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ON THE TRACE OF HECKE OPERATORS

FOR CERTAIN MODULAR GROUPS

MASATOSHI YAMAUCHI

Introduction.

The trace of Hecke operators with respect to a unit group of an order

in a quaternion algebra has been given in Eichler [1], [2] in the case when

the order is of square-free level. The purpose of this note is to study the

order of type {qί9 q2, qz) (see text 1.1), in the case, of cube-free level, and to

give a formula for the trace of Hecke operators in the case qz = 2.

Notation.

Z9 Q, R denote the ring oί rational integers, the field of rational num-

bers, and the field of real numbers, respectively. QP denotes the p-adic

closure of Q and Zv the ring of integers in QP. R being a ring, M2{R) de-

notes the full matrix ring over R of degree 2.

1. The order of type {qί9 q2, qz)

1.1. Let A be a quaternion algebra over Q and q\ = d{Λ/Q) be its dis-

criminant. For every prime number φ, AP(g)QP is a division algebra over
Q

QP or AP — M2(QP) according as φlq^ or φjiqu Let q29 qz be square-free posi-

tive integers such that (qif qj) = l for i ψ j9 l<i, ; ^ 3 . We then define

the order £) of type (ql9 q29 #3) which satisfies the following properties:

i) D ? = D(x)Z ί > is a maximal order in AV9 if
z

ii) Dj, is the unique maximal order in the division algebra Ap9 if

iii) D , £ ( ( 2 J ) e M 2 ( Z p ) | c s 0 (modp)j, if φ\q2f

iv) D p S J g c

d)(ΞM2(Zp)\c~Q (mod p2)), if φ\q»

In this note we consider the order of type (q19 q29 q%) exclusively.
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138 MASATOSHI YAMAUCHI

1.2. The local properties of the order of type (ql9 q2, 1), in our nota-

tion, have been investigated by [1], [2]. So we study the property of £)p

for p\qz. After fixing the isomorphism we assume D^ = In* *C\&M2{Zp)\cz=-0

(mod p2)), and write symbolically £)p = (fp^ JrP) Let Up be the unit group

of Dp; then according to the elementary divisor theory, we find that every

double coset UpaUp modulo scalar matrix (αeDJ is one of the following

types:

(1) Up(jf §UP, (2)

(3) Up(f φ)up, (β5>l), (4) U,(β Jα)ί/P, (a 2:1),

(5) Up(°p2 f)up, (β2>0), (6) Up(°pa 1)UP, (βs>2),

(7) Up(°pΐ Va

p)up, (a^O), (8)

and the degree (the number of left representatives) of UpaUp is calculated

for the above nine cases as follows:

(1) ίΛ (2) V\ (3) pa-pa~\ (4) J»«-1»-S

(5) pa, (6) pa-\ (7) 2 ) o + 1 - p α , (8) pa-pa~\

(9) y l ? - y - D , if a is odd,

( p-l)(p^ -P-Z) i f a i s e v e n .
p + 1

By decomposing these double cosets into the sum of left representatives, we

see that every integral left £)p-ideal with norm pn is one of the following

types;

t mod v\ a+b = n, a, b^0,

(ii) Όp(°t ^ ) , t mod

(iii)

(iv) Op(jΓ2 | ; §β), 1 ̂  v ̂  p - 1, β + b = nf β ̂  0,
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xy-1^0 (mod p»-«-&-i),

#, y mod j 5 w " a " M , a?, 2/ - units,

β + ft + 2 ̂  w, β, b ̂  0.

2. The case qz = 2

2.1. Hereafter we assume #3 = 2, hence D is of type (ql9 q2, 2).

LEMMA 1. The group of integral two-sided Ό 2 = £>®Z2 ideals modulo scalar
z

ideals is isomorphic to the symmetric group of degree 3, hence its order is 6.

Proof Since for any integral two-dsied D2 ideal Wl = D2a = aD2 (αeD2)>

the degree of U2aU2 should be 1, hence the generator a of fflt is, according

to the elementary divisor theory given in 1,2, one of the following forms:

- V0 1> π ^ V4 0> 5 = Vθ 2> πξ = U 2>

We see easily that (πf)3 = {ξπ)z = c, and π2 = ξ2 = c modulo scalar matrix.

Hence we obtain Lemma 1.

