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Cohomology of Complex Torus Bundles
Associated to Cocycles

Min Ho Lee

Abstract. Equivariant holomorphic maps of Hermitian symmetric domains into Siegel upper half
spaces can be used to construct families of abelian varieties parametrized by locally symmetric spaces,
which can be regarded as complex torus bundles over the parameter spaces. We extend the construc-
tion of such torus bundles using 2-cocycles of discrete subgroups of the semisimple Lie groups as-
sociated to the given symmetric domains and investigate some of their properties. In particular, we
determine their cohomology along the fibers.

1 Introduction

Equivariant holomorphic maps of Hermitian symmetric domains into Siegel upper
half spaces can be used to construct families of abelian varieties parametrized by lo-
cally symmetric spaces (see e.g. [9]), which can be regarded as complex torus bundles
over the parameter spaces. The goal of this paper is to extend the construction of such
torus bundles using 2-cocycles of discrete subgroups of the semisimple Lie groups as-
sociated to the given symmetric domains and investigate some of their properties.

Let 3, be the Siegel upper half space of degree n on which the symplectic group
Sp(n,R) acts as usual. The semidirect product Sp(n, R) x R*" operates on I, x C"
by

((’é g) (o, u)) (2,0) = ((AZ +B)(CZ+ D), (C + uZ +v)(CZ+ D))
for (45) € Sp(n,R), (1, v) € R and (Z,¢) € H, x C", where elements of R*"
and C" are considered as row vectors. Let 'y = Sp(#n,7), and consider the discrete
subgroup Iy x 7%" of Sp(n, R) x R*". The natural projection H, x C" — H, induces
the fiber bundle

mo: Do ) 727\ 3, x C" — Ty \ H,

whose fibers are complex tori of dimension n. In fact, each fiber of this bundle has the
structure of a principally polarized abelian variety, and therefore the Siegel modular
variety 'y \ JH,, can be regarded as the parameter space of the family of principally
polarized abelian varieties (cf. [5]).

In order to consider more general families of abelian varieties, let G be a semisim-
ple Lie group of Hermitian type, and let D be the associated symmetric domain,
which can be identified with the quotient G/K of G by a maximal compact sub-
group K. We assume that there is a homomorphism p: G — Sp(#n, R) of Lie groups
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and a holomorphic map 7: D — X, that is equivariant with respect to p. If I’
is a torsion-free discrete subgroup of G with p(I') C T'y, then 7 induces the map
7: T\ D — Ty \ H,. By pulling the bundle 7y back via 7 we obtain a fiber bundle
over I' \ D with fibers that are n-dimensional complex tori. This bundle can also be
constructed in the following way. Let L be a lattice in R*" such that L - p(T') C L. We
consider the semidirect product I' x L with multiplication given by

(1.1) (1, 4) - (12, 6) = (m72, lip(n) + 42)

forally,,v, € 'and ¢1,¢, € L. ThenI" x Lacts on D x C" by
-1
12 (%) - @w = (92 (wtpr@ +v) (Cr@ +D,) ),

forall (4,) € Land v € T with p(y) = (ég f;/;) € Sp(n,R), and we obtain the

torus bundle
m:IxL\DxC"—=T\D

over the locally symmetric space "\ D whose fibers are in fact polarized abelian vari-
eties (see [4], [9]). The total space of such a bundle is known as a Kuga fiber variety,
whose arithmetic and geometric aspects have been studied in numerous papers over
the years. A Kuga fiber variety is also an example of a mixed Shimura variety in more
modern language (cf. [8]).

The torus bundle parametrized by I" \ D described above can further be general-
ized if a 2-cocycle of I is used to modify the action of I X L on D x C". Indeed, given
a2-cocycle ¢: I' x I' — L, by replacing the multiplication operation (1.1) with

(o, 4) - (72, 62) = (ny2, Lap(2) + ba + (71, 72))

we obtain the generalized semidirect product I' x,, L of I' and L. We denote by
A(D,C") the space of C"-valued holomorphic functions on D, and let £ be a
1-cochain for the cohomology of I" with coefficients in A(D, C") satisfying

7(2)
(1.3) 08(11,72)(2) = w(%ﬁz)( ) )
forall z € D and 7,7, € I', where § is the coboundary operator on 1-cochains.
Then an action of I" x; L on D x C" can be defined by replacing (1.2) with

(% (1,)) - @w) = (72, (w+ (@) + v+ E0@) (Cr@ +D,) ).

