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Abstract

In this paper, we study the structure of certain conditional expectation on crossed product C* -algebra. In
particular, we prove that the index of a conditional expectation E : B -*• A is finite if and only if the
index of the induced expectation from B x G onto A x G is finite where G is a discrete group acting on B.

1991 Mathematics subject classification (Amer. Math. Soc): primary 46L05; secondary 46H25.

Introduction

In this paper we study conditional expectations defined on certain C* -algebras given
as crossed products. Consider a pair A c B of C*-algebras, E : B —> A a conditional
expectation, and an action of a discrete group G on B commuting with E. Then, there
are conditional expectations E (respectively Er) from B x G (respectively B xr G)
onto A x G (respectively A xr G). Many properties of E (and Er) are realized by
studying the Hilbert C*-modules obtained by a Jones-type basic construction method.
Consequently, a large portion of this paper is concerned with Hilbert C*-modules and
the C*-algebra of the so-called compact operators on a Hilbert C*-module. In Section
2 we consider a Hilbert C*-module £ equipped with an action of a group G. Then, G
acts on Jf(S) and the main theorem of this section states that if G is discrete, then

xi G (respectively X{S) xir G) is *-isomorphic to X (0 xi G) (respectively
xr G)). In Section 3, we prove that E (and Er) has finite index if and only if E

has finite index. We also show that the canonical conditional expectations from BxrG
onto B xr H and from B x G onto B x H for a subgroup H of G have finite indices
if and only if [G : H] < oo. The notion of index considered here was introduced by
Watatani [14] who was inspired by Jones' index theory for subfactors [7]. The index
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of a conditional expectation E : B —> A is a positive element of B. When the index is
scalar (for example B simple) it belongs to the set {4 cos2 n/n : n > 3} U [4, oo). One
hopes that if E : B —> A has finite index, then A and B cannot be structurally very
different. For example, it is known that a C*-subalgebra A of a nuclear C*-algebra
B need not be nuclear [1, 3]. However, when E : B —> A has finite index, then B
is nuclear if and only if A is so. Throughout this paper all C*-algebras (except for
ideals) are assumed to be unital and we deal with actions of discrete groups only. If a
group G acts on a C*-algebra A as a group of automorphisms, then A x G and A xr G
respectively denote the full and the reduced crossed product C*-algebras [10].

1. Finitely-generated Hilbert C*-modules

In this section we prove a series of technical lemmas on Hilbert C*-modules.
Let A be a C*-algebra and i a Hilbert A-module. Then l£(g) denotes the C*-
albegra of adjointable operators and tf{g) the closed ideal in J£f (<?) generated by the
elements 0^n where f, r\ e S (cf. [8]). If S\ is a right Hilbert A-module, S2 a right
Hilbert B-module, and n :S ->• i f (<?2) a *-representation, then the algebraic tensor
product S\ O <?2 has a natural B-valued inner product. Namely, (xx ® x2, yx <g> y2) =
{x2, n({xu y\))y2) withxi, yx e £\ andx2, y2 € S2. Let SX%AS2 denote the completion
of S\ © S2 after vectors of length zero have been factored out. For a Hilbert module
£,\g denotes the identity operator on S.

LEMMA 1.1. Let S'I and S2 be Hilbert modules over C*-algebras A and B respect-
ively, and n : A ->• ^(S2) a ^-representation. If n is faithful, then the mapping

+ J&f (<?, ®A &i) defined by T -+ T ® \Sl is faithful.

PROOF. Let T e S£(@x), and T ^ 0. Then, there exists £ € Sx such that T% ^
0. Since n is faithful n((Ti-,T%)) # 0. Hence, there exists r\ G S2 such that

, T%))r) ^ 0. Therefore, {n({T%, T$))r), rji) ^ 0 for some rj, e S2. Hence,

((7- ® 1)(£ ® m), (T ® 1)( | ® »?)) = (»Ji, n((n, n))r,) ^ 0

and T (8) 1 ^ 0.

