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COMPLEXES OF COUSIN TYPE AND MODULES OF

GENERALIZED FRACTIONS

SANG-CHO CHUNG

0. Introduction

Let R be a commutative (Noetherian) ring, M an R-module and let 3F —

(Fih>o be a filtration of Spec(R) which admits M.

A complex of R-modules is said to be of Cousin type if it satisfies the four

conditions of ([GO], 3.2) which are reproduced below (Definition (1.5)). In ([RSZ],

3.4), Riley, Sharp and Zakeri proved that the complex, which is constructed from a

chain of special triangular subsets defined in terms of SF (Example (1.3)(3)), is of

Cousin type for M with respect to 2F (Corollary (3.5)(2)). Gibson and O'carroll

([GO], 3.6) showed that the complex, which is obtained by means of a chain

°U — (JJi)i>ι of saturated triangular subsets and the filtration § = (Gi)i>0 in-

duced by °tt and M, is of Cousin type for M with respect to $ (Corollary (3.5)(3)).

The purpose of this paper is to show that, when the complex is defined by a

chain of triangular subsets, one can give a simpler criterion, consisting of only

two conditions, for being of Cousin type (Theorem (3.1) and Corollary (3.2)). In

fact, we prove that, for every complex induced by a chain of triangular subsets,

the first and the second conditions of the definition of Cousin type hold (Remark

(2.5)).

In ([RSZ], 3.3), Riley, Sharp and Zakeri proved that every complex of Cousin

type for M with respect to 3> is isomorphic to the Cousin complex. Hence when we

investigate the structure of a complex of Cousin type, it is useful to study the

complex C(°U, M) of Cousin type which is constructed from special modules of

generalized fractions (Corollary (3.5)) whose properties are well known.

We also get a refinement of the Exactness theorem ([SZ2], 3.3 and [0], 3.1) in

our Proposition (2.13).

We wish to thank Prof. H. Matsumura for his continual and stimulating

interest in this work.
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1 8 SANG-CHO CHUNG

1. Preliminaries

Throughout this paper, R is a commutative ring with identity and M is an

R-module. We use τ to denote matrix transpose and DW(R) to denote the set of all

n x n lower triangular matrices over R. For H ^ DW(R), | H | denotes the deter-

minant of H. N denotes the set of positive integers.

DEFINITION (1.1) ([SZ1], 2.1). Let n be a positive integer. A non-empty subset

XJn of R is said to be triangular if

( i ) whenever (alf.. .,an) ^ Un, then (αf\.. .,aa

n

n) <Ξ Uw for all choices of posi-

tive integers alf...,an; and

(ii) whenever (aly..., an) and (blf..., bn) ^ Un> then there exist (clf... >cn) ^ \Jn

and H , K 6 DW(R) such that Hίa, ... an]
τ = [c, ... cx]

τ = K[bλ . . . b J Γ.

DEFINITION (1.2) ([S4], 1.1 and 1.2). Let R be a ring and M an R-module. A

filtration of Spec(R) is a descending sequence 2F = ( F ^ ) ^ 0 of subsets of

Spec(R), so that

Spec(R) DFoDF^ o F ^ p
/ + 1

with the property that, for each i > 0, each member of F t \Fi+i is a minimal mem-

ber of Ft with respect to inclusion. We then set d¥t = F t - \ F t + 1 . We say that the

filtration 2F admits an R-module M if Supp(M) c F o . Let %M = ( F M | ) ^ O be the

M-height filtration of Spec(R), i.e., F M ί = {p e Supp(M) : htMp > i).

We say that a sequence of elements ait..., an of R is a poor M-sequence if α,-

is not a zerodivisor on M./(av...,ai_1)'M. for each i = l , . . . , w ; it is an

M-sequence if, in addition, M =£ ( α ^ . . .,#W)M.

EXAMPLE (1.3). Let R be a Noetherian ring. Then the following five

non-empty sets are triangular subsets of Rw.

(1) ([SZ1], 3.10) Let M be a finitely generated R-module.

(Vr)n = {(alf... ,an) G Rw : alt..., an forms a poor M-sequence).

(2) (cf. [SZ2], 5.2) Suppose that M is a finitely generated R-module.

(11*),= {&!,...,an) tΞRn:htM(a1,...,ai)R> i (1 < i<n)}.

(3) ([RSZ], 2.3) Assume that M is an R-module such that Ass(M) contains only

finitely many minimal members.

(Vj)n

 = {(^i,... ,an) e Rn : for each i= 1 , . . . , n, (alf... ^ ^ R ί p for all

p <Ξ 9 F f . ! Π Supp(M)}.

(4) ([C], 1.1) Suppose that M is a finitely generated R-module of dimension d.
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COMPLEXES OF COUSIN TYPE, GENERALIZED FRACTIONS 1 9

(Us)n= {(alf...,aH) e Rn:dimM/(a1,...,ai)M = d- i ( 1 < i<n)}.

