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GEODESIC UNIQUENESS AND DERIVATIVES
OF BERS PROJECTION

Hut Guo

In this paper, we discover a sufficient and necessary condition under which
two geodesic segments joining the basepoint and another point in an infinite-
dimensional Teichmiiller space are the same.

1. INTRODUCTION

A metric space is said to be a straight geodesic space in the sense of Busemann
([1)) if for any two (distinct) points in it there is a unique geodesic segment, joining them
and such a segment can be uniquely extended to a straight line. Here by “straight line”
we mean the image of an isometric imbedding of the real line R into the given metric
space with respect to the Euclidean metric and the metric of the given metric space
respectively. Similarly, by “geodesic segment” we mean the image of a closed interval
of R.

It is well known that a finite-dimensional Teichmiiller space is a straight geodesic
space in the sense of Busemann ([5]). A very natural and basic problem is whether or
not an infinite-dimensional Teichmiiller space is a straight geodesic space in the sense
of Busemann.

Let [u] (# [0]) be a point in a Teichmiiller space T(I'). When T(T') is finite-
dimensional, the extremal Beltrami differential in [u] is unique, say puo; then pg must
be a Teichmiiller differential and the path [tpe] (0 < ¢ < 1) is the unique geodesic
segment joining [0] and [p]. However, when T(T') is infinite-dimensional, [u] can
contain more than one extremal Beltrami differentials. The first example of such a
point in the universal Teichmiiller space was given by Strebel, known as the Strebel’s
chimney ([12]).

In order to determine whether or not an infinite-dimensional Teichmiiller space is
a straight geodesic space in the sense of Busemann, one can investigate the following
basic question proposed by Gardiner ([3]).
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GARDINER'S PROBLEM. Suppose T'(I') is an infinite-dimensional Teichmiiller space
and [u] € T(T') contains two extremal Beltrami differentials g, and pg. Are the paths

Qi [0, 1] — T(F), t— [t/l.l]

and
ap:[0,1] = T(T), t — [tus]

the same?

It is well known that the images of both ; and a; are geodesic segments joining
[0] and [u] because of extremality of u; and p, ([10]). With respect to Gardiner’s
problem, Li ([8]) has first given an example for a; # a2 in the universal Teichmiiller
space, where a; # &2 means the two paths (or geodesic segments) «; and a; are
not the same. Later, Tanigawa ([13]) and Li ([9]) respectively gave some examples for
a; # az in an infinite-dimensional Teichmiiller space, which gave a negative answer
to Gardiner’s problem. These results lead to the fact that any infinite-dimensional
Teichmiiller space is not a straight geodesic space in the sense of Busemann. Further,
one would like to ask when o) # oz and when a; = ay. In fact, Tanigawa ([13]), Li
([9]) and Shen ([11]) have given some sufficient conditions for a; # a; in an infinite-
dimensional Teichmiiller space. The “best (or weakest)” one is the following:

THEOREM A. ([9]) Let T(T') be an infinite-dimensional Teichmiiller space and
U1, p2 be two extremal Beltrami differentials in a point [u] of T(T). If uy —us & N(T'),
then [tu1] (0 < t < 1) and [tu2] (0 < t < 1) are two different geodesic segments joining
[0] and [u] in T(T'), where N(T') is the Ahlfors N-class of T.

In this paper, we discover a sufficient and necessary condition for a; # a3 in an
infinite-dimensional Teichmiiller space. That is the following main theorem:

THEOREM 1. Let T(T') be an infinite-dimensional Teichmiiller space and py, po
be two extremal Beltrami differentials in a point [u] of T(T'). Then [tu;] (0 <t < 1)
and [tps] (0 £ t £ 1) are the same geodesic segments joining [0] and [u] in T(T) if and

only if
p1— p2 € N(ID)
and
Ml!{(ﬂlH(' "(MI{(M)))) - #zg(ﬁzﬂ(' - (II2HJ(IL2)))) €N*(1), k=1,2,...,

v =~

k

where H is the Hilbert transformation, N(I') is the Ahlfors N -class of T' and N*(1)
is the Ahlfors quasi-N -class of {i4}.

COROLLARY. Let T(1) be the universal Teichmiiller space and py, pz be two
extremal Beltrami differentials in a point [p] of T(1). Then [tp;] (0 <t < 1) and
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[tp2] (0 < t < 1) are the same geodesic segments joining [0] and [u] in T(1) if and only
if
— p2 € N(1)

and

ml H(umH(-- (#IH,(”I)))) - ﬂsz(ﬂzH(' - (#21{(#2)))) €EN*(1), k=1,2,...,

k

k
where N(1) is the Ahlfors N -class of {ig}.