LEMMA 1.2. Le? A k a M/i/ra/ C* -algebra and S a Hilbert A-module. If \ s e
X (<S), then there exist uu... ,un e& such that \ s = £ " = 1 9UhUr

PROOF. Choose yi,y2,... , ym; xx, x2,... , xm e S such that T = Yl?=i ̂ , ,
- T || < 1. Then, T + T* = Y7=i exi,yi + 0yi,Xi is invertible. For every £, ?7 e ^ ,

we have that (^,|(?j), )?> = (£, )?>(?, rj)*. Since (§, »j)(f, rj)* is positive in A by
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[12, Corollary 2.7], 9^$ is a positive element of S£{£). Using this and the equation

r_yiJ[_:y = 29
XX

Apply this inequality to each term of J™=i ®*,,y, + #y,,*, t 0 conclude that the operator
5 = Yl?=i ^.n + Oyi.yt is positive and invertible. Then,

m
1 _ c-1/2 C r—1/2 _ V^ZJ i /}
Ig — d ZS — / ^Vs-WxiJ-Wxi +VS-"1yi,S-»2y,

which is the desired result.

LEMMA 1.3. Let£ = £ ®A £2 and \ s e J(f{£). Then, there exist xux2, ...,xm e

£\ and yx,... , ym € £2 such that Y^1=\ 0*;®y,,*,®y, ZSpositive and invertible.

PROOF. By Lemma 1.2 there exist zu... ,zn e £ such that \ s = YH=i ^,z,-
Without loss of generality we assume that \\z, \\ < 1 for / = 1 , . . . , n. Given e > 0,
choose xtj 6 £\ and yu e £2, j = 1, 2 , . . . ,«, such that ||z, - Yl"/=i xu ® Jo II < €ln-
Let ID, = X!"Li ^o ® Jo

But

1=1

1=1

n- (2 + -) = € (2
n\ n> V

This shows that £"=19WhWi is invertible if € is sufficiently small. This, together with

"=i Yl"/=i @x,j®yu.xu®yuthe inequality in the proof of 1.3 implies that the element T — J2" Yl"/
is positive and invertible once e is chosen sufficiently small.

LEMMA 1.4. Let S be a Hilbert B-module, £' a Hilbert A-module, and n : A - •
i f (#) a faithful ^representation. If Xg^g = J2"=l 9X[iXi with xt e £" (8>A £, then
there exist uu u2, • • • ,un e S" such that lg> — Yl"=\ 9m,ur

PROOF. By 1.3 there exist yx,...,yn e £' and z , , . . . zn e £ such that T =
E"=i ,̂®z,.y,®z, is positive and invertible. For each x e £" define Tx : £ -* £' ®A £
by Tx(y) = x®Ay.

Then T* : £' ®A £ -+ £ is given by T*(M ® n) = n((x,%))r). Also, for
z € £, let Sz : B -> <f be defined by Sz(c) = zc. Then S*(JC) = (z,x), and

"y,- ® z , , y, ®z , = = •• y, "z,- " z / y, •
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Hence

Therefore

1
y'Ty; - 77

where M = maxdl^.S* || : i = 1 , . . . , n] > 0. Then £ ? = 1 TyJy* = E"=i K* ®
and hence S = Yl"=i ̂ ,,>, IS positive and invertible. Let M, = S~l/2yt to get \

COROLLARY 1.5. Let £", £, and n be as in Lemma 1.4. If S" ®A S is a finitely-
generated projective C* -module, then S" is a finitely generated projective A-module.

PROOF. Since S" ®A & is finitely-generated and projective, it follows that lg>®Ag
satisfies the hypothesis of Lemma 1.4. Let u\, ...,un 6 §' be as in Lemma 1.4.
Then ft{x) = («,-, x) is an element of Hom^Ccf', A) and {(«,, ft) : i = 1 , . . . , n] is a
projective system. Hence <f' is a finitely generated projective A-module.

