—1)) With
the two factors containing oo simply left out.

Remark 2.3. To every dihedral structure there correspond two opposite cyclic structures. If
these are given by ~ and 7, then we have
wy = (—=1)"ws. (2.4)

Ezample 2.4. Let n=7, and S=1{1,...,7}. Consider the cyclic structure v on S given by
the order 1635724. The unique ordering o of S compatible with v and having o(n) =n, is the
ordering 2416357, which can be depicted by writing the elements 2,1y, . . ., 25(7), or 0, 1, t2, t4,
o0, t1, t3 clockwise around a circle:

Y= (26(1), - - - » Zo(7)) = (t1, 13, 0, 1, 2o, t4, 00).
The corresponding cell-form on My 7 is
dty dty dts dity
(ts — t1)(—t3)(t2 — 1)(ta — t2)

The symmetric group &(5) acts on My, by permutation of the marked points. It therefore
acts both on the set of cyclic structures v, and also on the ring of differential forms on My ).
These actions coincide for cell-forms.

Wy = [tla t37 07 1’ t27 t4a OO] =

For any cyclic structure v on S, let D, C &(S) denote the group of automorphisms of the
dihedral structure which underlies 7, which is a dihedral group of order 2n.

LEMMA 2.5. For every cyclic structure v on S, we have the formula:

0" (wy) = wy(y) for all o € &(89). (2.5)

Proof. Consider the logarithmic n-form on (P')? defined by the formula:
- dzi N+ Ndzy
5, = A L . (2.6)
(230) = 292)) *+ (2300) = 231))

It clearly satisfies 0™ (W) = Wy(4) for all o € D,. A simple calculation shows that @, is invariant

under the action of PSLy by Mobius transformations. Let 7 : (P1)¥ — Mo s denote the projection
map with fibres isomorphic to PSLy. There is a unique (up to scalar multiple in Q) non-zero
invariant logarithmic 3-form v on PSLy(C) which is defined over Q. Then, by renormalizing v if
necessary, we have wy A v =w, . In fact, wy is the unique ¢-form on My g satisfying this equation.
We deduce that 0*(wy) = wy(,) for all o € D, O

Each dihedral structure n on S corresponds to a unique connected component of the real locus
Mo »(R), namely the component associated to the set of Riemann spheres with real marked points
(21, ..., 2n) whose real ordering is given by 7. We denote this component by Xg, or X, ,. It
is an algebraic manifold with corners with the combinatorial structure of a Stasheff polytope,
so we often refer to it as a cell. A cyclic structure compatible with 7 corresponds to a choice of
orientation of this cell.

DEFINITION 2.6. Let § once and for all denote the cyclic order corresponding to the ordering
(1,2,...,n). We call Xg5 =X, s the standard cell. It is the set of points on My, given by real
marked points (0, t1,...,ts, 1,00) in that cyclic order; in simplicial coordinates it is given by
the standard real simplex 0 <t; <---<tp<1.
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The distinguishing feature of cell-forms, from which they derive their name, is given in the
following proposition.

PrOPOSITION 2.7. Let n be a dihedral structure on S, and let v be either of the two cyclic
substructures of 7). Then the cell-form w., has simple poles along the boundary of the cell Xg,
and no poles anywhere else.

Proof. Let D C ﬁo,g\img’g be a divisor given by a partition S =S; [ Sz such that |S;| > 1 for
i=1,2. In [Bro09], the following notation was introduced:
HD(ia j) = H({Za j} - Sl) =+ ]I({Za j} C 82)7

where I(A C B) is the indicator function which takes the value 1 if A is contained in B and 0
otherwise. Therefore Ip (i, j) € {0, 1}. Then we have

2ordp(wy) = (£ = 1) = Ip(¥(1),7(2)) = Ip(7(2),7(3)) — - - - = Ip(v(n), 7 (1)). (2.7)

To prove this, observe that w, = f,wo, where

_ (2i — 2iy2)
f'y - (Z N — )7
i€Z/nZ v(3) v(i+1)
and
B dty - - - dty
ta(ts — t1)(ts — t2) -+ (te — te—2)(1 — t¢)
is the canonical volume form with no zeros or poles along the standard cell defined in [Bro09].
The proof of (2.7) follows on applying [Bro09, Proposition 7.5].

wo

Now, (2.7) shows that w, has the worst singularities when the most possible Ip(~y(7), y(i + 1))
are equal to 1. This happens when only two of them are equal to zero, namely

S1={7(1),7(2),...,7v(k)} and Sy={y(k+1),v(k+2),....,7(n)}, 2<k<n-2.

In this case, (2.7) yields 2 ordpw, = (£ — 1) — (n — 2) = —2, so ordpw, = —1. In all other cases
we must therefore have ordpw, > 0. Thus the singular locus of w, is precisely given by the set
of divisors bounding the cell Xg,,. O

2.2 01 cell-forms and a basis of the cohomology of Mg

We first derive some useful identities between certain rational functions. Let S ={1,...,n}
and let vi,...,v, denote coordinates on A". For every cyclic structure v on S, let (v)=
{(Vy(1)s - - - » Vy(n)) denote the rational function

! €z [’Ui, :| .
(V32 = 0y) - (Uym) = Vya-1)) (U30) = Vy(m)) vi = U
We refer to such a function as a cell-function. We can extend its definition linearly to Q-linear
combinations of cyclic structures. Let X ={z1,...,x,} denote any alphabet on n symbols.
Recall that the shuffle product [Reu93] is defined on linear combinations of words on X by the
inductive formula

(2.8)

wme=emw and aw mdw =a(w mdw)+d(aw mw), (2.9)

where w, w’ are any words in X and e denotes the empty or trivial word.
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DEFINITION 2.8. Let A, B C Ssuchthat ANB=C={ci,...,c } withr > 1. Let v4 be a cyclic
order on A such that the elements ci, ..., ¢, appear in their standard cyclic order, and let vp
be a cyclic order on B with the same property. We write

va = (c1, A1, ¢2,A23,...,¢, Ar1) and vp = (c1, Bia,¢2, Bags, ..., ¢, Bra),
where the A; ;1 1, (respectively the B; ;1) together with C, form a partition of A (respectively B).
We denote the shuffle product of the two cell-functions (y4) and (yp) with respect to ci, ..., ¢,
by
<’YA> O ¢y ,....cr <’YB>
which is defined to be the sum of cell functions

(c1,A1p m Byo,co, Ag3m Bo3, ... ¢, Apy m Byy). (2.10)
The shuffle product of two cell-functions is related to their actual product by the following
proposition.

PROPOSITION 2.9. Let A, B C S, such that |AN B| > 2. Let va, v be cyclic structures on A, B
such that the cyclic structures on AN B induced by v4 and g coincide. If yanp denotes the
induced cyclic structure on AN B, we have

YA) - \VB
D 08) 0y w (s 211)
(YAnB)
Proof. Write the cell functions (ya) and (yg) as (ai,, Pi, iy, P2, ..., ai., Pr) and (a;, Ry,
@iy, Ra,y ..., a;., Ry), where P;, R; for 1 <i<r are tuples of elements in S. Let Ay = (b — a).
We will first prove the result for r =2 and Py, Ry = 0:
AapDpa(a, D1y ey Dlyy D)@y 1, o ooy Ty, B) = (@, (D1, -+ vy Py) 0 (71, .o o, Thy), D). (2.12)

We prove this case by induction on ki + ko. Trivially, for k1 + ko = 0 we have
ApApe(a, b)(a, b) = (a, b).
Now assume the induction hypothesis that

AabAba<ayp2a <o Pkys b><a7 Ty« oo 5 Tko) b> = <a7 ((p2> S 7pk1) m (rla B TkQ))’ b>

and

AabAbCL(auph CE 7pk17 b><a7 ro,... 7rk)27 b> = <CL, ((pla cee 7pk1) jiis (T27 ey Tk‘z))7 b)

To lighten the notation, let po,...,px, =p and ro,...,ry, =7r. By the shuffle recurrence
formula (2.9) and the induction hypothesis,

<a7 ((Plalj) m (r17£))7 b> - <a,p1, ((B) m (rht))? b> + <a7 T, ((Plalj) m (£>)7 b)

A17117<pla ((B) L (Tla f))a b> A7’1b<’r1a ((plaﬂ) m (E))7 b>

= +
AabAapl
_ Aplebp1Ap1b<pla b, b> <pla T, r, b>
AabAazn
N A pApr Ay (1, p1, p, b)(r1, 7, b)
AabAam .

g

abAarl

Using identities such as
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this is

2
|:AP1bAbP1 Aap1Aba AbaAam + A72“1bAbT1 AaplAba AbaAaTl <CL P, P b><a r1, T b)
AgpAap, Avp, Aoy Apiry AwpAary Arip Apry Dy o o

Agr A Apr, Ag
== Aab |: Al o1 + bAl o <CL, P1, B? b> <CL, r,r, b) = AabAba <a7 P1, ga b> <a7 1, T, b>
P11 r1p1

The last equality is the Pliicker relation Agp App, — Ay Aapy = Apry Apa- This proves the
identity (2.12). Now, using the identity

(@i Praiy Py - - - ai, Pr) = Ay a, (@i P1@iy) X Doy ay, (@i Paig) X -+ X Ag, a, (@i, Prai,),

the general case follows from (2.12). O

COROLLARY 2.10. Let X and Y be disjoint sequences of indeterminates and let e be an
indeterminate not appearing in either X or Y. We have the following identity on cell functions:

(X, e) m (Y, e)) = (X m Y, e) =0. (2.13)

Proof. Write X =x1,x9,...,2, and Y =y1,¥2, ..., Ym. By the recurrence formula for the
shuffle product and Proposition 2.9, we have

(XmY,e)=(x1, (2, ..., ZnmY1,...,Ym),€) + (Y1, (T1, ..., Ty W Y2, ..., Yn),€)
= (X, e)(z1, Y, e)(e —z1)(21 —e) + (y1, X, e)(Y, e)(y1 — e)(e — y1)
_ (e —z1)(x1 —e)
(w2 —21) - (e —an)(z1—€) (Y1 —21)(y2 —y1) - -~ (€ — ym) (21 —€)
(y1 —e)(e =)
(@1 —y1)(@2 —z1) - (e —zn)(y1 —€) (y2—y1) - (e —ym)(y1 —€)
(=1 + (=1)?

S @ m) ez ) g .

By specialization, we can formally extend the definition of a cell function to the case where
some of the terms v; are constant, or one of the v; is infinite, by setting

<U17 cee s Ui—1, OO, Uiy, - - - ,’Un>
= lim 2%(v1,. .., Vi 1,2, Vit .., Un)
r—00
1
(v2 —v1) -+ (vic1 — vi—2) (Viga — Vix1) -+ (Vn — Vp—1) (V1 — V)
This is the rational function obtained by omitting all terms containing oco. By taking the

appropriate limit, it is clear that (2.11) and (2.13) are valid in this case too. In the case where
{vi,...,0,} ={0,1,¢1,...,ts, 00} we have the formula

[V1, ..., vp] = (V1,...,vy) dty dtg - - - diy. (2.14)

DEFINITION 2.11. A 01 cyclic (respectively dihedral) structure is a cyclic (respectively dihedral)
structure on S in which the numbers 1 and n — 1 are consecutive. Since z; =0 and z,_1 =1, a 01

cyclic (or dihedral) structure is a set of orderings of the set {z1,...,2,} ={0,¢1,..., %, 1,00},
in which the elements 0 and 1 are consecutive. In these terms, each dihedral structure can be
written as an ordering (0, 1, 7) where 7 is some ordering of {1, . . ., ty, 00}. To each such ordering

we associate a cell-function (0, 1, 7), which is called a 01 cell-function.
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Since 01 cell-functions corresponding to different 7 are clearly different, it follows that there
exist exactly (n — 2)! distinct 01 cell-functions (0, 1, 7). To these correspond (n — 2)! distinct 01
cell-forms w(g 1 ) = (0, 1, 7) dty - - - diy.

THEOREM 2.12. The set of 01 cell-forms w1 ), where m denotes any ordering of
{t1,...,ts, 00}, has cardinal (n — 2)! and forms a basis of H(Mg ,, Q).

Proof. The proof is based on the following well-known result due to Arnol’d [Arn69].

THEOREM 2.13. A basis of H*(My ., Q) is given by the classes of the forms

dty - - - dty
Q = i EZ', 2.15
(§) (tl_El)"'(té_EZ)7 €; € ( )

where Fy ={0,1} and E; ={0,1,t1,...,t;—1} for 2<i < /.

