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THE CAUCHY PROBLEM OF LINEAR PARABOLIC

EQUATIONS WITH DISCONTINUOUS AND

UNBOUNDED COEFFICIENTS

YOSHIAKI IKEDA

§ 1. Introduction.

In this article we shall prove the uniqueness and existense of a weak

solution for the Cauchy problem of linear parabolic equations with discon-

tinuous and unbounded coefficients

n n

(1.1) Lu=ut— { Σ (βij(M)M*.)*.+ Σ ^ f c . + Φ , W
ijl ι J j l J

In the case where the coefficients are bounded for large |cc|, Aronson

[1] proved the uniqueness and existence using the weighted energy type esti-

mates for weak solutions. Bodanko [2] also discussed the questions of a

regular solution for the Cauchy problem of linear parabolic equations

(1.2) L u = mJ]_aitJ{x,t)uXtXj+ JlbJ{Xnt)uXj + c{x,t)u- ut

with unbounded coefficients under some assumption.

In § 2 we shall state some notations and definitions. § 3 is devoted to

derive the energy estimates for weak solutions of the equation (1.1) and we

prove main theorems in §4.

§ 2. Some notations and definitions.

Let x = (xu ,xn) be a point in the ^-dimensional Euclidean space

En and t a point on the real line. Let T be a fixed positive number and

set Q = Enx(09T\. For some fixed positive number Ro we put O 0 = ΣΛ0

X(0>^Π>
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34 YOSHIAKI IKED A

where ΣΛ 0 = {%^En\ \x\<R0}. Now let ω be a domain in En. The space

Lq[0,T; Lp{ω)] is the set of real functions w(x,t) with the following properties;

(i) w is defined and measurable in ώ = ωx{0,T],

(ii) w{x,t)(=Lp(ω) for almost all /e(0,T],

(iii) \\u>\\L>im)(t)eL9((0,T)).

The space Z,α[0,T; Z/(α>)] is denoted by ZΛ?(ώ) for simplicity. For

w^Lp'q{ώ) with l^p,q< oo we define the norm by

> Λl/Q

In the case either p or g is infinte, llwllp.̂ .β* is defined in a similar fashion

using L°°-norms rather than integrals.

We shall consider the following Cauchy problem:

for {x,t)eQ,

(2.1)
u{x,0)=uQ{x) for

where the coefficients aij9 bj and c are measurable, real valued functions in

Q, and fj and g are given functions in Q. We assume the following con-

ditions :

CONDITION A.

(A.I) For all ξ^En and for almost all (x,t) there exist positive con-

stants k and Kx such that

kd+ \χ\2y-λ\ξ\2 ^Hatjix,^

where λ is any fixed number with 0 ̂  λ ̂  1.

(A. 2) The restriction of every coefficient bj to Qo belongs to some

space ZΛ MQo)' where pj and ^; satisfy

f p i ^ o o and - ^ + ^ _ < _ L ,

and there exists a non-negative constant /ζ> such that

\bj{x,t)\ ^ K2{1 + \ x \ 2 ) 2 f o r ( x 9 ;

(A. 3) The restriction of c to Qo belongs to Lp'q(QQ), where p and
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satisfy

and - ^ - + _L<1,

and c(x,t)^Kz(l+ \x\2)λ in (x,t)^Q — QQ for a non-negative constant Kz.

A function u(x) defined and measurable in ω is said to belong to Hί>p(ω)

if u possesses a distribution derivative (uxχ9 ,uXn) and I M L » + N J L » < T O *

where ||ftJ& = | | | ^ | | & .

The space Hl'p{ω) is the completion of the Cϊ(ω) functions in this norm.

The space H1'p(En) is the completion of the C°^{En) functions in the norm

IMLw) + \\<PX\\LΠE«)

DEFINITION 2.1. A function u— u(x,t) is said to be a weak solution of

the problem (2.1) in Q for the initial data u0<=Lloc{En) if u belongs to

L1O,T; L2{ω)]nL2[0,T; H'^iω)] for any ω compact in En, that is, if

κeL-[0,T; Lfoc ( Γ ) ] n I 2 [ O J ; Hί62

c(En)l

and if ^ satisfies

(2.2) Jj t - w^c + Σf lyM β ^^ -HbjU^φ - cuφ + Hfs<PXj - 9<p} dxdt

for any #>eCS(Q) and further if

(2.3) limt u(x,t)ψ(x)dx = [ uo(x)ψ{x)dx for all

At the end of this section we state a lemma which is often used in the

following sections.

LEMMA 2.1. (Aronson [1]). If M ; G Γ [ 0 , T ; L2(Γ)]ίlL2[0,T; Hϊ2(En)l then
f'2qf {Q) for all values of p' and qf whose Holder conjugates p and q satisfy

2p ^ q ~ '

where if n — 2, then the strict inequality holds. Moreover

IMUP/.2Q/.Q < κτθ{\\w\\UQ + IWIL, Q
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36 YOSHIAKI IKEDA

= Σ M I J , Θ = 1 — — ~ ~-κ—, and K is a positive constant which depends

only on n for n φ 2 and only on p for n — 2.