2. Hilbert G -modules

Let £ be a Hilbert A-module equipped with an action of a discrete group G such
that:

(i) t(xa) = (tx)(ta), x e£, a e A, t e G,
(ii) t(x, y) = (tx, ty), x,y e <?, ? e G.

The induced action of G on JT(<?) is defined by (t^Xx) = K^Cf"1^)) for
y e X(S), xetfandteG. Let CC(G, S~) be the set of functions with finite
support from G into S. Define an A x G-valued inner product on CC(G, S) by
(ex,e2){t) = Y.,eGs~l((ei<-s)>e2(s0)) where eue2 e CC(G,£) and t e G. If
e e CC(G, ^ ) and a e CC(G, A) let (e.a)(t) = ^S€G e(s)s(a(S-U)).

Let S xi G be the completion of CC{G, S) in the norm ||e|| = || {e, e) \\1/2 when (e, e)
is regarded as an element of A x G. Similarly S ~xr G is defined to be the closure
of CC(G, S) with respect to the norm ||e||r = ||(g, e)||J/2, that is, (e, e) is regarded
as an element of the reduced crossed product A xir G. Then £ xir G is a Hilbert
A x r G-module. For more on this construction we refer to [4, 9]. Using the action
of G on Jff(£) we form the full and the reduced crossed products JV{£) » G and

xir G. We have the following theorem.

https://doi.org/10.1017/S1446788700000100 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700000100


110 Mahmood Khoshkam [5]

THEOREM 2.1. Let G be a discrete group acting on a C*-algebra A and a Hilbert
A-module g . Then

(a) JT(<f) x G = JT(<? >i G);
(b) X{§) xr G = X{g xr G).

PROOF, (a) Define a covariant representation of the pair (jf{g), G) on the A x
G-module g x G by (u,f)(s) = t(f(rls)) and (Tf)(s) = T(f(s)) for / €
CC(G, g), t,s e G, and T e J4f{g). It is routine to check that these equations define
unitary and *-representations. Moreover,

= t[T(u;fKrls)] =

Hence, by [10, Proposition 7.6.4] we obtain a ^representation n : J^(^) xi G -»•
i f (<f x] G).
Since J^(<f) is generated by the rank one elements 0^n, and G is discrete, J(f{&) x G
is generated by the elements 0$,,w, for f, ?j e <f and f € G. It is straightforward to
verify that n sends these elements into J^f(S x G) and that the range of n contains
the generators of J€~{S x G). Hence n is onto. To show that n is one-to-one define
a *-homomorphism

n : JT(<r x G ) ^ M(JT(<r) x G)

such that n o n is identity on JT(^) x G. Let ^* be S with the JT((f)-valued
inner product (x*, y*} = 9Xiy and the module action x*.T = (T*(x)*) for x, y 6 §
and T e J(f(<g) (cf. [12, Definition 6.17]). Here x* denotes x seen as an element
of S*. Since 110**11 = ||JC||2, it follows that £* is closed in the norm induced by
the above inner-product. Define <p : A -> .£?(<?*) by <p{a){x*) = (xa*)*. Then
it is easy to verify that cp is a *-representation, and we can form the tensor product
S ®A S* equipped with the diagonal action of G. Furthermore, S ®A S* is naturally
and equivariantly isomorphic to 3f(g) as Hilbert J^(<f)-modules (cf. [12, Lemma
6.22]). Using this we conclude that JT(<?) x G and S ®A S* x G are isomorphic as
Hilbert X{S) x G-modules. Then by [9, Lemma 3.10] we have

(<T x G) ®AMG {•$* -xG) = (g %A <T) x G.

Hence

x G) ®A»G (g* x G)) S jSf((<f ®A < n x G),

x G)
xG)
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(cf. [8]). Using the above isomorphisms and the mapping T ->• T <g> 1 of X(£ x G)
into J£ ((<? x G) ®A»G (0* x G)) we obtain a *-homomorphism ft : X(§ x i G ) ^
M{X{£) x G). It is routine to show that it o 7r is the identity on JC(S) x G.