It suffices to prove that each element Q(g) in (2.15) can be written as a linear combination
of 01 cell-forms. We begin by expressing a given rational function 1/((t; —e1) -+ (t¢ — €))
as a product of cell-functions and then apply Proposition 2.9. To every t;, we associate its
type 7(t;) € {0,1} (which depends on e1,...,eg) as follows. If ¢; =0 then 7(¢;) =0; if g; =1,
then 7(¢;) =1, but if &; # 0, 1 then g; = t; for some j < 4, and the type of ¢; is defined to be equal
to the type of ¢;. Since the indices decrease, the type is well-defined.

We associate a cell-function F; to each factor (t; — ;) in the denominator of (g) as follows:

(0, 1, t;, 00) ife; =1,
—(0,1, 00, if £, =0,

F={ (O Looti o ife (2.16)
(0,1, €, ti, 00) if €, # 1 and the type 7(¢;) =1,

1
—(0, 1, 00, t;, ;) if g; # 0 and the type 7(¢;) = 0.
We have

where
A= ] 0@ —1(e)
Jjle;#0,1
is exactly the factor occurring when multiplying cell-functions as in Proposition 2.9. This
product can be expressed as a shuffle product, which is a sum of cell-functions. Furthermore

each one corresponds to a cell beginning 0,1,... since this is the case for all of the Fj.
The 01-cell-forms thus span H*(90% ., Q). Since there are exactly (n — 2)! of them, and since
dim H*(Mon, Q) = (n — 2)!, they must form a basis. O

2.3 Pairs of polygons and multiplication

DEFINITION 2.14. Let S={1,...,n}, and let Pg denote the Q-vector space generated by the set
of cyclic structures v on S, i.e. by planar polygons with n sides indexed by S. Let Pg denote the
Q-vector space generated by the set of cyclic structures v on S, modulo the relation y = (—1)"%,
where %5 denotes the cyclic structure with the opposite orientation to . Throughout this section
we will study Pg, but the full vector space Ps will be studied in § 3.
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2.3.1 Shuffles of polygons. Let T1, Ty denote two subsets of Z = {z1, ..., z,} satisfying

TWUTy = Z,

2.17
|T1 ﬂTQ‘ =3. ( )

Let E ={z,, zi,, zis } denote the set of three points common to T} and T5.

DEFINITION 2.15. Consider elements 1 and 2 in 755 coming from a choice of cyclic structure on
T7 and T5 respectively. For every such pair, define the shuffie relative to the set E of three points
of intersection, ~y1 m gy, by taking the unique liftings of v; and ~» to elements 4; and 72 of Pg
such that the cyclic order on E obtained by restricting the cyclic order 4; on T (respectively 72
on T5) is equal to the standard cyclic order on E, and setting

Mmpp= Y., 7 (2.18)
¥€Ps
¥l =7 A1 =72

where v denotes the image in Pg of 7 € Pg.

We can write the shuffle with respect to three points using the following simple formula
(compare with (2.10)). If {z1,...,2,} ={0,1,00,¢1,...,t} with E={0,1,00}, we write
Y1 = (0, ALQ, 1, Ag,g, 00, A371) where T} is the disjoint union of Al,g, Ag,g, A371 and 0, 1, oo, and
v2 = (0, B12,1, Ba 3, 00, B3 1), where T is the disjoint union of By 2, B2 3, B3 1 and 0, 1, co. Then
41 m g2 is the sum of polygons in Pg given by

v=(0,A12m B1,1, Ay 3 m By3,00, A1 m Bs ).

Ezample 2.16. Let Ty = {0,1, 00, t1,t3} and To={0,1,00,t2}. Let 77 and ~2 denote the
elements of Pg given by cyclic orders (0, t1, 1, t3, 00) and (0, 0o, t2, 1). Then we take the liftings
71 =(0,t1, 1, t3,00), Y2 = (—1)4(0, 1, t9, 00), and we find that

Y1 oI Y2 = <07 tla 17 t27 t37 OO) + (07 tl? 17 t37 t27 OO) € ,ﬁs'

We will often write, for example, (0, t1, 1, to m t3, 00, t4) for the right-hand side.

2.3.2 Multiplying pairs of polygons: the modular shuffle relation. In this section, we consider
elements of Pg ® Ps. We use the notation (v,n) for v ®mn where v,n € Pg. When ~ and 7
are polygons (as opposed to linear combinations), we can associate a geometric meaning to a pair
of polygons as follows. The left-hand polygon -, which we will write using round parentheses, for

example (0,1, ..., 1, 1,00), is associated to the real cell X, of the moduli space M, associated
to the cyclic structure. The right-hand polygon 7, which we will write using square brackets, for
example [0,%1,...,1, 1, 00], is associated to the cell-form w, associated to the cyclic structure.

The pair of polygons will be associated to the (possibly divergent) integral [ X, Wi This geometric

interpretation extends in the obvious way to all pairs of elements (7, 7). In the following section
we will investigate in detail the map from pairs of polygons to integrals.

DEFINITION 2.17. Given sets 11, T; as in (2.17), the modular shuffle product on the vector space
Ps ® Ps is defined by

(v, m) m (2, m2) = (v m 2, M1 m n2), (2.19)
for pairs of polygons (y1,71) m (72, 12), where 7; and 7; are cyclic structures on 7; for i =1, 2.
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Example 2.18. The following product of two polygon pairs is given by
((07 tl) 17 oo, t4)7 [07 o0, tlv t47 1])((0) t?) 17 t37 00)7 [07 t3) t27 oo, 1])
= _((07 tl T t27 17 t37 o, t4)7 [O) t37 t27 0, tlu t47 1])

Let us now explain the geometric meaning of the modular shuffle product (2.19), in terms of
integrals of forms on moduli space. Recall that a product map between moduli spaces was defined

in [Bro09] as follows. Let T3, T> denote two subsets of Z ={z1,...,2,} as in (2.17). Then we
can consider the product of forgetful maps:
f = le X fT2 : f)ﬁ(),n — f)nO’Tl X QRO,TQ. (2.20)

The map f is a birational embedding because
dim 93?075 = |S| —3= ’Tl‘ -3+ |T2| —3=dim EUIO,Tl X 93?07T2.

If f is a product map as above and z;, z;, z; are the three common points of 77 and T,
use an element a € PSLy to map z; to 0, z; to 1 and z;, to oo. Let 1, ..., ¢, denote the images
of z1,..., 2y (excluding z;, zj, z;) under . Given the indices ¢, j and k, the product map is
then determined by specifying a partition of {¢1,...,t,} into S; and S;. We use the notation
T, ={0,1,00}US; fori=1,2.

The shuffle product formula (2.19) on pairs of polygons is motivated by the formula for
multiplying integrals given in the following proposition.

PROPOSITION 2.19. Let S={1,...,n}, and let Ty and T be subsets of S as in (2.17), of
orders r + 3 and s + 3 respectively. Let wy (respectively ws) be a cell-form on My, (respectively
on My ), and let v and o denote cyclic orderings on Ty and T>. Then the product rule for
integrals is given by the following formula, called the modular shuffle relation:

/ wl/ w2 :/ W1 m Wy, (2.21)
Xy Xoyg X

v1 OI o

where wy m wy converges on the cell X, for each term «y in vy m 7s.

Proof. The subsets 77 and T, correspond to a product map
f : f):),IO,n - mO,r X EDIO,S‘

The pullback formula gives a multiplication law on the pair of integrals:

/ w1 / Wo = / w1 N\ wg = / f*(wl A uJQ). (2.22)
Xy Xy Xy XXy F7HXy X X55)

The preimage f~(X,, x X,,) decomposes into a disjoint union of cells of My, which are
precisely the cells given by cyclic orders of v; m 9. In other words,

FHXy % Xoy) = Z Xy,
YEYL I 2
where the sum denotes a disjoint union. Now we can assume without loss of generality that
T, ={0,1,00,t1,...,t}, To ={0,1, 00, tg11, ..., ts} and that 4, d2 are the cyclic structures on
T1,T5 corresponding to wi, wsa, respectively, where d1, do restrict to the standard cyclic order
on 0, 1, co. Then, in cell function notation,

(61 1 {0,1,00)02)
(0,1, 00)

f*(wl /\LUQ) = <(51><52> dty---dty= dty -+ - dty = wy m wo,
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by Proposition 2.9. Since w; and wy converge on the closed cells X, and X,, respectively,
w1 A wp has no poles on the contractible set X, x X,, and therefore w; m wo = f*(w1 A we) has
no poles on the closure of f~1(X,, x X.,). However, Zve,ﬂ m 4, X~ 18 a cellular decomposition
of f _I(XW1 x X.,), so, in particular, wi; m wy can have no poles along the closure of each cell X,

where v € v; m 2. O

2.3.3 6(n) action on pairs of polygons. The symmetric group S(n) acts on a pair of
polygons by permuting their labels in the obvious way, and this extends to the vector space
755 ® 755 by linearity. If 7: 9, — My, is an element of S(n), then the corresponding action
on integrals is given by the pullback formula:

/ Wn:/ T*(wn):/ Wr(n)- (2.23)
X, 7(X5) X

7(v)
Suppose that 7 belongs to the dihedral group which preserves the dihedral structure underlying
a cyclic structure «v. Let e =1 if 7 preserves v, and € = —1 if 7 reverses its orientation. We have
the following dihedral relation between convergent integrals:

/)q wy = (=1)° /m T (wy) = (=1)° /)q rr). (2.24)

Both the formulas (2.23) and (2.24) extend to linear combinations of integrals of cell-forms
as long as the linear combination converges over the integration domain. This convergence is not
a consideration when working with pairs of polygons rather than integrals.

Ezample 2.20. The form corresponding to (2, 1) on My ¢ is
dty dts dts
(1 —t1)(1 — to)ts

which gives ((2,1) after integrating over the standard cell. By applying the rotation
(1,2,3,4,5,6), a dihedral rotation of the standard cell, to this form, one obtains

- [07 17 tly t27 0, t3] + [07 17 t27 tl? o0, t3]7

[tl, 00, to, ts, 0, 1} + [tl, 00, t3, tg, 0, 1] = [O, 1,1, 00, tg, tg] + [0, 1,1, 00, t3, tg]

dty dty dts

(1= to)tats’

which gives ((3) after integrating over the standard cell. Therefore, we have the following relation
on linear combinations of pairs of polygons:

((0,t1,t9,t3,1,00), [0, 1, t1, t2, 00, t3] 4 [0, 1, Lo, t1, 00, t3])
= ((0,t1,t2,13,1,00), [0, 1, t1, 00, ta, t3] + [0, 1, £1, 00, t3, t2]) (2.25)

which on the level of integrals corresponds to

dty dty dis dty dto dts
Xas 31— t2)(1—t1)  Jx,, tata(1—t1)

Remark 2.21. This identity is an example of the well-known duality relation between multiple
zeta values given as follows. Every tuple (n1, ..., n,) of positive integers with n; > 1 is uniquely
associated to a word 2™ "1y - - - 2™ "1y in non-commutative variables x, y. Let (myq, . .., ms) be

the tuple thus associated to the word zy™ 1 - .. 2y™ 1. The duality relation is

=<(3).

C(nyy ... np)=C(my, ..., mg).
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This relation follows from the dihedral relation above, using the reflection permutation
corresponding to the reflection of the polygon (0,1,%1,...,t,—3,00) over the symmetry axis
through the side labeled oco.

2.3.4 Standard pairs and the product map relations. A standard pair of polygons is a pair
(6,m) where the left-hand polygon is the standard cyclic structure. Let S={1,...,n}, and
T1UTy, =S with Ty NTy, ={0, 1,00} be as above, and let v, and 72 be cyclic orders on T}
and 7T5. In the present section we show how for each such =1, v, we can modify the modular
shuffle relation to construct a multiplication law on standard pairs.

