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Abstract

It is a well-known result that if a nonconstant meromorphic function f on C and its /th derivative £ have
no zeros for some / > 2, then f is of the form f(z) = exp(Az + B) or f(z) = (Az + B)™" for some constants
A, B. We extend this result to meromorphic functions of several variables, by first extending the classic
Tumura—Clunie theorem for meromorphic functions of one complex variable to that of meromorphic
functions of several complex variables using Nevanlinna theory.
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Keywords and phrases: meromorphic function, Nevanlinna theory, Tumura—Clunie theorem.

1. Introduction
Let Z, denote the set of nonnegative integers. For z = (zy,...,z,) € C", i=

(@1s. .., 0m) € LT, we write

Oy=—— k=1...om; 0=0.=0"---0"; |il=ij++ipn

6Zk Zm’
In this paper, we are interested in the following problem.

Consecturk 1.1. If f is a meromorphic function in C” such that f and d'f have no
zeros for some 1 = (Iy,...,[,) € Z} with [; > 2 (1 < k <m) and such that the set of
poles of f is algebraic, then there exists a partition

{1,....m}=LULU---UI
such that ; N I; = 0 (i # j), and
k )
f(zl"“’zm):exp(zAiZi+BO)1_[(ZAiZi+Bj) 7
iely j=1 i€l

where A;, B; are constants with A; # 0, and n; are positive integers.
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This is open if m > 1. When m = 1, the conclusion of Conjecture 1.1 was obtained
by Tumura [12], and Hayman [5] gave a proof for the case [ = [, = 2. Later, as a
correction of the gap in Tumura’s proof, Clunie [1] gave a valid proof of the assertion
for any [ > 1 (or see [6]). If there is no finiteness assumption on the poles of f, a proof
was given by Frank [2] in 1976 for [ = [, > 3 (see also Frank et al. [3]) and Langley [9]
in1993 forl =1, =2.

Let f be a nonconstant meromorphic function in C”. We shall be concerned largely
with meromorphic functions & = P(f,d" f,...,d% f) which are polynomials in f and
the partial derivatives 9" f, ..., 0% f of f with meromorphic coefficients a of the form

I T(r,a) = o(T(r, f)), (1.1)

where T'(r, ) is Nevanlinna’s characteristic function of f, and where the symbol
|| means that the relation holds outside a set of r of finite linear measure. Such
functions & will be called differential polynomials in f. The degree of the polynomial
P(xg, x1,...,x;) is called the degree of . To study Conjecture 1.1, the following result
will play a crucial role.

THeEOREM 1.2. Suppose that f is meromorphic and not constant in C", that

g=f"+Pyi(f) (1.2)
where P,_1(f) is a differential polynomial of degree at most n — 1 in f, and that

1
I NG+ N(r o) = 0T ),

where N(r, f) is Nevanlinna’s valence function of f for poles. Then

a n

g= (f + —) ;

n
where a is a meromorphic function of the form (1.1) in C" determined by the terms of
degree n — 1 in P,_1(f) and by g.

When m =1, Theorem 1.2 is due to Hayman [6, Theorem 3.9]. By using
Theorem 1.2, we can give a proof of Conjecture 1.1, under a condition on the
nonvanishing of the partial derivatives of order greater than 1 that differs from the
one posed in the conjecture. This is the following theorem.

Tueorem 1.3. If f is a meromorphic function in C" such that f, 8?1 £ 82; f have
no zeros for some I > 2 (1 < k < m) and such that the set of poles of f is algebraic,
then there exists a partition

{1,....,.m}=0hULU---UI
such that I; N 1; = 0 (i # j), and

f@ oz = exp( Y Az + Bo) ﬁ (> am+8)".

i€l j:l iEIj

where A;, B; are constants with A; # 0, and n; are nonnegative integers.
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In particular, if f is entire then the function f in Theorem 1.3 has only an
exponential form

@1,y zm) = exp(A121 + -« -+ + Apzm + Bo).

We shall use the methods developed in [6-8] and the generalised Clunie lemma
(Lemma 2.1, below) to prove the main results.