(b) Define a covariant representation of the pair (J(f{£), G) on the space £ ® 12(G)
by (u,f)(s) = tf(rls) and ( r / ) ( j ) = T(f(s)) for / e /2(G, £), T € JT(<f), and
s, t e G. Since this is a faithful representation of Jf(£) by [10, Theorem 7.7.5], we
obtain a faithful representation

ir : JT(<r) xr G -

By Lemma 1.1 the mapping T -> T (8) 1 from JT(<? x r G) into <£((£ x r G) (g) (A <g>
/2(G))) is faithful. Since (S x r G) ®/4>,rG ^ ® /2(G) and <̂  (g) /2(G) are naturally
isomorphic we get a faithful representation A of W(£ x r G) on the space £ <g> /2(G).
Thus

xir G

A : X{£ x r G)

are faithful ^representations. Let^ : JXf(£)>iG —*• J ^ ( ^ x G ) be the *-isomorphism
given by part (a). Let q : X(S) x G -> J ^ ( ^ ) x r G and ^' : J ^ ( ^ x G) ->•
JF(£ x r G) be the natural surjections. Then one can check that <poq — Aoq'on.
Clearly this shows that the ranges of <p and A coincide. Hence Jf(&) x r G and

xr G) are *-isomorphic.

REMARK 2.2. Consider a pair A c B of C*-algebras with a common identity and
a faithful conditional expectation E : B -*• A. Moreover, assume that B is equipped
with the action a of a discrete group G such that a commutes with E. Then, we show
that there are induced conditional expectations from B x G (respectively B x r G)
onto A x G (respectively A x r G). We prove that E is of finite index type in the sense
of [14] if and only if the induced conditional expectations on the crossed products
are so. Recall that if A is a C*-subalgebra of a C*-algebra B, then a positive norm
one projection E : B ->• A is said to be a conditional expectation from B onto A if
E{axb) = aE(x)b for a,b e A and x e B. We say £ is faithful if x = 0 whenever
E(JC*JC) = 0 (cf. [14]).

DEFINITION 2.3. ([15]). A conditional expectation E : B ->• A is said to have
,/im'te i/ufex if there exists ux,... ,un e B such that x = JZ"=1 M,£(M*X), X 6 B.
The set uuu2,... ,un is called a IKKM for £ and the index of E is defined to be
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REMARK 2.4. It follows directly from the above definition and the A-linearity of E
that ind E is independent of basis. By [15, Proposition 1.2.8], ind E belongs to the
center of B. hi particular, when B is simple ind £ is a scalar and belongs to the familiar
set {4 cos2 n/n : n > 3} U [4, oo) discovered by Jones for the index of subfactors of
type Hi factors (cf. [7]).

REMARK 2.5. Given a faithful conditional expectation E : B —>• A we denote by
<§E the completion of B with respect to the norm ||JC||| = ||£(;c*;c)||, that is, the norm
induced by the inner product (x,y) = E{x*y). Note that ||. ||£ is a norm because E is
assumed to be faithful. Since E is A-linear and of norm one it extends to a projection
eA '• &E —> $E- Also regard B as a subalgebra of J£{$E) through left multiplication.
The C*-subalgebra of &(SE) generated by BeAB is just X(SE). In fact, we have
that (xeAy)(x'eAy) = xE(yx')eAy and xeAy is