DEFINITION 2.22. Let §; and d5 denote the standard orders on T3 and 15. Then there is a unique
permutation 7; mapping d; to 7; such that 7;(0) = 0, for ¢ = 1, 2. The multiplication law, denoted
by the symbol x, and called the product map relation, is defined by
(61, w1) X (62, w2) = (71, T1(w1)) m (72, T2(w2))
= (1 m 2, Ti(w1) m 2(w2))

= Y G (mwn) mm(w), (2.26)

V€Y1 O 2
where for each v € 1 m 2, 7, is the unique permutation such that 7,(d) =~ and 7,(0) = 0.
Ezample 2.23. Let S ={0,1, 00, t1, ta, t3,ts}, T1 ={0,1,00,¢1,t4} and To ={0, 1, oo, to, t3}.
Let the cyclic orders on 77 and T be given by 1 = (0, t1, 1, 00, t4) and o = (0, t2, 1, t3, 00).
Applying the product map relation to the pairs of polygons below yields
((0, t1,t4,1,00), [0, 1, t1, 00, t4]) x ((0, ta, t3, 1, 00), [0, 1, t2, 00, t3])
= ((0, 1, 1, 00, t4), [0, 00, t1, t4, 1]) m ((0, t2, 1, t3, 00), [0, t3, ta, 00, 1])
= —((0, t1, 2, 1, 13, 00, t4), [0, t3, t2, 00, t1, t4, 1])
— (0, 2, t1, 1, t3, 00, t4), [0, t3, ta, 00, t1, t4, 1))
= ((0, t1, ta, t3, t4, 1,00), [0, 3, 00, t1, 1, ta, ta] + [0, 3, 00, t2, 1, t1, ta]). (2.27)

In terms of integrals, this corresponds to the relation

() :/ dt1 dts / dts dt
X5 (L—t)ta Jx, ; (1 —t2)ts

B / dty dta dts dis dty dita dts diy
X7,6 ta(

o)1t~ i | - (-t -t O

We will show in §4.4 that the last two integrals evaluate to (7/10)¢(2)? and (3/10)¢(2)?
respectively.

2.4 The algebra of cell-zeta values

DEFINITION 2.24. Let C denote the Q-subvector space of R generated by the integrals f X, s @
where X, 5 denotes the standard cell of My, for n > 5 and w is a holomorphic ¢-form on Mg ,, with
logarithmic singularities at infinity (thus a linear combination of 01 cell-forms) which converges
on X, s. We call these numbers cell-zeta values. The existence of product map multiplication
laws in Proposition 2.19 imply that C is in fact a Q-algebra.

THEOREM 2.25. The Q-algebra C of cell-zeta values is isomorphic to the Q-algebra Z of
multizeta values.
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Proof. Multizeta values are real numbers which can all be expressed as integrals [ X, ;@ where
w is an ¢-form of the form ’

Coat
= (=1)? =, 2.29
e (229)
where €1 =0, ¢; € {0, 1} for 2<i< ¢ —1, ¢, =1, and d denotes the number of i such that ¢; = 1.
Since each such form converges on X, s, the multizeta algebra Z is a subalgebra of C. The
converse is a consequence of the following theorem due to Brown [Bro09].

THEOREM 2.26. If w is a holomorphic ¢-form on My, with logarithmic singularities at infinity
and convergent on X,, s, then [ X, ;@ is Q-linear combination of multizeta values.

Thus, C is also a subalgebra of Z, proving the equality. O

The structure of the formal multizeta algebra, generated by symbols (formally representing
integrals of the form (2.29)) subject to relations such as shuffle and stuffle relations, has been
much studied. The present article provides a different approach to the study of this algebra, by
turning instead to the study of a formal version of C.

DEFINITION 2.27. Let [S| > 5. The formal algebra of cell-zeta values FC is defined as follows.
Let A be the vector space of formal linear combinations of standard pairs of polygons in Pg ® Pg

Z a; (9, w;)
7
such that the associated ¢-form ), a;w; converges on the standard cell X, 5. Let FC denote the
quotient of A by the following families of relations.

DEFINITION 2.28. The three families of relations defining FC are as follows.

— Product map relations. These relations were defined in §2.3. For every choice of subsets
T, Ty of S={1,...,n} such that T UTy, =S and |11 N T5| = 3, and every choice of cyclic
orders 71, y2 on 17, To, formula (2.26) gives a multiplication law expressing the product of
any two standard pairs of polygons of sizes |T1| and |T5| as a linear combination of standard
pairs of polygons of size n.

— Dihedral relations. For o in the dihedral group associated to d, i.e. 0(d) = %4, there is a
dihedral relation (4, w) = (c(9), o(w)).

— Shuffles with respect to one element. The linear combinations of pairs of polygons
(0, (A, e) m (B, e)) where A and B are disjoint of length n — 1 are zero, as in (2.13).

With the goal of approaching the combinatorial conjectures given in the introduction, the
purpose of the following sections is to give an explicit combinatorial description of a set of
generators for FC. We do this in two steps. First we define the notion of a linear combination
of polygons convergent with respect to a chord of the standard polygon d, and thence the notion of
a linear combination of polygon convergent with respect to the standard polygon. We exhibit an
explicit basis, the basis of Lyndon insertion words and shuffles for the subspace of such linear
combinations. In the subsequent section, we deduce from this a set of generators for the formal
cell-zeta value algebra FC and also, as a corollary, a basis for the subspace of the cohomology
space Hf (Mo,n) consisting of classes of forms converging on the standard cell.

Remark 2.29. One of the most intriguing and important questions concerning FC is the
conjectural isomorphism with the algebra of formal multizeta values FZ mentioned earlier
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in Conjecture 1.4. In fact, there is a very natural ‘candidate map’ from the generators of FZ to
elements of FC, coming from simply mapping the differential forms in (1.2) to the corresponding
form in the convergent cohomology group H Z(E)ﬁg’n) (an explicit expression in terms of the
basis is given in formula (4.7) below). However, in order to yield an algebra morphism, this
map would have to respect the regularized double shuffle relations on the multizeta values. The
shuflle relation is easy to obtain on the images, using the shuffle product maps corresponding
to the partition of (0,t1,...,tp, 1,00) into (0, t1,...,tm,1,00) and (0, tpmt1, ..., e, 1, 00) for
2<m < —2 (cf. [Bro09]). Likewise, one could hope that the stuffle relations would follow from
the so-called stuffle product maps defined in [Bro09]. These maps can be expressed very simply in
terms of the cubical coordinates x1, ...,z defined by t1 =x1 - xp, to =22 Ty, ..., tp = Ty,
as

(0,21, ...,2¢,1,00) — (0,21, ..., Zm, 1,00) X (0, Tyt1, ..., Ts 1,00)
(it is easy to see that this is indeed a product map [Bro09]). However, computing the product

of two multizeta values as a sum using this product map yields a sum of cell-zeta values which
is not obviously equal to a sum of multiple zeta values (let alone the desired stuffle sum).

By a method due to Cartier, the stuffle relations on multizeta values written as integrals
of the differential forms w in (1.2) written in cubical coordinates can be proved using variable

changes of the form
/ w :/ 0" (w) (2.30)
(0,1} [0,1]¢

for ¢ any permutation of the ¢ coordinates x1,...,xs. We could choose to forcibly add the
relations (2.30), for all forms w such that both w and ¢*(w) are defined on My ,, and convergent
on the standard cell. This would ensure the validity of the stuffle relations on multiple zeta values
inside FC. However, we have abstained from doing so in the hopes that some possibly weaker
conditions may be deduced from our relations and imply the stuffle, hence giving a morphism
FZ — FC with the definition of FC above. This certainly occurs experimentally up to n =29.
The paper [Sou08] by Soudéres takes up this question in the context of motivic multiple zeta
values.

Remark 2.30. By analogy with the situation for mixed Tate motives and formal multizeta values,
we expect that the formal cell-zeta value algebra will be a Hopf algebra. However, we have not
yet determined an explicit coproduct.

3. Polygons and convergence

The present section is devoted to redefining certain familiar geometric notions from the moduli
space situation: differential forms, divisors, convergence of forms on cells, divergence of forms
along divisors, residues, etc., in the completely combinatorial setting of polygons.

In this setting, the twin notions of cells and cell-forms are simultaneously replaced by
the single notion of a polygon, as explained in the previous sections. Boundary divisors then
correspond to chords of polygons, and the issues of divergence become entirely symmetric, with
a chord of one polygon being ‘a bad chord’ for another if the latter corresponds to a form
which diverges along the divisor represented by the bad chord. This language makes it much
easier to discuss residue calculations, convergence of linear combinations of polygons along bad
chords, and most importantly, convergence of linear combinations of polygons with respect to the
standard polygon §. In the main result of this section, we exhibit an explicit basis for the space of
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linear combinations of polygons convergent with respect to the standard polygon, consisting
of linear combinations called Lyndon insertion words and Lyndon insertion shuffies. This result
will be key in the following section to determining an explicit basis for the space of holomorphic
differential /-forms on Mg, with logarithmic singularities at the boundary, that converge on the
standard cell . The integrals of these basis elements, baptized cell-zeta values, form the basic
generating set of our algebra of cell-zeta values, and it is the polygon construction given here that
allows us to define a set of formal cell-zeta values generating the corresponding, combinatorially
defined, formal cell-zeta algebra.

3.1 Bad chords and polygon convergence

For any finite set R of cardinality n, let Pr denote the QQ vector space of linear combinations
of polygons on R, i.e. cyclic structures on R, identified with planar polygons with edges indexed
by R, as in Definition 2.14 from §2.3.

Let V denote the free polynomial shuffle algebra on the alphabet of positive integers, and let
V' be the quotient of V by the relations w =0 if w is a word in which any letter appears more
than once (these relations imply that w m w’ =0 if w and w’ are not disjoint). A basis for V
is usually taken to be the set of all words w, but a theorem of Radford ([Rad79] or [Reu93],
Theorem 6.1(i)), gives an alternative basis for V which we use here.

DEFINITION 3.1. Put the lexicographic ordering on the set of all words in a given ordered
alphabet A. A Lyndon word w in the alphabet is a word having the following property: for every
way of cutting the word w into two non-trivial pieces w; and ws (so w is the concatenation
wiws), the word wy is greater than w itself for the lexicographical order. The Lyndon basis for
the vector space generated by words in A is given by Lyndon words and shuffles of Lyndon
words.

Consider the image of the Lyndon basis of V under the quotient map ¥V — V. The elements of
this basis which do not map to zero remain linearly independent in V', whose basis thus consists
of Lyndon words with distinct letters (such a word is Lyndon if and only if the smallest character
appears on the left) and shuffles of disjoint Lyndon words with distinct letters. Throughout this
section, we work in V', so that when we refer to a ‘word’, we automatically mean a word with
distinct letters, and shuffles of such words are zero unless the words are disjoint. Let Vg be the
subspace of V spanned by the n! words of length n with distinct letters in the characters of
S ={1,...,n}. Then the Lyndon basis for Vg is given by the (n — 1)! Lyndon words of degree
n and the (n — 1) - (n — 1)! shuffles of disjoint Lyndon words the union of whose letters is equal
to S.

Recall from Definition 2.14 that the vector space Pg is generated by cyclic structures on
{1,...,n}, identified with planar n-polygons with edges indexed by S. If we consider (n + 1)-
polygons with edges indexed by S U {d} for some new letter d ¢ S, we have a natural isomorphism

Vs AN PSU{d} (3.1)

given by writing each cyclic structure on S U {d} as a word on the letters of S followed by the
letter d.

DEFINITION 3.2. Let Is C Pgyfqy be the subspace linearly generated by shuffles of polygons
(A B,d), where AUB=S5, AN B={ and A, B # (). Here, a shuffle of polygons simply refers
to the linear combination of polygons indexed by the words in the shuffle sum (A m B, d).
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Then under the isomorphism (3.1), Ig is identified with the subspace of Vg generated by the
part of the Lyndon basis consisting of shuffles. By a slight abuse of notation, we use the same
notation [g for the corresponding subspaces of Pgy(qy and of V.

DEFINITION 3.3. Let D =5; U Sy denote a stable partition of S (partition into two disjoint
subsets of order greater than or equal to two). Let v be a polygon on S. We say that the
partition D corresponds to a chord of 7 if the polygon v admits a chord which cuts « into two
pieces indexed by S7 and S5. The sets S7, So are called blocks associated to the chord D. Thus,
a chord divides « into two blocks, and the set of chords x(7) indexes the set of stable partitions
which are compatible with ~ in the sense that the subsets S; and S5 of the partition are blocks
of ~.