2.2. Let g be an order in a quadratic field K = QiiΓd) (d : a squarefree

integer) then we may put g = Z[l, ώ] and ω = fω0 (/ > 0) where [1, ω0] is

the canonical 2Γ-basis of the maximal order g0 in K, namely

(1 + /J)I2, if d = 1 (mod 4),

i/d , if d^2, 3 (mod 4).

The discriminat Z) of g is D = f2D0, where Do = d or 4J according as d = 1

or 2, 3 mod 4. Now for a prime p, we define the modified Legendre symbol

as follows:

1, if Dp~2<=Z and Z ) f 2 s 0 , 1 (mod 4),

(—) the Legendre symbol, otherwise.

2.3. Let K be a quadratic subfield of 4̂ and g be an order in K; then

we say g is optimally embedded in D if g = DΠϋC. It is easy to see that g

is optimally embedded in JD if and only if ĝ  = Dpf]Kp for every p. Now

we shall prove the following theorem which is essential to give a formula
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for the trace of Hecke operators, and this was proved for the order of type

(Qif Qu 1) b y [2] .

T H E O R E M 1. Let Ω and Ω' be order of type (ql9 q29 2) and q be an order oj

a quadratic subfield of which is optimally embedded in both Ω and Ω'. Then there

exists an ideal a of & such that Da = αD' . Conversely, if g is optimally embedded in

Ω and if there exists an g-ideal such that Ωa = α£>' then g is also optimally embedded

in £>'.

Proof, The second assertion holds trivially as it is contained in [2]. So

we examine the local behaviour of orders to prove the first assertion. For

p = 2, we may assume D2 = O ® Z 2 - (,A g \ Since £>'2 is isomorphic to

£>2, there exists a^A2 such that α"Ώ 2 « = £>2 Under this situation we shall

show that there exists βGQ®Z2 such that Ω2β = β&ί First, we assume a —
z

(o 2 r) ̂ r > °̂  P u t δ2 = Z^9 ω^' a n d fix ω t 0 b e ω = (Ic j ) e £ > 2 a f t e r a s u i "
table translation; since g2 is embedded in £)2 optimally, we see (b, c, d)2 = 1,

where (, , )2 denotes the g C'dΛn Z2. g2 is also optimally embedded in a"1

Ό2a = Ω'2, and aωa'1 = / /

2^2C

 2 ^ hence (2"r^, 2rc9 d) = 1. For the proof

of existence of βeg 2 such that D2β = βD'2> we consider three cases.

case 1. (rf, 2) - 1. Take /3eg2 such that β = 2r - rf + ω = ( ^ ~ d * r ) .

Then ^α-1 = (£ ~ rf ^)(θ 2-r) = (Ϊc "" ̂  Γ^) S i n c e 2" " rf i s a u n ί t i n

2T8, ^α:"1 = ε e t / 2 hence D2i3 = D2εα = Da = αD' = jSD'.

case 2. (d9 4) = 2. Take β = 2 r + 2 - d + ωe=g2, then βa"1 = ι

Now put η — ξπ = ί 4 Q \ 0? : an element which generates a two-sided D2-ideal

by Lemma 1), then βa^η"1 = ( 2 ^ 2 ^ 2 ^ ~~ ^H?) where ίί = 2 r + 2 — d. As

(έ/, 4) = 2, 2-r6 and c — 2 are both units in Z2 and 2~1(2"1^ — 2~rb)tΞZ2. There-

fore βa~ιη~ι = εet/2> D2i3 = Ω2ηπ = ί?O2α = ^αD2 = βΩ2.

case 3,

^Qr"1^"1 —(^^ 4 ^ \ in this case 2"' ^, and c are

U2 hence Ω2β = D2ίrα = πD2α = jraDJ = βΩί. Thus we have proved the exi-

stence of j9eg2 such that Ω2β = βΩf

2 for the case « = (Q 2 r ) ^ s ^ o r ^ e s e "

cond step, we shall show that if the above assertion is true for an

^ 4) = 4. Take 0 = - d + α>eg2, β = (~ r f g), and * = (^ J) ; then
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then the assertion is true also for the following elements: (1) α̂  : the left re-

