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AN INVARIANT SUBSPACE THEOREM ON
SUBDECOMPOSABLE OPERATORS

MINGXUE Liv

H. Mohebi and M. Radjabalipour raised a conjecture on the invariant subspace
problem in 1994. In this paper, we prove the conjecture under an additional con-
dition, and obtain an invariant subspace theorem on subdecomposable operators.

In [9] Mohebi and Radjabalipour raised the following conjecture.

THE MOHEBI-RADJABALIPOUR CONJECTURE. (See [9, p.236].) Assume the operators
T € B(X) and B € B(Z) on Banach spaces X and Z, and the nonempty open set G
in the complex plane C, satisfy the following conditions:
(1) ¢T = Bg for some injective ¢ € B(X, Z) with a closed range ¢X .
(2) There exist sequences {G(n)} of open sets and {M(n)} of invariant
subspaces of B such that G{n) c G(n+1), G = UG(n o(B|M(n)) C
C\G(n) and o(B/M(n)) c G(n), n=1,2,.
(3) o(T) is dominating in G.
Then T has a (non-trivial) invariant subspace.

It is easy to see that the Mohebi-Radjabalipour Conjecture, if true, will contain
the main results of [1, 2, 4, 5, 7, 8, 9] (and others) as special cases.

In the present article, using the S. Brown Technique, we prove the Mohebi-
Radjabalipour Conjecture under an additional condition. But the additional condition
will be used in only one place, namely in the proof of Lemma 4. Our main result is as
follows.

THEOREM 1. Assume the operators T € B(X) and B € B(Z) on Banach spaces
X and Z, and the nonempty open set G in C, satisfy conditions (1), (2) and (3) in
the Mohebi-Radjabalipour Conjecture and the following additional condition:

(4) {gX + M(n)} is a sequence of closed sets in Z.
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Then T has an invariant subspace.

To prove Theorem 1 we first recall some basic notation and facts, and give some
lemmas.

We denote by H*®(G) the Banach algebra of all bounded analytic functions on G
equipped with the norm ||f|| = sup{|f(A)|; A € G}. It is well known that H®(G)
is a w”-closed subspace of L®°(G) relative to the duality (L'(G), L*°(G)) and that
a sequence {fx} in H°(G) converges to zero relative to the w*-topology if and only
if it is norm-bounded and converges to zero uniformly on each compact subset of G.
In particular, we can identify H*(G) with the dual space of the Banach space Q =
LYG)/tH>(G). Since Q is separable, the above characterisation of w*-convergent
sequences in H*°(G) immediately implies the w*-continuity of all point evaluations
E,:H®(G)—C, f—= f(A) (A€ G).

For f € H*®(G) and A € G we deonte by fy the unique function in H*®(G) with
(A= p)a(e) = F(A) — f(n) for p € G. It is easy to check that for fixed A € G the
map H®(G) - H®(G), f = fx, is w*-continuous.

A subset F of C will be called dominating in G if || f|| = sup{|f(})|; A € FNG}
holds for all f € H®(G).

Let E be a Banach space. Then we denote the dual space of E by E*. If M and
N are closed linear subspaces of E, then we set

a(M,N)=inf{||lz —y|| ; € M with ||z[| =1and y € N}.

For M C E arbitrary, by definition \/ M denotes the closed linear hull of M. For
A € B(E) the left essential spectrum ogi.(A4) of A is the set of those points X in C
such that ran(A — A) is not closed or dimker (A — A) = co. For A € B(E), if M is
a closed linear subspace of F with AM C M, then A|M denotes the restriction of A
onto M, and A/M denotes the quotient operator induced by A on E/M. If E and
F are Banach spaces, and A € B(E, F), then A* denotes the adjoint operator of A.

Throughout the rest of the present article, we shall assume that X, Z, T, B, q, G,
G(n) and M(n) are as in Theorem 1.