DEFINITION 3.4. Let v, n denote two polygons on S. We say that n is convergent relative to ~y
if there are no stable partitions of S compatible with both v and 7:

x(v) N x(n) = 0. (3.2)

In other words, there exists no block of 7 having the same underlying set as a block of . If n is a
polygon on S, then a block of 7 is said to be a consecutive block if its underlying set corresponds
to a block of the polygon with the standard cyclic order §. The polygon 7 is said to be convergent
if it has no consecutive blocks at all, i.e., if it is convergent relative to d. A polygon n € Pgyyqy is
said to be convergent if it has no chords partitioning S U {d} into disjoint subsets S; U Sy such
that S; is a consecutive subset of S ={1,...,n}.

DEFINITION 3.5. We now adapt the definition of convergence for polygons in Pgyiq to the
corresponding words in Vg. A convergent word in the alphabet S is a word having no subword
which forms a consecutive block. In other words, if w = a;,a;, - - - a;,, then w is convergent if it
has no subword a;;a;; ., - - - a;, such that the underlying set {a;;, @i, ..., a;}={i,i+1,...,
i+r}ycC{l,...,n}. A convergent word is in fact the image in Vg of a convergent polygon in
Psugqy under the isomorphism (3.1).

Ezxample 3.6. When 1 < n <4 there are no convergent polygons in Pg. For n =5, there is only
one convergent polygon up to sign, given by v = (13524). The other convergent cyclic structure
(14253) is just the cyclic structure (13524) written backwards. When n =6, there are three
convergent polygons up to sign:

(135264), (152463), (142635).

There are 23 convergent polygons for n=7. Note that when n =38, the dihedral structure
1= (24136857) is not convergent even though no neighboring numbers are adjacent, because
{1, 2, 3, 4} forms a consecutive block for both 7 and J.

Remark 3.7. The enumeration of permutations satisfying the single condition that no two
adjacent elements in  should be consecutive (the case k = 2) is known as the dinner table problem
and is a classic problem in enumerative combinatorics. The more general problem of convergent
words (arbitrary k) seems not to have been studied previously. The problems coincide for n < 7,
but the counterexample for n = 8 above shows that the problems are not equivalent for n > 8.

3.2 Residues of polygons along chords

In this section, we give a combinatorial definition on polygons generalizing the notion of the
residue of a differential form at a boundary divisor along which it diverges.
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DEFINITION 3.8 (Polygon residues). For every stable partition D of S given by S =51 U Sy, we
define a residue map on polygons

Resh, : Ps — Ps,u(a) ®Q Ps,u(dy

as follows. Let 1 be a polygon in Pg. If the partition D corresponds to a chord of n, then it cuts
n into two subpolygons n; (i = 1,2) whose edges are indexed by the set S; and an edge labeled
d corresponding to the chord D. We set

(3.3)

p N ®mne if D is a chord of 7,
Res),(n) = ' .
0 if D is not a chord of n.

More generally, we can define the residue for several disjoint chords simultaneously. Let
S=51U---US,4+1 be a partition of S into r + 1 disjoint subsets with r > 2. For 1 <i <, let
D; be the partition of S into the two subsets (S U - --.S;) U (S;+1 U -+ -US,41). For any polygon
n € Pg, we say that n admits the chords D1, ..., D, if there exist r chords of 7, disjoint except
possibly for endpoints, partitioning the edges of 7 into the sets Si,...,S-+1. If n admits the
chords Dy, ..., D,, then these chords cut n into » + 1 subpolygons 71, ..., n,.4+1. Let T; denote
the set indexing the edges of n;, so that each 7T} is a union of S; and elements of the set {dy, ..., d,}
of indices of the chords. The composed residue map

Resh, p :Ps—Pr® - ®Pr

is defined as follows:

Res%h_.,D (3.4)

r

() = M- @np+1  if n admits Dy, ..., D, as disjoint chords,
7 0 if  does not admit Dy, ..., D,.

Ezamples 3.9. In this example, n =12 and the partition of S given by Dy, Dy, D3 and Dy is
S1=1{1,2,3}, So={4, 10,11, 12}, S3={5,9}, Sy = {6}, S5 = {7, 8}.

3 4 5

2 6
dl

7 d

! } d4 7

12 dy//g
11 9
10

T1251U{d1}, TQZSQU{dl,dQ},
T3253U{d2,d3}, T4:S4U{d3,d4}, T5 = Ss U{d4}.

We have

The composed residue map Res%h Dy.Dy. Dy 1ADS the standard polygon
6=1(1,2,3,4,5,6,7,8,9,10, 11, 12)
to the tensor product of the five subpolygons shown in the figure.

The definition of the residue allows us to extend the definition of convergence of a polygon
to linear combinations of polygons.
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DEFINITION 3.10 (Polygon divergence along the standard polygon: bad chords). Let E be a
partition of S U {d} into two subsets, one of which is a consecutive subset T'={i,i+ 1,...,i+ j}
of S for the standard order, and let n be a polygon. We say that E is a bad chord for n, or
equivalently 1 is a bad polygon for E, if E € x(n) (this expresses the idea that the cell-form
corresponding to n diverges along the boundary divisor, corresponding to FE, of the standard
cell 0). If n=73", a;n;, then we say that E is a bad chord for 7 if any #7; is a bad polygon for E.

DEFINITION 3.11 (Polygon convergence along the standard polygon). The linear combination
n=>,an; is said to converge along the chord E of the standard polygon (or along the
corresponding consecutive subset T') if the residue satisfies

Res; (1) € It @ Ps\rugdjufe} (3.5)

where I is as in Definition 3.2. A linear combination 7 is convergent (along the standard polygon)
if it converges along all of its bad chords.

The goal of the following section is to define a set of particular linear combinations of polygons,
the Lyndon insertion words and Lyndon insertion shuffles, which are convergent, and show that
they are linearly independent. In the section after that, we will prove that this set forms a basis
for the convergent subspace of Pgyq;-

3.3 The Lyndon insertion subspace

DEFINITION 3.12. Let a 1n-word be a word of length n in the distinct letters of S ={1,...,n}
in which the letter 1 appears just to the left of the letter n, and let Wg C Vg >~ Pg 14y denote
the subspace generated by these words. The space Wy is of dimension (n — 1)L

The following lemma will show that Vg = Wg @ Ig, where Ig is the subspace of shuffles of
Definition 3.2.

LEMMA 3.13. Fix two elements a; and az of S={1,...,n}. Let
T = Z Cini € VS;
i

where the n; run over the words of length n in Vg such that a; is the leftmost character of n;
(respectively the n; run over the words where a; appears just to the left of ag inn;). Then T € Ig
if and only if ¢; =0 for all 1.

Proof. The assumption 7 € Ig means that we can write 7= Zl c;u; mr v; for non-empty words
u; and v;. Considering this in the space Pgyiqy isomorphic to Vg, it is a sum of cyclic
structures ), ¢;j(u;, d) m (v;, d) shuffled with respect to the point d. Choose any bijection

p:{1l,...,n,d} —{0,1,00,t1,...,t,—2} which maps d to 0 and a; to 1 (respectively which
maps a1 to 0 and az to 1). Define a linear map from Pgyqqy to H" 2(My 1) by first
renumbering the indices (1, ..., n, d) of each polygon 1 € Psyiqy as (0, 1,00, t1, ..., tp—2) via p,

then mapping the renumbered polygon to the corresponding cell-form (same cyclic order).
By hypothesis, 7 =", ¢;n; maps to a sum w; =), ¢;wy, of 0l-cell-forms. Since 7 is a shuffle
with respect to one point, we know by (2.13) that w, = 0. However, the 01 cell-forms w,, are
linearly independent by Theorem 2.12. Therefore each ¢; = 0. O

Recall that the shuffles of disjoint Lyndon words form a basis for Ig; we call them Lyndon
shuffles. A convergent Lyndon shuffle is a shuffle of convergent Lyndon words.
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DEFINITION 3.14. We will recursively define the set Lg of Lyndon insertion shuffles in Ig. If
S ={1}, then Lg=0. If S ={1, 2} then Lg = {1 m 2}. In general, if D is any (lexicographically
ordered) alphabet on m letters and S ={1,...,m}, we define Lp to be the image of Lg under
the order-preserving bijection S — D corresponding to the ordering of D.

Assume now that S={1,...,n} with n > 2, and that we have constructed all of the sets
L.y with @ <n. Let us construct Lg. The elements of these sets are constructed by taking
convergent Lyndon shuffles on a smaller alphabet, and making ‘insertions’ into every letter
except for the leftmost letter of each Lyndon word in the shuffle, according to the following
explicit procedure. Let T'={aq, ..., ax} be an alphabet with 3 < k < n letters, ordered by the
lexicographical ordering a1 < - - - < ag, and choose a convergent Lyndon shuffle v of length & in
the letters of T'. Write v as a shuffle of s > 1 convergent Lyndon words in disjoint letters:

v =(ai - aik1> m (aik1+1 T aikQ) R (aiks,ﬁ-l T aiks)
where 1 < ki <kg <---<ks==k. Choose integers vy, ..., vt >1 such that ) ., v; =n and such
that for each of the indices | =41, ig, 41, . . ., ik, ,+1 Of the leftmost characters of the s convergent
Lyndon words in 7, we have vy = 1. For 1 <4 < k, let D; denote an alphabet {b}, .. ., bﬁjl} When

v; = 1, insert bzi into the place of the letter a; in v; when v; > 1, choose any element V; from Lp,,
and insert this V; into the place of the letter a;.

The result is a sum of words in the alphabet Ule D;. Note that this alphabet is of cardinal
n and equipped with a natural lexicographical ordering given by the ordering D1, ..., D; and
the orderings within each alphabet D;. We can therefore renumber this alphabet as 1,...,n.
Since it is a sum of shuffles, the renumbered element lies in Ig, and we call it a Lyndon insertion
shuffle on S. The original convergent Lyndon shuffle v on T is called the framing; together
with the integers v;, we call this the fixed structure of the insertion shuffle. We define Lg to
be the set of all Lyndon insertion shuffles on S, constructed by varying the choice of 3 < k < n,
the convergent Lyndon shuffle v on k letters, the numbers vy, ..., vy and the elements V; for
each v; > 1 in every possible way.

In the special case where kK =n, we have v; =1 for 1 <7<k and there are no non-trivial
insertions. The corresponding elements of Lg are thus just convergent Lyndon shuffles.

Ezample 3.15. We have

E{LQ} = {1 m 2},
£{17273} ={lm2m3, 2m 13},
£{1727374}:{1m2m3m4, 183m2mw4,14m2m 3, 24 m 1 m 3,
3m 142, 13 m 24, 1(3 m 4) m 2}.

The last element of Ly 534y is obtained by taking T'= {1,2,3} and v =13 m 2. We can only
insert in the place of the character 3 since 1 and 2 are leftmost letters of the Lyndon words
in 13 m 2. As for what can be inserted in the place of 3, the only possible choices are k=1,
v1 =2, D1 ={b1, bz}, and Vj = b; m be, the unique element of Lp,. The natural ordering on the
alphabet {T'\3} U Dy is given by (1,2, b1, be) since by m bo is inserted in the place of 3, so we
renumber b; as 3 and by as 4, obtaining the new element

13m4) m2=134 m 2+ 143 m 2 = 2134 + 1234 + 1324 + 1342 + 2143 + 1243 + 1423 + 1432.
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For n =5, L1345 has 34 elements. Of these, 25 are convergent Lyndon shuffles which we
do not list. The remaining nine elements are obtained by insertions into the smaller convergent
Lyndon shuffles: they are given by
(2w 1(4m 35), 2m 1(3m 4w 5) insertions into 2 m 13,

3m 1(4m5)2, 4m 152 m 3) insertions into 3 m 142,
13w 2(4mb), 1(3m4) m25 insertions into 13 m 24,

1B3m4) m2mb insertion into 13 m 2 m 4,
1(4mb5) m2m3 insertion into 14 m 2 m 3,
24m5) m1lm3 insertion into 24 m 1 m 3.

DEFINITION 3.16. We now define a complementary set, the set Wg of Lyndon insertion words.
Let a special convergent word w € Vg denote a convergent word of length n in S such that
in the lexicographical ordering (1,...,n,d), the polygon (cyclic structure) n = (w, d) satisfies
Xx(0) N x(n) =0; in other words, the polygon n has no chords in common with the standard
polygon. This condition is a little stronger than asking w to be a convergent word (for instance,
13524 is a convergent word but not a special convergent word, since 13524d has a bad chord
{2,3,4,5}). The first elements of Wg are given by the special convergent 1n-words. The
remaining elements of Wg are the Lyndon insertion words constructed as follows. Take a special

convergent word w’ in a smaller alphabet T'={ay, . .., ax} with k < n such that a; appears just
to the left of a1, and choose positive integers vy, ..., vy such that v =v, =1 and ), v; =n.
As above, we let D; = {bj, ..., b}, } for 1 <i <k, and choose an element D; of Lp, for each i such

that v; > 1. For 7 such that v; =1, insert b’i in the place of a; in w’, and, for ¢ such that v; > 1,
insert D; in the place of a;. We obtain a sum of words w” in the letters UD;. This alphabet has a
natural lexicographic ordering D1, ..., Dy as above, so we can renumber its letters from 1 to n,
which transforms w” into a sum of words w € Vg called a Lyndon insertion word. Note that by
construction, the result is still a sum of 1n-words. The set Wg consists of the special convergent
words and the Lyndon insertion words.

