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Introduction. In [7] a Perron-like integral was denned in an arbitrary topo
logical space and many of its basic properties were established. In this paper 
we shall show (the theorem in § 2) that in a suitable setting the integral from [7] 
includes a class of so-called singular integrals, i.e., generalized forms of the 
Cauchy principal value of an integral. Thus, the powerful machinery of Perron 
integration, e.g., the monotone and dominant convergence theorems, can be 
automatically applied to these singular integrals. 

1. Preliminaries. In this section we shall recall some definitions and facts 
given in [7] and establish our notation. 

Throughout, P is a topological space and P~ = P \J (oo ) is a one-point 
compactification of P . If A C P , A~ and A~ denote the closure of A in P and 
P~, respectively. For x G P~, Vx is a local base at x in P~ (see [4, p. 50]). 

Let a be a system of subsets of P . A convergence (sometimes called a deriva
tion basis; see [3, 1.1]) on a is a function K which to every x G P~ associates a 
family KX of nets {Baj a G D, > } C <r. If A G a, then aA = {B £ a : B C A}. 
For Ô C o- and x G P~, KX(Ô) = {{Ba} G KX: {Ba} C ô}. 

Definition. A triple 3 = (^ *> G), where o- is a pre-ring (see [2]) of subsets 
of P , K is a convergence on a-, and G is a non-negative finitely additive function 
on o-, is called an integration basis if and only if the following conditions are 
satisfied: 

(i) For every x G P , Tx C <r and { U H P : £7 G rœ} C <r; 
(ii) For every x G P~, { [7H P , [7 G rx , C} G /<*; 

(iii) If x G P~ and {Ba}aeD G K*, then for no U ^ Tx is the set 
{a £ D: Ba - U j* 0} cofinal with £>; 

(iv) If x G P~, {-£>a}a(ED ê Kx, and Z)' is a cofinal subset of D, then also 
\Ba\a£D> G Kzi 

(v) If x G P~, {£«} G KX, and 4 G <r, then also {£« Pi 4} G ^ ; 
(vi) If 5 C o" is a non-empty semihereditary, stable system (see [7, 4.1 and 

4.2]), then the set {x G P~: ^(ô) F^ 0} is uncountable; 
(vii) For every U€ U{TX: x G P} , G(£/) < + oo. 

It was shown in [7] that integration bases exist and that for each of them we 
can define a non-absolutely convergent integral which is closely related to the 
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Lebesgue integral. For the definition of this integral and its basic properties we 
refer the reader to [7]. 

I t should be mentioned t ha t this setting for integration slightly varies from 
t h a t used in [7]; e.g., we use pre-rings instead of pre-algebras (see [7, 1.1]). 
However, the reader can easily see t ha t the changes, which were adopted 
mainly for the sake of brevity, are inessential. 

2. M a i n t h e o r e m . Let 3 = (c, *> G) be an integration basis and let 
%o G P ~ . W e define the triple 3 ' = W, *', Gr) as follows: 

(i) A G <J belongs to ur if and only if either x0 G A~ or A = U C\ P for 
some U £ I \ 0 ; 

(ii) Kx
f = KX if x 9^ Xo, and KXO' consists of all nets { UC\ P , U G I \ C i and 

{£7 P\ 0, Z7 G I \ C } Ï where T is a cofinal subset of Txo ; 
(iii) G is the restriction of G on a'. 
I t can be readily verified t ha t 3 ' is also an integration basis. I t is called the 

singularization of 3 a t x0. W e shall denote by I and V the integrals associated 
with the bases 3 and $ ' , respectively. These integrals are understood to be 
defined on algebras a and a' generated by a and af, respectively (see [8]). 

Let A £ cr/A and l e t / be an extended real-valued function on A~. I t follows 
from [7, 6.17] t ha t if / ( / , A) exists so does / ' ( / , A) and they are equal. More
over, if V(/, A ) exists and either x0 £ A~ or \imueTXQG/(U C\ A) = 0, then / is 
7-integrable over A — U for every U G r J 0 and 

lim I(f, A -U) = I'(f,A) 
uerXQ 

(see [7, 6.15 and 6.6]). T h e following theorem shows t h a t under some addit ional 
hypotheses about the point x0 this necessary condition for the existence of 
V (/, A ) is also sufficient. 

T H E O R E M . Suppose that P~ is first-countable and Hausdorff at x0.f Let f be an 
extended real-valued function defined onA~, where A Ç o-/A, and let either x0 $. A~ 
orlimU(iTx Gf(Ur\A) = 0. If'/is I-integrable over A — U for every U £ Txoandif 

lim ! ( / , A - U) = c j * ± o o , 

then f is V-integrable over A and I'(f, A) = c. 

Proof. If x0 € A~, the theorem holds trivially. T h e set A being in a'A is a 
disjoint union of sets from a' (see [6, (1.1)]). According to the definition of a', a t 
most one of these sets contains x0 in its closure. Thus , wi thout loss of generality, 
we may assume t h a t A itself belongs to a'. 