LEMMA 1. If 01.(T*) # o(T*), then T has an invariant subspace.

PRrOOF: The proof of Lemma 1 is routine, and is therefore omitted. 0
NoTE 1. By Lemma 1 and the condition (3) in Theorem 1, the proof of Theorem 1 can
be reduced to the case in which T satisfies the following additional condition:

(3)" 01(T*) is dominating in G.

By conditions (1) and (2) in Theorem 1, we can readily obtain Lemma 2 below.

Moreover, Lemma 2 can be found in [9, Note 2].
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3] An invariant subspace theorem 13

LEMMA 2.
(1) ¢*B*=T*q¢* and ¢* € B(Z*, X*) is surjective.
(2) For every natural number n, M(n)' is an invariant subspace of B* and

a(B‘|M(n)J‘) c G(n), o(B*/M(n)*) C C\G(n).

LEMMA 3. Define B : ¢X — ¢X by BZ = BZ, and define q:X = qgX by
gz = gz. Then B € B(¢X), § € B(X,¢X) and

(1) For any polynomial p, for any vectors Z € ¢X and z* € Z*, we have

(zp(B*)#) = (Ep(8)7"),

where z* denotes the restriction of z* onto ¢X, that is, z* = z*gX.
(2) Forany z € X and z* € Z*, we have (z,§*2*) = (z,q%2*) and ||§*2*|| =
llg*z*)|, where z* = z*|gX .

PRrROOF: Since ¢T = Bg, it follows that BgX C ¢X. Hence B is a well-defined
bounded linear operator on the Banach space ¢X, that is, B € B(¢X).

(1) Since BgX C ¢X, it follows that p(B)qX C ¢X. Consequently
(Z,p(B)2") = (p(B)Z, 2*) = (p(B)Z, #*) = (%,p(B") ).
(2) It is clear that § € B(X,¢X) and
(z,3"2*) = (gz, 2*) = (qz, 2*) = (z,q"2*).

Therefore [|g*z*|| = {lg*2*||. f

LEMMA 4. For each natural number n, set
M(n)t|gX = {z* € (¢X)*; thereisz* € M(n)* with 2*|gX = 2}

Then M(n)*|gX is a closed linear subspace in the Banach space (¢X)*.

PROOF: It is obvious that M (n)"‘|qX is a linear subspace in (¢X)*. To show
that M(n)"|gX is closed in (¢X)*, it suffices to show that for any sequence {;,‘;} in

M(n)tgX , if

(4.1) lim 27, = 25 € (4X)",

m
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then zJ € M(n)*|¢X.
In fact, since 27, € M(n)"|gX, there exists z € M(n)" such that 2% =
23, ]¢X . Hence, it follows from (4.1) that

4.2) Jim (z,2],) = (2,%)

for any z € X . Since 2%, € M(n)', it follows that (z,z%) = 0 for any z € M(n).
Therefore, for any z € M(n) we have

(4.3) mh_x)noo(z, zn) =0.

Since 2, € Z*, z7, is well-defined on ¢X + M(n). Thereby, it follows from (4.2) and
(4.3) that for any z € ¢X + M(n) the sequence {(z,25,)} of numbers is convergent.
Set

Jim (z,25) = 9(2), =€ X +M(n).

Define the functional z§' acting on ¢X + M(n) by the equation
(2,2)) = p(2), z€qX+M(n).

Obviously, z§' is a linear functional and

o (Z,;S), z € ¢X,
(4.4 m%>~{m .