Remark 3.17. It follows from Lemma 3.13 that the intersection of the subspace (Ws) in Vg with
the subspace Ig of shuffles is equal to zero.

FEzample 3.18. We have
Wiy =0, Wpag =0, Wphasay = {3142},
Wi ,2,3.4,5) = 124153, 31524, (3 m 4)152, 415(2 m 3)}.
The last two elements of Wy 3345, are obtained by taking vy =1,va=1,v3=2,v4=1 and

v1 =1,v9 =2,v3=1,v4 =1 and creating the corresponding Lyndon insertion word with respect
to 3142.

THEOREM 3.19. The set WgULg of Lyndon insertion words and shuffles is linearly
independent.

Proof. We will prove the result by induction on n. Since Lg C Is and we saw by Lemma 3.13
that the space generated by Wg has zero intersection with Ig, we only have to show that that
both Wg and Lg are linearly independent sets. We begin with Lg. Since L{; o} contains a single
element, we may assume that n > 2.

Let W=A;m --- m A, be a Lyndon shuffle, with » > 1. We define its fized structure as
follows. Replace every maximal consecutive block (not contained in any larger consecutive block)
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in each A; by a single letter. Then W becomes a convergent Lyndon shuffle W’ in a smaller
alphabet T on k letters, which is equipped with an inherited lexicographical ordering. If
T ={1,...,k}, then under the order-respecting bijection 7" — T', W' is mapped to a convergent
Lyndon shuffle V' in T, called the framing of W. The fixed structure is given by the framing
together with the set of integers {v; |1 <i <k} defined by v; =1 if that letter in 7" does not
correspond to a maximal block, and v; is the length of the maximal block if it does. Thus we
have vy + - - - 4+ v = n. We can extend this definition to the fixed structure of a Lyndon insertion
shuffle, since by definition this is a linear combination of Lyndon shuffles all having the same
fixed structure, and we recover the framing and fixed structure of the insertion shuffle given in
the definition.

Ezxample 3.20. If W is the Lyndon shuffle 1546 m 237, we replace the consecutive blocks 23
and 546 by letters b; and bo, obtaining the convergent shuffle W’ = 1by m b, 7 in the alphabet
T" ={1, by, by, 7}; renumbering this as 1,2, 3,4 we obtain V=13 m 24 € L1234} The fixed
structure is given by 13 m 24 and integers v1 =1,vo =2, v3 =3, v4 = 1.

The Lyndon insertion shuffles (1, (3 m 4)) m (2,5) and (1,3) m (2, (4 m 5)) have the same
framing 13 m 24, but since (vi,va,vs,v4) =(1,1,2,1) for the first one and (1,1,1,2) for
the second, they do not have the same fixed structure. The Lyndon insertion shuffles
(1,(5) m (3,4,6)) m (2,7) and (1,(3,5) m (4,6)) m (2,7) have the same associated framing
13 m 24 and the same integers (v, ve, v3, v4) = (1, 1, 4, 1). so they have the same fixed structure.

For any fixed structure, given by a convergent Lyndon shuffle v on an alphabet T of length
k and associated integers vy, ..., vy with v; + - -+ 4+ vy =n, let L(vy, v1, ..., vx) be the subspace
of Vs spanned by Lyndon shuffles with that fixed structure. Since Lyndon shuffles are linearly
independent, we have

VS:@L(%vl,...,Uk).

Now, as we saw above, a Lyndon insertion shuffle is a linear combination of Lyndon shuffles
all having the same fixed structure, so every element of Wg U Lg lies in exactly one subspace
L(vy,v1,...,vg). Thus, to prove that the elements of Lg are linearly independent, it is only
necessary to prove the linear independence of Lyndon insertion shuffles with the same fixed
structure. If all of the v; =1, then the fixed structure is just a single convergent Lyndon shuffle

on S, and these are linearly independent. Therefore, let (v, v1, ..., v;) be a fixed structure with
not all of the v; equal to 1, and let w=>" q Ca¥q be a linear combination of Lyndon insertion
shuffles of fixed structure v, vy, ..., vg.

Break up the tuple (1,...,n) into k successive tuples

Blz(l,...,vl), BQZ(U1+1,...,Ul—l—’U2),...,Bk:(’ul—{—-"—l-’uk_l—l-l,...,n).

Let 41,...,%, be the indices such that B;,,...,B;, are the tuples of length greater
than 1. These tuples correspond to the insertions in the Lyndon insertion shuffles of type
(v, v1, -+, ). For 1<j <m, let Tj ={B;;} U{d;}. This element d; is the index of the chord
Dj corresponding to the consecutive subset B;,, which is a chord of the standard polygon and
also of every term of w. The chords Dy,..., D, are disjoint and cut each term of w into
m + 1 subpolygons, m of which are indexed by T}, and the last one of which is indexed by
T =S\{B;yU---UB,;, }U{di,...,dy}. Thus we can take the composed residue map

Res), , (w)EPr® - @Pr, @Pr.

Let us compute this residue.
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The alphabet T” is of length k& and has a natural ordering corresponding to a bijection
{1,...,k} —T'. Let v/ be the image of v under this bijection, i.e. the framing. Let P{, ..., P},
be the insertions corresponding to the m tuples B;,, ..., B;,, in each term of w = zq cqwq. Bach
Pf lies in L Bi,- The image of the composed residue map is then

Resh, 5 (W)= (Pl d)®@ @ (P, dm) @7 (3.6)
q

Now assume that w =} cqwg =0, and let us show that each c¢; = 0. We have

> cq(Pldi) @+ @ (P, dm) @7 =0,
q

and, since ' is fixed, we have

Zcq(quvdl)®®(P7%7dm):O
q

However, for 1 < j < m, the Pj'-] lie in ﬁBij and thus, by the induction hypothesis, the distinct

P;I for fixed j and varying ¢ are linearly independent. Since d; is the largest element in the
lexicographic alphabet Tj;, the sums (P]q,dj) are also linearly independent for fixed j and
varying ¢, because if 37 e,(P/,d;) =0 then )5 e,P{=0 simply by erasing d;. The tensor
products are therefore also linearly independent, so we must have ¢, =0 for all g. This proves
that Lg is a linearly independent set.

We now prove that Wg is a linearly independent set. For this, we construct the framing
and fixed structure of a Lyndon insertion word of length n in Wy just as above, by replacing
consecutive blocks with single letters, obtaining a word in a smaller alphabet 7’ and a set
of integers corresponding to the lengths of the consecutive blocks. For instance, replacing the
consecutive block (3 m 4) in the Lyndon insertion word (3 m 4)152 by the letter b; gives a
convergent word b;1152 in the alphabet (1,2, b1, 5); renumbering this as (1, 2,3,4) gives the
framing as 3124 and the associated integers as v; =2,vo =1,v3=2,v4 = 1. For every fixed
structure of this type, now given as a convergent word 7 of length k < n together with integers

Uiy .. ., U, we let W(v,v1,...,v;) denote the subspace of Vg generated by Lyndon insertion
words with the fixed structure (v, v1,...,vr). As above, the spaces W (v, v1,...,v;) do not
intersect, so Wg = @W (~, v, . . ., v), and we have only to show that the set of Lyndon insertion

words with a given fixed structure is a linearly independent set. Hence assume that we have
some linear combination Zq cqwg = 0, where the w, are all Lyndon insertion words of given
fixed structure (v, vy, ..., v). If k=n, then these insertion words are just words, so they are
linearly independent and ¢, =0 for all q. Hence assume that at least one v; > 1. We proceed
exactly as above. Breaking up the tuple (1,...,n) into tuples By, ..., By as above, and letting
Dy, ..., Dy, T; and T denote the same objects as before, we compute the composed residue of
>4 Cqwq and obtain (3.6). Then because all of the insertions P! lie in L Bi, and we know that
these sets are linearly independent, we find as above that ¢, = 0 for all ¢. O

3.4 Convergent linear combinations of polygons

DEFINITION 3.21. Let S ={1,...,n}. Let Jg be the subspace of Pg 4} spanned by the set Lg
of Lyndon insertion shuffles, and let Kg be the subspace of Pgyq; spanned by the set Wg of
Lyndon insertion words.
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We prove the main convergence results in two separate theorems, concerning the subspaces
Is and Wy of Vg =~ Pgqy respectively (cf. Definitions 3.2 and 3.12).

THEOREM 3.22. An element w € Is C Pgyqqy is convergent if and only if w € Jg.

Proof. Step 1. The easy direction. One direction of this theorem is easy. Since Jg is spanned
by Lyndon insertion shuffles, which lie in Ig, we only need to show that any Lyndon insertion
shuffle is convergent. If it is a shuffle of convergent Lyndon words, then there are no consecutive
blocks in any of the words. Therefore if the letters of any consecutive subset 1" of S appear as
a block in any term of w, it must be because they appeared in more than one of the convergent
words which are shuffied together. Hence these letters appear as a shuffle, so the residue lies in
IT @ Pg\1u{ay, which by Definition 3.11 means that w is convergent. Now, if we are dealing with
a Lyndon insertion shuffle with non-trivial insertions, then there are two kinds of bad chords:
those corresponding to these insertions, and those corresponding to consecutive subsets of the
insertion sets, as illustrated in the following example.

Ezample 3.23. Let

w=((2m 1(4 m 35)),d) =2 m (1435 + 1345 + 1354)
— 21435 + 12435 + 14235 + 14325 + 14352 + 21345 + 12345 + 13245
+ 13425 + 13452 + 21354 + 12354 + 13254 + 13524 + 13542, (3.7)

where we write w in Vg rather than Pggq to avoid adding the index d to the end of every word
above. The sequence (4 m 35) is inserted into the Lyndon shuffle (2 m 13) in the place of the 3.
The bad chord 345 corresponds to the insertion, and the bad chords 34 and 45 appear in certain
terms of the shuffle within the insertion. For the latter type, since they appear inside an insertion
which is itself a shuffle, their letters only appear in shuffle combinations within the insertion (for
instance 1435 + 1345 = 1(3 m 4)5 in the example above), so the residue along these chords is a
shuffle.

However, also, for the bad chords corresponding to an insertion set, the insertion itself lies in
L7 C I, and is precisely one factor of the residue, which is thus also a shuffle. For example, the
residue in the example above along the chord E = 345 comes from considering only the terms
in (3.7) which have {3, 4, 5} as a consecutive subset, i.e. the terms which are polygons admitting
the chord 345, namely

w = 21435 + 12435 + 14352 + 21345 4 12345 + 13452 + 21354 + 12354 + 13542
= 21(435 + 345 + 354) + 12(435 + 345 + 354) + 1(435 + 345 + 354)2
=21(4 m 35) + 12(4 m 35) + 1(4 m 35)2
and the residue is thus simply
R68345(w) = (4 il 35) X (216 + 12e + 162),
where e labels the chord E, and the insertion itself is the left-hand factor. Since insertions always

lie in L7, they are always shuffles, therefore w converges along the corresponding chords.

Step 2. The other direction: induction hypothesis and base case. Assume now that w is convergent
and lies in Ig, so that we can write w = >, a;w; where each w; = (A% m --- m AL, d) is a Lyndon
shuffle, r; > 1. We say that a consecutive block appearing in any A; is maximal if the same block
does not appear in that factor or in any other factor inside a bigger consecutive block. Factors
may appear which contain more than one consecutive block, but the maximal blocks are disjoint.
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We prove the result by induction on the length of the alphabet S = {1,...,n}. The smallest
case is n = 3, since for n = 2 the polygons are triangles and have no chords. For n = 3, let

w 261(12 m 3, d) —1—02(13 m 2, d) + 63(1 m 2 m 3, d) +C4(23 m 1, d)

be a linear combination of all the Lyndon shuffles for n =3. The bad chords are E ={1, 2},
F ={2,3}. We have

Resl(w) = ¢1(1,2,¢) @ (e m 3,d) + c2(1 m 2, €) ® (e, 3, d)
+c3(lm2,e)®@(em 3,d)+cq(l m2,e) R (e,3,d).

