
SCALES OF LOGARITHMIC METHODS OF SUMMABILITY 

D. B o r w e i n and R. Ph i l l i p s 

( r ece ived N o v e m b e r 6, 1968) 

1. In t roduc t ion . We suppose th roughout tha t p i s a non-
negat ive i n t e g e r , and use the following no ta t ions : 

* (X) = 
P 

IogQx . I o g i x . 
— for x > e , 
> log x - p 

o the rwi se , 

w h e r e log x = x for x > e = 1, and log x = Iog(Iog x) 
e 

for x > e M = e ( n = 0 , 1 , 2 , . . » ) ; 
— n+1 

o- (x) = 2 IT (n) x 
P n=0 P 

(-1 < x < 1); 

n 
s = 2 a, 

n , ^ k 
k=0 

(n = 0 , 1 , 2 , . . . ) ; 

t (n) = 2 TT ( k ^ (n > e J , 
p l o g

P + i n k=o P k - p + 1 

00 

The s e r i e s S a i s sa id to be s u m m a b l e L to s , and we 
n P 

n=0 ^ 
oo 

w r i t e 2 a = s ( L ) o r s -* s (L ), if 
n n p n p 

n=0 
1 . . n 

I im ——— S TT (n) s x = s . x -*-1 - p n= u 
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00 

If t (n) -> s as n -> oo the series S a is said to be summable ft 
P n=0 n P 

00 

to s, and we write 2 a = s ( i ) or s -> s (i ) (see [51). 
n=0 n P n p 

Given two summability methods A, B we write A ^ B .if any 

series summable B is summable A to the same sum; if in addition 

there is a series summable A but not summable B we write A 3 B. 

If A ^ B and B 2 A the two methods are said to be equivalent and 

we write A ^ B. It is known [51 that the L and & methods are 
P P 

regular and that L ^ L, J2 _̂ J2 where L and S. are standard 

logarithmic methods (for definitions see [3]). The aim of this paper 

is to establish various inclusion theorems for the two scales of methods. 

2. Lemmas. We require four lemmas. 

LEMMA 1. If s -> s(i ), then s = o —-) and 
p — n ^ p + 1 ( n ) — 

1 
a = o i n hr (n) 

V P + 1 

Proof. The case p = 0 of this lemma is due to Ishiguro [3., 

Theorem 41. For n - 1 > e we have that 
J - p+1 

[t (n) log n - t (n - 1) log (n - 1)]; 
n TT (n) L pv &p+l p top+l 

hence 

log (n - 1) 

«IT (n)s = t (n) - t (n - 1) — - ^ 0, 
p+l v n P V P V log + I n 

and so, 

V i ( n ) 

Vl (n )an = V l ( n > S n " ir f n - 1 ) V l ^ " 1 , 8 n - l "* °' 
P+1 

4 4 6 
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LEMMA 2. L 3 I . 
p — p 

Proof. Since I 2l (N, q ) with q = TT (n), the lemma follows 
p n n p 

from a known result [4, Theorem 1]. 

LEMMA 3. If x > e , y > 0, then — - p 

0 0 4-

xt, (log x)"y = / e"X X (t)dt, 
v 0 r>y 

where X (t) is defined by the recursive formulae: p , y 

* n „ ( t ) 
o,y ' " rty) ' 

00 

X ±4 (« = T T T / U Y " 1 X M** ( r = 0 , l , 2 , . . . ) . 
r+l,y r(y) J

Q r, u 

Proof. The lemma is true for p = 0, since, when x >̂ e = 1, 

00 00 

v -V - y 1 r -xt y - 1 , r ~ x t . , v -, 
log x y = x y = — — / e ty dt = f e \ (t)dt. 

o r(y) J
Q

 J
0 o , y 

Assume the lemma is true for p = r. Then, for 
x > e we have 

- r+1 

00 -ulog , .x . 
(log x) = ——- / e u du 
K ër+l ' r(y) \ 

uu 

— J (log x) u du 
r(y) J

0
 tor 

447 

https://doi.org/10.4153/CMB-1969-054-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-054-7


00 00 

- f r f uy _ 1du f e _ X t X (t)dt 
r(y) \ \ r.u1 

00 00 

/ e"Xtdt - V / u ^ X (t)du 
n r (y ) J

n r , u 

00 

-x t . f e" X j (t)dt, 
^0 r + l , y 

the i n v e r s i o n in the o r d e r of i n t e g r a t i o n be ing jus t i f ied by Fubin i 1 s 
t h e o r e m s ince a l l the funct ions c o n c e r n e d a r e non -nega t i ve and 
L e b e s g u e m e a s u r a b l e . The l e m m a i s thus e s t a b l i s h e d by induc t ion . 

The c a s e p = 1 of the next l e m m a is due to H a r d y [2 , page 268] . 

LEMMA 4. If n > e , y > 0, then 

1 
(log n ) " Y = f tnc|>(t)dt, 

P 0 

w h e r e the function 4> i s non -nega t ive and independen t of n . 