presentative of U2aU29 (2) aϊ : here ΐ a generator of a two-sided integral £)2-

ideal (3) a"1. Because, for the type (1) by a suitable element εe£/2> a = α ε̂,

and g is optimally embedded in £) and in a^Da^ Then ε"1 gε is optimally

embedded in £) and in a^Da = £)'. For the type (2), Γg2Γ"*1 is optimally em-

bedded in TD7'1 = D and in α^Dα = £)'. For the type (3), a~ι§2a is opti-

mally embedded in a^Όa = £)' and in £). Hence in any case there exists

/3eg2 such that £)2β = β£)'2. Let π = ^ J), ί = (Q 2) b e a s i n L e m m a 1

Then for « = (Q ~Λ our assertion is true by (1), this is also valid for the

following elements and the left representatives of their double cosets with U2

r ί 0 2 α \ / 2 α + 1 2α \ / 0 2α \

on account of (1) and (2). aπ = (^+2 0 J, aζ = ^ Q 2 δ + 1J, αjr| = ^26+2 2&+i/

2&+2 2δ + 1)' ^ t e r a ^ w e o n l y n a v e t o check for a - 14 "*" 2 ).

According to the condition that g2 = Zz[l, ω], with α> = f . ^")e£)2, g2 is opti-

mally embedded in £)2 and in a, and we see easily that d is a unit in Z^.

Take ^ - r f + β e β i ; then - 2 ^ « - = ("2W + ̂  2%^])d), hence

there exists ee(72 such that —2 r +^«"1 = ^ ^r+Λ (/ : a unit in Z2). Since

our assertions holds, for a' — (i 9r+1)' ^ ^s e a s ^ t o s e e t ' i a t ^ 2 i S = β^&^

This completes our that proof there exists βeg2 such that Ό2β = βD^ for any

α e Λ which satisfies D£ = of~1O2«. For other prime p f= 2, it is proved in

[2] that there exists /^eg^ such that £)pβp = βpQί, and βp is a unit for al-

most all primes p. Hence the g-ideal α = Γ\Qpβp serves our theorem with

& = β.

2.4. Let g and D be as in 2.2, and D be of type (ql9 q2, 2), then the

criterion for g2 = D2f]K2 is described as follows.

L E M M A 2. g2 is optimally embedded in £)2 if and only if | - ~ - = 1.

Proof. Suppose g2 = D2C)K2, put £)2 = (f£ g2), g2 = Z2[l, ω\ and ω =,

V4c j ) G ^ 2 * Then the discriminant of g2 in Z2 is J 2 + 166c. Hence if {dy

2) = 1, then d2 = 1 (mod 8), this implies {-̂ -] = ^ - ^ U ^ l ) = 1, and if (d,2)

= 2, then {d2 + 16bc)/4 = (d/2)2 + 4bctΞZ2 and == 0, 1 (mod 4), therefore {-—}

= 1. Conversely, if {—-} = 1, we can show that g2 = Z2[l, ω] is optimally
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embedded in an order O'2 which is isomorphic to £)2 = (,^2 ^2\ Put namely

ω = (^c ^ ) ; then the discriminant of g2 is d2 + be. If (d, 2) = 1, then d2 =s 1

(mod 8), hence Zn^Z2 and α> satisfiesuΰ —^—Yω ^ — J = 0. Con-

sider ω" = (^c J ) G D 2 ; then g" = Z2[l, <*>"] is embedded in £)2 optimally,

and ω" and α>' = ω ~-^~ satisfy the same quadratic equation hence there

exists α E i 2 such that aω'a"1 = ω". So, Z2[l, α>] = 3 is embedded in a~ίD2a

optimally. In the case {d, 2) = 2, D/4 should be = 0, 1 mod 4 hence be == 0

(mod 4), or = l (mod 4). In the former case, take br

9 c'&Z2 such that b' is

a unit and be = b'c'. Then ωr = ( f Λ and ω satisfy the same equation and

Z2[l, ω'] is embedded optimally in D2 In the latter case, k s i (mod 4)

implies d = 0 (mod 4). Put ω' = r? ^Λ and take «', b\ er such that ω' and

ω satisfy the same equation, namely, α', ef — d/2 ± ]/(d/2)2 + be — Abf Then,

since W/2)2 + be Ξ= 1 (mod 4) we can take ^ G Z 2 such that (d/2)2 + be - W = 1

(mod 8), hence we see α', e'^Z2. Therefore g = Z2[l, <*/] is optimally embed-

ded in O2. This completes the proof of Lemma 2.