2. PRELIMINARIES

Let w(z) € L§(C), where p > 2 and
L§(C) = {w(2) € L*(C) : w(z) has compact support}.

We define a linear operator T on L§(C):

Tu) = -1 [[ 2 ) tean, c=g+im

It is evident that Tw(z) is holomorphic in C\D and
Tw(z) = 0(—1—), when 2 — o0,
|2|

where D is the support of w(z) (see [7]).
Let w(z) € C§°(C). We introduce another linear operator H on C§°(C), which is
called the Hilbert transformation:

Huw(z) = ——// dﬁdn, ¢=¢&+1n.

The Hilbert transformation can be extended as a bounded linear operator of L?(C) into
itself, where 1 < p < 400 (see [6] or [7]). We denote by A, the norm of the operator
H , that is,
A, = su Hw(z w)| }, 1<p<+c.
o= s ()], /o), }

Then A, is continuous with respect to p and A; =1 (see [6] or [7]).

Let S be a Riemann surface which has a universal covering A, where A is the
open unit disc. Then the Riemann surface S can be represented as A/I", where I is a
torsion free Fuchsian group acting on A. If S = A, then T’ is trivial, that is, I" = {ig}.
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We denote by Belt (I') the Banach space of all the Beltrami differentials of I’ with finite
L°°-norm:

Belt (T) = {,u € L®(A) : Vy € T, u(7(2))7(2)/7'(2) = us(2) almost everywhere in A}.

Denote by B(T') the open unit ball of Belt([') and by f# : A — A the quasiconformal
mapping with the Beltrami coefficient p and keeping —1, ¢ and 1 fixed. We introduce
a kind of equivalence relationship in B(I'). We say that u, is equivalent to u, if and
only if

f*aa = f*?|aa,

where OA is the boundary of A. Then the Teichmiiller space of S (or I'), denoted by
T(S) (or T(I')), is defined as the set of all the equivalence class of the elements in B(T).
When T' is of the second kind or infinitely generated, T'(I") is infinite-dimensional.
When T is trivial, the corresponding Teichmiiller space, denoted by T'(1), is called the
universal Teichmiiller space.

A Beltrami differential x € B(I') is said to be extremal if and only if

lilloo < llElleor VE € (4],

where [u] is the equivalence class of u. It is well known that u € B(T') is extremal if
and only if it satisfies the Hamilton-Krushkal condition:

sup // po dzdy = (|12l oo,
¢esQD(r)J Jasr

where SQD(I") is the unit sphere of the Banach space of all the holomorphic quadratic
differentials of " with finite L!-norm.

The Teichmiiller metric for T(I') is defined in terms of the extremal Beltrami
differentials. For any given two points [g1] and [g2] in T(T'), the Teichmiiller distance

between them is

1, 1+ ||yl
dr ([p]; [wa]) = 3 log %

where g is an extremal Beltrami differential in the equivalence class of the Beltrami
coefficient of f#1 o (f#2)~!. It is well known that the Teichmiiller metric is complete

and coincides with the Kobayashi metric.
The Ahlfors N-class of I" is defined as follows:

N(D) = {p € Belt (T) : / /A L bdady =0, V5 € QD(P)},
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where QD(T) is the Banach space of all the holomorphic quadratic differentials of T’
with finite L!-norm, that is,

QD(T) = {¢ € LY(A/T) : ¢ is holomorphic in A;
vy €T,6(1(2)) (v(2)" = 6(2) in A}.

Especially, when T is trivial, that is, [ = {i4},

NQQ) = {peBelt(l)://Audexdy:O, V¢€QD(1)},

where
@D(1) = {¢ € L'(A) : ¢ is holomorphic in A}.