§3. Energy Estimates.

Let Ω be any bounded domain in En such that Ωd^2Ro9 and set

Qί ~ Ωx(0,T]. In Qi we consider the equation

(3.1) £κ

where fj&L2 2{Qi) and #eIΛ 9 (Qi) for any p and # satisfying (**).

LEMMA 3.1. Let W G Γ [ 0 J ; L2(β)]nZ,2[0,T; fl'1*2^)] A* α weak .solution of

(3.1) 2XJZΪΛ ί̂ ^ imίiαί ώto ^0> that is, let u satisfy

(3.2)

= 0

J ^ KQx) and (2.3), ŵrf fcί ζ— ζ{x) be a non-negative smooth function

such that ζu^L2[0,T; H\'2 (Ω)']. Then for any positive number μQ9 there exist positive

constants & and μ such that

(3.3) Wζe-^^uWl^ +

- ^ ( L Z2

1-λ

x ( i + \x\η 2 u\\ι2<

+ fe-'βα+l
p+l ' q+1 ' x

Qί = Ωx(0,T) with T<-ξ-. The constants T', <g> depend only on k, Ku

Δ
K29 Kz, λ, μ0, \\bj\\Pj,qj,Q0 and \\c\\v,q,Q(i\ and μ depends on μQ and T.

Proof Let h(x, t) = - a{t) (1 + \x\2)\ where a(t)^σ(τf

9τ
f + σ) for any

τf and a sufficiently small number a with 0 ^ r r < τr + σ^T. Then we

obtain for any τ^[τ'9τ' + σ]

(3'4) "Γ L ?*ihu2d*\t" + £

+ (-ht - c)u2 + Σrfju. - gu] dxdt + 2 Γ (
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LINEAR PARABOLIC EQUATIONS 37

ζaj + ζhx)\ dxdt

= 1 f ζ*e**u
2 JΩ

(See §2 in [1]).

Now we shall estimate each term of (3.4) by using Holder's inequality

and Young's inequality together with Lemma 2.1.

First we see from Condition (A.I) that

(3.5) W^e^j^hju^u^dxdt ^ k\\ ζ2e2h(l + \x\*?-*|ux1
2dxdt,

(3.6) 2\\TβiJuXtuζζXje™ dxdt ^

and

(3.7) 2J j Σ a^e'Hm.h.dxdt^ - A . j j ζ 2e2h(\ + \x\ *γ-> \ ux \ 2dxdt

V Λ ( l +\x\ 2Y~λu21 hx \*dxdt.

Next we have

Γ ( HbWu udxdt^\ \ H\bΔ^e^\tt.\ \u\dxdt

_ 1 _

+ κΛ' \ ζwm+ ixiη^\u\Σ[ux.\dxdt
Jτr ύΩ J

= ^ i + JB2> say-

By the inequalities of Holder and Young it is clear that

5 ^ - ^ - \\ζehux\\l2 + -f- Σ l|iJIIPiβ \\ζeΛu\\lpfl2qf9

where p and q satisfy (**). Thus by Lemma 2.1, we see

where we assumed Σ ll^lll^.e^Λf.

Using Young's inequality again we see
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3 8 TOSHIAKI IKED A

\x\2)u2dxdt.

Thus we obtain

(3.8) ΣΪJ bjζ2e2hux. udxdt ^ \ \ \ ζ2e2h{l + I x 12Y~λ I ux \
 2dxdt

+ ^MKσθ{\\ζehu\\l0O+\\(ζehu)x\\i2}

+ 5Iζn \{\ζ2e2h(l+ \x\2)λu2dxdt.

Similarly we have

(3.9) [[ cζ2e2hu2dxdt ^ MKσθ {Eehu\\\^ + \\(ζehu)x\\\,2}

ιe2h(l+ \x\2)λu2dxdt,

where we assumed \\c\\ptq^M.

It is easily seen that

(3.10) 2 j j Σ Aζe*h(ζXj + ζhx)udxdt ^

2Ί}\\ζehfi\\\%2 + \\ζxe
hu\\l2 + \\ζehuhx\\l,u

(3.11) \\

and

(3.12)

Finally we note that

(3.13) \\(ζehux)\\l2^2\\ζehux\\l2 + 4\\uehζx\\l2 + 4\\ζehuhx\\l2.

Combining these estimates from (3.5) to (3.13), we have

(3.14) \ I ξWdx I (. r + (4- - (-ψ + 3) MKo) j ; ; Jβ SV*
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6MKσ° + l ) | / ? J 2 + {~^ψ~ + Kt){l + \x\

- "T ( Ί Γ + 3)

where we used the fact that 1 ^ ( 1 + \x\2y~λ.