Since ¢X, M(n) and ¢X + M(n) are closed in the Banach space Z, by the Open
Mapping Theorem there exists a real number K > 0 such that for any 2z € ¢X +
M(n) there are vectors zy € ¢X, z9 € M{(n) with z = 21 + 22 and ||z1]] < K|jz||
Consequently, we have

" x
2 %

llzaf} < K

=1l -

,(3126,)! = ](zlf;(;l” S

Thus z3' is a bounded linear functional on ¢X + M(n). By applying the Hahn-Banach
Theorem we can find 2§ € Z* such that z§|(gX + M(n)) = z}'. Thus by (4.4) we get
7 € M(n)* and 75 = 2z5|¢X € M(n)*|¢X. 1]

LEMMA 5. Let n be a natural number. If A € G(n), then A—B*/(M(n)*|gX) is
a bijective bounded linear operator from (gX)*/(M(n)*|¢X) onto (¢X)*/(M(n)*|gX ).

PROOF: Since M(n)’ is an invariant subspace of B*, it follows from Lemmas
3 and 4 that M(n)"|gX is a closed linear subspace in (¢X)* and B*(M (n)L](qX )
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C M(n)*|gX. Therefore, A — B*/(M(n)'|gX) is a bounded linear operator from
(¢X)*/(M(n)*gX) into (¢X)*/(M(n)"|¢X).

By applying Lemma 2, we get A € p(B*/M(n)"). Consequently, A — B*/M(n)*
is a bijective bounded linear operator from Z*/M(n)® onto Z*/M(n)*.

First we show that A — B*/(M(n)"|gX) is surjective from (¢X)"/(M(n)"|¢X)
onto (gX)*/(M(n)*|gX). In fact, for any z§ + M(n)'|gX € (¢X)*/(M(n)*|¢X),
by the Hahn-Banach Theorem there exists 23 € Z* such that z5 = 23|¢X. Since
A — B*/M(n)* is surjective from Z*/M(n)* onto Z*/M(n)", there is a vector z* +
M(n)* € Z*/M(n)* such that

(A= B%)2* + M(n)* = (A= B*/M(n)*) (2* + M(n)*) = 2 + M(n)*.
Hence
(5.1) (A = B*)z*)|¢X + M(n)"|gX = z5 + M(n)*[¢X.
Set z* = 2*|gX . Then it follows from Lemma 3 and (5.1) that
(,\ - E‘/(M(n)"‘IqX)) ( + M(n)*|gX) = (,\ - ﬁ*);- + M(n)*lgX
= (A= B*)z*)|¢X + M(n)*|gX
= z";; + M(n)l|qX.

Next it will be shown that A—B*/(M(n)*|¢X) is injective from (¢X)*/(M(n)"*|gX)
onto (¢X)*/(M(n)*|gX). It is sufficient to show that for any z* + M(n)'|¢X €
(@X)*/(M(m)"1aX), if (A= B*/(M(n)*1aX))(s* + M(n)*|aX) = 0, then (& +
M(n)*|gX) = 0. That is, it is sufficient to show that for any z* + M(n)'|¢X €
(aX)*/(M(n)*lgX), if

(A - E’);" +M(n)tgX =0,
then z* +M(n)‘LIqX =0.

In fact, since A — B*/M(n)* is surjective from Z*/M(n)* onto Z*/M(n)t, it
follows that

Z M)t = {(,\ - B /Mm)Y) (2" + M(n)Y); 2t + M(n)* € z*/M(n)*}

={(A= Bz + M(n)*; 2* € 2*}.
Similarly, since A — B*/(M(n)*|¢X) is surjective from (¢X)*/(M(n)*|gX) onto
(¢X)*/(M(n)*|gX), it follows that

(@X)*/(M(m)*1eX) = { (A - B*)# + M(n)*|X; 7 € (a)'}.
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Therefore we can define a map A: Z*/M(n)* — (¢X)*/(M(n)"|gX) by
A((A = B*)2* + M(n)*) = (A - §~);~ + M(n)*|gX,

where 2* = z*|gX. It is easy to see that the image point of the vector (A — B*)z* +
M(n)t € Z*/M(n)* under A is independent of the particular choice of (A — B*)2*,
that is, if (A — B*)z}+M(n)™" = (A - B*)25+M(n)* in the quotient space Z*/M(n)",
then

A((A = B*)z} + M(n)) = A((,\ - B9z + M(n)J‘).