For this to converge means that the left-hand parts of the two right-hand tensor factors (e, 3, d)
and (e m 3, d) must lie in I7; o). Since three of the four left-hand parts already lie in Iy oy, the
fourth one must as well, which must mean that ¢; = 0. This is the condition for w to converge
on E. Now let us consider F' = {2, 3}. We have

Resh(w) =c1(2m 3, f)® (1, f,d) + c2(2m 3, ) ® (1, f,d)
—l—C3(21H3,€)®<1IHf,d)+04(2,3,f)®(1ﬂlf,d)-

This gives ¢4 = 0 as the condition for w to converge on F'. Therefore, we find that w is a linear
combination of 13 m 2 and 1 m 2 m 3, which are exactly the elements of the basis L; 23} of Jg.
This settles the base case n = 3.

The induction hypothesis is that for every alphabet S’ ={1,... i} with i <n, if w € I is
convergent, then w € Jg.

Step 3. Construction of the insertion terms (Sp),e) € Ir. Now let S={1,...,n} and assume
that w € Ig is convergent. Write w as a linear combination of Lyndon shuffles

w:Zciwi:ZCi(AimAém -'-Aii,d).

If no consecutive block appears in any A;-, then w is a linear combination of convergent Lyndon
words, so it is in Jg by definition. Assume some consecutive blocks do appear, and consider
a maximal consecutive block T, corresponding to a bad chord E. Decompose w =71 + 2
where ~;, is the sum ), 1, Ciwi, with I the set of indices ¢ for which T appears as a block
in some Aj-, which by reordering shuffled pieces we may assume to be A%, and I is the set of
indices for which T" does not appear as a block in any A; Then because letters of T appear
scattered in different Aé in each term of 9, any time they appear as a block in a term of ~9, they
must appear in several terms as a shuffle combination, so Resl,(12) € It ® Ps\rueyu{dy- Thus
o converges along F. Since we are assuming that w is convergent, 41 must then also converge,
so we must have

Res;(71) € It ® Ps\1ugayuie)- (3.8)
For each i € Iy, write A} = BiY'C%, where Y consists of the letters of 7' in some order and
B! is a (possibly empty) Lyndon word.
We have
Resh(y1) =Y (Y, e) @ (BjeC{ m Ay m - m A, d). (3.9)
el
Note that the alphabet (S\T') U {e} corresponding to all of the right-hand factors has the

lexicographic ordering inherited from S by deleting the consecutive block of letters T and
replacing it with the unique character e. Thus, all of the words appearing in the shuffles of
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the right-hand factors are Lyndon words. Indeed, the A;-, j > 1, are Lyndon by definition, the
words BieC? with non-empty B! are Lyndon because of the assumption that A} = BiY'C! is a
Lyndon word and therefore the smallest character appears on the left of Bi, and the words eC’
which appear when BY is empty are Lyndon because A} = Y'C! is Lyndon and the characters
of Y? (i.e. those of T) are consecutive, so they are all smaller than those appearing in C}; thus
e is less than any character of C} in the inherited ordering. Thus, all of the right-hand factors
of (3.9) are Lyndon shuffles.

Putting an equivalence relation on I; by letting ¢ ~ i’ if the right-hand factors of (3.9) are
equal, and letting [i] denote the equivalence classes for this relation, we write the residue as

Resh(11) = <Z a(Y?, e)> @ (BeCy m A m - m AL d). (3.10)

[]Cli “i€ld]

Since the right-hand factors in the sum over [i] are distinct Lyndon shuffles, the set of right-hand
factors forms a linearly independent set. Therefore by (3.8), we must have

(Sppe)=>_ (Y e)ely (3.11)

€7
for each [i] C I;.

Let us show that (S|, e) =0 whenever BF is empty. For all i € I; such that B! is empty,
we have A} =Y"'C}, and since these are all Lyndon words, the smallest character of T, say a, is
always on the left of Y, so we can write Y’ =aYj and A} = aYjC? for all such i. Then for an
equivalence class [i] of such i, the (S, ) of (3.11) can be written

(S, e) = Z ci(Yi e)= Z ci(aYy,e) € Iy.
1€[i] 1€[i]
However, by Lemma 3.13, a sum of words all having the same character (here a) on the left and
the same character (here e) on the right cannot be a shuffle unless it is zero, so (S}, e) =0 if

Bgi] is empty.
Step 4. Proof that the insertion terms (Sm, e) lie in Jp. For this, we first need to show that
(Spi); €) converges on every subchord of E, i.e. every consecutive subset inside the set T', before

applying the induction hypothesis. Let E’ be a subchord of E, corresponding to a consecutive
block T” strictly contained in T

Decompose the set of indices I; into two subsets I3 and I, where I3 contains the indices
i € I; such that T appears as a consecutive block inside the block T' appearing in Ail, and I
contains the indices 7 € I} such that the letters of 77 do not appear consecutively inside the
block T'. Similarly, partition Iy, the set of indices in the sum w =), cjw; for which 7' does not
appear as a block in A%, into two sets I5 and Is, where I5 contains the indices i € I such that
T’ appears as a block in some A;'» which we may assume to be A%, and I contains the indices
i € Iy of the terms in which 7" does not appear as a block in any A; We have corresponding
decompositions y1 =3 + V4, 72 =5 + V6-

As before, T" must appear as a shuffle in 75, so 7 converges along E’. As for -4, since T”
does not appear as either a block or a shuffle, the residue along E’ is 0. Since, by assumption,
w =173+ 74+ 75 + 76 converges along E’, we see that v3 + 75 must converge along E’. Let us
show that in fact both 3 and 5 converge along E’.
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Write Azi = R'Z'S? for every i € I3 U I5, where Z' is a word in the letters of 7”. Note that
R' is Lyndon, and non-empty by the identical reasoning to that used above to show that B! is
non-empty. Then for k = 3,5, we have

Reshy (vi) = Y i(Z,€)) @ (R'/S" m Ay m - m Al d). (3.12)

icly
For k = 3, 5, put the equivalence relation on I}, for which i ~ ¢’ if the right-hand factors of (3.12)
are equal, and let (i) denote the equivalence classes for this relation. Note that because for i € I3,
T’ appears as a block of T, the word B} must appear as the left-hand part of R?, and the word C*
must appear as the right-hand part of S?. Therefore, in particular, the new equivalence relation is

strictly finer than the old, i.e. the equivalence class [i] breaks up into a finite union of equivalence
classes (i). The residues for k = 3,5 can now be written

Resh, (v) = Z (Z A e’)) ® (R9¢e/ S A§i> m o I AT2>)' (3.13)

(@yCIy, “iE(i)

Then since the right-hand factors for each k are distinct Lyndon shuffles, they are linearly
independent. Furthermore, none of the right-hand factors occurring in the sum for £ =3 can
ever occur in the sum for k = 5 for the following reason: the Lyndon words R’e’S? appearing for
k = 3 all have the letters of T\T" grouped around ¢’, whereas none of the Lyndon words R’e’S"
have this property. Therefore all the right-hand factors from the residues of 3 and ~5 together
form a linearly independent set, so we find that all the left-hand factors

Y (Z€)elr, (3.14)
1€(i)C I
so that both 73 and 75 converge along E’. In particular, this means that both ~; and 9 converge
along E'.

Now, to determine that the (S, e) of (3.11) converge along E’, we will use (3.10) to compute
the composed residue map Res% g (71). We are only concerned with the set of indices Iy = I3 U I4

in (3.10). For each i € I3, write Y =U'Z'V* where Z¢ is a word in the letters of 7", so that
R' = B'U!, S'= V(% and A} = B'U*Z'V'C". Then by (3.12), we have

Resfy(71) = Z (Z (U Z'V, 6)> @ (BeCy m A m - m AE[]H, d)

[ilels “i€li]
+ Z (Z Ci(Yi, e)> ® (Bgi]e(]{i] il A[Zi] or -1 A[ri[]i], d).
[ilels “i€li]

The terms for i € I4 converge along T”, so they vanish when taking the composed residue, and
we find

Res%E/ (m) = Z (Z ci(Z', €)@ (UeV?, 6)) ® (BgﬂeCy] 1T Ag] m - m Aq[f[]i], d).
[ilels “i€li]

Since, for each [i] C I3, the right-hand factors are as usual distinct and linearly independent, this
means that, for each [i] C I3,

Resh, (S, €) = Y ci(Z, €)@ (U'e'V, €) € Prijgery ® Prirugeiuge)-
1€[7]

760

https://doi.org/10.1112/50010437X09004540 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004540

THE ALGEBRA OF CELL-ZETA VALUES

Now, the equivalence relation on i € [i] C I3 given by i ~ ' if U = U" and Vi = V" is the same
as the equivalence relation i ~ ¢’ if R* = R and " = S since R = B'U* and S* = VC". Hence
the classes (i) correspond to sets of i for which U® and V* are identical. Thus, for each [i] C I3,
we can write

Res, (S, €)= ) (Z Cz‘(Z’}e’)> @ UV, e),
(1yCli] “ie(q)
where the right-hand factors are all distinct words. Then (3.14) shows that this sum lies
in I ® Pp\prugeryufey, S0 in fact (S|, e) converges along E'. For [i] C 14, we have saw that
Resf, (S, €)) = 0 since T” never occurs as a block for i € Iy. Thus (S}, e) converges along E’
for all [i] C I.

Since we have just shown that (S};, ) converges along every subchord E' of E, i.e. along the
chords corresponding to every consecutive subblock T” of T', we see that each term (Spps e) is
convergent along all its bad chords. Thus, by the induction hypothesis, (Sm, e) € Jr.

Step 5. Construction of the insertions. The above construction shows that we can write
w =71 + 72 with

yi= > eg(BUSCH m AY w - Al )
lilel

with Sp; € Jr. This means that the maximal block T', which appeared only in ~1, has been
replaced by an insertion in the sense of the definition of Lyndon insertion shuffles. To conclude
the proof of the theorem, we successively replace each of the maximal blocks in w by insertion
terms in the same way, in any order, since maximal blocks are disjoint. The final result displays w
as a linear combination of convergent Lyndon shuffles and Lyndon insertion shuffles, so w € Jg. O

The following theorem is the exact analogy of the previous one, but with the actual shuffles in
Ig replaced by the words in Wy that have 1 just to the left of n, and the set of Lyndon insertion
shuffles replaced by Lyndon insertion words, which considerably simplifies the proof.

THEOREM 3.24. Let n € Ws C Pgugay- Then 1 is convergent if and only if n € Kg = (Ws).

Proof. The proof that w € Kg is convergent is exactly as at the beginning of the proof of the
previous theorem. Therefore, consider the other direction. Let w € Wy, so that we can write

w = Zami
%

where each 7; is a 1n-polygon (a In-word concatenated with d), and assume w is convergent.
The only possible bad chords for w are the consecutive blocks appearing in the n;. Let T be a
subset of S corresponding to a maximal consecutive block.

LEMMA 3.25. No maximal consecutive block having non-trivial intersection with {1,n} can
appear in any of the 1n-words 7n; of w.

Proof. If T' is a maximal block containing both 1 and n, then 7'={1,...,n} which does not
correspond to a chord.

Assume now that T = {m, ..., n} with m > 1. Write n; = (K%, 1,n, Z¢, H', d) where Z* is an
ordering of {m, ..., n —1}. Let E be the chord corresponding to 7". We have

Resl, (Z ami> = Z ai(n, Z',e) @ (K', 1, e, H', d).

7
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Convergence implies that for any constant words K, H, the sum
Y awn, Zhe)elr. (3.15)
i|Ki=K,Hi=H

However, by Lemma 3.13, it is impossible for a sum of words all having the same character on
the left to be equal to a shuffle.