REMARK 2.6. Let a : G —>• Aut(B) be an action of a discrete group G and E :
B -» A a conditional expectation satisfying E(a,(x)) = a,(E(x)). This implies that
A is G-invariant. By [10, Proposition 7.7.9] A xr G is *-isomorphic to a subalgebra of
B x r G. In our situation, AxG may also be regarded as a C*-subalgebra of B x G. To
see this, we only need to show that every covariant representation of the pair (G, A)
on a Hilbert space H extends to a covariant pair (n, u) of the pair (B, G) on a space
K containing H. Let K be the completion of the algebraic tensor product B 0 H
with respect to the inner product {bQt-,cOr)} = (%,n(E(b*c))r)) after the vectors of
norm zero are factored out. Let n(b)(c <g> f) = be <g> £ and u,(d <g> t]) = a,(d) <g> u,t).
It is easy to check that (n, u) is a covariant pair. Hence, the crossed product A x G
is viewed as a subalgebra of B x G. Now one may use the proof of [12, Lemma 1.1]
with appropriate modifications to prove that the obvious projection of /'(G, B) onto
/' (G, A) defined by / —»• E o / extends to a conditional expectation E (respectively
Er) from B x G (respectively Z? xr G) onto >l x G (respectively A xr G). Furthermore,
since the conditional expectations Eo : B xr G -> B and E'o : A xr G —> A given by
the evaluation at the identity of G are faithful (cf. [2]) and E'oEr = E o Eo, it follows
that Er is faithful if and only if E is so.

PROPOSITION 2.7. Let E : B ->• Abe a faithful conditional expectation. Let E and
Er be the conditional expectations induced by E on B x G and B xr G respectively
(see Remark 2.5). Then SE xr G a«d <%r are isomorphic as Hilbert modules over
A xr G . //•£ is faithful, then SE xr G and <% are isomorphic as Hilbert modules
over A x G.

PROOF. AS pointed out in Remark 2.6, if E is faithful, then Er is also faithful. Then
SEr is the completion of CC(G, B) with respect to the norm induced by Er. Since B
is dense in SE the action of G extends to <̂ £ and SE xr G can be formed. Moreover,
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CC(G, B) is also dense in & x r G. Hence we only need to show that the A x r G-valued
inner products on SE and SE xir G coincide on CC(G, B). Given x, y e CC(G, B) and
t € G we have:

= Er(x**y)(t).

But £ r (jc* * y) is the inner product of x with y when they are seen as elements of §Er .
If E is faithful, then the above argument can be repeated to get the desired result.

THEOREM 2.8. Let G be a discrete group acting on a C*-algebra B and let E :
B -* A be a conditional expectation onto a C*-subalgebra A of B commuting with
the action ofG. Then the following are equivalent.

(a) E has finite index,
(b) E has finite index,
(c) Er has finite index.

PROOF. Suppose (a) holds. Let {bu b2,..., bn} be a basis for E. For every x e B
and r e G w e denote by kt>x the element of/1 {G, B) which is x at t and zero elsewhere.
Then denoting the identity of G by e we have

n

= / ,

Hence the set {Xe,b. : i — 1, 2 , . . . , « } is a basis for E. Moreover,

Next we show that (b) implies (a). First note that if E has finite index, then by [15,
Proposition 2.1.5], it is faithful. Hence by Proposition 2.7, <% is isomorphic to SE x G.
By Theorem 2.1, X{SE) is *-isomorphic to X{S) x G. If E has finite index, then
X{£E) has an identity ([15, Proposition 2.1.5]). Since G is discrete, it follows that
J^(<f) has an identity. Then, by Lemma 1.2, there exist elements uu . ..un 6 £ such
that \§ = Yl"i=i ®m,ur By [15, Proposition 2.1.5] there exists a constant d > 0 such
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that ||£(;C*JC)|| > rf||jc*jc||. Given be 5 , we have

)\E(ke,*>b)\\>d\\kej,b\\,

\\K,E(b'b)\\ > d\\K,b>bl

\\E(b*b)\\ > d\\b*b\\.

This shows that S = B and ult... ,un € B. Clearly, the set [u\,..., un] is a basis
for E. The equivalence of (a) and (c) is similar.