So A is well defined.

It is plain that A is a linear operator. We now show that A is bounded. Indeed,
for any z* € M(n)", set 2% = 2*’|¢X, then z* € M(n)"|¢X. Thus by Lemma 3 we
obtain

|- B)7 4 7

= H((A_ B*)z* +z*')qu” < ”(/\ ~ B2 + zu“
for every z* € Z*, where 2* = 2*|gX . Consequently

HA((,\ B + M(n)"‘)” = “ (A - E‘);‘ + M(n)*|gX

= inf{” (,\ - fé‘)é‘* e

; 2 € M(n)*|gX }
<inf{[|(A - B*)2" + 2| 2" € M(n)*}
=||(A = B*)z" + M(n)*|.

It is obvious that A is surjective from the Banach space Z*/M(n)" onto the

Banach space (¢X)"/(M (n)l|qX ). Thus the Open Mapping Theorem implies there
exists a real number K > 0 such that for any

(A= B*) & + M(n)*|aX € (¢X)"/(M(n)*[aX),
there is a vector (A — B*)2* + M(n)* € Z*/M(n)* with
(5.2) A((A - BY)2* + M(n)*) = (A - §*); + M(n)*|gX,

and
(A - B%)z* + M(n)*|| < K“ (r- E')Z- + M(n)"‘]qX”.
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Therefore, if (/\ - E‘);‘ + M(n) lgX =0, then
(5.3) (A= B*/M(n)*)(z* + M(n)*) = (A= B*)z* + M(n)* =0.

Since A — B*/M(n)" is injective from Z‘/M(n)"' onto Z*/M(n)*, it follows from
(5.3) that z* + M(n)* = 0. Hence z* € M(n)"*. Thus by (5.2) we get

*=2"gX € M(n)*|¢X.

Therefore z* + M(n)l[qX =0. 0
LEMMA 6. Let n be a natural number. If A € 01.(T*) N G(n), then for each
closed finite codimensional subspace X§ in X*, there exist sequences {z%,} in X3,
{22} in Z* and {25} in M(n)*|gX such that
lomll =1, T2 =24, lim (A-B*)zm =0, lm (& -2%) =0,
where 2+ = 2% |¢X .
PROOF: By [7, Lemma 0.1}, there exists a sequence {z%,} in X such that ||z%,|| =

1 and
lim (A -T*)z;, =0.

m—ro0

Therefore by Lemma 2 we can find a sequence {z},} in Z* such that z}, = ¢*z}, for
m=12,..., and

"}i_l;an (’\_B )zm=m1i_l;n°°(’\_T )q zmzml_l_l;noo(A_T )xm=0'

Thus by Lemma 3 we obtain ¢*z3, =z, for m=1,2,..., and
1) iy [ (x - B7) 3] = Jim e - Bz = 0

where 2 = 22 [¢X .

Since ¢ € B(X,Z) is an injection with a closed range ¢X, § € B(X, ¢X) is
bijective from the Banach space X onto the Banach space ¢X. Thus by the Inverse
Mapping Theorem and (6.1) we have

lim (A—B*)2h, = lim (@) T(r- Bz =o.

m—o0

Consequently,
|- B/ (M) |aX)) (3 + Mm)Hax) || = || (A - B*) 3 + Mw)*fox]|

g”(,\—ﬁ‘)é}; —0, asm — co.
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Thus by Lemma 5 we get

inf{
== B/ (M aX)) M - B/ (M) X)) (5 + M) o)

— 0, asm — oo.