2. Proof of Theorem 1.2

The proofs of Theorems 1.2 and 1.3 are based on the following generalised Clunie
lemma.

Lemma 2.1. Let f be a nonconstant meromorphic function on C”. Take a positive
integer n and take polynomials of f and its partial derivatives:

P =Y apf@ N @ D", p=(po,.. ) eZE, @)

pel

Of) = Y caf @@ D", a=(q0,-- ) €LY, (22)

qeJ

and

B(H) =) bif", (2.3)
k=0

where I, J are finite sets of distinct elements and ay, cq, by are meromorphic functions
on C™ with b, # 0. Assume that f satisfies the equation

B(f)Q(f) = P(f) (2.4)

such that P(f), Q(f) and B(f) are differential polynomials, that is, their coefficients a
have property (1.1). If deg(P(f)) < n = deg(B(f)), then

I m(r, Q(f) = o(T(r, £)).

For the case m = 1, see [6, Lemma 3.3]. We refer the reader to [7, 8] for some
special cases of Lemma 2.1, where P(f) is only a polynomial in f. A general proof
can be found in [10].

Now we begin the proof of Theorem 1.2. Note that by (1.2) g can have poles only at
poles of f or of the coefficients a, of P,_1(f). Let [ be the order of the highest partial
derivatives ' f of f occurring on the right-hand side of (1.2). At a pole of f of order
p, 0\ f generically has a pole of order at most

p+Ii<({+ 1Dp,

and so g has a pole of order at most n(/ + 1)p + k, where k is the sum of the orders of
the poles of all the coefficients a,. Thus

N(r,g) < n(l + DN(r, )+ ) N(r ),
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and so

I N(r.g) = o(T(r, 1))

by hypothesis. Nevanlinna’s proximity function of g satisfies

I m(9) <0 Y mnd )+ Y mira)) = 0T ),

lil</ >
so that
I T(r,g)=m(r,g)+ N(r,g) = O(T(r, f)).
Note that
I N(r, Out ) <N(r.g)+ N(r, 1) = o(T(r, f)).
g g
We have

I T(r, ‘%“g) - m(r, ‘%“g) ; N(r, %.g) — o(T(r, ), 2.5)

where, by using the lemma of logarithmic derivative (see [7]), we also have

o,
i ) = o(T(r. f).
8

I m(r,
We now differentiate (1.2) and obtain

0,8 =nf""'0,f + Qi(f) (2.6)

for each i =1,...,m, where Q;(f) = 9, P,-1(f) is a differential polynomial in f of
degree at most n — 1. We multiply (1.2) by d,,g/g and subtract from (2.6). This gives

a.
1)+ Lua) =0, 2.7)
8

fn—l(n8Zif _

The differential polynomial L,_;(f) satisfies the conditions of the generalised Clunie
lemma. Thus we deduce from (2.7) that

o,
I m{rndef - =) = o, )
8

Again the function

19.8
Fi=0,f - ;in

has poles only at poles of f or d,,g/g and so we have

aZig
I NG F)) < 2N ) + N(r, ?) = o(T(r. ).

and hence
I T(r,Fi) =m(r,F;) + N(r, F;) = o(T(r, f)).
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If & is defined by the equations

az,-h 1 6Zig
—_ = - s i=1,...,m,
h n g
we have just proved that
0. =vif + Fi,
where
n g h
We deduce that

05,05, f = fO i + Wil f + 0., Fi = (00 + Yy ) f + 0., Fi + UiF ).
If we define ¢ = log &, by induction we obtain
&f = LWf + Fi,

where i = (iy,...,i,) € ZY, Li(y) is a certain differential polynomial in ¢ which is
independent of F;, and
I T(r, Fi)=o(T(r, /),

and further F; = 0 if F; = 0 for each i. Writing & instead of f so that d..h = y;h, we
deduce that )
d'h = Li(y)h, (2.8)

so that )
; d'h
6lf = Tf + Fi.