P roof . By L e m m a 3 , 

oo 1 

(log n ) " y = f e " n X X (x)dx = f tnd)(t)dt, 
P \ P , y J

Q 

1 1 
w h e r e <l>(t) =—\ ( log—), 

t p , y t 

3. Inc lus ion T h e o r e m s . 

THEOREM 1. T h e r e is a s e r i e s s u m m a b l e £ but not 
p+1 

s u m m a b l e L, i . e . L ^ I 
p p r p+1 
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Proof . Let N be the i n t e g e r such tha t N - 1 < e < N , and, 
p+1 — 

with i = J-T, let 

Then 

- 1 - i 
7T (n) (log n) for n > e 

a
n = <̂  P P+1 - p+1 , 

0 for n < e 
p+1 . 

Sn-1 " ( ( I ° V i n f i - ( I O g p + l N r l ) 

n _ 1 1 • n 1 • 
» 2 w (k)(Iog k)" _ 1 - / (log t ) " - \ (t)dt 

k=N p p N P P 

n - 1 
= S $ 

k=N k 

w h e r e 

k + 1 , t . , 
§k = ;

k K ' ^ V ^ V ' "1)dxjdt 

k + V t . / p ir (x) 
= / / (ir (x)) (log x ) _ 1 _ 1 s - Ï — -

k \ k P P + 1 V r = o V X ) 

+ (l+i)(Iog + 1
x > - 1 j dxjdt 

k + 1 / * ! \ 
= / / 0 ( — ) d x ) d t 

k \ k x / 

•«Ï 
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00 - 1 
Hence 2 § c o n v e r g e s , and so s - i(Iog ,n) t e n d s to a 

k=N k n _ 1 P + 1 

- 1 - 1 
finite l imi t a s n -*• oo . Since s = s + TT (n) (log n) , 

n n - 1 p p+1 
- 1 

we have tha t s = i(Iog n) + k w h e r e k t e n d s to a finite 
n p+1 n n 

l imi t a s n -> oo . 

Consequen t ly { s } i s bounded but does not c o n v e r g e , and a s 
n 

a = 0(TT (n)), it fol lows f r o m a known t a u b e r i a n t h e o r e m 
n p+1 

oo 
T5, C o r o l l a r y l that S a is not L. s u m m a b l e . 

n = 0 n P 

oo 
We now show tha t 2 a is it t s u m m a b l e . F o r m > N, we 

n = 0 n P+ 1 ~ 

have tha t 

t . , ( m ) = 

1 _ , w, - 1 - 1 
S TT (n)(Iog .n) 

i l 0 g p + 2 m n=N P P + 1 

m 
1 

+ S TT (n)k 
l 0 g p + 2 m n = 0 P + 1 n 

1 
s + S TT . ( n ) k , 

i log o m m log _m „ p+1 n 
6p+2 Bp+2 n=0 F 

and hence t (m) t ends to a finite l im i t a s m -»• oo , 
p+1 

T H E O R E M Z. lu => L. . 
p+1 p 
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Proof . By L e m m a 4, for n > e . 
- p+1 

TT (n) 1 

p* ' P 0 

w h e r e <|>(t) i s non-nega t ive and independent of n, and h e n c e , by 
a r e s u l t due to B o r w e i n ["1, T h e o r e m AT, L t z> L . The 

L J p+1 - p 
s t r o n g e r inc lus ion follows i m m e d i a t e l y f rom T h e o r e m 1 and L e m m a 2. 

THEOREM 3. L 3 I , 
P P 

Proof . We c o n s i d e r a s e r i e s used to show the ex i s t ence of a 
s e r i e s s u m m a b l e by the Abe l method A, but not s u m m a b l e by any 
C e s a r o method [2, T h e o r e m 56] . 

Le t 

oo 
l / ( l + x ) n 

e / x ' = S a x 
n=0 n 

r 
It i s known tha t a i s not 0 (n ) for any r , and h e n c e , by L e m m a 1, 

oo 

S a is not s u m m a b l e I . Since the s e r i e s i s s u m m a b l e A, and 
~ n P 

n = 0 F 

[2 , page 81] A C L 2l L . S L » the t h e o r e m can now be deduced 
0 p 

f r o m L e m m a 2 . 

THEOREM 4. I A 3 i . 
p+1 p 

Proof . The inc lus ion I , => i follows i m m e d i a t e l y f r o m a 
P+1 ~" P 

a known t h e o r e m for N m e t h o d s [2, T h e o r e m 14]. The s t r o n g e r 
inc lus ion m a y be deduced f rom T h e o r e m 1. However a d i r e c t proof 
i s e a s y . 

C o n s i d e r 

( - l ) n * (n > e J . 
V i ( n ) " p+1 
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00 

Then s -• 0 (i ), i . e . 2 a is summable I , 
n p+1 __ n p+1 

oo 
1 

but s î o( 7~T~); hence, by Lemma 1, 2 a is not 
n IT (n) n n 

p+lv n=0 
summable. 
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