If the quotient of D x C" by I' x5 L with respect to this action is denoted by Y, ¢, the
natural projection D x C" — D induces the torus bundle 7: Yy, e — X =T\ D.

In this paper we determine the cohomology R¥r, Oy, along the fibers of Y, ¢ over
X associated to the sheaf Oy, , of holomorphic functions on Yy, ¢ for k = 0, 1. We also
discuss some properties of the families of torus bundles Y, ¢ for certain sets of ¢ and
&. We note that other aspects of such torus bundles were also considered in [7].

I would like to thank the referee for many enormously helpful comments and
suggestions on the earlier version of this paper.
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2 Torus Bundles over Locally Symmetric Spaces

In this section we describe the construction of fiber bundles over locally symmetric
spaces whose fibers are complex tori. If I' is a discrete subgroup of a semisimple
Lie group of Hermitian type, such a bundle is determined by a 2-cocycle of I" with
coefficients in a lattice and a certain 1-cochain of I with coefficients in the space
of vector-valued holomorphic functions on the symmetric domain associated to the
given semisimple Lie group.

Let G be a semisimple Lie group of Hermitian type, and let K be a maximal com-
pact subgroup of G. Thus the quotient space D = G/K has the structure of a Her-
mitian symmetric domain. Let Sp(n, R) be the symplectic group of degree n, and
let I, be the associated Siegel upper half space, that is, the space of complex n x n
matrices with positive definite imaginary part. We assume that there is a homomor-
phism p: G — Sp(n,R) of Lie groups and a holomorphic map 7: D — K, that is
equivariant with respect to p, which means that

7(gz) = p(g)7(2)

for all z € D. Equivariant pairs (p, 7) of this type satisfying some additional condi-
tions were completely classified by Satake [9].

Let L be a lattice in R*". We shall often consider L as a subgroup of R” x R" and
write elements of L in the form (u, ), where p, v € R" are regarded as row vectors.
Let I' be a discrete subgroup of G such that p(y) € Lforall ¢ € L and v € T, where
£p(~y) is the matrix product of the row vector ¢ of 2n entries and the 2n X 2n matrix
p(7). Thus L has the structure of a right I'-module, and therefore we can consider the
cohomology H*(T', L) of the group I" with coefficients in L. We denote by €*(I", L)
and 3%(T", L) the spaces of the associated k-cochains and k-cocycles, respectively, and
choose an element ¢ of 3*(T', L). Thus ¢ isamap ¢»: I' x I — L satisfying

(v, 72)p(13) + Y172, 73) = Y72, 73) + (71, 7273)
P(v,1) =0=1(1,7)

for all 71,72, 73,7y € I', where 1 is the identity element of I'. We note that an element
a € 32%(T, L) is a coboundary if « = 93 for some 3 € €(T", L), where

(2.1) 9B, 72) = B(n2) — Bn2) + B(n)p(r2)
forall y,,7, € I.
We now consider the generalized semidirect product I" x ;, L associated to 1), which

consists of the elements (v, (1, )) inT' x L and is equipped with the multiplication
operation defined by

22) (7, (1) - (72 (2, 12)) = (7725 (1, 1) p(12) + (B2, 12) + (1, 72))

forall v;,7, € T"and (1, 1), (p2,12) € L.
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Lemma 2.1 The generalized semidirect product I' X, L is a group with respect to the

multiplication operation given by (2.2). The identity element is (1, (0, 0)), and the ele-
ment

(v = )p(N ™ = 0(y,9h)

is the inverse of(% (u, 1/)) el xy L
Proof This is well-known and can be proved in a straightforward manner. ]

The group I X, L essentially depends on the cohomology class [¢)] € H*(T', L) of
1) according to the next lemma.