(5) ([C], 1.2) Suppose that (R, m) is a local ring and M is a finitely generated

R-module.

(U / ) n = {(alf...fan) ^ R :alf...,an is an /-regular sequence (See [SV],

p. 252) with respect to M}.

— {(dv... ,an) G Rw : ^p , . . . , ^ p in R p forms an Mp-sequence for all

p e Supp(M)\ {m} such that (alf.. .,fln)R c p).

For a given triangular subset Uw of Rn, let U w — {(aί9.. .,#,-, 1, . . . , 1) £ R " :

for all i (0 < i < n), 3 # . + 1 , . . . , an e R s.t. ( α l f . . . , ^ α ( + 1 , . . . , α j ^ U j .

This is a triangular subset of R and is called the expansion of Uw ([SZl], p. 38).

Then, by ([SZl], 3.2), we may assume without loss of the generality that \Jn is

expanded, i.e., \Jn = ΪJn, when we consider the module of generalized fractions for

M with respect to Un. So, from now on, we assume that every triangular subset is

expanded by means of the expansion of itself.

For a fixed non-negative integer n, U~+^ M denotes the module of general-

ized fractions of M with respect to U w + 1 ([SZl]). The other notation and terminolo-

gy about the module of generalized fractions follow ([SZl]).

DEFINITION (1.4) ([RSZ], p. 52). Let R be a ring. A family °ίί = ( U , ) ^ ! is

called a chain of triangular subsets on R if the following conditions are satisfied:

( i ) Uf is a triangular subset of R* for all i ^ N

(ii) ( l ) ^ U i ;

(iii) whenever (alt... ,«f ) ^ U f with i G N, then (au.. ,tai9 1) ^ U f + 1 and

(iv) whenever (alt.. .,a{) e U, with 1 < i e N, then (alf.. ..a^ e \}{_v

Each Uj leads to a module of generalized fractions U p M and we can obtain a

complex

denoted by C(% M), for which e°(m) = -Try for all m e M and

\ ( a l 9 . . . , a t ) / ( a l f . . . , a i f 1 )

for all i ε N , j G M and ( f l l f . . . ,#,) G U,,

Hu(M) denotes the i-th cohomology group of C(% M). That is ^ ( M ) =

Ker ^Vlm e~ .
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20 SANG-CHO CHUNG

DEFINITION (1.5) ([GO], 3.2). Let R be a Noetherian ring and M an R-module.

Let 9 = ( F ^ o be a filtration of Spec(R) that admits M. A complex X' = {X1 :

I > — 2} of R-modules and R-homomorphisms is said to be of Cousin type for M

with respect to 3? if it has the form

and satisfies the following, for each w E N U {0},

( i ) Supp(Xw) c F w ;

(li) SuppCCoker dn~2) c Fn

(m) SuppiKer d"'1 /lm dn~2) c F w + 1 and

(iv) The natural R-homomorphism ξOC) :XW—> Θ p e 5 F w (XW)p, such that, for x e

X and p ^ 9FW, the component of ξQL ) (x) in the summand (X ) p is x/1, is

an isomorphism.

LEMMA (1.6). Let R be a ring and M an R-module. Let \Jn be an expanded

triangular subset of It . Let (alf.. .,an) and (blf.. .,bn) be elements of\Jn such that

H[a x . . . an] — [bλ ... bn] for some H e D Λ (R). T/ẑ n w;̂  have

(1) ([SZ1], 2.8 αn̂ ί 3.3(i)) (

 M

 a ) = , J H m

& )

 a%m

m
 U;"M

(al9...,aΛ_l9 I) - ~ n " "

(2) ([SZ1, 3.3(ii)] and [SY, 2.2]) // m e ( β p . . ^a^M then ^ M

 a ^ = 0 in

Uw M. /n particular, if each element of \Jn is a poor M- sequence, then the con-

verse holds.

(3) ([SZ2], 5.1 and [SZ3], 2.1) A n n R ( ^ - ^ J ) = AnnR

LEMMA (1.7) ([C], 2.4). Lei (R, m) 6<? a Noetherian local ring and let M be a

finitely generated R- module of dimension d. Let (U 5 ) r f + 1 be the expansion of the

triangular subset {(alt... ,ad, 1) ^ R d + 1 : dim M A a ^ . . . ,ad)M = 0). Lei {^,...,

xrf} 6g a fixed system of parameters for M. T/ι̂ n

1 M = U ω . E l ] - ' " 1 M £ Hd

m (M),

V(x)d[l] = {(x?\..., xd\ 1) e Rw + 1: there is i (0 < i < d) such that

al9..., a{ G N and a / + 1 = = arf = 0}.
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LEMMA (1.8) ([GO], 3.4). Let R be a ring. For a positive integer n, suppose that

7 - ΐy = 0 in U~+J~ M. Then there exist (bv. . . , bn+ι) ^ Uw + 1 and
vcZ1,. . . ,un, 1)

H e DW(R) such that H t ^ . . . an]
τ = [bι . . . bn]

τ and bn+1 | H | m e (6 1 > # . . ,

LEMMA (1.9) ([GO], 3.3 and [SY], 2.7). Lgί R k α rin^ and M an R-module.