Let 1 < p < +00. The Ahlfors NP-class of {iq} is defined as follows:

NP(1) = {u € IP(A) : / / pbdzdy = 0, Vo € QD"(l)},
A
where

QD%(1) = QD(1) [} L¥(A),

The Ahlfors quasi- N-class of {i4} is defined as follows:

N*(1) = {p. € Belt* (1) : // ppdzdy =0, Vo € QD‘(l)},
a
where

Belt* ()= [ L*(4),
1<p<+oo
Qb= |J Qby).
1<g<+o0
It is evident that N(1) C N*(1).
Let X and Y be two Banach spaces and F an operator from U to Y, where U
is an open set of X. F is said to be Gateaux differentiable at zo € U if there is an
operator dF(zo;-) from X to Y such that

|F(zo + th) — F(zo) — t - dF(zo; B)|| = o(t)
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when |t| = 04+ and zo+4th € U. In this case, dF(zo; h) is called the Gateaux derivative
of F at zo along the direction h and clearly

dF(xo; h) = lim Flzo +th) - F(:zo).
jt]—0+ t

F is said to be Gateaux differentiable on U if F is Giteaux differentiable at each point
zeU.

The Gateaux differentiability and Gateaux derivatives d"F(zo; R, ..., hy) of
higher order (n > 2) can be defined successively. For example, a Gateaux differen-
tiable operator F' from U to Y is said to be twice Gateaux differentiable at xzg if
dF(z;hy) from U to Y is Gateaux differentiable at =, for any fixed hy € X. In this
case, d2F(xq; h1,h2) is called the twice Giteaux derivative at zo along the directions
hy and hy. Clearly,

d*F(zo; by, he) = lim dF(zo + thy; b)) — dF (zo; h1)
Y || 20+ t .

F is said to be twice Gateaux differentiable on U if F is twice Gateaux differentiable

at each point z € U.

3. LEMMAS

Suppose that p € L§(C), where
Ly (C) = {u(z) € L*(C) : p(2) has compact support}.
We defined inductively

(1) Y1=H, ¢n=pH(pn-1), n=2,3,...,

where H is the Hilbert transformation.

LEMMA 1. (Representation Theorem) Let f be a quasiconformal mapping of
the plane with Beltrami coefficient p € L (C) and satisfying the normalisation condi-
tion: 1Lrn (f(2) —2)=0. Then

Z—00

+00
fRY=z+ ZTtp;(z), VzeC,

i=1

where ; is defined by (1). The series is absolutely and uniformly convergent in the
plane.

PROOF: See [6] or (7]. 0
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LEMMA 2. (Uniqueness Theorem) Let f and g be two quasiconformal map-
pings of a domain D into C whose Beltrami coefficients agree almost everywhere in D .
Then fog~! is a conformal mapping.

PROOF: See [6] or [7]. 0

LEMMA 3. Let p € LP(C) and ||pllc < 1. Let 2z — f(z,t) be the quasicon-
formal mapping of the plane with Beltrami coefficient tu (|t| < 1/||pllec) and with the
property: lim (f(z,t) — 2) = 0. Then, for any fixed z # oo, the function t — f(z,t)

Z90
is holomorphic in the disc {t € C: |t| < 1/|lplloo } -

Also, for any fixed z outside the support of p, the derivatives of the analytic

function z — f(z,t) depend holomorphically on t in the disc {t € C: |t| < 1/||p]loo } -

PRrOOF: See [6] or [7]. 0

Let f be meromorphic and locally injective in a domain D. We define the
Schwarzian derivative of the function f as follows:

N 1 N
Sy = (%) ‘5()}—/) :
It is easy to see that Sy is holomorphic in D.

Let p € B(T') and A* = {z € C: |z| > 1}. We denote by f, the quasiconformal
mapping of the plane whose Beltrami coefficient equals g in A and zero in A* and
which keeps —1, i and 1 fixed. Then fy,|a+ is a univalent function. Set ®(u) = Sy,,. ,
where Sj,|,. is the Schwarzian derivative of fulas. This describes a mapping @ of
B(T) into HQD(I*) : p — ®(u), called Bers projection, where HQD(T'*) is the

Banach space of all the holomorphic quadratic differentials of I"* with finite hyperbolic
sup-norm:

lglln = sup (j21? — 1)°[¢(2)| /4,
ZEA*
that is,
HQD(I*) = {¢(z) : ¢(2) is holomorphic in A*;Vy € T'*,
$(1(2) (Y(2))* = () in A% llglla < +oo}.

Here I'* is the torsion free Fuchsian group acting on A* which is induced by T, that
is,
I*={ylas:7€T}

The mapping ® induces a mapping & of T(T) into HQD(I*) : [p] — ®(u), called
Bers imbedding.

https://doi.org/10.1017/50004972700033608 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033608

152 (8]

LEMMA 4. (Bers Imbedding) The mapping ® is a homeomorphism of T(T)
onto a bounded domain of HQD(T*).