2.5. Let G be the group of integral two-sided £)2 ideals modulo scalar

matrix which is calculated in Lemma 1, and 0,2 = Ό2f)K2 as in Lemma 2,

and let H(q2) be the subgroup which is defined as follows H(q2) = {Tl^G\Tl

= £)2β, /3Gg2}. Namely, ίΓ(g2) is the subgroup consists of all two sided ideals

generated by g-ideals.

LEMMA 3. Let D be the discriminant of g and define δ{D) = <5(g2) = [G : /ί(g2)],

then

f 2, if D/4SΞZ and D/4 Ξ 5 (mod 8),
δ(D) = \ \ m

[ 3, otherwise.

Proof. Put D2 = (f4

2 | « ) , g2 = Z2[l, α>], and ω = ( ^ J ) . Then, by

Lemma 1, <?(£>) = 2 if ίΓ(g2) = {ί, ξπ, πξ} and 3(Z?) = 3, otherwise. Hence if

δ(D) = 2, t/2α>£/2 = ί/2πίί/2 or U2{ω - rf)i/2 = U2ξπU2, therefore (δ, 2) = (c, 2) = 1

and (ύf, 4) = 2. As the discriminant of g2 is d2 + Iβbc, we obtain DJ4&Z and

D/4 == 5 mod 8 since {d/2)2 == 1 mod 8. Conversely, if D/4 Έ= 5 mod 8 it is easy

to see {d, 4) = 2 and {b, 2) = (c, 2) = 1, hence ί/2ω£/2 = U2πξU2 therefore δ(D)

,= 2. Thus we obtain our Lemma 3.
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2.6. We remark the following two lemmas which are special cases of

Cβ, §3.10, §3.11], and these lemmas are necessary to prove the theorem 2.

LEMMA 4. The class number h of an order of type (ql9 q2, q3) is the same the

class number of a maximal order in A Hence if A is indefinite, h = 1.

LEMMA 5. Let D be as in Lemma 4 and 2ft an integral two-sided Ό-ideal.

Let b<=Z and « G D such that Na^b mod* QJJlΓiZ). Then there exists an element

β&Ό such that β^a mod 2ft and Nβ = b. Here mod* means the multiplicative

congruence.

By Lemma 5 we note that D contains an element of norm — 1.

Now we assume A is indefinite g and is an order in an imaginary quad-

ratic subfield K oί A optimally embedded in D. Then for a unit SGD ε~!gε

is also optimally embeeddd in £). Let us denote the set of orders {ε^gε;

norm (ε) = 1} by simply (g), and call it the proper classes of orders. Then

we obtain

THEOREM 2. The number of proper classes oj orders (g) which is optimally

•embedded in an order D of type (ql9 q2, 2) and is isomorphic to a given order $t in K

is equal to

iψu + (4-])(4-} π (1 - (4-)) π (1 + ί-f-i w>

where Dx denotes the discriminant oj Qί9 and h(Dx) the class number oj ^-ideals, and

'δ(Dι) is defined in LEMMA 3.

Proof This theorem is proved by the same method as in [2, Satz 7] by

virtue of Lemma 2 and 3. So we only sketch the proof. Namely, let Q be

an order, isomorphic to cjj and optimally embedded in D. Since the class

number of £)-ideals is 1 by lemma 4, there exists α s i such that g = a^a"1.

Then g is optimally embedded in D and in a^Qa, hence there exists g^ideal

such that Dα = αcc'^α. Therefore SJR = Dαα"1 is a two-sided O-ideaL We

make correspond to every pair of class of orders ((g), (ĉ )) the pair ((2ft), (α)),

where (2ft) is the class of sJft the group of two sided £)-ideals modulo two sided

S-ideals which is generated by g-ideals, and (α) is the ideal class of α. This:

correspondence is one to one if and only if D contains a unit with norm

—1, and this is so our case by Lemma 5. Hence the classes of orders (g)

which are optimally embedded in D and isomorphic to (qx) is equal to the

number of pairs ((2ft), (α)). Combining lemma 2 and 3 with Eichler's result
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ίor the local behaviours of Όp at φ\qιq2, this number is given by

2

This completes the proof.