Let °U = ( U ^ ̂ ! 6^ a c/iain 0/ triangular subsets on R. 77i<?n in C ^ , M ) , for all

Coker Z"1 = UΓ M/Im Z"1 = Uj lΓ"" 1 M,

where Vn[l] = {(alf...,aH, 1) e R w + 1 : ( f l i , . . . , ^ e U j .

2. Associated prime ideals of modules of generalized fractions

LEMMA (2.1). Let R be a ring and M an R-module. Fix a positive integer

n. Let XJn be a triangular subsets of Rw. Let 0 Φ -? \- ̂  U W

W M . Then we
\dγj . . . jdn)

have, for all (bv . . . ,bn) ^ U Λ ,

. Suppose that for some (blt...,bn) ^ U w

Then by the definition of triangular subset there are (clf..., cn) ^ ϋ M and H,

K e D n ( R ) such that H t ^ . . . an]
τ = [ q . . . c j Γ = K [ ^ . . . bn]

T. Hence we get

On the other hand, by Lemma (1.6)(1)(3) we have

|HU
(cu...,cn.ltl)

3 (J, J,)RD (Cl,...,Cn)R.

Therefore we have the following contradiction.
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22 SANG-CHO CHUNG

cn\H\m \H\m

(clf...,cH) ( c v . . . ,cn_v

= 0.-

From now on, we suppose that U 0 [ l ] * M = M, UQ M = M and n is a

non-negative integer.

LEMMA (2.2). Let R and M be as above. Then in C(°U, M) we have

SuppOJ^M) c SuppOJJlΓ^M) c ^

Proof. For the first half, this follows from the following short exact sequence

0 -+ Ker en /Im en~ι -> U Γ M /Im en'1 -+ l C M /Ker e* -> 0,

II II
UJIΓ^M Im/

since Supp(U~+^~ M) = Supp(Im en) by Lemma (1.6)(3).

For the second inclusion, it follows from Lemma (1.9) that

Supp(Uw[l]~w~ M) = Supp(U~ w M/Im en~ι) c Supp(U~wM).

EXAMPLE (2.3). In general, S u p p O C " 1 M) Φ S u p p C U J l ] " ^ 1 M). Let

(R, m) be a Noetherian local ring. Suppose that M is an /-module (see [SZ4],

1.8(ii)) of dimension d. Then S u p p ί d J ^ t l ] " * " 1 M) = S u p p ί f l J s ) ^ 1 M) = {m}.

But S u p p U U P ^ M ) = 0 by ([C], 2.3).

LEMMA (2.4). Let R and M be as above. Then in C(°U, M) we have

S u p p O J ^ M ) c S u p p ί U J l ] - " " 1 ! ! © c FMn c Fn.

Proof. This follows from Lemma (2.2), ([HS], 3.1) and ([C], 2.7).

Remark (2.5). Lemma (2.4) shows that, for every complex CO?/, M), the first

and the second conditions of the definiton of Cousin type hold by Lemma (1.9).

LEMMA (2.6). Let R and M be as above. Then in C(1ί, M) we have the follow-

ing.

(1) d¥n n Supp(M) = (U?.09FM f) Π 3Fn.

(2) (cf. [ST], 2.7) 9FB Π SuppίU^Γ'M) c 3FK Π S u p p ί U j l ] " " " ^ ) c d¥n Π

(3) 9F K n 9 F M B = u q e 9 n _ i n 9 F M ( n _ υ ( F ( q ) n dFn n
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Proof. (1) Let p e dFn Π Supp(M)\ U"= O9FM |, Hence htMp > n. Therefore

there is q £ 9 F M r e ( c FB) such that q £ p. That is, p is not minimal in F B .

(2) Since SuppCU^'M) c SuppdJJl]""" 1 M) c FMB, we have

9FB Π S u p p O J ^ M ) c 9FK Π S u p p d l J l Γ ^ M ) c 9FK Π Supp(M) Π FMκ

<= (L) 9FM ί) Π 9FK Π FM κ = 9FB Π 9F M κ

i=0

(3) Let p e 9FW and htMρ = w. Suppose that q ̂  9FW_X for some q e

Supp(M) such that htMq = n — 1 and q £ p. Hence q e Fn > since d F ^ = F w _ x \

F w and F M ( w _ υ c: Fw_ x . This contradicts that p is a minimal element in F w .

LEMMA (2.7). Let R be a ring and M an R-molule. Then in C(°U, M), /or

m Im Z " 1 e ^"(M), ί/wre αr^ (6 X , . . . , bn+1) e U w + 1 αwd H e DW(R)

such that ϊl[aι . . . an] = [bλ ... bn] and

Since 7 ^ ^ Ker en, we have 7 ^y = 0 in IL+i M.