3. Conditional expectations corresponding to subgroups

Let G be a discrete group and let a : G —*• Aut(A) be a continuous action of G
on a C*-algebra A. If H is a subgroup of G, then we define conditional expectations
EH (respectively Er

H) from A x G (respectively A xr G) onto 4 x / / (respectively
A xr / / ) . We show that EH and £J, are of finite index type if and only if [G : H] < oo.
Here again the ideas in [12, Proposition 1.2] are used to show that the projection of
/' (G, A) onto / ' ( / / , A) given by restriction extends to a norm one projection of A x G
onto A x H. We present a proof of this fact for completeness.

PROPOSITION 3.1. Let G be a discrete group acting on a C*-algebra A and let H
be a subgroup of G. Then, the projection of lx(G, A) onto ll(H, A) extends to a
conditional expectation ofAxG onto A » H.

PROOF. First we show that A x H is a C*-subalgebra of A x G. Clearly if
/ e ll{H, A), then \\f\\A »G < 11/IUx//- We need to show the reverse inequality.
Let </> be a state of A x H. Then by [10, Proposition 7.6.10], there exits a positive
definite function 4> : H —>• A* such that for each / e / ' (# , A) we have (f>(f) =
L,6» *(')(/<0), and £,eW <&(0(/« * f){t) > 0.

Extend $ to G by letting it to be zero off H. Let {xt} be a complete set of
representatives of the right cosets of H. For / € ll(G, A) we have

I€G

i teH
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where fXi(s) = f(xj~ls) and is restricted to H. The inner sums in the last expression
are non-negative as <t> is positive definite on / / . But this shows that <t> : G —> A*
is also positive definite. Now by [10, Proposition 7.6.10], <I> defines a positive linear
functional on A x G. Hence, every positive linear functional of A x H extends to
a positive linear functional on A x G. It follows that | | / | |AX/ / < ll/IUxc for each
/ € l\H, A). Therefore AxG contains A x H as a C*-subalgebra. Let / 6 / ' (G, A)
be self-adjoint. Then f\H is a self-adjoint element of A x H. Hence there exists a
state 0 of A x H such that \\f\H\\A»H = \<t>(f\H)\. Then | | / | f f |L*#f = \4>(f\H)\,
and | 0 ( / ) | < | | / I U X G where (j> is the extension of 0 to A x G. This shows that
the mapping of ll(G, A) onto lx{H, A) given by restriction extends to a norm one
projection of A x G onto A x H. Finally it is straightforward to verify that this
projection is actually a conditional expectation.

REMARK 3.2. The projection of/1 (G, A)onto/ ' ( / / , A) also extends to a conditional
expectation of A xrG onto A xr H. We refer to [2] for a proof.

Let G, / / , and A be as in the statement of Proposition 3.1. Then

EH : A xi G ->• A xi / / , and

£ ^ : A x r G - • A xfr / /

denote the conditional expectations given by Proposition 3.1 and Remark 3.2. In
general, EH is not faithful. For example, if H is an amenable subgroup of a non-
amenable group G, then EH is not faithful. However, Er

H is always faithful. This is
because Ex : A xr G ->• A and E2 : A xr H -*• A evaluations at the identity of G
are faithful (cf. [13]), and E2o Er

H = Ei.

NOTATION 3.3. If t e G and a € A, then X,,a is the element of / ' (G, A) which is
a at t and zero elsewhere. Let £H (respectively £r

H) be the Hilbert A xi //-module
(respectively the Hilbert A xr //-module) associated with EH (respectively Er

H) as in
Remark 2.5.

THEOREM 3.4. Let G be a discrete group acting on a unital C*-algebra A and let
Hbe a subgroup ofG. Then, the following are equivalent:

(i) [G : H] < oo,
(ii) EH has finite index,

(iii) Er
H has finite index.