. e M(n)*IqX} = ||z + M(n)*|gX]||

SE _ o
zZh —z

Therefore, there is a sequence {;,,:,{} in M(n)*|gX such that nP_x)noo (2;‘; - Z*:;) =0. 0

NOTE 2. By Lemma 6 we can find a natural number ng such that M(n)*|gX # {0} for
all n 2 ng. In fact, by Note 1, o1.(T™) is dominating in G. Thus by the condition (2)
in Theorem 1, there is a natural number ng such that for each n 2 ng, o1 (T*) N G(n)
is nonempty. Thus by Lemma 6, if M(n)*|¢X = {0} for some n > ng, then for any
given closed finite codimensional subspace X§ in X*, there are sequences {z3,} in X}

and {2},} in Z* such that l[&'é};

= |lz}.|| =1 and n}l_r)nw;,rn =0, where 22, = 2% |¢X.

= 1. Thus M(n)*|gX # {0}

= 0. This contradicts Hff‘a

Therefore mleoo ll&*z;n
for all n > no.

From now on fix ng.

LEMMA 7. Let n be a natural number. If A € C\G(n), then /\—E*f(M(n)l,qX)
is a bijective bounded linear operator from M(n)*|gX onto M(n)'|gX.

ProoOF: Since M (n,)‘L is an invariant subspace of B*, it follows from Lemmas 3
and 4 that M(n)*|gX is a closed linear subspace in (¢X)* and B*(M(n)‘|¢X) C
M(n)*|gX. Therefore, A — E*l(M(n)*qu) is a bounded linear operator from
M(n)*|gX into M(n)*|gX. -

By applying Lemma 2, we obtain A € p(B*|M(n)"). Consequently, A~ B*|M(n)*
is a bijective bounded linear operator from M(n)* onto M(n).

First we show that A — }}‘l(M (n)quX) is surjective from M(n)"|¢X onto
M(n)*|gX. In fact, for any z~3 € M(n)*|gX, there exists 2 €M (n)* such that
z3 = 28lgX. Since A — B"iM(n)“‘ is surjective from M(n)* onto M(n)", there is
z* € M(n)* such that

(7.1) (A= B%)z* = (A - B*|M(n)")2" = .
Set z* = z*|gX , then z* € M(n)"|gX . Thus by Lemma 3 and (7.1) we have

()\ _ E");‘ = (A= B*)2")|gX = 2.
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Next it will be shown that A — E'I(M (n)*lgX ) is injective from M (n)*|gX onto
M(n)*|gX . It will be sufficient to show that for any z* € M(n)tleX, if (A - l}‘)?’ =

0, then 2* =0.
In fact, since A— B*|M(n)" is surjective from M(n)" onto M(n)™*, it is true that

M(n)" = {(A—B*)z*; 2* € M(n)*}.
Similarly, since A~ B*|(M (n)*|¢X) is surjective from M (n)*|gX onto M(n)*|gX, it
is true that
M(n)*|gX = {(,\ - B");" P e M(n)ﬂqx}.
Therefore, we can define a map S: M(n)- - M (n)*]gX by

S(A-B%2) = (A~ B)#,

where z* = 2*|gX . It is easy to see that § is well defined.
By Lemma 3, we get

IS - BY)z|| = ||(»- B)#

= (@ - B)=)lax] < |3 - B

Therefore, S is a bounded linear operator. Moreover, for any (A - E‘).; € M(n)*|gX
with 2 € M(n)"|¢X, there exists 2* € M(n)" such that 2* = z*|gX. Hence
S((A—B*)z*) = (A - ﬁ')?‘. Consequently, S is a surjective bounded linear op-

erator from the Banach space M(n)" onto the Banach space M(n)'|¢X. Thus by
the Open Mapping Theorem there exists a real number K > 0 such that for any
(,\ - é‘);‘ € M(n)*|gX with 7* € M(n)*|gX, there is a vector (A — B*)z* € M(n)*

with 2* € M(n)J' ,
(7.2) S((A - B*)z*) = (,\ - E*);‘,

and
Il - B9z || < k|| (A - B*)