Hence by Lemma (1.8) there are (bl9..., ftΛ+1) ^ U w + 1 and H G D W (R) such that

Ή.[aλ . . . an] = [bλ ... 6W] and δ w + 1 1 H | m ^ ( f t u . . . , bn)M. Therefore we have

LEMMA (2.8). Let R be a ring and M an R-module. Let 1ί = (U,),> 1 be a

chain of triangular subsets on R. Then in C(Ίl, M), for a fixed non-negative integer

n, we have the following.

(1) A s s O J ^ M ) Π Supp(U;"2"+

2~ !M) = 0 foralli>0.

(2) AssOC^M) (Ί Supp(UB+1+/[irII~2~'M) = 0 foralli>0.

(3) AssdJ +Γ'M) = Assdme") = Ass(Ker en+1).
(4) Assurer1 M) Π Supp(^+ i(M)) = 0 for all i > 0.
(5) Asstf^(M)) c AssCUjll '^M) c Ass(i/*(M)) U
(6) // R is Noetherian, then

d¥n Π AssOJ j i r^M) = (9FB ΓΊ Ass(#*(M))) U (d¥n Π Ass(U^ lM)).
(7) A s s a U i r ^ M ) Π Ass(U,,+1[l]""~2M) <= Ass(#*(M)).
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Proof. (1) and (2) follow from Lemma (2.1) and Lemma (1.6)(2).

(3) Since Im e" c Ker en+1 c U ' ^ 1 M, this follows from Lemma (1.6)(3).

(4) This follows from Lemma (2.1), Lemma (2.7) and Lemma. (1.6)(2).

(5) The following short exact sequence and (3) complete the proof.

0 -> Ker en /Im en~ι -> U Γ M /Im en~ι -+ U Γ M /Ker / ~> 0.

(*) II II II
ILUΓ^M lmen

(6) By Lemma (2.4), we have

dFn Π SuppttCΓ'M) = dFn Π AssOJ^M) C 9F M

Hence the assertion follows from (5).

(7) This follows from (1), (4) and (5).

Remark (2.9). If we also change associated prime to weakly associated in the

sense of ([B], p. 289 ex. 17), then we can omit the Noetherian condition of Proposi-

tion (2.8)(6).

PROPOSITION (2.10). Let R and M be as above. Assume that p ̂  Spec(R). In

C(1Z, M), consider the following statements:

(i) For all (av... ,an+ι) e U Λ + 1 , (av... ,an+1)R <Z p

(ii) (U^M^sαJjlΓ-'M),,;

(ii') (Hu(M))p = 0 and (U B + 1 [1]" M " 2 M) p = 0

(iii) (Xj;^1Wt,= 0meH)p;

(iii') (UM + 1[l]-B-2M)p = 0;

(iii") (//^+1(M))p = 0 and 0 C ~ 2 M ) p = 0;

(iv) (Ker/ + 1 ) p =? (Ime")p;

(iv') ( U M + 1 [ l ] - " - 2 M ) p = ( I m / + 1 ) p .

Then we have the following.

(1) (ii)^(ii ').

(2) (iii) & (iii') <s> (iii/r).

(3) (iv) *> (iv')

(4) (i) => (ii) ==> (iii) => (iv). That is, i/(i) holds, then

O C ^ M ) , = (Vn[lΓn-1M)p = (lmen)p = (Ker en+1)p.

(5) Ifp ̂  Ass(U~+^ M), then the above four modules are isomorphic.

(6) Ifp ̂ S u p p ( U ^ 2 " 2 M ) , then (iv) => (iii).
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Proof. (1) Using the short exact exact sequence (*), we prove as follows.

(=>) Assume that (U Λ + 1 M) p = (U w [ l] n- M) p . Then, from the following short

exact sequence

0 -> Im en~ι -> U Γ M -> U Γ M /Im en~ι -> 0,

we have a commutative diagram with exact rows.

(line""1), - (U;"M) p

Therefore we get

(Ker en)p = (Im e"ι)r

Hence, from the following short exact sequence

induced from the short exact sequence ( * ) , we have

(u;+rM)p = (uji]-"-^),, =

Therefore from the following short exact sequence

(**) 0-»Ime"->U^Γ1M->U,,+1[lΓ"~

we have

(<=) By the assumption and the short exact sequences ( * ) ( * * ) , we have

(UJ1Γ*- 1 M)p = (Im en)p = ( U ^ 1 M)p.

(2) The first equivalence follows immediately from the above short exact

sequence (* * ) . For the second half, this follows from

Supp(Uw + 1[l]"M"2M) = Supp(H£+1(M)) U Supp(U^2"
2M)

induced by the short exact sequence ( * ) with n + 1 instead of n and Lemma (2.8)

(3).
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(3) This follows similarly from the short exact sequence ( * ) with n replaced

by n + 1.