We deduce thatif ng +n; +---+nm=n-1,

a_h) (aifh

) ) P

@y @ = f "_l(
n—1 . .
_ (%) h"O(B“h)"‘ - (a”h)"l + Pnfz(f),

where P,_,(f) is a differential polynomial in f of degree at most n — 2. Therefore, if
m,-1(f) is a homogeneous differential polynomial of degree n — 1 in f,

n—1
Tur(f) = (%) Tt () + Pos(f). 2.9)

Also it follows from (2.5) and (2.8) that

&h
I T(r, 7) = T(r, L) = o(T(r, ))

and so
I T h " mue1(B)) = o(T(r, £)).
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By using (2.9), we can rewrite (1.2) in the form

g=f"+af"" +Pua(f).
where P,_»(f) is a differential polynomial in f of degree at most n — 2, and

_ ﬂn—l(h)
a= hn—l

satisfies property (1.1). Further, we may write this as

g=H"+ P, »(H), (2.10)
where P,_»(H) is a differential polynomial in H of degree at most n — 2, and
H=f+ E_
n

We can now again differentiate (2.10) and eliminate g. We obtain the analogue of (2.7),
namely
H"'G; = Li»(f), (2.11)

where we note that this time the differential polynomial L,_, has degree at most n — 2,

and 19
Gi=0,H--28H
n g

By using the generalised Clunie lemma with (2.11) twice, we deduce as before that
I T(r,Gi) = o(T(r, f))

and
I T(r,HG;) = o(T(r, f)).

Hence if G; is not identically zero we deduce that
1
| T(r,H)<T(r HG;)+ T(r, 6) =o(T(r, f)).
i
This gives a contradiction since then also

I TG, f)<T(rH) + T(r, Z) +0(1) = o(T(r, ).

Thus G; must be identically zero for each i € {1, ..., m} and
0. H 0,
n—ZL = Z_lg, 8= CHn’
H g

where c is a constant.
We can finally prove that ¢ = 1. For otherwise we should deduce from (2.10) that

(1 = O)H" + P,_»(H) = 0.
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A further application of the generalised Clunie lemma now yields that
I m(r,(1 —c)H) = o(T(r, H)) = o(T(r, f)),

and since
a
I Mnmstﬁ+N@;%mGMﬂx

by hypothesis, this yields
I T(r,H)=o(T(, f))

giving a contradiction as before. Thus ¢ = 1 and Theorem 1.2 is proved.

3. Proof of Theorem 1.3

According to Hartogs’ theorem, a function f defined on C™” is meromorphic on C"
if and only if, for each j € {1,...,m}, f is meromorphic for z; when the variables
25 ooos Zj=1> Zjls - - - » Zm are fixed. Thus we can prove Theorem 1.3 by induction on
the number m of variables. When m = 1, Theorem 1.3 is just the result of Tumura [12]
and Clunie [1] (or see [6, Theorem 3.8]). Now we fix m > 2 and assume that the
conclusion in Theorem 1.3 holds for variables of number at most m — 1.

First of all, we claim that 0. f/ f (1 <i < m) are all rational. Assume, to the contrary,
that one of them, say 0., f/f, is transcendental. Applying Theorem 1.3 for m — 1
variables zj, ..., Zy—1, there exists a partition

{1,....m=-1}=LULU---UI

with I; N I; = 0 (i # j) such that

(D Az +Ben) . G

i€l

f(@1s. . 2m) = €Xp ( Z Ai(zm)zi + Bo(zm)) |

k
icly j=1

where A;(z,) (0) and Ej(zm) are entire functions of z,, because f is a nonvanishing
meromorphic function on C”. Set

Then
8 f=Fo, f+ [0, F=(F+0.,F)yf.

For n > 1 we deduce inductively (see [6, Lemma 3.5]) that

& 1
= F —”("2 LFr26, F  agF" 38 F + by F 0 FY + Pos(F), (3.2)

where
ay = tn(n—D(n-2), b,=gnn-1(n-2)n-3),
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and P,_3(F) is a differential polynomial with constant coefficients, which vanishes
identically for n < 3 and has degree n — 3 when n > 3.
Since the set of poles of f is algebraic, we have

N(r, f) = O(logr)
(see [4] or [11]) and hence

az}‘f ) < 2N(r, f) = O(log r).

