
Appendix 12 
Dirac spinors and matrix elements 

A12.1 General properties 

We discuss here some properties of four-component spinors and the Dirac 
matrices, which are particularly useful in the computation of helicity 
amplitudes. We shall not touch on the usual elementary considerations of 
the Dirac equation and the finding of its free-particle solutions. For that, 
the reader should consult Bjorken and Drell (1964). 

The y-matrices satisfy 

(A12.1) 

and we define 
(A12.2) 

and 

(A12.3) 

For any 4-vector All we use 

.y4 = A 11 y11 = Aoyo _ Alyl _ A2y2 _ A3y3. (A12.4) 

The particle spinors u and the antiparticle spinors v satisfy the Dirac 
equations 

Our normalization is 

which implies 

(p- m)u(p) = 0 

(p + m)v(p) = 0. 

flu= 2m vv =-2m, 

the above holding also if m = 0. 

476 

(A12.5) 

(A12.6) 

(A12.7) 

(A12.8) 
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Appendix 12.1 General properties 477 

With this normalization the cross-section formula (B.1) of Appendix B 
of Bjorken and Drell (1964) holds for both mesons and fermions, massive 
or massless. 

Of very great importance are the properties of the traces of products of 
the y-matrices. The most useful ones are: 

Tr (yfl1yfl2 ••• yflN) = 0 if N is odd 

Tr ( yfly v) = 4gflv 

Tr (yo:yf1yflyV) = 4 (go:f1gflV _ go:flgf1v + go:vgf3fl) 

Tr (yfllyfl2 ... yflN-lyflN) = Tr (yflNyflN-l ... yfl2yfll) 

Tr Ys = 0 

Tr (YsYo:) = Tr (YsYo:Yf3) = Tr (ysyo:yf3yfl) = 0 

Tr (ysyo:yf3yflyv) = -4ico:f3flv, 

(A12.9) 

(A12.10) 

(A12.11) 

(A12.12) 

(A12.13) 

(A12.14) 

(A12.15) 

where Eo:f3flv' the totally antisymmetric tensor in Minkowski space, is de
fined with Eo123 = + 1. 

From the y-matrices one can construct a set of 16 linearly independent 
matrices, 

rs =I 

r~ = yflys 

chosen so that for each of them 

rj' = (JflV 

rp = iys, 

yortyo = r. 

Moreover, from the above, 

Tr rj = 0 for all j =f S 

and 

Tr rs = 4. 

An arbitrary 4 x 4 matrix can thus be written 

M = Sl + Vflyfl + i Tflv(Jflv + Aflyflys + Piys 

where Tflv =-Tvw 

(A12.16) 

(A12.17) 

(A12.18) 

(A12.19) 

It is not implied that the coefficients are Lorentz vectors or tensors etc. 
for a general M. 

The expansion coefficients can be found from M simply by taking 
appropriate traces: 

S = ~ Tr M Vfl = ~ Tr yflM Tflv = ~ Tr (JflvM 

Afl = ~ Tr YsYflM iP = ~ Tr YsM 
(A12.20) 
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478 Appendix 12 Dirac spinors and matrix elements 

A12.2 Helicity spinors and Lorentz transformations 

Corresponding to the definition of helicity states given in subsection 1.2.1, 
the particle (or antiparticle) spinors for momentum pll are related to those 
at rest (see eqn (2.4.14)) by 

Un(p,A) = Dnm[h(p)]um(p,A). (Al2.21) 

For Dirac spinors, the representation matrices are given by 
(i) 

D[rj(O)] = e-iO};.j/2 

where rj(O) is a rotation through angle e about the j-axis and 

"" - 1 .c (Jkl • 
L.j = 2"'jkl ' 

(ii) 

D [lj(v)] = e-wyjyo/2 

where lj(v) is a boost along the j-axis and tanhw = vjc. 
Thus for p = (p, e, 4>) 

D [h(p)] = e-i</J};.3/2e-i0};.2/2e-wy3y0/2 

where now 

coshw/2 = V(E + mc2)j(2mc2) 

and 

tanhw/2 = pcj(E + mc2). 

(Al2.22) 

(Al2.23) 

(Al2.24) 

The actual form of the spinors depends upon the representation used 
for they-matrices. Two useful choices will be discussed later. 