Lemma 2.2 Let,¢': T x ' — L be 2-cocycles that are cohomologous, and let ¢ be
an element of €' (T, L) such that

Y(y1,72) = ¥ (71,72) + (99) (71, 72)-

Then the map ®: I x, L — I" &y L defined by
(2.3) (7, (1, 1) = (7, (1, v) + (7))
forvy € I"and (u,v) € Lis an isomorphism.
Proof The proofis easy and is omitted. ]

The symplectic group Sp(#n, R) acts on the Siegel upper half space I, as usual by
(2.4) g¢ = (aC +b)(cC+d)™!
forallz € 3, andg = (*Y) € Sp(n,R). For such g € Sp(n, R) and ¢ € H,, we set

J(g Q) =cC+d.
Then the resulting map j: Sp(n, R) x H, — GL(#n, C) satisfies
(2.5) i€'g. Q) =jg 80 ¢
forall( € H, and g,¢’ € Sp(n,R). Givenz € Dandy € I C G, we set
(2.6) Jpr (1,2 = j(p(7), 7(2)).
Using (2.5) and the fact that (p, 7) is an equivariant pair, we see that
Jpr (V72 = Jpr (V92 fipr (7, 2)

forallz € D and v,y € I'. Thus j,.: I' x D — GL(n,C) is an automorphy
factor, and automorphic forms involving the determinant of such an automorphy
factor have been studied in a number of papers (see e.g. [1] and [6]).
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Let A(D, C") denote the space of C"-valued holomorphic functions on D. Then
A(D, C") has the structure of a double I'-module by

(2.7) (v-N@) =f@), (f- M@ =[f12)]-(7,2)

forall v € I"and z € D, where elements of C" are considered as row vectors. Thus
we can consider the cohomology of the group I" with coefficients in A(D, C"), where
its group of k-cochains consists of all functions

n: Tk = A(D,C"
such that (7, . ..,7) = 0 whenever at least one of the ; is 1. Then the coboundary

operator
§: €5(I, A(D,C") — (T, A(D, C"))

is given by

k
SN+ Y1) = 025 k) + (=D OV, WYt - Vi)
i=1

+ (=DM (v, ) ke
foralln € C*(T, A(D,C") (see [2, Chapter 15]). In particular, for k = 1 we have

(2.8) on(y,72) =m-n(v2) —nnn) +nn) - %
for all 7,7, € I, where the right and left actions of I are given by (2.7).

Given a 2-cocycle ¢p € 3%(T',L), we assume that there is an element & of
€ (T, A(D,C")) satisfying

(9) sen, 1@ = v ) (7))

for all z € D, where the right hand side is the matrix multiplication of the row vector
¥(71,72) € L C R" x R" and the complex 2n x n matrix (7). If ¢/ is another 2-
cocycle that is cohomologous to ¥, the corresponding element of €' (T, A(D, C"))

can be obtained as follows. Let ¢p" € 32(T", L) satisfy
(2.10) Y =1v"+0¢

for some ¢ € €(T", L). Then we define the map ¢/: T’ — A(D, C") by

(2.11) £((@) = &) — d7) (T(f))

forally e 'andz € D.
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Lemma 2.3 Ify’ and ' are asin (2.10) and (2.11), then we have

s on i@ = v'onw (")

forally,v, € I'and z € H.
Proof For~,v, € I'and z € H, using (2.8) and (2.11), we obtain

55/(%, Y2)(2) = 5/(72)(2) - 5/(7172)(2) + 51(71)(72Z)jp,r(72,z)

—setn.@ - o))

ot () = o0 (777 ) oot

However, we have

—1
(T(ZZZ)) Jor(12,2) = (wT(Z) * b)(fT(z) +d) ) (CT(Z) + d)

B <m'(z) + b> — )<T(Z)>
“\erw+a) PP 1
if p(y,) = (‘C‘ Z). Using this, (2.9) and (2.1), we see that

o€ n @ = v () = 00 () = v (7).

and therefore the lemma follows. |

Let ¢y € 3*(I,L) and £ € €' (T, A(D,C")) be as in (2.9). Given elements
(7, (1,v)) €T xy Land (z,w) € D x C", we set

@12)  (7%,(mv) - (@ w) = (12 (w4 p@) + v +E0)@) jor (1,27
where j,-: I' x D — GL(n, C) is given by (2.6).

Lemma 2.4  The operation given by (2.12) determines an action of the group I ., L
on the space D x C".

Proof This can be proved using calculations similar to the ones in Lemma 2.3 and
standard ideas from the theory of group extensions. ]
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Remark 2.5 In [7, Lemma 3.3], there is another action of I x,, L on D x C" which
apparently looks different from the one in Lemma 2.4. However, it can be shown that
these two actions are equivalent. The equivalence of these actions in the case of trivial
1 and £ can be found in [4] and [9, Chapter IV], and similar arguments can be used
to prove the equivalence in the general case.