N F) = N(r,

Since F is transcendental, which means (see [4] or [11])

. T(rF)
lim =00
r—0co log r

then the function
éﬂm f
g =
S

with [ = [, satisfies

| NG.F)+ N(r, 1) = o(T(r, F)).
g

Thus Theorem 1.2 shows that g = i/, where = F + a/l. The case which is relevant
to Theorem 1.2 is that in which g = F' + P,_;(F), where

(-1
Pi_i(F) = (T)F"zasz +a)F'"0 F + biF'™(0,,F)* + Pia(F).

In this case l
I(l-1
ha=m_(h) = %h“azmh,

that is,
_W-1Dé,h _1-10.,8,
2 h 2 g7

see the proof of Theorem 1.2 for the last relation and definitions of 2 and m;_ (k).

Hence,
[-10 [-10
w:F+—Z’—"g:F+——Z”’¢,.
20 g 2w
Set
I-lo,u
@=— v
Then R
2a da 20, «
=2y g (A ),
W= GYEgTm T M

https://doi.org/10.1017/S0004972714000446 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972714000446

452 P.-C. Hu and C.-C. Yang [9]

and hence
F=y-a,
2a
0., F =0,y —0,,a= ﬁd/ -0,

4a? N 20, a
(-1 1-1

and so on. Thus, if n =1 =1, > 2, we obtain from (3.2) that

Iy oy =D 2a
V=W + S - 0y - dc0)
. (a ( 4a? 20, 4a?
: (- 1)

+
(-1 1-1
where Q;_3(¥) is a differential polynomial of degree at most / — 3 in . In fact, the
coeflicients of ;3 are polynomials in @ and its derivatives on z,, and the poles of «
occur at the zeros and poles of , that is, of g, and so by hypothesis

RF=y-0a=(

Zm

)¢ - (fma/,

)+ Jo'=2 + 0raw), (33)

N(r,a) = O(logr) = o(T(r, F)),

and also

a;, a,
I mra) = m(r, —"”) +0(1) = m(r, —g) +0(1) = o(T(r, 8)) = o(T(r, F)).
v g

Therefore,
| T(r,a)=o(T(r, F)). 3.4

We collect terms in the powers of ¢ in (3.3) and note that terms of degree [ and [ — 1
are eliminated. The equation becomes

apy"™* + (terms of degree at most / — 3) = 0, 3-5)
where
(-1 , 2o 40> 20, ) 4o
_ B a _ l l _ 2 m b
ao 5 (@ = 0,,0)— -2 +q G—12 " 7-1 "a-1y

If I = 2, we see at once that agy/'~> = 0, so that ap = 0. If ] > 2, we apply the generalised
Clunie lemma with (3.5), and deduce that

I m(r, app) = o(T(r,¥)) = o(T(r, F)).
Since by hypothesis

I N(r.¢) = OIN(r, 8)} = o(T(r, F)),
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we deduce that
I T(r,ao¢) = o(T(r, F))
and hence, if gy is not identically zero, by using (3.4),

I T(ry) = o(T(r,F)),

On8 ) +0(1) = o(T(r, F)),
g

| T F)<T(ry)+ T(r,

giving a contradiction. Thus in any case

I(+1 2
ap = (-g )(“——aZma):o.

This gives on integration either @ = 0 or

0, a 1 1 c1—2m

2 I-1" o 1-1°

I-lo,w I-1

T2 W -z
v=caci—zm) " 2 %O,

az}f=F=l//—%aZ'7"w=Cz(Cl—Zm)_z—cll:lm,

(@) = c3(cr — zm) P explealcr —zm) ™), €3 20,

[0

where ¢y, ¢; and c3 are entire functions that are independent of z,,. Clearly this function
f cannot be meromorphic in C”. Thus @ must be identically zero. It follows that ¢ is
independent of z,,, and so is F. Note that

FQZiy-ees2m) = ZA;(Z;n)Zi + B)(zm)

i€l

_ Zk: n,-( ZAI.(Z,,,)Z,- + E’j(zm))il( ZA;(Zm)Zi + B’}(zm))
= i€l

i€l

(3.6)

is independent of z,,, and so A;(zm), B}(zm) are constants. Therefore F is rational. This
is a contradiction, and so our claim is proved.