PROOF: See [6] or [7]. 0
LEMMA 5. (Nehari) Each univalent function f on A* satisfies the inequality

3
1571 < 3,
especially it holds for the univalent function f,|a+ induced by p € B(T).
PROOF: See [6] or [7]. ' 0

LEMMA 6.

(A) Let pu € Belt (") and a(z) = Tu(z) for z € A*. Then the following
properties are equivalent:
(A1) peN(D);
(A2) There is an integer k > 0 such that the derivative of order k of a(z)

a®(2) =0, Vze A*;
(A3) For any integer m > 0, the derivative of order m of a(z)
a™(2) =0, VzeA*

(B) Let pu € Belt* (1) and a(z) = Tu(z) for z € A*. Then the following
properties are equivalent:
(Bl) peN*(1);
(B2) There is an integer k > 0 such that the derivative of order k of a(z)

a®)N2) =0, Vze A*;
(B3) For any integer m 2 0, the derivative of order m of a(z)

a™(2) =0, Vze A*

ProofF: (A). It is evident that property (A3) implies property (A2).
Suppose that property (A2) holds. By definition and a straightforward computa-
tion, for any z € A*,

k! #(¢) -
(k) - L\ 7 A
a'®(z) — // =2 dédn, ( =&+ 1.
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Hence
a® (2 Z bz~ (B,

where L

n+1)---(n+ n

b = (-1t DR [ ycnagan,
m A

By supposition and holomorphy of a(z) in A*, we have b, =0, n=0,1,..., thatis,
(2) //A p(C)C*dedn =0, n=0,1,....

By Runge’s approximation theorem, (2) are equivalent to the property

/ /A () F(Q)dedn =0,

for all holomorphic and L!-integrable functions f in A (see [2]).
On the other hand, we have

J[ wor e =3 / / £()dedn

(33

-/ /D QO F(C)dédn

(3) - / /A L HOes(C)dedn

where D is the fundamental domain of T’ and ©f is the Poincaré theta series of f,
that is,

of =Y (fon(®)’

ver

So for all holomorphic and L!-integrable functions f in A, we have
(@) [ #cr0rdean=o.

It is a well-known fact that for every ¢ € QD(T'), there is a holomorphic and
L!-integrable function f such that ©f = ¢ (see [6] or [4]). Hence from (4) we obtain

/ / ubdzdy = 0, Vg € QD(T),
AT
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that is, (A2) implies (A1).
Suppose that property (Al) holds. Similarly, by definition and a straightforward
computation, we know that for any integer m 2> 0 and z € A*,

|
o) = [ Hasin, ¢=gim

- Z 'Enz—(n+m+1) ,
n=0

where

En=(—1)"‘(n+1)';(n+m)//;p(0§"d§dn, n=01,....

Let ©, be the Poincaré theta series of f(2) = 2™. Then by a computation similar

// (€)¢"dédn = // (€)0,(¢)dedn.

It is well known that ©f € QD(T") for every holomorphic and L!-integrable function
f in A, especially for f(z) = 2". Hence by supposition, we know

to (3) we have

b, =0, n=0,1,...,

that is, (A1) implies (A3).

(B). Its proof is completely similar to the proof of (A). But now I' = {#3} and
the Runge’s approximation theorem is used to all the L?-integrable (1 < ¢ < +00) and
holomorphic functions defined in A (see [2]). 1]

4. DERIVATIVES OF BERS PROJECTION

It is well known that Bers projection is Fréchet differentiable and has Gateaux
derivatives of high order. In order to be complete, an interesting expression for the
Gateaux derivatives of order n of Bers projection at the origin is given here.

For any p € B(I'), we denote by f,, the quasiconformal mapping of the plane whose
Beltrami coefficient equals p in A and zeroin A* and which satisfies the normalisation
condition: zlgglo (f,,(z) —2) =0. Then f,, is conformal in A*. We define a mapping of
B(T) into HQD(T*)

Vipm Sf las’

where 57 In is the Schwarzian derivative of f,|a- .
n -
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LEMMA 7. Forany p€ B(T'), ¥(u) = ®(p) in HQD(T*).