The case where T'= {1, ..., m} with m <n is identical, except for an easy adaptation of
Lemma 3.13 to show that a sum of words all having the same character on the right cannot be
equal to a shuffle. O

Now we can complete the proof of the theorem. Let w =), a;n; be a sum of 1n-words
which converges, and consider a maximal consecutive block T'C {2,...,n —1}. Let I; be the
set of indices ¢ such that n; contains the block T and Is the other indices. For i € I7, write
n; = (K, Z', H', d) where Z' is an ordering of T'. Then

Res (w) = Z ai(Z',e) @ (K' e, H', d).
i€l

Let i ~ 4’ be the equivalence relation on I; given by K’ = K " and H' = H”. Then

Resl(w) = Z <Z ai(Z", e)) ® (KW e, HU q),

[ilel; “i€[q]

and the right-hand factors are all distinct (linearly independent) words, so by the assumption
that w convergence along FE, we have

(Sm, 6) = Z ai(Zi, 6) e lr
i€(i]
for each [i] C I1. Therefore we can write w as
w= Z a’l(K[Z]a S[z]v H[Zla d) + Z Qaini,
li]lch i€ls
with the maximal block T' replaced by the insertion S};. We prove that Sp;) € Jr exactly as in
the proof of the previous theorem: considering a maximal consecutive block 7" C T occurring
in a factor of S}, one shows that Sj; converges along T° " if and only if w converges along T".
Since w does converge by assumption, Sj; also converges, and since this holds for all consecutive
blocks T' C T, Sp; converges on all its subdivisors and therefore Sy € Jg = (Ls). Finally, one

deals with the disjoint maximal blocks appearing in w one at a time until no blocks at all remain,
expressing w explicitly as a linear combination of Lyndon insertion words. O

3.5 A summary of the results in this section
We introduced the following spaces, where S ={1,...,n}:
— Vs: the Q-vector space generated by words in .S having distinct letters;
— Ig: the Q-vector space generated by shuffles of disjoint words of Vg (Definition 3.2);

— Lg: the set of Lyndon insertion shuffles (Definition 3.14), which are linearly independent
(Theorem 3.19);

Jg: the subspace of Ig spanned by Lg, which forms the set of convergent elements of Ig
(Theorem 3.22);
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— Wg: the Q-vector space generated by words in Vg, so that by Radford’s theorem, we have
Vo=1Is® Ws;

— Ws: the set of Lyndon insertion words (Definition 3.16), which are linearly independent
(Theorem 3.19);

— Kg: the subspace spanned by Wg, which forms the set of convergent elements of Wy
(Theorem 3.24).

4. Explicit generators for FC and He(ﬁﬁg,n)

In this section, we show that the map from polygons to cell-forms is surjective, and compute
its kernel. From this and the previous section, we will conclude that the pairs (0, w), where w
runs through the set Wg of Lyndon insertion words for n > 5, form a generating set for the
formal cell-zeta algebra FC. In the final section, we show that the images of the elements of Wg
in the cohomology H*(90 ) yield an explicit basis for the convergent cohomology H Z(,‘Jﬁg,n),
determine its dimension, and compute the cohomology basis explicitly for small values of n.
We recall that zmgm is defined in § 1.1, and that by the ‘convergent cohomology’, we mean the
cohomology classes of /-forms with logarithmic singularities which converge on the closure of
the standard cell.

4.1 From polygons to cell-forms

Let S={1,...,n}. The bijection p: SU{d} — {0, t1,...,ts1,1, 00} given by associating the
elements 1,...,n,d to 0,t1,...,%tp+1, 1,00 respectively, induces a map f from polygons to
cell-forms:

f
n=(0(1),...,0(n),d) —wy =[p(a(1)),. .., p(a(n)),oq].
The map f extends by linearity to a map from Pgyg to the cohomology group
H"™ 2(9Mg ,+1)- The purpose of this section is to prove that f is a surjection, and to determine
its kernel.

Recall that Is C Pgyiqy denotes the subvector space of Pgqy spanned by the shuffles with
respect to the element d, namely by the linear combinations of polygons
(S1 m So, d)
for all partitions Sy [] S2 of S.
PROPOSITION 4.1. Let S={1,...,n}. Then the cell-form map
[ Psugay — H" 2 (Mo,ns1)

is surjective with kernel equal to the subspace Ig.

Proof. The surjectivity is an immediate consequence of the fact that 01 cell-forms form a basis
of H" 2(Mg +1) (Theorem 2.12), since all such cell-forms are the images under f of polygons
having the edge labeled 1 next to the one labeled n.

Now, Ig lies in the kernel of f by the corollary to Proposition 2.9. Hence it only remains to
show that the kernel of f is equal to Ig. However, this is a consequence of counting the dimensions
of both sides. By Theorem 2.12, we know that the dimension of H"~2(90 ,,41) is equal to (n — 1)!
As for the dimension of Pg¢4y /s, recall from the beginning of § 3 that Pgyqy =~ Vs, which can
be identified with the graded n part of the quotient of the polynomial algebra on S by the relation
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w = 0 for all words w containing repeated letters. Thus Vg is the vector space spanned by words
on n distinct letters, so it is of dimension n! However, instead of taking a basis of words, we can
take the Lyndon basis of Lyndon words (words with distinct characters whose smallest character
is on the left) and shuffles of Lyndon words. The subspace Ig is exactly generated by the shuffles,
so the dimension of the quotient is given by the number of Lyndon words on S, namely (n — 1)!
Therefore Pgyqy/Is =~ H" 2(Mo n1)- O

Remark 4.2. The above proof has an interesting consequence. Since the map from polygons to
differential forms does not depend on the role of d, the kernel cannot depend on d, and any
other element of S U {d} could play the same role. Therefore Ig, which is defined as the space
generated by shuffles with respect to the element d, is equal to the space generated by shuffles
of elements of S U {d} with respect to any element of S; it is simply the subspace generated by
shuffles with respect to one element of S'U {d}.

COROLLARY 4.3. Let Wg CPgygqy be the subset of polygons corresponding to 1n-words
(concatenated with d). Then

f:Wg~ HniQ(flnom_,_l).

Proof. The proof follows from the fact that Pgyiqy = Ws @ Is. O

4.2 Generators for FC

By definition, FC is generated by all linear combinations of pairs of polygons » . a;(d, w;) whose
associated differential form converges on the standard cell, but modulo the relation (among
others) that shuffles are equal to zero. In other words, since Pguiqy = Ws @ Is, we can redefine
FC to be generated by linear combinations ), a;(d, w;) such that ). a;w; € Wg and such that
the associated differential form converges on the standard cell.

The following proposition states that the notion of the residue of a polygon and the residue
of the corresponding cell-form coincide. In order to state it, we must recall that one can define
the map

p:Ps — Q' (Mos),

from polygons labeled by S to cell-forms in a coordinate-free way (one can do this directly from
equation (2.6)). In §1, this map was defined in explicit coordinates by fixing any three marked
points at 0, 1 and co. This essence of Lemma 2.5 is that p is independent of the choice of three
marked points, and is thus coordinate-free.

PROPOSITION 4.4. Let S ={1,...,n} and let D be a stable partition S1 U S of S corresponding
to a boundary divisor of My, with |Si| =1 and |S2| =s. Let p denote the usual map from
polygons to cell-forms. Then the following diagram is commutative.

p

Pg HY (Mo.n)

Res?, l iResD

Ps,uay @ Psyufay ors H™2(Mg 1) @ H~2(Mo 411)

In other words, the usual residue of differential forms corresponds to the combinatorial residue
of polygons.
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Proof. Let n € Ps be a polygon, and let w, be the associated cell-form. If D is not compatible
with w,, then w, has no pole on D by Proposition 2.7, so Resp(w) = 0.

We shall work in explicit coordinates, bearing in mind that this does not affect the answer, by
the remarks above. Therefore assume that 7 is the polygon numbered with the standard cyclic
order on {1,...,n}, and that D is compatible with 1. The corresponding cell-form is given in
simplicial coordinates by [0, ¢1, ..., ts, 1, co]. By applying a cyclic rotation, we can assume that
D corresponds to the partition

S1={1,2,3,...,k+1} and Se={k+2,...,n—1,n}

for some 1<k </ In simplicial coordinates, D corresponds to the blow-up of the cycle
=1

O=t1=--- . We compute the residue of w, along D by applying the variable change
ti=a1 -2, ..., t—1 =xp_12¢, tg = x4 to the form w, = [0, ¢, ..., ts, 1, 00]. The standard cell
X, is given by {0 <x1,..., 2, <1}. In these coordinates, the divisor D is given by {x}, =0},
and the form w;, becomes
dey - - -d
wy = T o (4.1)

Cwm(l—m) - w(l - )
The residue of w,, along x; = 0 is given by

dry - dxrp_ ® drpyq - - - dxyg . (4.2)

ri(L—z1) a1 ( —ap-1)  Tpp1(1— @pga) - 2(1 — x0)
Changing back to simplicial coordinates via x; =ai/ag, ..., Tx—2 =ak—2/ak—1, Th—1 = Qk—1,
and x¢ = by, xg—1 =by_1/be, ..., xp41 = b /bry1 defines simplicial coordinates on D = M ,41 X
Mo,s+1. The standard cells induced by n are (0,ai,...,ax-1,1,00) on My,41 and
(0, bk, . . ., bg, 1, 00) on Mg s41. If we compute (4.2) in these new coordinates, it gives precisely

[07 A1y« .. Qf—1, 17 OO] ® [07 bk7 BRI b@? 17 OO])
which is the tensor product of the cell-forms corresponding to the standard cyclic orders 7y, 12
on S; U{d} and S, U{d} induced by 7. Therefore p(Resh,n) = Respwy,.
To conclude the proof of the proposition, it is enough to notice that applying o € &(n) to
the formula Respw;, = wy, ® w;, yields

ReSa(D)U)‘< (wn) - ReSJ(D)wa(n) = U*(wﬂ1> ®o (wm) = We(ny) ® Wo(n2)-
Here, o(n;) is the cyclic order induced by o(n) on the set o(S1) U {o(d)}, where o(d) corresponds
to the partition S = o (S1) U (S2). Thus p(Resp(D)a(n)) = Res,(p)Wq () for all o € &(n), which

[

proves that p(Res%’y) = Respw, for all cyclic structures v € Pg, and all divisors D. O

COROLLARY 4.5. A linear combination n =), a;n; € Wg C Psyyqy converges with respect to
the standard polygon if and only if its associated form w, converges on the standard cell.

Proof. We first show that
Res’h () € Is, ® Ps,uqay + Psugay @ Is, (4.3)

if and only if w,, converges along the corresponding divisor D in the boundary of the standard
cell. If (4.3) holds, then, by Proposition 4.1 together with the previous proposition, Resp(wy) = 0.
Conversely, if Resp(wy) = 0 for a divisor D in the boundary of the standard cell, then, by the pre-
vious proposition, Res},(n) € Ker(p ® p), which is exactly equal to I's, ® Ps,uqay + Ps,uqa} @ Is,-

We now show that (4.3) is equivalent to the convergence of 1. However, since n € Wg, the
argument of Lemma 3.25 implies that (4.3) holds automatically for any D which intersects {1, n}
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non-trivially. If D intersects {1, n} trivially, then we can assume that {1,n} C Ss. In that case,
the fact that Wg, N Ig, =0 (Lemma 3.13) implies that (4.3) is equivalent to the apparently
stronger condition

Res?)(n) € Is, ® Ps,uqay
and thus 7 converges along S; in the sense of definition (3.5). This holds for all divisors D and
thus completes the proof of the corollary. O

COROLLARY 4.6. The Lyndon insertion words of Wg form a generating set for FC. Furthermore,
FC is defined by subjecting this generating set to only two sets of relations (cf. Definition 2.28):

— dihedral relations;

— product map relations.

Remark 4.7. The third relation from Definition 2.28 is not needed because we have restricted
attention from all linear combinations of pairs of polygons to only those in the basis Wg, where
such shuffles do not occur.

4.3 The insertion basis for He(ﬂﬁg,n)

DEFINITION 4.8. Let an insertion form be the sum of 0l-cell-forms obtained by renumbering
the Lyndon insertion words of Wg via (1,...,n,d) — (0,1, ..., te11, 1, 00).

THEOREM 4.9. The insertion forms form a basis for H”*Q(Dﬁg’m_l).

This is an immediate corollary of all the preceding results.

It is interesting to attempt to determine the dimension of the spaces H Z(i)ﬁgm). The most
important numbers needed to compute these are the numbers cq(n) of special convergent words
(convergent 01 cell-forms) on My ,,. These can be computed by counting the number of polygons
indexed by symbols (0, ¢, ..., ts 1,00) (or (1,...,n)) which are convergent with respect to the
standard cyclic order and also have the index 0 next to 1 (or 1 next to n — 1); in other words,
the number of cyclic orders having 0 next to 1 and in which no k£ consecutive labels occur as a
single block of k consecutive elements of the cyclic order. By direct counting, we find ¢¢(4) =0,
60(5) == 1, 60(6) == 2, 00(7) == 11, 00(8) == 64, 00(9) =461.