We assume that the discrete subgroup I' C G does not contain elements of finite
order, so that the quotient X = I" \ D of D by the I'-action given by (2.4) has the
structure of a complex manifold, and set

(2.13) Ydj’g:l—‘leL\DX(Cn,
where the quotient is taken with respect to the action in Lemma 2.4. Then the map
m: Yy ¢ — X induced by the natural projections D x C" — DandI' xy L — I’

has the structure of a fiber bundle over X whose fiber over a point corresponding to
z € D is isomorphic to the complex torus

n (7(2)
“/(=(7))
If = 0 and { = 0, then the the corresponding torus bundle Yy has the structure
of a complex projective variety and is known as a Kuga fiber variety (cf. [4], [9]).

Proposition 2.6 Given ¢y € 3*(I',L) and § € €' (T, A(D,C")), let ' and &' be
as in (2.10) and (2.11). Then the map ®: 1" xy L — I xy/ L given by (2.3) and
the identity map on D x C" induce an isomorphism Yy ¢ — Yy ¢/ of bundles over
X=T\D.

Proof It suffices to show that

®(77 (,U/7V)) : (27 W) = (/ya (/lyV)) : (Zu W)7

where the actions on the right and left hand sides are with respect to (1, &) and
(', £"), respectively. Indeed, we have

CD(’Yv ('U,,I/)) ' (Za W)

- (72, (wr @ (") rom (7)) +ee@) jp.mz)—l)
— (72, (w+ (w)(T(f)) +€(7)(Z)) j,),ch,zrl)

= (77 (/1/71/)) : (Zu W)

and therefore the proposition follows. ]
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3 Families of Torus Bundles

LetT' C G,L C R*" and D = G/K be as in Section 2. In this section we discuss some
of the properties of families of torus bundles of the form Y, ¢ over X = I" \ D for
certain sets of ¢ € 3*(I',L) and £ € €' (T, A(D,C")).

Given a 2-cocycle ¢: I' x I' — L, we denote by =, the set of all £ €
¢! (F,A(@, (C”)) satisfying (2.9). Thus, if ¥y = 0, the set = coincides with the
space

3T, A(D,CY) ={neC(L,AMD,CY) | én=0}

of 1-cocycles in €' (T, A(D, C")) , where 07 is as in (2.8). Each { € Z determines
the associated torus bundle Yy, ¢ over X given by (2.13). We denote by

z’{s") = {Y’(s°),§ | € € Ew}

the family of torus bundles Y, ¢ parametrized by =,,. Thus, if 9 is the zero map, the
torus bundle Yy o determined by 0 € = is a Kuga fiber variety. Given { € =, and
¢’ € 2y, if § is the coboundary operator on C! (F, A(D, (C”)) , then by (2.9) we have

BE+ENM @) = W+ w’xvl,w(T(f))

forall z € 3, and 71,7, € I'; hence we see that § + &’ € Zyyr.
Let (D x C") @p (D x C") be the Whitney sum of two copies of the trivial vector
bundle D x C" over D, which we identify with D x (C" @ C"). Then we can consider

the map

s:Dx(C"apC)—-DxC
given by
(3.1) s(z,v,v') = (z,v+v)

forallz € Dandv,v' € C". Let, v’ € 3*(T,L),and let " X, L X L be the group
consisting of the elements of I' X L x L equipped with multiplication given by

(’Yl, (p1, 1), (1415 V{)) : (’Yz, (p12,12), (113, Vzl))
= (7172, (1, v1)p(72) + (a2, v2) + h(y1, 1), (g, ) p(2)
+ (g, v3) + 9 (71, m)) -

Then we see that there is a group homomorphism
i Xy Ly L— T Xypyr L
given by

(3.2) (v, 0, 0) = (7,6 + 4)
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forally € Tand 41,4, € L. If{ € £y and &’ € Eyv, we let the group T X, L X/ L
act on the space D x (C" & C") by

(7 (s v), (', ) - (2w, W)
= (”yz, (/u'(z) +rv+w+ 5(7)(2)) . jW('y,z)fl,
(W@ -+ 4w +£ (@) - jur1,27").
Then the associated quotient space
Yye®xYyrer =T Xy Ly L\ D x (C" C")

is the fiber product of the torus bundles Yy, ¢ € T, and Yyr ¢» € Ty over X.

Proposition 3.1 Let € 2y and &' € 2y withp,vp’ € 3YT, L). Then the map s
in (3.1) and the morphism s'in (3.2) induce a morphism

Yye®x Yyrer = Yypprerer

of torus bundles over X.