PRrRoOF: By definition, f, and f~u have the same Beltrami coeflicients in C. Then
by Lemma 2, }L o (f“)_1 is a conformal mapping in C, that is, }; o (f“)_1 is a Mobius
transformation. Let h = f, 0 (f,)”". Then f,|a+ = ho fu|a+. Thus

2
57 1ae = S0 fula)(fulas)” + Spae-

But S, = 0 because h is a Mobius transformation. Hence

S};"A‘ = Stulass

that is, Lemma 7 follows. 0

Let u € B(T') be fixed. By Lemma 3, for any fixed z in A*, f:u(z) and its
derivatives with respect to z all are holomorphic with respect to ¢ in the disc A,
={teC:|t| <1/||plloo}- Then for any fixed z in A*, ¥(tu)(z) is holomorphic with
respect to t in the disc A,. Thus by Lemma 7 we obtain that for any fixed z in A*,
®(tu)(z) is holomorphic with respect to t in the disc A,.

THEOREM 2. Let u € B(T') be fixed. Then for any positive integer n and any
c€C, || <1, we have

Cﬂ

3
' ;z—'”h < Elclnﬂ’

H‘I>(cp,) — ®(0) — dBO; ) - c— -+ — d"B(O; s, ... , 1)

n

where d*®(0; p,... ,p),k = 1,2,..: ,n, is the Gateaux derivatives of order k of Bers

k
projection ® at the origin along the direction u and 8 is a positive constant only

depending on ||p|oo -
Proor: By Cauchy’s formula, for any fixed z € A*, we have

(5) B(tw)(z) = 5, [ T

= — dw, |t| <1+ 4,
2ni Jg w—t w, It *
where 8 = {w € C : |w| = 146} and § is a positive constant such that 1+ §
< min{2,1/||¢llc}. Then by a straightforward computation, we know that for any
fixed z € A*,

(6) @““—M—ﬂ/wdw, tl<1+6, k=1,2,....

dtk T om 8 (w — t)k+1
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Now we shall show by induction that for any fixed z € A*,

. k(I)
) de(tu;u,...,p)(z)=é—%,c)(—z), t|<1+48, k=1,2,....

k

At first, by (5), (6) and Lemma 5 we have

|t + () - 2w - - 2EBE) ) T / - (‘f%ﬁ —eo],

672
ST o3
(X+6-1[t)

= o(7)

when |7| = 0+ and [r]| < (148 — |t|)/2. So by the definition of Gateaux derivatives,
we know that for any fixed z € A*,

(tu)( a®(tu)(z)

d®(tu; p)(z) = [t < 1+06.

Suppose that (7) holds for k = n. Then by this assumption, (6) and Lemma 5, we
can also obtain

”d"tb th+ T W, . ,m(z) d*®(tp; p,. ,m(z -7 d"+;<tb'fi;:)( )”h =o(7)

when [7] = 0+, that is, for any fixed z € A*,

d"+1(I) t
o (tu ..., pn)(z) = -——tn—(*f:—)i—), [t| < 1+6.

n+1

Then (7) follows.
Especially, by (7) and (6) we have

k(¢
d*®(0;p,...,1)(2) = ((itl:)(z) lezo
k
K[ ®
®) =§;r—i/ﬁ—(u%f27(zldw, E=12,....
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Hence for any fixed z € A* and any c€ C, |¢| < 1,

|‘1>(C#)(Z) — ®(0)(2) —d®(0; p)(2) - c— -+ = "R (O; s, ... , 1) (2) - ;—r:

1 1 1 c c*
< — —_ - = - —=].
= 2ﬂ/ﬂ]<1>(wu)(z)| |w—c w  w? w"+1| |dw]

n+1
- 5 [ 12t ——"—I,,+—1-|dw|
n+1l
c
|2|1r6 |<I> wp)(z)| |dw| .

Then by Lemma 5, we obtain that for any positive integer n and any c€ C, || < 1,

c® 3
— — u)-c—---—d" T 2 € Zent.
”‘I)(cu) ®(0) — d®(0; 1) - Teip,. . 4) ||h < 3l
n 0
THEOREM 3. Let u € B(I') be fixed and ¢,,n = 1,2,..., be defined as in (1).
Suppose an(2) = Tpn(z),z € A*,n=1,2,.... Then for any z € A*,

48(0; 1)(2) = al'(2),
d0(0; -, 1)(2) = [0} (2) = Pe(a5(2), 01(2), 0 (2), - Gk (), - (2, 02 (2))] -
k

k=23,...,

where Pi(z1,Z2,...,Z3k-3), k = 2,3,..., are polynomials of order k of z;, za, ...,
Z3k_3, and independent of .