(4) Suppose that (i) holds. By the hypothesis and Lemma (1.6)(2) we have

(U w + 1 [ l] M)^ — 0. On the other hand, from the assumption and Lemma (2.7),

we have ( # £ ( M ) \ = 0.

The other assertions are obvious.

(5) This follows from the hypothesis, Lemma (2.1) and (4).

(6) This follows easily from (2), since ( # £ + 1 ( M ) ) p = 0.

EXAMPLE (2.11). (1) In Proposition (2.10), (ii) dose not imply (i). Let R =

k[[X, H I Let M be the quotient field of R. Let l ^ = R \ O 0 and p = (X, Y).

Then (UΓ1 M) p = M = ( U o t l Γ 1 M)p = (Im e°)p but UL Π p Φ 0 .

(2) ((Hi) =» (ii)) is not the case. See Example (2.3) and note that (Uf)d+1[l]~d~2M

= 0. When p e Supp(U~+J~ M), we don't know whether this holds or not.

(3) If p e Supp(lC 2 ~ 2 M), then ((iv) => (iii)) does not hold. Let (R, m) be a

Buchsbaum ring of dimension d ^ 3 such that H m (R) Φ 0 and H m ( R ) = 0 for

n Φ 1, d. Let °Uf = (OU/),-),-^ x be the chain of triangular subsets on R in the

following Proposition (2.15) (when M = R). Then by Proposition (2.15) we have

K e r / V l m / 0 - H^ίR) Φ 0 and K e r / ' / I m / * " 1 = H^(R) = 0 for nΦl, d.

Hence by the short exact sequence (*) we have

for n Φ 0, d — 1. Let p e Spec(R) such that ht p = n + 1 for n - 1 , . . . , d — 2.

Then ( I m / w + 1 ) p ^ 0 since Supp(Im/ w + 1 ) = Supp((U;C 2~ 2 R) = F R ( W + 1 ) by

Lemma (2.8)(3) and ([C], 2.15). Therefore p €= S u p p ί d j p ^ J l ] " " " 2 R).

(4) In general, the converse of Proposition (2.10)(5) is not true. Let R =

kUX, Y, Z\]/(X) Π ( F , Z) = k[[x, y, z]]. Then Ass(R) = {(*), (y, z)}. Put

p — (x, y, z) and \]ι — R \ p . Hence Ass(Rp) = {(x), (y, z)}. Let q = (x, y).

Then (UΓ1 R ) q = (R p ) q = Rq = ( ^ [ l ] " 1 R ) q = (Im e°)q Φ 0 and U : Π q = 0 .

But q

COROLLARY (2.12). Let R be a Noetherian ring and M an R-module. Then we

have the following.

(1) AssttJ +Γ'M) c A s s t t J j l Γ ^ M ) .
(2) AssOJJ lΓ^M) = Ass(^(M)) U AssOJ^M).

Proof. (1) Let p e A S S R C U ^ ^ M ) . Then pRp e AssR p ( U ^ ^ M ) ^ by ([M],

p. 38 Corollary). Hence pR e Ass R ( U J l ] ^ " 1 ] ^ ) by Proposition (2.10)(5).
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Therefore p e A S S R C U J I Γ * " 1 M) again by ([M], p. 38 Corollary).

(2) This follows from (1) and Lemma (2.8)(5).

PROPOSITION (2.13). Let R be a ring and M an H-module. Fix a non-negative

integer t. Then in CO?/, M), the following four conditions are equivalent.

( 1 ) / # ( M ) = O foralln = 0,...,t

(2) ϋ j l ] " " " 1 ! ! ^ I m / for all n = 0 , . . . , ί .

(3) For α// w = 0 , . . . , t, for each -( - sr e U ^ " 1 M,

(4) For all n = 0,. . ., £ ^αc/ι element of U w + 1 /orw5 α poor M-sequence.

In particular, let R be a Noetherian local ring and let M be a finitely generated

H-module of dimension d. Assume that the above conditions hold for t — d — 1 and

U r f [l] M Φ 0. Then M i s α Cohen-Macaulay module.

Proof. (1) <^ (2) From the short exact sequence (*) this is clear.

(2) => (3) By Lemma (1.6)(3) this is obvious.

(3) => (4) We proceed by induction on n. In the case n = 0, assume that

aγm — 0 for some 0 Φ m e M and (α^ G Ux. Then we have a1 ^ (0 : m) =

0 : /, x j for some /, x ^ UΊ M by the hypothesis. This contradicts Lemma

(2.1).

Now suppose that each element of Uw is a poor M-sequence. Assume that

an+ίm ^ (alf..., an)M for some (d^,.. ,,an+ι) e U w + 1 and m e M. Then by

Lemma (1.6)(2) we have / a ^ m = Q T h a t i s ? b y ( [ S Z 3 ] f 2.1), we have
\ a l f . . .,an+1)

= oinu:::1M.
( a ί t . . . , an+1)

Hence by the hypothesis we have

' - 1
(a m a 1 )=0inU.[lΓ'-1M.