PROPOSITION 4.10. Set I1 =1, and let I, denote the cardinal of the set Ly .y for > 2 given
in Definition 3.14. The dimensions d,, = dim Hg(ﬂﬁg’n) are given by

dn = > Ly - I co(r), (4.4)

r=5 i1+-+ir_3=n—3

where the inner sum is over all partitions of (n — 3) into (r — 3) strictly positive integers. This
formula can be written as follows in terms of generating series. Let

o
I@)=) La"=z+a”+22%+ 72"+ |
n=1

and let

o0
C(z) = Z co(r)a™ 3 =2 + 223 + 112t + 642° + - - - .
r=5
Then if D(x) =2 d,xz" 3, we have the identity

D(z) = C(I(x)).
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Proof. This recursive counting formula is a direct consequence of the definition, counting all
possible ways of making insertions into the ¢o(r) convergent 01-cell-forms for 5 <7 < n. O

Remark 4.11. We have Iy =Io =1, I3=2, I, =7, I =34, Is =206 (see Example 3.15). The
formula gives

ds = I3co(5) =1,

dg = I Ico(5) + Talico(5) + IPeo(6) =1+ 1+ 2 =4,

d7 = I I3c0(5) + I3co(5) + I3Iico(5) + 13 12c0(6) + I1 Ia1co(6) + Il co(6) + co(T)
=5¢o(5) + 3co(6) + co(7) =5+ 6 + 11 =22.

In the forthcoming preprint [BB0S§], the following remarkably simple identity concerning the d,
is proven. Let E(z) =z —2? — Y °° , d,2™ 1, and set F(x) =522 ;(n — 1)l2™. Then

n=1
E(F(z)) =,

in other words E(z) is the formal inversion of the power series F'(z).

While the present paper was in the final stages of correction, a preprint [ST08] appeared in
which a sequence of numbers d,,, of which the first ones are equal to the d,, defined above, are
discovered and interpreted in terms of free Lie operads. In this paper, the authors give the same
expression for the generating series of their d,, as the inverse of F'(x), thus their result provides
a new interpretation of the dimensions d,,.

Note that the formula (4.4) gives the dimensions as sums of positive terms. A very different
formula for dim H f(zmg’n) is given in [BB08] using point-counting methods. The relations between
the proof in [ST08], the geometry of moduli spaces, the intermediate power series I(z) and C(x),
and the counting method in [BB08], will be discussed in a forthcoming paper.

4.4 The insertion basis for My, 5<N <9

In this section we list the insertion bases in low weights. In the case 9 5, there is a single
convergent cell-form:

w=1[0,1, 1, oo, ta]. (4.5)
The corresponding period integral is the cell-zeta value:

dti dt
Cw) = / 0,1, t1, 00, ta] = / dhdly o).
(0t1,t2,1,00) o<tr<ta<1 (1 —11)t2

Here we use the notation of round brackets for cells in the moduli space My ;, introduced in § 2.3.4:
the cell (0, ¢y, t2, 1, 00) is the same as the cell X5 5 corresponding to the standard dihedral order
on the set {0, t1, t2, 1, 00}. Since Cy(5) is one-dimensional, the space of periods in weight two,
namely the weight two graded part Cy of the algebra of cell-zeta values C of §2.4, is just the
one-dimensional space spanned by [ X W= ¢(2).

4.4.1 The case M. The space C(6) is four-dimensional, generated by two 01-convergent
cell-forms (the first row in the table below) and two forms (the second row in the table below)
which come from inserting £; 2 = {1 m 2} and £33 = {2 m 3} into the unique convergent 01-cell-
form on My 5 (4.5). The position of the point oo plays a special role. It gives rise to another
grading, corresponding to the two columns in the table below, since oo can only occur in two
positions.
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00(6) w171 = [0, 1, tQ, o, tl, tg] WLQ = [0, 1, tl, t3, oo, tQ]
C1(6) | wp1=1[0,1,t1,00,ty mt3] | wao=[0,1, ¢ m to, 00, t3]

We therefore have four generators in weight three. There are no product relations on My,
so in order to compute the space of cell-zeta values, we need only compute the action of
the dihedral group on the four differential forms. In particular, the order six cyclic generator
0—t;—ty—t3— 1+ 00— 0 sends

Wil —Ww21 —Ww22, W12 W11, W21 —Wi2 — W21, W22r>W21.

Thus, letting X denote the standard cell Xg 5= (0, ¢, 2, t3,1,00), we have [, w1 = [y wie,
Jx w21 = [y wo2 and 2 [ wop = [ w12, so in fact the periods form a single orbit under the
action of the cyclic group of order six on H f(img’ g)- We deduce that the space of periods of
weight three is of dimension one, generated for instance by f wo 1. Since wg ;1 is the standard
form for ((3), we have

dty dto dits

€(0,1,t2, 00,t1,t3) = /X (1—to)(t1 — ts)ts 2¢(3),

0.1t onnt) = [ T =20
€(0, 1,21, 00, t2 m t3) = /X m =((3),

0.1t w0 ty) = [ LRI (),

Note that wg o is the standard form usually associated to ((2, 1), so that we have recovered the
well-known identity (2, 1) = ((3), which is normally obtained using stuffle, shuffle and Hoffmann
relations on multizetas.

4.4.2 The case My 7. The insertion basis is listed in the following table. It consists of 22
forms, eleven of which lie in Cy(7), six of which come from making one insertion into a convergent
01 cell-form from Cy(6) (using £12 = {1 m 2} and L£o3 ={2 m 3}), and five of which come from
making two insertions into the unique convergent 01 cell-form from Cy(5) (which also uses
£17273 = {1 m 2 m 3, 2 m 13} and £27374 = {2 m 3 m 4, 3 m 24}).

Co(7) [0, 1, to, 00, t3, t1, t4] 0,1, ¢y, t3, 00, ta, t4] [0, 1, ¢y, t4, ta, 00, t3]
[0, 1, t9, 00, t4, t1, t3] 0,1, ¢y, t3, 00, t4, to] [0, 1, ta, ta, t1, 00, t3]
[0, 1, t3, 00, t1, t4, to] [0, 1, ta, tq, 00, t1, t3] [0, 1, t3, t1, t4, 00, to]
[0, 1,ts,t1, 00, ta, t4]
[0, 1, t3, t1, 00, t4, to]
C1(7) [0, 1, to, 00, t1, t3 m t4] [0, 1, ¢1, ta, 00, toy m t3] [0,1,¢; m to, ta, 00, t3]
[0, 1, t3, 00, t1 m to, t4] [0, 1, to m t3, 00, t1, t4] [0,1, ¢, ts m tq, 00, ta]
Co(7) | [0,1,ty,00,t3 m (to,tq)] | [0,1,¢1 m tg, 00,t3 m ty] | [0, 1, ty m (t1, t3), 00, t4]
[0, 1,1, 00, ty m t3 m ty4] [0, 1, m to m t3, 00, t4]
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The standard multizeta forms can be decomposed into sums of insertion forms as follows:

dty dts dts dt,
(1 — tl)t2t3t4

dty dts dts dt,
(1— 1) (1 — ta)tsts

= [0, 1,t1, o0, tg 1 t3 I t4],

= [0, 1, tl jiig tQ, oo, t3 it} t4],

dtq dty dts dity (4.6)
=10,1,¢1,¢ to, t 0,1,¢1,¢ tg,t ’
(1—t1)t2(1—t3)t4 [ , L, 71,13, 00, U2, 4]+[ , 1,171,173, 00,14, 2]
+ [07 17 t37 t17 o0, t?y t4] + [07 17 t37 tla 0, t47 t2]7
dtq dito dts dity
:0,1,t1mt2mt3,00,t4.
(1 —t1)(1 —t2)(1 —t3)ta | ]
In general, the standard multizeta form having factors (1 —t;,),..., (1 —t;.) (with iy = 1) and
tir, ..., tj, (with js =n) in the denominator is equal to the shuffle form
[0,1,ti1 o - - - IHtZ'T,OO,tjl ur - - - Hltjs], (47)

so to decompose it into insertion forms it is simply necessary to decompose the shuffles
tjy m --- mt; and tj m --- m¢; into linear combinations of Lyndon insertion shuffles.

Computer computation confirms that the space of periods on 9y 7 is of dimension one and
is generated by ((2)2. Indeed, up to dihedral equivalence, there are six product maps on Mo,7,

given by
((0, t1, ta, t3, ta, 1, 00) = (0, t1, ta, 1, 00) x (0, t3, ta, 1, 00),
(0, 1, ta, 1, t3, L4, 00) = (0, t1, ta, 1, 00) x (0, 1, 3, ta, 00),
(0, t1, £, 1, t3, 00, t4) = (0, 1, t2, 1, 00) x (0, 1, 3, 00, t4), 48)
(0,11, ta, 1, t5, 00, t4) — (0, t1, 1, t3, 00) x (0, t2, 1, 00, ta),
(0, t1, to, t3, 1, t4, 00) — (0, t1, t2, 1, 00) x (0, t3, 1, t4, 00),
(0, 1, ta, 1, t3, t4, 00) = (0, t1, 1, t3, 00) x (0, ta, 1, ta, 00).

Following the algorithm from §2.3.4, we have six associated relations between the integrals of
the 22 cell-forms. Then, explicitly computing the dihedral action on the forms yields a further
set of linear equations, and it is a simple matter to solve the entire system of equations to recover
the one-dimensional solution. It also provides the value of each integral of an insertion form as
a rational multiple of any given one; for instance all the values can be computed as rational
multiples of ((2)2. In particular, we easily recover the usual identities

((4) = %4(2)2a C(3a 1) = %C(Q)Qa 4(27 2) = %C(Q)Q? C(Q’ 1, 1) = %C(Z)Q

4.4.3 The cases Mo g and Mpg. There are 64 convergent 01 cell-forms in on My g, and the
dimension of H 5(97{878) is 144. The remaining 80 forms are obtained by Lyndon insertion shuffles
as follows:

— 44 forms obtained by making the four insertions,

(tl I t27t3)t47t5)7 (tlatQ I t37t45t5)7 (t17t2)t3 o t4at5)7 (tlthat?)atél jins t5)a

into the eleven 01 cell-forms of Mg 7;
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— 12 forms obtained by the six insertion possibilities,
(t1 m to m t3,t4,t5), (to m tits, ta, t5), (t1,t2 m t3 m ty,ts),
(t1,t3 m toty, t5), (t1,to,t3 m ity mts), (t1,t2, t4 m t3ts),
into the two 01 cell-forms of My ¢;

— six forms obtained by the three insertion possibilities
(ty m o, t3 m ty,t5), (t1 mto,ts,tg mts), (t1,t2 m t3, ¢y mt5),

into the two 01 cell-forms of My ¢;

— four forms obtained by the four insertions,

(t1 m to 1 t3, {4 t5), (tg m t1t3, {4 X t5),
(t1 m t9, i3 mr {4 1o t5), (t1 m tg, T4 m t3t5),

into the single 01 cell-form of My 5;
— 14 forms obtained by the 14 insertions,

(tits m tota, ts), (t3 m titata,ts), (tits m to m tg,t5), (L1t m to m t3, t5),
(totg m t1 m t3,t5), (to m tq1(ts m tq),t5), (t1 m to m tg m iy, t5),
(t1,totq m tsts), (t1,ts m totsts), (t1,toty m tg mts), (L1, tets m t3 m ty),
(t1,tsts m to m ty), (t1,ts m to(ty mts)), (t1,te m t3 m ty m ts5),

into the single 01 cell-form of My 5.

The case of Mpg is too large to give explicitly. There are 461 convergent 01 cell-forms,
and dim H 6(9171879) =1089. An interesting phenomenon occurs first in the case 9y g; namely,
this is the first value of n for which convergent (but not 01) cell-forms do not generate the
cohomology. The 1463 convergent cell-forms for 9y 9 generate a subspace of dimension 1088.

For 5 <n <9, computer computations have confirmed the main conjecture, namely: forn <9,

the weight n — 3 part FCn—_3 of the formal cell-zeta algebra FC is of dimension d,—s3, where d,
is given by the Zagier formula d,, = dy—9 + dp—3 with dy =1, d1 =0, do =1.
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