ProoF: By Lemma 1, for any ¢ € C, |t| < 1/||¢t]loo, We have

fiu(z) =2+ Zt"an(z Vz € C,

oo

and the series Y an(z) is absolutely and uniformly convergent in C. Then for any
n=1

z€A* andany t€C, |t] <1,

dft[t 1+Ztn l;

d ft#(z) Ztn (Z)
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Thus by a straightforward computation, we have

d? fru(2) dftu(z Ztnb

dz?
where
bi(2) =a(2),
ba(2) =a3(z) — a(2)a)(2),
bﬂ(z) =a’ﬁ(z) - ﬁn (a,l(z)a alll(z)’ e va:l—l(z)’ aZ—l(Z))a
and 15,,(1:1,1:2,... yTan—2), n = 2,3,..., are polynomials of order n of z;, z,, ...,

Z2n—2, which are independent of p. Hence for any z € A* and any t € C, |t| < 1,

V(eu)(2) = S5, | = D tba(2)
n=1

where
b1(2) =af'(2),
by(2) =aj'(2) — a'(2)a}(2) - (a'{(z))z,
ba(2) =a}) (2) = Pn(a}(2), 01(2),a'(2),. .. ,ah_1(2), ali_1(2), 0l (2)),
and P,(z1,Z2,...,%Z3n-3), n = 2,3,..., are polynomials of order n of =, zo, ...,

Tan-3, which are independent of x. Thus by (8) in the proof of Theorem 2 and Lemma
7, we can obtain that for any fixed z € A*,

o0 )00 - £,
HU(t)(2)
= Tle:o

=bk(z)~k!, k=1,2,....

This completes the proof of Theorem 3. 0
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5. PROOF OF THEOREM 1

Let
Y1 = M1, [51 = M2, ¥n = ﬂlH(Son—l); (‘p'ﬂ = ”ZH([/;‘H—I)’ n=23,...,

and
an(2) = Tpn(2), @ =T@u(2), z€ A", n=1,2,....

Then by Theorem 2, for any positive integer n and any ¢ € C, |¢] < 1, we have the
following inequalities:

(9)
ct 3
|@(eu) - 2(0) — dR(O; 1) e = =A@ (O, ) - S| < Sl
10
( ) n c" 3 n+1l
|©(cua) - 2(0) ~ @O 2) -~ - - @ (O 2y - m3) - S| <l

n

where § is a positive constant only depending on ||¢1lleo = {|££2]co -

Suppose that two geodesic segments [tu1] (0 <t < 1) and [tps] (0 <t < 1) are
the same. They are both geodesic segments joining [0] and (], and dr([tu1),(0])
= dr ([tp2), [0]) (0 < t < 1) because of extremality of x; and pa ([10]). Then

tpi] = [tpe], 0Kt <1
So by Lemma 4, we know that
B(tp) = B(tps) (0<t<1) in HQD(T®).
Setting » = 1 in (9) and (10), by the triangle inequality of norms we have
42(0; 1) ~ d2(0; ), Il < [[@cmr) = @cma)], +2 x SHel?
= §-|c|2, 0<ec<l

Let ¢ — 0. Hence
[|d@(0; 1) — d®(0; p2) |, = O,

that is,
d®(0; p1)(z) = d®(0; p2)(2), Vz € A*.
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By induction, from (9) and (10) we can similarly deduce that

®(0; 1, ... 1) (2) =d™®(0; pa,- .., p2)(2), VzEA* n=23,....

Thus by Theorem 3, we know that for any z € A*,
(11) II,(Z) —a/II(z)
and

(12) ay'(2) = Pa(a1(2),0Y(2),0Y'(2), - - 18y 1 (2), 071 (2), an_ 4 (2))
= &y, (2) — Pa(d1(2),87(2), 7' (2), - .- ,an_l(Z)ﬁi,_l(Z), ap_1(2)), n=23,...,

where P,(z1,Z2,...,%3n-3), n = 2,3,..., are polynomials of order n of z;, =, ...,
T3n_3, and independent of i and us.
Next we shall prove by induction that for any integer n,

(13) an(z) = an(z), Vz € A*.

At first, by (11) we know that (13) holds for n = 1.

Suppose that (13) holds for n < k. Then by the equivalence of (A2) and (A3) and
the equivalence of (B2) and (B3) in Lemma 6, from (12) we can obtain that (13) also
holds for n = k£ + 1. Hence by induction, (13) holds for any integer n, that is,

(14) T(pn —Gn)(2) =0, VZEA* n=1,2,... .