Then, by the definition of module of generalized fractions, there are (bίf..., bn, 1)

e U n [ l ] and H e D n + 1 (R) such that Rίa, . . . an 1Ϋ = [bλ . . . bn l]
T and

| H | m e (&!,..., 6W)M.
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2 8 SANG-CHO CHUNG

On the other hand, since hn+hn+1 = 1 — (hn+lΛa1 + + hn+lnan), by

([SZ1], 2.2) we have

An •"• A ^ m e (blf...,bH)M.

Note that by the inductive hypothesis bί9..., bn is a poor M-sequence and H' ta^

. . . an] = [bι ... bn] where H ' is the top left w x n submatrix of H. Hence by

([0], 3.2) we get

m e (av... ,an)M.

7YL fH Wί

(4) => (1) Let 7 N- G Ker / with -r-^ = m. Then 7- — = γ =
w (aι,...,an) {aQ) (alt..., ant 1)

0 in \Jn+ί M. Hence by Lemma (1.6)(2), we have

m e ( α l f . . . , α w ) M .

Therefore we have 7 r G Im ^w~ .

For the last assertion, since U r f [ l ] ~ r f ~ 1 M Φ 0, there is C ^ , . . . , ^ ) e U ^

such that α x , . . .,ad is an M-sequence.

Remark (2.14). In Proposition (2.13), if R is Noetherian, then we can change

the condition (3) for A s s C U ^ 1 M) = A s s d J J l Γ * " 1 M) for all n = 0 , . . . , t.

Let (R, m) be a Noetherian local ring and let M be a finitely generated

R-module of dimension d. Let %/ = ((U/),-),-^! be the chain of the expansions of

triangular subsets (Example (1.3)(5)) on R. Then we have the following complex

0 - M - (UP"1 M - (U,)-2 M > (UΛ'-T M - (U,)-/ M - 0,

since (UP +Γ' M = 0 for all i > 1 by ([C], 2.3).

PROPOSITION (2.15). Let R, M and U/ be as above. Then the following four con-

ditions are equivalent.

(1) M is an f-module {see [SZ4], 1.8 (ii)).

(2) K e r / V i m / * ' 1 = RnJM) for all n = 0, . . . , d.

(3) A s s ί ί U p j l ] " 1 " 1 ] ^ ) c {m} U A s s C O J ^ Γ 1 M) fσralln = 0,...,d.

(4) SuppCKer/Vlm/"" 1 ) c {m} /or α// w = 0, . . . , d.

/n particular, if M is a Cohen-Macauly module, then

ί AssKUPJlΓ*" 1 M) = AssίCU,)^ 1 M) = FM w /or αZi n < d,

l . m ' ^ M ) = {m}.
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Proof. (1)=> (2) In the case n = 0 , . . . , d - 1, this follows from ([SZ4], 2.4),

since (XJf)n — (U s)w. In the case n = d, we have

Ker/Vlm/'"1 = U^M/Im/"'1 = U/lΓ^M = (U^^M = Hd

mM

by Lemma (1.9) and Lemma (1.7).

(2) => (3) <£> (4) These follow from Corollary (2.12)(2) and Lemma (2.8)(4).

(4)=>(l)This follows from ([SZ4], 2.3).

The last assertion follows from (2), Corollary (2.12)(2) and ([C], 2.15).

3. Modules of generalized fractions and complexes of Cousin type

In this section, suppose that R is a Noetherian ring.

THEOREM (3.1). Let R be a Noetherian ring and M an R-module. Let °U =

(U f), ^i be a chain of triangular subsets on R. Let OF — ( F ^ ̂ o be a filtration of

Spec(R) which admits M. Then

the complex CO?/, M) is of Cousin type for M with respect to 2F

A s s C U J l Γ * " 1 M ) Π d¥n = A s s d J ^ Γ 1 M ) for alln>0 and

U ^ M = Θ (\J~n

n

+~1

1M)pforalln>0.

Proof. ( ΐ ) We must verify the properties (i)-(iii) of the definition of Cousin

type (see (1.4)).

(i) and (ii) By Remark (2.5) these always hold for arbitrary complexes

C(% M).

(iii) We must show that SuppCί#(M)) c FΛ+1. Note that A s s O J ^ M ) =

Ass ( Θ (U'+^M) ) c d¥n by Lemma (2.4). By Lemma (2.8)(5) and Lemma

(2.4), we have Supp(#£(M)) c S u p p d J j l ] " ^ 1 M) cz Fn. But it follows from the

hypothesis and Lemma (2.8)(4)(6) that d¥n Π Supp(^(M)) = 0.