Therefore, if (z\—}‘;“')z‘; = 0, then (A—B*)2* = 0. Since A — B*}M(n)" is an
injection from M(n)" onto M (n)"'. It follows that z* = 0. Thus by (7.2) we obtain

= z*gX =0,
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and this concludes the proof of Lemma 7. 1]

To prove Thoerem 1, we need to construct some w*-continuous linear functionals
acting on H®(G). By Lemma 2 and [9, Lemma 1.2], we obtain M(n)* ¢ M(n +1)*
for n=1, 2, .... Therefore M(n)|¢X c M(n+1)*|gX for n=1,2,.... Set

M(G) = J(M(n)" |gX).

n

For any ¢ € X, z* € M(G), choose a natural number n > ng such that z* ¢
M(n)*|¢X . By Note 2 and Lemma 7, we have

a(§‘|(M(n)'L|qX)) cG(n)CG.
Consequently, we can define a functional z ® z* : H®(G) — C by
2@ 2(f) = (=,7F(B2)#),

where By denotes B*|(M(n)"|gX), and f (E,’;) is defined by the Riesz-Dunford func-

tional calculus with analytic functions. As in [2], we can show that for any = € X
and 7* € M(G), £ ® z* is a well-defined w*-continuous linear functional which is
independent of the particular choice of n.

LEMMA 8. (Similar to [8, Proposition 2.8, or [4, Lemmas 4.2 and 4.3), et cetera.)

Let r, s be natural numbers. Consider non-negative real numbers c,, ..., ¢, with
c1+---+¢ =1 and complex numbers Ay, ..., Ar € 0 (T*)NG. Ifay,...,a, €
X, I;T{, ...,b? € M(G) and € > 0 are arbitrary, then there are vectors z € X, z* €
M(G) such that ||z|| < 3, ||g*2*|| < 2 and
—~ r
1) ’.’B@Z'-—EckExk e,
k=1
@ [cof|<e e <ei=12. ..\

PROOF: We start by choosing an arbitrary real number § with 0 < § < 1. Let
n 2 ng be a natural number such that Ay, ..., Ay € 0 (T*)NG(n), b}, ..., 4% €
M(n)t|gX . Since

D= {av(ﬁ;)i;; FEH®(G) with |fll<1,5=1,2,..., s}
is compact, there are vectors z*,, ..., z*,, 5 € X* such that

(8.1) min{||z* — 22| ; k=0,1,...,t} < ¥
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for all z* € D. Define
Xg = {al, ceey aa}'L.

By [10, Lemma IIL.1.1] there is a closed finite codimensional subspace X7 in X*
such that

a(V{z*_,, Ty, z;;},x;) >1-4.

Thus by Lemma 6 there are vectors z} € Xg N X}, 21 € Z*, ;’{’ € M(n)*|gX, such
that

letl =1, 72 =1, |(3m - B) | <o 1% - 20 <6,

where z} = 2}]gX.
Likewise, by [10, Lemma III.1.1] there is a closed finite codimensional subspace
X5 in X* such that

o(Vizte - o 75, 23h, X3) >1-4.

Again by Lemma 6 there are vectors z§ € X§ N X{ N X3, 25 € Z*, ;.f’ € M(n)*jgX
such that

o3l =1, 725 = 23, ||(he — B) || < 6, 158 - &l <5,

where z3 = z5|¢X.

Continuing in this way, we obtain vectors zj,...,z; € X§; 271,...,2F €
Z*; 2, ..., 2" € M(n)*|gX such that

(8.3) a(\/{z‘_t, caiah Vst x:}) >1-34,

letl =1, 75 =i, |[(% - 5*)%| <6 % -2 <6

where k=1,2,...,r,and ;,:=z,:|qX.
An easy calculation shows that

2
(8.4) max{lax]; k=1,2,...,7r} < 13

r
E aka:,';
k=1

-

holds for all a1, ..., a, € C and that the canonical projection of L = \/ z} onto
. k=—t

V z} has norm less than 2/(1 — é). By Zenger’s Lemma (see [11] or [3, p.20]) there

k=1
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exist a linear functional ¢ on L and complex numbers g4, ..., g, such that |y <
2/(1 - 6) and

r

Z JIT% 2

k=1

(8.5) <1, o(umzy)=c (k=1,2,...,71),

P(x2) =0 (k=0, —1,..., ~t).