3. The trace of Hecke operators for Γq^{4q2)

3.1. In this paragraph we assume that A is indefinite. We regard

Γ\i{4q2) as a subgroup of SL2{R) after a fixed isomorphism A (x) R = M2(R)9
Q

and we define a linear transformation T{ΓaΓ) in Sk{Γ), where Sk{Γ) is the

complex vector space of cusp forms of weight k with respect to the group.
d

Γ = ΓqAq2). Let namely ΓaΓ = U Γav be a disjoint sum; then, for f<=Sk(Γ)

we set

(T(ΓaΓ)f)(z) = ' Λ ^ Λ 2

ι/ = l

where av{z) = ^ + ^ , for α, = (J J j , 0Gi7 and >(«„ 2) = (cv̂  +

We shall give the trace of T(ΓaΓ) following Shimizu's treatment [3] and

Eichler's [1] in the representation space Sk{Γ) fo Γ = Γp(4q2)9 in the case n

= Λfa is prime to 4q2.

3.2. If & is even and greater than 2, trT(ΓaΓ) is obtained in [4, Theo-

rem 1], which is as follows:

trT{ΓaΓ) = tQ + tι + t2 + *3,

to = - ^ ^ vol (g).

1

/, = — Y1

where Ci(resp. : C2, C3) is a complete system of inequivalent elliptic elements

(resp. : hyperbolic elements leaving a parabolic point of Γ fixed, parabolic

elements) in ΓaΓ with respect to the equivalence relation
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a~a' <==> a' = ±Ί'aΓι for

Γ(aι) is the group of all ϊ<=Γ such that «j = ±TaJ~ι

f and /oβl, ̂ 4 are chara-

cteristic roots of ax. Furthermore, d{ax\ m{ax) are defined as follows; for the

fixed point x of ax^Cs we can find g^GL2(R) such that gx = oc; then every

element β leaving x fixed is written in the form gβg~ι(z) = z ± tnβ with a non

negativ number m(β), and c?(α) is the least positive value of m(β) when β

runs over Γ(a). Lastly, vol (§?) denotes the volume of the fundamental do-

main for the group Γf(4q2), which is easily obtained by the group index re-

lation; [Γ^i(l) : Γf(4q2)'] = 6{q2 + 1) and the volume of the fundamental domain

for the group Γ*(ϊ)9 namely

vol (S) =2πU ( p - l ) Π(p-f-l),
P\qi V\q%

and ε(/n") = 1 or 0 according as f^ϊ^Z or not.

3.3. First we shall determine C\. For an equivalence class ax&Cx, let

Kaχ be the imaginary quadratic field generated by the eigen-value of av over

<Q, and put g = Kaίf\Σ). Then g is an order of Kaχ, which is optimally em-

bedded in £>. We know that there is an one to one correspondence between

the equivalence classes {ax} of Cλ and the proper classes of orders (g), which

are optimally embedded in Ό and contain an elliptic element with norm n

— Na. By virtue of theorem 2, we see

^ 1 _esτ' - P'V ( i V g )

1 ~ f

. i S t . t Γ ( « i ) : { ± 1 } ] P . , - ( »

'k-i

-, (Na)P — ,

where the sum 2 ' runs over all orders g which contain an elliptic element

v with norm Na = n, and D is the discriminant of g, p, pf are eigenvalues

of v, and £(g) denotes the group of units in g. We remark that [Γ(αi) : E

<g)] = 2 since D contains an element with norm —1 [see 3,4.3].

Hence we obtain

x Π ( l + - ^ - ) p p

ί> — P
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where Σo runs over all 5, / with \s\< 2/ή" and with D = (s2 — 4n)f~2 = 0, !

mod 4 (/ >0), and p, p' are the roots of the equation x2 — sx + n = 0.

3.4. t2, ts appear only if A = M2{Q). In this case, if r runs through

all divisors of 4q2 other than itself, then the est of all r~\ together with 00

forms a complete system of Γ-inequivalent parabolic points. Let C2oo (resp.

C3oβ) be an equivalent class in C2 (resp. C3) which fixes the point 00. Let r

be a divisor of 4q2 and put σr = (K Λj or Q λ according as (r, 4q2r~ι)

= 1 or not, where rd — 4q2r~ιb = 1. Then we see Cλ = ΌσCλoaσ7ι (λ = 2, 3).

By [3, Lemma 4.2, 4.3], we can take for C2θo the set of all « = (Q Λ) with αc?'