( I ) It is enough to show that the first condition of Theorem holds. By the

third and the fourth conditions of the definition of Cousin type, we have dFn Π

Supptfftf(M)) = 0 and A s s f l J ^ M ) c d¥n. Hence Lemma (2.8)(6) completes

the proof of Theorem.
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COROLLARY (3.2). With the same notation and assumption as in Theorem (3.1),

we have the following.

(1) Suppose that d¥Mn Π d¥n = AssOLJ"^1 M) for all n > 0 and

ΊJn+i M = © (U w + 1 M) p for all n > 0.

Then the complex CO?/, M) is of Cousin type for M with respect to ?F.

(2) In particular, assume that d¥Mn Π d¥n c S u p p C U ^ t l ] " " " 1 M ) for all n>0.

Then the converse of (1) is true.

Proof (1) This follows from Theorem (3.1), since AssCU^" 1 M) cz

A s s O J J l Γ ^ M ) (Ί d¥n c d¥Mn Π 9FW by Corollary (2.12)(1) and Lemma

(2) It is sufficient to show that 9 F M w Π 9FW = Ass(U~+^M), since the second

isomorphisms hold by the definition of Cousin type.

( 3 ) Since A s s d J ^ " 1 M) cz d¥n, it follows from Lemma (2.6)(2) that

( c ) We proceed by induction on n. In the case n = 0, let p ^ 9 F M 0 Π 9F 0 .

Consider the following complex

Then by the definition of Cousin type, we have the following exact sequence

Since p e Ass(M), we have p G A s s ( U ^ M) by ([M], p. 38 Corollary).

Suppose that n > 1. Let p ^ d¥Mn Π d¥n. Consider the following complex

It follows from the definition of Cousin type that we have the following exact

sequence

0 - (Im e"-\ - (UΓ M)p - (U;^ 1 M)p - 0,

since (Ker e ) p = (Im e ) p . Hence by the inductive hypothesis and Lemma (2.6)

p er h

assumption d¥Mn Π d¥n c S u p p d J j l ] " ^ 1 M), we get

(3), we have (U~MM) p Φ 0. On the other hand, by Proposition (2.10)(2) and the

https://doi.org/10.1017/S0027763000024946 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000024946


COMPLEXES OF COUSIN TYPE, GENERALIZED FRACTIONS 3 1

That is (U~+^M) p Φ 0. Hence we conclude that p e AssflJ^" 1 M) by Lemma

(2.4).

Remark (3.3). Using Lemma (2.6)(2), Lemma (2.8)(6), the third and the fourth

conditions of the definition of Cousin type, we have another proof of Corollary

(3.2)(2) as follows:

d¥Mn Π d¥n = d¥n Π SuppOJJlΓ^M) = d¥n Π ^

= (d¥n Π (#*(M))) U (d¥n Π

= d¥n ΓΊ AssOJ^M) =

Remark (3.4). If M is a finitely generated R-module and a complex

C(% M) is of Cousin type for M with respect to ^ M , then AssttJ'+^M) = {p ^

Supp(M) :htMp = n) by ([RSZ], 3.3), ([C], 2.11) and the following Corollary (3.5)

(1).

COROLLARY (3.5). Let M be a finitely generated R-module of dimension d. Let

9 = ( F ^ ^ o be a filtration o/Spec(R) which admits M. Let t¥M = ( F M j ) f ^ 0 be the

M- height filtration.

(1) (cf. [SY], 3.9) C(°Uh, M) is of Cousin type for M w. r. t &M, where % =

(2) ([RSZ], 3.4) C(°lί-h, M) is of Cousin typeforM w. r. t. F, where % =

(3) ([GO], 3.6) Let °U = (Uf ) f ^ 0 be a chain of saturated triangular subsets on R. Put

Go = Supp(M) and for i ^ N, define G,- = {p ^ Supp(M) : there exists

(aly. . .,(1) ^ U,- with (av.. .,^-)R c p) Assume that <3 = (Gf ) ^ 0 ' induced

by °U and M, is a filtration o/Spec(R) which admits M. Then

C(ί/, M) is of Cousin typeforM w. r. t. (3.

(4) //dim M = htMq + dim M/qM for all q e Sυpp(M), then

C(%, M) is of Cousin typeforM w. r. I 2FU, where % = ( ( U ^ ^ ^ o

(5) Let°ίίr = ( ( U ^ ^ ^o Then we have the following equivalent conditions.

M is a Cohen-Macaulay module

<̂> C(%, M) is of Cousin type for M w. r. t. Z?M

O ( U , ) ^ 1 M = Θ ( ( U , ) ^ 1 M ) p for all n>0.
htMp=n

(β) Let R be a Noetherian local ring. Then

M is a Gorenstein module

\C(%, M) is of Cousin type for M w. r. t. &M and
<=> i -d-ί

{ (Ur)d+ι M is an injective Yi-module
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ϊ'lϊ1 M = Θ ( ( U ^ ) ^ 1 M)p for all n > 0, and
htMp=n

) d + ι M is an injective Tl-nwdule.