Using the canonical isometric identification L* = X/*L we can choose a vector z € X
such that ||z|} < 2/(1 — 4) and

(8.6) (z, z3) = p(z}), k=—t,...,-1,0,1,...,r
If § is chosen small enough, then ||z| < 2/(1 —§) € 3.
- r —
Let 2* = 3 pgz}’ . 1t follows from (8.3), (8.4) and (8.5) that if J is chosen small
k=1

enough, then

g2l < + <L+llglé(2r/0-9) <2

™
z Beq 2
k=1

r
Z g (z,';’ - z;)
k=1

~ T
It will now be shown that ||z ® z* — Y~ cxFa, || < €. In fact, it follows from (8.3),

(8.5) and (8.6) that

cx = p(pxzy) = prlz, o}) = pe(z, T 23)

foreach k=1,2,...,7. So by (8.3) if § is chosen small enough, then the estimate

2® 2 (f) - ickExk(f)} - ‘iuk((z, T1(Ba)a ) - (=7 10w))
k=1 k=1

S el 7, (B2) (B - )7 + [ (e, 7100 (3 - 7))
k=1 k=1

holds for all f € H®(G) with ||f|| < 1.
Next it will be shown that ||.1:®I;;|| Keforeach j=1,2,...,s. In fact, it follows
from (8.5) and (8.6) that

= + <€’

(z, z24) = ‘P(zik) =0
foreach k=0,1,...,t. So by (8.1) if § is chosen small enough, then the estimate

|z®l;;'~(,f)| = min{Ka:,Zj"f(E;)I;;f —xik>|; k=0,1,..., t}

< = -min{’a’f(ﬁ;)l;}—x*_k”, k=0,1,..., t} <e
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holds for each j =1,2,...,s. and all f € H®(G) with ||f]| <1
Finally, we show that {|a; ®E‘|| g eforeach j=1,2,...,s. In fact, by (8.2),
(8.3)and zy € X5 (k=1,2,...,r) we obtain
(a’j7 T;;:) = (aj’ xl:) =0
forall k=1,2,...,r,and j=1,2,..., 8. So by (8.3) if § is chosen small enough,

then the estimate

|aj®z~'(f)| =

S (o2 1 (B ) - s 00D)
(aav “ka( )(B‘—/\k lZuk aj, f()\k)(z;’—;;»

holds for each j=1,2,..., s and all f € H®(G) with ||[f]| <1
LeEMMA 9. For any given A € G, there exist sequences {zn}3%, in X and
{22}, in M(G) such that
1) |Ex-zn®z <272, n=0,1,2,...,
@) |on — Za_a]| < 275, ”a*(;; - ;,',‘_’1) ” <2 =12, ... .

<E

PROOF: Let o =0 € X, zo =0€eM (G) Assume by induction that we have

constructed the vectors xg, 1, ..., Tn—1 € X ; zo, zl, ...y 2h_y € M(G) such that
(9.1) |Ex—zn@zl <2724, k=1,...,n~1,

9.2) lzk — zhall < 27F4%, k=1,2,...,n-1,

(9.3) ”a‘(i};—z,;:)”d—"“, k=1,2,...,n—1.

We now wish to construct z, € X, 2, € M(G) satisfying (9.1), (9.2) and (9.3) for
k=n.