Proof By our construction of the torus bundles involved, it suffices to show that
s((7, (s v), (') - (Zw,w")) =5(, (), (W', v")) - s(z,w,w")

fory e T, (u,v),(u',v') € Land (z,w,w’) € D x (C" & C"), which can be checked
easily. ]

Applying Proposition 3.1 to the special case of ¢»' = 0, we see that there is a
natural morphism

Yye®x Yon — Yyeum

forYy¢ € Ty andn € .
Example 3.2 Given an element h € A(D, C"), we define n € ¢! (I‘, A(D, (C”)) by

n()(2) = h(z) — h(v2) jp,r (7, 2)
forall z € Dand v € T'. Then 7 is a cocycle; in fact, it is a coboundary. Thus we can

consider the associated torus bundle Y, = Yy, and a morphism Yy ¢ ©x Yy — Yy ¢4y
foreachY, . € Ty.
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4 Cohomology

In this section we fix elements ¢ € 3%(I', L) and £ € =, where =, is as in Section 3,
and consider the associated torus bundle 7: Y, — X constructed in Section 2.
The cohomology along the fibers of Y, ¢ over X can be provided by the direct image
functors R'T., which determine sheaves on X associated to sheaves on Y ¢ (see e.g.
[3, Section IIL.8]). We are interested in the images of the sheaf Oy, , of holomorphic
functions on Yy ¢ under such functors. Given a nonnegative integer k, RFr, Oyv_.ﬁ is
the sheaf on X generated by the presheaf

U — HY (7~ '(U), Oy,.)
for open subsets U of X. Note that by Dolbeault’s theorem there is a canonical iso-
morphism

HY (7 '(U),0y,,) 2 HY(z71(V)).

Proposition 4.1  The sheaf R, Oy, is isomorphic to the sheaf Ox of holomorphic
functions on X.

Proof Let U be a sufficiently small open ball in X, and let f € H*(7~'(U), Oy,) .

IfU C D is the inverse image of U under the natural projection map D — X = '\ D,
then we have

(4.1) TN U) =T xy L\ U x C".

Thus f may be regarded as a holomorphic function on U x C" that is invariant under
the action of " x, {0} and satisfies

flz,w) = f(z,w+pr(z) +v)
forall (z,w) € U x C" and (p, v) € L. Hence it follows that f is constant with respect
to w and therefore can be identified with a I'-invariant holomorphic function on U

or a holomorphic function on U. ]

Let j,: I' x D — GL(n, C) be the automorphy factor given by (2.6). Then the
discrete subgroup I' C Sp(#n,R) actson D x C" by

v (@w) = (v w jpr(r,2)7)
forall v € I"and (z, w) € D x C". If we denote the associated quotient by
V=T\DxC"

then the map p: V — X = I'" \ D induced by the natural projection D x C* — D
determines the structure of a vector bundle on V over X. By our construction we
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see that each holomorphic section s: X — V of V over X can be identified with a
function s: D — C" satisfying

(4.2) s(vz2) =5(2) - jpr(v,2)7!

forally € I"and z € D. Now we state the main theorem in this section whose proof
will be given in Section 5.

Theorem 4.2 The sheaf R'm, Oy,  is isomorphic to the sheaf v of holomorphic sections
of the vector bundle 'V over X.

5 Proof of Theorem 4.2

Given a torus bundle 7: Y, — X and a sufficiently small open ball in X, we
consider a (0, 1)-form w on 7~ 1(U) which deterIEines the cohomology class [w]
in H®Y(7#='(U)) = H' (77 '(U),0y,,). Let U C D be as in (4.1), and let

z=(z1,...,2zn) be alocal holomorphic system of coordinates on U. Then we have
N n
W= Adlz,w)dZo + Y _ Bslz, w)dw
a=1 [=1

for some C-valued C* functions A,(z,w) and Bg(z,w) on U x C", where w =
(w1, ..., w,) is the standard coordinate system for C". Let { = (u,v) € L, and
set

C(z,0) =p-7(2) +v
for all z € D. Then by (2.12) the action of £ on w is given by

N
Cw="> Au(z,w+((z,0)) dz,

a=1
" N 9((z,0)
+ 3 By(z w2, 0) (dws + Y %dzl) .
/=1 a=1 a
Since ¢*w = w, we obtain

a<(z7 E)g

Aalz,w) = Aa(Z,W+ 4(27@) + ZB3(27W+ C(Z>£)) 0z,

p=1

Bs(z,w) = B‘g(z, w+ ((z, E)) .