Proof (1) This follows from ([C], 2.11 and 3.3(2)) and Corollary (3.2).

(2) By ([RSZ], 2.6 or [C], 3.3(1)), we have for all n G N U {0}

1= Θ

Hence by Lemma (2.4) we get

y ^M) = Ass( Θ

= u

By Lemma (2.7) and the definition of (U*)n+1, we have, for all p G 9FW Π

Supp(M),

(Hu(M))p = 0.

Therefore we have d¥n Π Ass(^(M)) = 0, since Ass(ff£(M)) c Supp(M).

Hence we obtain

d¥n n AssCOJ U l Γ ^ M ) = d¥n Π

by Lemma (2.8) (6). Then Theorem (3.1) completes the proof.

(3) By ([GO], 3.6), we have for all n e N U {0}

UΓM= Θ C » P .

Hence we get Ass ( U ^ " 1 M) c 9GW.

Next for all p G 9GW we have

U^(M)), = 0.

In fact, if (/#(M))p ^ 0, then there is x G ^ ( M ) such that (0 : x) c p. But by

Lemma (2.7), we have ( f l 1 ) ( . . , f l J R c ( O : i ) C ( ) for some (alf.. ,,an+1) ^

Un+1. Hence from the definition of Gw+1 we have p G Gn+1. This contradicts p G 9GW.

Therefore we have dGn Π Ass(^(M)) = 0.

Then by Lemma (2.8)(6) we get

dGn Π A s s O J J l Γ ^ M ) = (dGn Π Ass(^(M))) U (9GW Π
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The result follows from Theorem (3.1).

(4) This follows from ([C], 2.12 and 3.3(3)) and Corollary (3.2).

(5) Since C(°Ur, M) is an exact sequence by Proposition (2.13), the first

equivalence follows from ([S2], 2.4). From Proposition (2.13)(3) and Theorem (3.1),

we have the second equivalence.

(6) This follows from (5) and ([S2], 3.11).

Remark (3.6). Let (R, m) be a Noetherian ring and let M be a finitely gener-

ated /-module of dimension d. Then C(°US, M) is of Cousin type for M with re-

spect to ̂ M (Corollary (3.5)(4)) but C(%, M) is not, even though ( U P ' + ^ M =

^ M ^ for all n > 0 ([C], 3.3(5)). For, by ([C], 2.15), we have

P = 0 but AssCOJΛi i Γ ^ M ) Π 9FM, = Assαu ^ M ) Π
dFMd = {m}. Hence we have

t l Γ ^ M ) Π S F M ^ ^

Therefore the result follows from Theorem (3.1).

EXAMPLE (3.7). Let R = k[[x, y, z]]. Let Vx = {(tχa) e R 1 : 0 Φ t e k and

α e N U {0}}. Let U, = U ^ J l ] for i = 2, 3 , . . . . Then <U = (UΛ>i is a chain

of saturated triangular subsets on R. Put Go = Spec(R), Gx = {p ̂  Spec(R) : .r

e p} and G, = 0 for z > 2. Then $ = (G,-),^ is induced by °U and M as in (3)

of Corollary (3.5), but is not a filtration of Spec(R). For, 9G 0 = Go\Gi => i(y),

(y, z)).

EXAMPLE (3.8). Let R = k[[X, Y, Z]] /(X) Π (Y, Z) = k[[x, y, z]]. Then

R is not equidimensional and {(x), (y, z)} = 9 F R 0 Π Spec((U s)0[l] R) Φ

Ass((U s)^R) = {(*)}. Hence C(%, R) is not of Cousin type for R w. r. t. ^ R .

In fact, kίy, zl) x kίxl) = ( U ^ ^ R ^ ( U S ) ^ R = kίy, zl) (cf. Corollary (3.5)(1)

(4)).

EXAMPLE (3.9). Let R = k[[x, y]]. Let l ^ = {(xa) e R1 : a e N U

{0}} and Uw = ίto α , 1 l ) e R " : α e N U {0}} for n > 2. Then we have

Ass(U^R) = {(0)} = 9 F R 0 Π SuppOJotlΓ'R), Ass(U2~
2R) = {(x)} = 9 F R 1

Π Supp(U^2R) = 9 F R 1 Π AssOJJlΓ 'R) and Up R = 0 for all i > 3. But

u;2R?(u;2R)ω.

EXAMPLE (3.10). Let R = k[[X, Y, Z]] and M = k[[X, Y, Z\] ΛX) Π (X2, Y)

= A[fe, I/, d ] . Let Ux - {(Fw) e R1 : n > 0}. Let F, = {p e Spec(R) : ht p >
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i + 1} for i > 0. Then AssOJ"1 M) = {(X)} = 9F 0 Π Ass(M) = 9F 0 Π

AssίUotU^M) but M r = U;1 M 3έ (U"1 M)(x) = M α ) .
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