The helicity spinors of course represent eigenstates of helicity. They are 
thus eigenspinors of the matrix that represents the helicity operator. The 
most convenient form is in terms of the covariant helicity spin vectors 
g'll(p, A) introduced in Section 3.4. One finds that 

Ys .f(p, A)u(p, A)= mu(p, A) 

Ys .f(p, A)v(p, A) = mv(p, A) 
(A12.25) 

where 

g>ll(p,A) = 2A(p,Ep) (Al2.26) 

and 

(A12.27) 

Sometimes it is convenient to label the spinors by pll and 9"1l, but it should 
be remembered that the explicit form for the spinors depends upon the 
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representation used for the y-matrices and so cannot be written as a 
covariant combination of pll and [I'll. 

The following results for the 4 x 4 matrices formed from the spinors are 
important in calculating physical cross-sections: 

L [ uoc(P, .lc)up(p, .lc)- Voc(p, .lc)vp(p, .lc)] = 6ocp2m 
A 

and, using (A12.25), 

L u(p, .lc)u(p, .lc) = p + m 
A 

L v(p, .lc)v(p, .lc) = p- m 
A 

u(p, .lc)u(p, .lc) = p ~ m [ 1 + Ys .f~p, .lc) J 

v(p,.lc)v(p,.lc) = p~m [1 + Ys.f~p,.lc)J. 

(A12.28) 

(A12.29) 

(A12.30) 

Now note that, irrespective of whether we have particle or antiparticle 
spinors, any matrix element of the form u(l)ru(2) can be written as a 
trace: 

u(l)ru(2) = uoc(l)rocpup(2) = rocpup(2)uoc(l) 

= Tr [ru(2)u(l)]. (A12.31) 

Generally this trick is not useful because of the complexity of u(2)u(l) 
when m =I= 0. However, when p'f = pj_ we can use (A12.30) to derive the 
following helpful results: 

u(p, Y')y 11u(p, Y') = 2p11 

2 
u(p, Y')crJ.IV u(p, Y') = -eOCflJ.IV PocY' p 

m 
u(p, Y')y 11ysu(p, Y') = 2Y'11 

u(p, Y')ysu(p, Y') = 0 

(A12.32) 

We consider now the specific form of the spinors in particular representa
tions of the y-matrices. 
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A12.3 The Dirac-Pauli representation 

One takes 

Yo= ( ~ ~I) k ( 0 y -
-(jk ~) k = 1,2, 3 

y5 = (~ ~) 
Lk = ( ~ ~k) yiyO = _ ( 0 

Cij 6) j = 1,2,3 

where, as usual, 

Cil = ( ~ ~) Ci2 = ( ~ ~i) Ci3 = ( ~ ~1) 0 

For the transpose (T) of the matrices one has 
·T . 

yl = yl j = 0,2,5 
·T . 

yl = -yl j = 1, 3 

and for the hermitian conjugate (t) 

Ot 0 t ·t . 
Y = Y Ys = Ys Y1 = -y1 j = 1,2, 3 

For the rest-frame spinors one usually takes 

where XA is a two-component spinor and 

The explicit form of the helicity spinors is, then, from (A12.24), 

where 

One finds 

1 (E +m) A 

u(p, -1) = -}E + m 2p-1 XA(p) 

1 (-2pA) A v(p,-1) = -}E + m E + m X_)c(p) 

( e-i4>/2 cos() /2) 
X+(P) = ei<P/2 sin() /2 

( -e-i<P/2 sin() /2 ) 
X_(p) = ei<P/2 cos() /2 

(A12.33) 

(A12.34) 

(A12.35) 

(A12.36) 

(A12.37) 

(A12.38) 

(A12.39) 

(A12.40) 

(A12.41) 
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Note that in this representation we have 

v(p,A.) = iy2u*(p,A.) 

A12.4 The Weyl representation 

481 

(A12.42) 

This is particularly useful in the relativistic limit and in the massless case. 
One takes 

o = (0 I) y I 0 yj = ( 0 -oa j ) j = 1, 2, 3 
(Jj 

ys = ( ~ ~I) 

~k = ( ~ ~k ) Yj Yo = ( -; j ~j) 

(A12.43) 

Equations (A12.35) and (A12.36) for transpose and hermitian conjugate 
continue to hold. 

The explicit form of the helicity spinors can be taken, via (A12.24), as 

1 (E + m + 2pA.) A 

u(p, A.) = ~2(E + m) E + m- 2pA. X_.t(p) 

1 (p-2A.(E +m)) A 

v(p,A.) = ~2(E + m) p + 2A.(E + m) X_..t(P) 

(A12.44) 

in the Weyl representation. Note that if m f. 0 this corresponds to the 
choice 

(A12.45) 

and in this representation 

v(p,A.) = -iy2u*(p,A.). (A12.46) 

A12.5 Massless fermions 

When m = 0, remarkable simplifications occur in the Weyl representation. 
For example, if m ~ E or m = 0 then (A12.44) becomes 

u(p,+) = v2B(X+6P)) = v(p,-) 

u(p, -) = v'2£ (x_~p)) = v(p, +) 

(A12.47) 
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with 
pu(p) = pv(p) = 0 

u;Jp)uJc(p') = VJc(p)vJc(p') = 0. 