= n, 0<a<d, 0<b< d ~7a . In this case [Γ(α) : {±1}] = 2 or 1 according.

as 26 = 0 mod {a — d) or not. We note that ts appears only if n = Na is a

square integer; in this case we can take as C3oβ the set of «j all such that

« i = ( 1 ^ " J^~)b>°> b^z- Furthermore ^(αO ^Cαi)"1 = ^ ! / n " for all α t .

Hence we obtain

ad—n_ d — d a\n_

and if fnι

where / denotes the number of prime factors of q2.

3.5. If k = 2, regarding T{ΓaΓ) as a modular correspondence of the

Riemann surface Sft = $U {cusps}, T{ΓaΓ) induces an endomorphism of the

t'-th Betti group jB*(3t) of ϋl (i = 0, 1, 2). Then the trace of the representa-

tion of ΓaΓ by the Betti group of ^ is tr T{ΓaΓ) = trQT(ΓaΓ) - trιΊ{ΓaΓ)

+ tr2T(ΓaΓ), where t^TiΓaΓ) is the trace of the endomorphism induced

by T(ΓaΓ) on B*(8t). We see tr°T{ΓaΓ) = tr2T{ΓaΓ) = number of left re-

presentatives of ΓaΓ, and trιT{ΓaΓ) is calculated by the same method as in-

owing to the explicit determination of Cl9 C2, C3 given in 3.3, 3.4. We thus

find for n = Na ((w, 4q2) = 1),

>. affla<i+If ))i
-6(/F) 2 vθl(3r)
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+1 2 ' d,
d\n

where 2 0 is the same as in 3.3, ε( fn) = 1 or 0 according as fϊn&Z or not,

a(qj) = 1 or 0 according as qx = 1 or not, and t is defined in 3.4. Since we

consider the trace in the space S2{Γ) or in other words, in the space of di-

fferential forms of the first kind on Sft, the trace which is obtained by the

above method should be multiplied by - i- with the reason in [1, p. 156].

Hence, summing up we obtain

THEOREM 3. Assume A is indefinite and Sk{Γ\^{4q2)) denotes the space of cusp

forms of weight k with respect to Γq^{4q2). Then the trace tr{Tn) ({n, 4q2) = 1 of

Hecke operator acting on Sk{ΓQ^{4q2)) is given as follows

φ 1 + 2 J/l 2

p-p>
-n -h{D) Π (j> - 1) Π

1--*-

where

, iffc = 2,

0, iffc>2,

1, if qx = 1,

0, if q,>l,

1, if

0, if

the sum Σ o runs over all s, f with \ s \ < 2/n", / > 0 and D = (s2 — 4p)f~2 Ξ 0 , 1

(mod 4), and p, p' are the roots of the equation x2 — sx + n = 0. Furthermore,

d(D) = 2 or 3 accoding as D/4 == 5 (mod 8) or not, h{D) is the class number of an

order with discriminant D. ]ry denotes the sum with a multiplicity 1/2 for d = fn9

end t the number of prime factors of q2.

3.6. In this section we consider the elliptic modular group Γ0{4N) =

{(c ^)^SL2(Z)\c^0 mod (4iV)} where N= Π Nt is a product of distinct odd

prime N^l^i^t). Let χ, be a character of the multiplicative group (27
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t

NiZY and put X = Π Xi then X is a character of {Z\NZY in a natural way,

and we suppose X is not a trivial character. We denote by Sk{Γ0{4N), X) the

complex vector space of modular cusp forms satisfying

/( a* + bA = %(rf)(c2f + */)*/(«) for every (£ £)eΓ0(4ΛD.

βy an obvious reason we assume χ(—1) == (—1)\ The Hecke operators Tl

({n, 4N) = 1) acting on the space Sk{{Γ0(4N), X) is defined by

The trace tr(Ti) in the representation space Sk{Γ0{4N), X) is calculated by

the same method discussed in the preςeeding sections combining with Shimi-

zu's arguments [4] and we easily fincjvthe following

THEOREM 3'. The trace tr(T&) [n is prime to 4N) in the representation space

Sk(Γ0{4N), X) is given as follows

* h(D).χ(s, ( p ) (
p\qι p\qz

Z(5, w) w defined by

X(s, n) = 2~β II

notataions are the same as in Theorem 3.
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