Since ., f/f (1 <i < m) are all rational, so in particular is F, and, by using (3.2),
then Bém f/f is rational. Thus, writing f in the form (3.1) again, by the induction
assumptions we find from (3.6) that A/(z,), E;(zm) are polynomials. By using the

relation
a. .
—2 = F' 4 PLy(F),
S

we see that if 3¢ Alf (zm)zi + Eg(zm) is not constant,
!

0 N . 1
) ~ P 3 A+ i)
iely

https://doi.org/10.1017/S0004972714000446 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972714000446

454 P.-C. Hu and C.-C. Yang [11]

as z,; — oo. It follows that 6ém f =0 somewhere in C™”, giving a contradiction. Thus
we have
A;(zm) =0(@Gel, Bé(zm) = Ay = constant,

and so there exist constants A;, By such that
Ai(zn) = Ai (i € 1), Bo(zn) = Aoz + Bo.
If Ao # 0, and F is not constant, we see that
F(z)y=A4y, O F=0n>1)

at z,, = co. Now we see that on the right-hand side of (3.2) with n = [ all the terms
except the first vanish at z,, = oo, so that (')ém flf= Aé at z,, = oo, and 6ém f must again
have a zero in C™. This is a contradiction. Thus if Ay # O, it follows that F' must be
constant, and so

A;(Zm) =0 (l € Ij)’ B;(Zm) =0

foreach j=1,...,k, thatis,
Ai(zn) =A; =constant (i€ 1;), Bj(zyn) = B; = constant.
Set Iy = Iy U {m}. Then the partition
{1,....om}=L,ULU---UI

has the property in Theorem 1.3.
Finally, if Ay = 0 then

f@yeszm) = mexp(ZAizi+Bo),

iely

where
nj

k
01, oz = [ [ D Aiamrzi + Byt

j=1 el
Forie I; (1 < j<k),itis easy to see that
Ai(zy) = A; = constant

since 82. f has no zeros. Set
deg(B)) = p;
and consider the polynomial
01 = [ (D Az + Bytaw)
jel el

in z,,, where
J={jl1<j<k pj=1}.
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We choose (z1, .. .,zn_1) € C"! such that the polynomial in z,,
Rizw) = ) Azi+Bj(zn) (i€ ),
i€l
has distinct zeros. Thus if Qi(z,) has degree n, fi(z,) = f(z1,...,2,) has a zero

of order n at z, = oo and no finite zeros. Suppose that fi(z,) has distinct poles of
multiplicity ¢, forv=1,...,N. Then

q+--+qn=n.
Also, fl(l)(zm) has poles of multiplicity ¢, + , so that altogether fl(l) (zm) has
(@+D+---+(@v+D)=n+IN

poles. Also fl(l)(zm) has a zero of order n + [ at z,,, = co. Thus fl(l)(zm) has (N — 1) finite

zeros, and so N = 1 since fl(l) (Zm) = c’)ém f has no finite zeros. Thus J contains only one
element, say J = {1}, which means that

Bj(zy) = B; = constant (2 < j < k).
Since fi(z,) has only one pole, it follows that when I; = 0,
01(zm) = Bi(zn)" = (Apzm + B1)',
where A,, (# 0), B; are constant, and so the partition
,....m}=LuLU---UI

has the property in Theorem 1.3, where I} = {m}.

When I; # 0, and p, > 2, we may choose (21, ...,Zm-1) € C™-1 as before such that
R{(z,,) has at least two distinct zeros, and hence fi(z,,) has at least two distinct poles.
This is a contradiction. Thus p; = 1, and so there exist constants A,, (# 0), By such
that

Bl(zm) = Amzm + Bj.

Hence the partition
{1,....m}=LULU---UI

has the property in Theorem 1.3, where I} = I; U {m}, and we obtain the conclusion in
Theorem 1.3, which also completes the proof by induction.
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