Furthermore, by the equivalence of (Al) and (A2) and the equivalence of (B1
and (B2) in Lemma 6 and noting that ¢, — @; € Belt (I') and ¢, — @, € Belt* (1), n
=2,3,..., from (14) we have

v1— @1 € N(I)

and
Yn—Pn € N*(1), n=2,3,... .

Conversely, suppose that ¢; — @; € N(I') and ¢, — g, € N*(1),n = 2,3,....
Then by the equivalence of (Al) and (A2) and the equivalence of (B1) and (B2) in
Lemma 6 and noting that ¢; ~ &; € Belt(I') and ¢, — @, € Belt* (1), n = 2,3.....
we know that

T(pn — Pn){(2) =0, VzEA*, n=1,2,...,

that is,
an(z) =6,(2), VzeA*, n=1,2,... .
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Thus by Theorem 3, the equivalence of (A2) and (A3) and the equivalence of (B2) and
(B3) in Lemma 6. we deduce that

d*®(0; p1, - .., p1)(2) =d"<I>(O;p.2,... J2)(2), Vze A*, n=1,2,... .

n

Hence by means of (9), (10) and the triangle inequality of norms, we obtain that

3
[|®(cp1) — Blepa)l|, < 2 x glcl"+1

"+, n=1,2,....

_6p
6
Let n — +0c0. Then we have
||<I>(cu1) - @(cuz)”h =0, Ve, 0<c<1,

that is,
D(cpy) = B(cp2), Ve, 0<c< 1.

So by Lemma 4, we know that for any ¢, 0 < ¢ <1,
[cp1] = [cpa] in T(T).
Hence, two geodesic segments [tp1] (0 € t < 1) and [tu2) (0 < t < 1) are the same. 1]
REFERENCES

[1) H. Busemann, The geometry of geodesics (Academic Press, New York, 1955).

[2] D. Gaier, Lectures on complez approzimation (Birkhiuser, Boston, 1987).

[3] F.P.Gardiner, ‘On completing triangles in infinite dimensional Teichmiiller spaces’, Comn-
plex Variables Theory Appl. 10 (1988), 237-247.

(4] Y. Imayoshi and M. Taniguchi, An introduction to Teichmiiller spaces (Spring-Verlag,
Tokyo, 1992).

i5] S. Kravetz, *On the geometry of Teichmiiller spaces and the structure of their modular
groups’, Ann. Acad. Sci. Fenn. Ser. A I Math. 278 (1959), 1-35.

(6] O. Lehto, Univalent functions and Teichmiiller spaces, Graduate Texts in Mathematics
109 (Springer-Verlag, New York, 1987).

{7] Z.Li, Quasiconformal mappings and their applications in the theory of Riemann surfaces,
(in Chinese) (Scientific Press, Beijing, 1988).

(8] Z. Li, ‘Non-uniqueness of geodesics in infinite dimensional Teichmiiller spaces’, Complez
Variables Theory Appl. 16 (1991), 261-272.

[9] Z. Li, ‘Non-uniqueness of geodesics in infinite dimensional Teichmiiller spaces (II)’, Ann.
Acad. Sci. Fenn. Ser. A I Math. 18 (1993), 355-367.

https://doi.org/10.1017/50004972700033608 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033608

162 [18]

[10] B. O’Byrne, On Finsler geometry and applications to Teichmiiller spaces, Ann. of Math.
Studies 66 (Princeton University Press, Princeton, NJ, 1971), pp. 317-328.

[11] Y. Shen, ‘Non-uniqueness of geodesics in the universal Teichmiiller spaces’, Adv. in Math.
(China) 24 (1995), 237-243.
[(12] K. Strebel, ‘Extremal quasiconformal mappings’, Resultate Math. 10 (1986), 168-210.

[13] H. Tanigawa, ‘Holomorphic families of geodesic discs in infinite dimensional Teichmiiller
spaces’, Nagoya Math. J. 127 (1992), 117-128.

Department of Mathematical Education Institute of Mathematics
Normal College Chinese Academy of Sciences
Shenzhen University Beijing 100080

Shenzhen, Guangdong 518060 Peoples Republic of China
Peoples Republic of China e-mail: hguo@szu.edu.cn

szuhguo@hotmail.com

https://doi.org/10.1017/50004972700033608 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033608