By Note 1, 0;.(T*) is dominating in G. Thus by [6, Proposition 2.8] (or [4,
Lemma 4.4]) and (9.1), there are complex numbers Ay, ..., Ar € 01(T*) NG and
complex numbers ¢y, ..., ¢, such that
(9.4) Z lejl € 2723, |Ey — 201 @7, Zc,E,‘J <272,

j=1 j=1
Write ¢; = ¢y — cpj +ic3j — icq;, where j=1,2,..., 7 i=+v-1and 0 S ¢; < e
Then
r r
(9.5) S e <Y lel k=1,2,3,4.

i=1 i=1
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Without loss of generality, we assume that for each k, the real numbers cy, ..., Cir
r T

are not all zero. Set cjcj = ckj/ .Elc"j’ then ¢;; > 0 and 21 cy; = 1. Conse-
]: =

quently, for any given real number € > 0, by Lemma 8 we can choose successively pairs

(z®, 2"("))1@s o of vectors z(®) € X, z4%) € M(G) such that

,

) @ k) - S " g By,
i=1

lzn-1® #9 <, o® @7 <, [6® @ ™) <,

©8)  [e®]<3 [T <2

for all k, m =1, 2, 3, 4 with & # m. Define

r 1/2 1/2
Tp = Tp_i+ (Z clJ) z — (Z ca ) PAC i(

=1

- (S

j=1
Then it follows from (9.5) and (9.6) that the estimate

r 1/2 r 1/2
Z Caj) Z(s) - ’L(Z C4J') 37(4),

j=1 3=1

e ® 2% — 2n-1® 78, Zc,EA [

r 1/2 ~ 4 o
< () (kzlnz,.-l 0 ¥+ 3 |+ o 75
= =1

J=1
r
+ 3ol (2 1 @ )
J=1 k#m

r 4 r
DNTIPSLLECE SN )
j=1 k=1 j=1
r 1/2 r
< 8 (Z |c_,-!) +166 ) lejl < 2722,
j=1

=1

holds, if € is chosen small enough. Hence it follows from (9.4), (9.5) and (9.6) that

B> —zn @zl < 2“2"“,

(|7 — Zn-1]l € 12(2@) <2 s
G- () <

j=1
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PROOF OF THEOREM 1: Fix an arbitrary point A € G. By Lemma 9, there exist
sequences {Tn}2, in X and {z3}22, in M(G) such that
(@) ||BEx—2.®zi[| <27 n=0,1,2,....
®) llzn = 2nall <2725, (- 55| <27 n=12, .
The inequality in (b) ensures that the sequences {z,}3, and {§*z%}22, are Cauchy

in X and X*, respectively. Hence, there are vectors z € X and z* € X* such that

lim z, =z, lim ¢* z" =z*
n—o0 n-—+o0

Since z2 € M(G), there is a natural number m(n) > no such that z% € M (m(n)) lgX

Thus there exists 2; € M (m(n)) such that z,’; = z3|gX. Consequently, for any
polynomial p, by Lemma 2, Lemma 3 and (a) we obtain

20 = Ba() = lim 2, ® Z(0)

(o B ) i o ()5
hm (zn,q"p(B*)z;, )— hm <:c,,,p(T’)q'z )

lxm (p VTn, § 2, ) (p(T)z T )

Therefore (z,z*) =1 and ((T — )"z, z*) =0 forall n = 1,2, .... Hence z # 0,
z*#0,and (T — A)"z € kerz* forall n =1, 2, .... Two cases may arise: (T — Az =
0or (T-A)z #0. If (T—-X)z =0, then ker (T — A) is an invariant subspace of
T. If (T -z # 0, then we write Lo = V{(T' — Az, (T - 2z, ...}, and hence
Lo C kerz*. Consequently, it follows from z* # 0 that Ly # {0} and Lo # X. It
is easy to see that Lo = \/{Tz, T2z, ...} if A=0, and Ly = \/{z, Tz, T?z, ...} if
A # 0. Therefore Lg is an invariant subspace of T'.
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