If in (A12.26) we write 

Yll(p, Jc) = 2Jc(E, p) + 2Jc(p- E, (E- p)p) 

= 2Jcpll + 2Jc(E- p)( -1, p) 

(A12.48) 

(A12.49) 

where p is the unit vector along p then, using (A12.5) and (A12.25), we 
see that for m ~ E or m = 0 

from which follow 

ysu(p, Jc) = 2Jcu(p, Jc) } 

ysv(p, Jc) = -2Jcv(p, Jc) 

u(p, Jc)ys = -2Jcu(p, Jc) 

v(p, Jc)ys = 2Jcv(p, Jc). 

(m = 0) (A12.50) 

(A12.51) 

The consequences of these and the connection with chirality are discussed 
in subsection 4.6.3. 

The relations (A12.29) become 

u+(p)u+(P) + u_(p)u-(p) = p = v+(p)v+(P) + v_(p)v_(p). 

Multiplying by (1 ± Ys)/2 we obtain 

u±(p)u±(P) = !(1 ± Ys)P 

v±(P)V±(P) = !(1 + Ys)P 

(A12.52) 

(A12.53) 

Consider now the very important matrix M = u+(pl)u+(P2). It can be 
expanded as in (A12.19). Using the fact that 

YsM = M = -Mys (A12.54) 

the coefficients in the expansion must satisfy 

Tr (rM) =- Tr (rysMys) =- Tr (ysrysM). 

But Ys {J,rrflV,ys}ys = {J,rrllv,ys}, so that S = Tpv = P = 0. Also Ap = 

-Vw 
Thus for the massless case the only relevant coefficients are 

Vp = ~ Tr (ypu+(pl)u+(P2)) 

However, using (A12.31) we can rewrite (A12.55) as 

Vp = ~u+(P2)Ypu+(pl) 

(A12.55) 
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so that finally 

u+(pl)u+(Pz) = ~ [u+(Pz)y11 u+(pl)] Y11(1- Ys). 

In similar fashion one finds 

u_(pl)u_(pz) = ~ [u-(pz)y11u_(pl)] y11 (1 + Ys). 

One can check explicitly that 

u_(pz)y11u_(pl) = u+(pl)y11u+(Pz) 

so that (A12.57) becomes 

u_(pt)u_(pz) = ~ [u+(pl)y11u+(Pz)] y11 (1 + Ys). 

Using similar techniques one can show that 

(A12.56) 

(A12.57) 

(A12.58) 

(A12.59) 

u+(pt)u_(pz)- u+(Pz)u_(pl) = [u_(pz)u+(pt)] !(1 + Ys). (A12.60) 

Equations (A12.56), (A12.59) and (A12.60) are very useful in deriving 
the rules for Feynman diagrams with massless particles (Chapter 10). 

A12.6 The Fierz rearrangement theorem 

It sometimes happens, when dealing with the matrix element correspond
ing to a Feynman diagram involving spin-1/2 particles, that it is convenient 
to rearrange the order of the spinors in relation to the order they acquire 
directly from the Feynman diagram. 

In general, let fi(i = 1, ... , 16) stand for any of the independent combi
nations of unit matrix and y-matrices I, y~', a~'v, iy~'y 5 , y5• 

Let fi stand for the above set of matrices with their Lorentz indices 
lowered when relevant, i.e. fi contains for example y11 , whereas fi contains 
y~' etc. 

As a result of the algebraic properties of the set fi it can be shown that 

~ 2:: ( rit11 ( fi) ys = basbpy· (A12.61) 
l 

If now A and B are any 4 x 4 matrices, then on multiplying (A12.61) 
by ApaBvy we obtain 

~ l:Apa (ritp Bvy (fi)yb = ApsBvp 
l 

ApsBvp = ~ ~ (Afi) PP ( Bfi)vb. 
(A12.62) 

l 

Since the 16 fi are a complete set of 4 x 4 matrices, each product Afi etc. 
will reduce to a sum of fi. 
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After some labour one can obtain the following relation: 

[yll(l - Ys)]p, [yJl(l - Ys)Jv 13 = - [yll(l - Ys)]pp [yJl(l - Ys)Jv,. (A12.63) 

Clearly, analogous relations can be worked out for any product of the 
f-matrices. Results may be found in Section 2.2B of Marshak, Riazuddin 
and Ryan (1969). 
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