In particular, for fixed z € U C D, the (0, 1)-form

®(z,w) =Y Bylz, w)dwg
B=1
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is L-invariant and satisfies 5W‘$(z, w) = 0. Thus we obtain, for each z, a 0,,~closed
(0, 1)-form ®(z) that is cohomologous to ®(z, w) on the complex torus

/(e ()

From harmonic theory we see that there are C* functions C(z) on U such that
n
2) = Y Chlz)dwg
[=1

is a harmonic form in w that, for each fixed z, is cohomologous to ®(z) in
HY(77(2)). Thus there is a C* function f(z,w) on U x C" such that f(z,w +

((z,0)) = f(z,w) and

B(2) - 0°(2) = Dufzm = 3 A g

p=1 8W6
N
— of(z,w) _
- N Adew
0f(z,w) (;1 oz, 4
Hence, if we set
(5.1) ZD (2, )dz, + ch(z)dwj
p=1
with 5
Da(z,w) = Aglz,w) — LEW,
0Z,
we see that w — w" = 9, and therefore [w] = [w] in HOD (7~1(U)). Since w

is a J-closed form, we have

N N

ZZaD (ZW) /\/\dza

a=1 \=1
N
ZZaD a2, W)d_ Adz, Zzagﬂ(z)d— A dg;
=1 e=1 o1 93

hence we obtain

0Cs(z)  ODx(z,w)  OD,(z,w)  ODy(z,w)
0z,  Owg 0z, 0z,

(5.2)
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forl1 < a, A < Nand1 < (3 < n. Thus we have

n aC[
(5.3) Dy(z,w) = ZF)\"{;(Z)W‘@ + Py(z, w), FA,{?(Z) = 8;iZ)a
f=1

where Py (z, w) is a holomorphic function in w. Since £*w" = w for each ¢ € L,
by (5.1) we obtain

n 8 E
S D Diawecen) 3o G

for all ¢ € L. Hence, if we set

~ " 0((z,0) 4
P(z) = Z(Cﬁ(z)@ + F) 5(2)((z, 5)3)

0z
[=1 A

for 1 < A < N, by (5.3) and (5.4) we have
(5.5) Py(z,w) = Py(z,w +((z,0)) = P}(2),

which is a function of z only. Thus P, (z, w) must be of the form

(5.6) Pi(z,w) = P(2) + Y P} (2)wp
=1

for each A. Using (5.5) and (5.6) for w = ((z, ¢), we see that the functions Pi_ﬂ(z)
satisfy

n

" ‘
(5.7) > Pl s(2)(z, 05 = — Z(FA 5(2)C(z,0) 5+ Cp(2) C((?z )ﬁ)

Z
=1 =1 A

Since ((z,0) = p - 7(z) + v for ¢ = (u,v), usingp = 0 and v = (vy,...,v,) with
vj # 0and v = 0 for k # j, from (5.7) we obtain

(5.8) P} ;(2) = —F,j(2)

foreach j € {1,...,n}. Thus (5.7) reduces to

n n a
ZFA,mz)(u-r(z))g_Z(Fw@(u @), + ol )wams)

f=1 f=1

for £ = (u,0). By considering 1 with only one nonzero entry fi; for each j we see
that

FA2)7(@) = FA(2)7@) + Clz )J
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where the F)(z) and C(z) are row vectors given by
F\(z) = (FA1(2),...,FAu(2)), C(2) = (Ci(2),...,Cu(2))
and the products are matrix products. Thus we have

07(2)
0zy

(5.9) 2iFA(z)(Im T(z)) =Cl(2)

By (5.2) and (5.3) we have

OF,(z) — OP,(z,w)  OD.(z,w)  ODx(z,w)

0z v 0z, 0z, 0z,
- 81‘7)\(2) tw+ 3P>\(Z, W)
9z, 0z,

where W is regarded as a row vector and ‘W is its tranpose. Hence it follows that

OF,(z)  OF\(z)  OP,(z,w)  OP\(z,w)
0z, 0z, ' 0z, 0z,

Thus, using this and (5.6), we obtain

OP’(z) OP\(z),  OP\(z)  OP\(2),
0z * 0z " oz, * 7.

with P! = (P} ,,...,P!,) for e = a, A, which implies that

P (z) B an (2)

0z, 0Z,

By (5.1), (5.3), (5.6) and (5.8) we see that

1

w (Fa(2)'W+ P)(2) + PL(2) 'w) dZo + > _ Cy(z)dwg

B=1

I
M=

]
Il
-

1
hE

(Fa(z)( W—w) + Pg(z)) dz, +C(z)d'w.