By [1, Chapter 1, § 1, sec. 3, Theorem 2X], we can choose a countable 
decreasing local base {Un}n=i C Txo a t x0 in P ~ . Let A± = A — Ui, 

fThis means that P~ has a countable local base at XQ (which need not coincide with rxo) and 
tha t to every x Ç P ~ — (*0) there exist disjoint sets U G Txo and F Ç r x . 
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An+i = A r\ (Un — Un+i), and let Ak, k = 1, 2, . . . , pn, be disjoint sets from 
<T' for which An = U^Li Ak, n = 1,2, . . . . Given e > 0 we can find majorants 
Mk e m(f, An

k) and mk G 2 » ( - / , An
k) (see [7, 3.2]) such that 

and 
Mn

k(An
k) <I(f,An

k) + e/pn2
n+i 

mn
k(An

k) < I(-f, An
k) + e/pn2?+K 

If B Ç oV, then for some nQ ^ 1 either ^ P\ £/wo = 0 and the sum 
Ln=i L*n-i A^n*(5 H ^4/) is finite, or £/no C 5 U (x0) and the series 
EiTU Efcn=i -^n*(5 H An

k) is convergent; for we have: 

lim 
T,S 

Y, E Mn\Br\An
l) 

n=r k=l 
g l i m £ 2 ) [Mn

k(An
k)-I(f,An

k)} 
r,s n=r k=l 

+ lim E /(M.) g lim Ë e/2"+1 

r , s 7i=r 

+ lim \I(f, A - Ur-i) -I(f,A- U,)\ = 0. 
r,s 

Hence for B Ç aA' we can define 

M'(B) = £ £ MH*(BnAH
k) 

and by a similar argument also 
oo Pn 

m'{B) =T.H mn\BC\An
l). 

n=l k=l 

Obviously, M' and w! are finite superadditive functions on aA'. Since P~ is 
Hausdorff at x0, it follows rather easily from [7, 5.3] that AT G 9ft'(/, 5 ) for 
every B £ o-A' for which x0 (? B~. 

Let {£a} Ç ^ ' ( o V ) . Since JB« U (X0) 6 r ^ , there is an integer na ^ 1 such that 
£4a dBa\J (x0). By the definition of **/, lim na = +oo and thus 

tta Pn 

lim inf M'(Ba) è lim inf £ £ M»*(5« H 4,,*) 
w = l k=l 

oo Pn Wa 

+ lim inf £ S M / O C ) è Hm inf X) / ( / , #« C\ An) 
n=ma+l k=l n=l 

= lim inf [I(f, A - Una) - I(f, A - Ba)] = 0. 

Therefore #M'(x0,A) ^ 0 (see [7, 3.1]), and consequently M' G W(f,A). 
Similarly we can prove that m' G %Jï'(—f, A). From [7, 6.1] we obtain 

0 g Iu'(f,A) + Iu'(-f,A) ^ M'(A) + m'iA) 
oo Vn oo 

= E E [ M / G C ) + mn\An*)} g 2 S e/2n+1 = e. 
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Since e is arbitrary, / is /'-integrable over A and it follows from [7, 6.16] that 
I'(f, A) = c. 

The previous theorem justifies the term "singularization". Indeed, the 
integral / ' is just a singular integral of the integral / at the point x0 (see 
[5, p. 37, §5, sec. 1]). 

3. Application. As an application of the theorem from § 2 we shall give a 
simple proof of dominant convergence theorem for Cauchy principal value. 

Let R be the set of all real numbers and let R+ = RVJ {+co, — GO}. By 
(pv) JtZ f(x) dx we denote the Cauchy principal value of a function/: R —» R+ 
which has a singularity at zero, i.e., {pv) JtZ f{x) dx exists if and only if / is 
Lebesgue integrable over every closed set A C R — (0) and a finite limit 

lim I f{x) dx + J f{x) dx 
e->0+l 

exists (see [9, p. 18]). 

PROPOSITION. Let g ^ fn ^ h and let (pv)f±Zg(x) dx, (pv)j±Zh(x) dx, and 
{pv) JtZ fn{x) dx, n = 1, 2, . . . , exist. If \imfn = f, then also{pv) JtZ f{x) dx 
exists and 

(Pv) I f(x)dx = \im{pv) I fn{x)dx. 
« J - c o " - c o 

Proof. Let P = R, Tx = {{x - e, x + e): e > 0} for x G P , and let 
r œ = {P^ — [ —e, e]: e > 0}. We define the integration basis 3? = (a, K°, c7)as 
follows: a is the algebra generated by all kinds of intervals, K° is the natural 
convergence on a (see [7, § 2 and Proposition 4.3]), and G is the Lebesgue 
measure in R restricted to a. Then, according to [7, 8.4], the integral / coincides 
with the Lebesgue integral. If 3 ' is the singularization of 3 at zero, then by the 
theorem in § 2, P{f, P) = (pv) ftZ f(x) dx for every function f:R—+ R+ for 
which either side has meaning. The proposition follows from [7, 6.13 or 8, 
Theorem 3]. 

It is obvious that the previous proposition extends immediately to the more 
general type of Cauchy principal value defined in [5, § 5, sec. 1, p. 37]. It also 
extends rather easily to singular integrals involving not only one singularity 
but any discrete set of singularities. 
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