PROOF, (i) implies (ii): If G = gxH U g2H U • • • U gnH, then it is easy to show
that {Xg.j : i = 1, 2 , . . . ,«} with / the identity of A is a basis for EH and that
ind EH = ^ikllX.giJ = [G : H]keJ.
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(ii) implies (i): If i n d £ w were finite, then by [15, Proposition 1.7.2], J f (<?w)
contains the identity operator. In the notation of [10,6], SH is just the rigged space Z
on [6, p. 92]. Hence by [6, Theorem 2.4], SH is isomorphic to (A » H) <g> 12{G/H) as
Hilbert A xi //-modules. Hence X(£H) is *-isomorphic to (A x H) ® K(12(G/H).
If K(£H) were unital, then it follows that 12{G/H) must be finite dimensional. Hence
G/H is a finite set.

(iii) implies (i): In this case the proofs of [6, Lemma 2.3] and [6, Theorem 2.4] can
be used to prove that Sr

H is isomorphic to (A x r H) <g> 12(G/H) as Hilbert modules
over A xr H. Now the argument given in the non-reduced case can be repeated. This
completes the proof of the theorem.

PROPOSITION 3.5. Let A, B and C be C*-algebras with the same unit. Let E :
B -*• A and F : C —> B be faithful conditional expectations. Then E o F : C —• A
has finite index if and only if E and F have finite indices.

PROOF. If {«1; u2,..., «„}, and [vu . . . , vm] are respectively bases for F and E,
then the set {u, Vj : i = 1 , . . . , n; j = 1 , . . . , m] is a bases for E o F. Conversely,
suppose that E o F has finite index. Then, E o F is faithful and by [15, Proposition
1.7.2], E has finite index. It remains to show that F has finite index. Let n : B ->
&($E) be the *-representation given by left multiplication. Form the tensor product
SF ®B SE. Then SF <g>B SE, and SEaF are Hilbert A-modules. We show that the
A-valued inner products on the dense subset C <8>B B(= C) of SF <g> SF and the dense
subset C of $EOF coincide. Let bi,b2 € B and C\, c2 € C. Then,

bu c2 ® b2) = (buTtdcu c2))b2) = (bu F(c*, c2)b2)

= E{b\F{c\,c1)b2) = E{F(b\c\c2b2)) as b\b2 e B

= E o F(( C l , by)\c2b2)) = (Clbuc2b2).

The above computation shows that the mapping c ®B b —> cb from C ®B B to C

extends to an isomorphism of SF <g>B SE onto SEoF as Hilbert A-modules. If E o F has

finite index, then SEoF and hence gF <S)B SE is a finitely-generated projective A-module

(cf. [15, Proposition 1.3.4]). Hence we are in the situation of Proposition 1.5. Since

n is faithful (cf. 2.5) there exist uu u2, . . . , « „ e SF such that \Sr = YL1=\ ^«,.«/- ^ s

E o F has finite index, C is closed in ||.||£O/r and clearly ||JC||£OF < \\x\\F, x e C.

Hence C is closed in | | . | | F and SF — C. This means that u\, . . . , « „ € C and hence F

has finite index with basis {u\, ...,un).

THEOREM 3.6. Let H be a subgroup of the discrete group G and let

E : B xi G -+ A x G,

EH : AxG -> Ax H
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be as defined in Remark 2.6 and Remark 3.2. Then EHoE has finite index if and only

ifE has finite index, and [G : H] < oo. Moreover, ind EH o E = [G : H] ind E. The

same results hold in the reduced case.

PROOF. If E has finite index, then by Theorem 2.8, E has finite index and ind E =

indE. If [G : H] is also finite, then by Theorem 3.4, EH has finite index with

ind EH = [G : H]keJ, which is an element of the center of B x G. Hence, by [15,

1.7.1] EH o E has finite index and we have:

ind£w o E = (mdEH)(indE) = [G : H](indE).

Conversely, suppose that EH o E has finite index. Then by Proposition 3.6, EH and

E have finite index. Hence, Theorem 3.4 and Theorem 2.8 imply that [G : H] < oo

and E has finite index.
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