2
Il
—

Hence, if we set

N
(5.10) w? =3 "Fu(2)('Ww — 'w)dz, + C(2)d"W,

a=1
we obtain

N
W =w® +> P (2)dz,.

a=1
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Since 25:1 PY(z)dz, is a closed 1-form on 7~ !(U), it is exact by Poincaré’s lemma;
hence it follows that [w] = [wV] = [w®]in H®Y (771(U)). By (5.3) and (5.9) we
have
0C(z) (
0z,

Im T(z)) = Fy(2) ( Im T(z))

BT(z) _ iC(z) 0

- 50 = 505

(7(2) — 7(2)

= —C(2) 8_2,\ (Im T(z)) .

Thus we obtain 5

8—@ (C(z) Im T(z)) =

and therefore we see that the function C(z) Im ~T(z) is holomorphic. Now we define
the vector-valued holomorphic function ¢ on U C D by

(5.11) o(z) = (¢1(z), cee qbn(z)) = —2iC(z) Im 7(2).
Using this, (5.3) and (5.10), we obtain

(5.12)

Z 0CE) (135 — )iz, + C2)d'w
32&

-1
=5 Z¢( )——— ImT(z)) ("W — 'wydz, — 2li¢(z)(1m7(z)) Carw

=——¢(z)(( (Im7(2)) )(fw-fw)+(1m7(z))‘15(fw—fw))

= ¢(2)5( (Im7(2)) ' Im tw) .

We shall now show that ¢ in (5.11) corresponds to a holomorphic section of the
bundle V over U. By (4.2) it suffices to show that the function ¢: U — C" in (5.12)
satisfies

(5.13) o(vz) = ¢(2)jp-(v,2) "

forally € I'and z € U. If v € T, using (2.12), we see that the action of (v,0) €
I' x4 L on dw is given by

(0" dw = d( (w+£0)(@) jpr (7,2 )

—dW- 7, (2 A W-d(G, (1,2 ) +d(EDN@ - G (12 )

=dw- jw(’y,z)_1 + (terms in dz,,),
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where we used the fact that the functions £(v)(z) and j, (7, z) are holomorphic in
z. Since w® in (5.10) can be written in the form

w? = C(z)d'w + (terms in dz,,)
and since (v, 0)* takes terms in dz, to themselves, we see that
(7,0)*w® = C(vz) "o (7, 2) “dtwa (terms in dz,,).

We now compare terms in dj in the relation (v, 0)*w® = w® to obtain

C(v2)'Gor(2) | =Cla).

Using this, (5.11), and the fact that

— 1 . _
ImT(’YZ) = t]pn'(’y;z) ' III’IT(Z) . ]/),7(772) la

we obtain

¢(yz) = =2iC(yz) Im 7(7yz)
= _21C(Z) Im T(Z)j,),r(W; 2)71
= (2)jpr(7,2) 7"

Hence it follows that ¢ can be regarded as a holomorphic section of V over U.

If ¥ is a holomorphic section of V over U represented by a vector-valued holo-
morphic function ¢: U — ", we denote by wg the (0, 1)-form on U x C" given
by

wy = w(z)g( (Im T(z)) “'Im tw) )

Denoting by I'(U, V) the space of holomorphic sections of V over U and using (5.12),
we see that the map

L(U,V) — H (771 (U))

sending © to the cohomology class [w3] of w; is surjective. Thus we obtain the cor-
respoding surjective map

F:V— R'7, 0y,

of sheaves on X. In order to show that ¥ is injective, given x € X, we denote by
Ty and V, the fibers of the bundles Y, ¢ and V, respectively, over x. Then V, and
HY(T,,0) = HOV(T,) are the fibers of the sheaves V and R'7,Oy,, respectively.
Thus, using the fact that both V, and H'(T,, Q) are isomorphic to the n-dimensional
space C", we see that the surjectivity of & implies its injectivity. Hence it follows that
& is an isomorphism of sheaves on X, and the proof of Theorem 4.2 is complete.
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