S i n c e h(x,t)= —a(t)(l+ \x\2Y, w e see

-ht(x,t)= a(t)(l+\x\2Y a n d \hj2 ^ «

Noting that 2 i - l ^ ^ , that is, (1+ {xlψ^1 g ( l + |a;|2)", we obtain

_ At _ Γ 1 0 ^ g ' (1 + M 2 ) 1 ' ^ * ! 2 + (~n2MKσe + 6MKσ" +

+ ( 5 J ^ n + g,)(l + | a ; | 2 ) ^ ( l + |a5|«)J{α'(ί) - /Iα2(ί) - B},

where

whereIf λψ0 we put a(t) = JJί- tan {τ/AB~t + m] for O ^ i ^ r ' ,

m( >0) is a constant with J-^- tan m = ^ o ( θ < m < - |-) . Then

αr(0 - i4α2(ί) - fi = 0.

Now we put σ so small that \ - (-ψ- + 3) MiΓί7 > 0, ~ \- (-ψ- + 3) .

MKσ>0 and m + /^J5(7< min(^-|-, Tj. Then from (3.14) we have

(3.15) max [ ζ2e2hu2dx + Γ +Ί* ζ2e2h\uj2dxdt

1-/1

Σ l S ^ 2 g λ
p+1 4+1 / '

where h = A(as, ί) = - J-~ tanUAB t + m) (1 + | x 12).
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L e t X(t)= ^ζ2(x)e2h^'^u2(x,t)dx a n d / = \\ζxe
h(l + \x\*) 2 u\\l

P+l '

Then from (3.14) we see

X{t) ^ <gz{X{τ')'+ /} for τr < f <τr + σ.

If (j — l)σ^t< jσ, it follows by iteration that

(3.16) X(t) ^ &iX{0) + ^ S Γ » ~ 1 } / for (j -l)σ<t*£ jσ.

On the other hand,

(3.17) Γ ( ζ2e2h\ux\
2dxdt< ^{X((j - Dσ) + J)

Suppose that {l—l)σ<T<lσ for some integer /, where -JAB T / +m<- |- .

Then summing (3.16) on y from 1 to /, we have

ll^Λw|IUQi

Similarly from (3.16),

Putting J-^ tan {i/AB I + tn) = μ, and combining these two inequalities

we obtain (3.3).

If λ-0, then we put α(t) = Bt + μ0 and we have (3.3) in the same

manner as above.

§4. The Cauchy problem.

In this section we consider the Cauchy problem (2.1). A measurable

function u(x,t) on Q is said to be in the class ξ?λ

μ{Q) if there exist numbers

λ ̂  0 and μ > 0 such that

THEOREM 1. If there are solutions u of the Cauchy problem (2.1) in the class

Q) f°r s°w<e positive constant μ1 < μ0, then u is uniquely determined in Q.

Proof Let us assume that there are two solutions u^ u2 of the Problem (2.1) in
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the class %?λ

μl{Q). Put u = u1 — u2. Then we see that u is in if^(Q) and u is

a weaksolution of the problem

Lu = 0 for (%J)(ΞQ,

u{x,0) = 0, for x^En.

For each R^R0, we define a function ζR(x) in such a way that

S I in (—00,00),

(ϋ) ?*(*) = P 'I'>^
(iii) I£i2x(#)| ^S C in (—00,00), where C is independent of R.

By Lemma 3.1,

(4.1) llξ" £~^1+la;l2)^||2a,

1-/1

where <ĝ  is independent of i?, and μi< μo< μ.

Since

,T'; L2(£n)] for ^ 0 > μί9

we see

^ 0 α + k l 2 ) a ( i + lajl^MeL^O.T'; L2{En)l

Therefore the integral on the right in (4.1) tends to zero as i?->oo. Hence

x ίmax ί <r2*(i+ι*ι*)Vrfa. = 0

for an arbitrary p>0. This means that u = 0 in Enx{0,Tr] that is, u1^u2

in £nx(0,T'].

Repeating the same argument on Enx(NTf, (N+1)T;J inductively, we

conclude that uλ^u2 in Enx(0,T].

THEOREM 2. Suppose that e~μ»\χ\nf^L2>2(Q), e~μo\χ\2λ ge^Lp'q{Q) with p and

q satisfying (**) and e"μo\χ\2λ uo^L2{En). Then there exists a weak solution u of

the Cauchy problem (2.1) in Qr = Enx(0,T'], where Tf depends on the constant in
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Condition (A) and μQ. Moreover there exists a constant μ depending on V and μ0

suck that

^ + Σ ll^

Since the proof of Theorem 2 is almost parallel to that of [1], we omit

it here.

Remark. In Lemma 3.1, if λ = 0, then we put a{t) = Bt + /v Thus

Lemma 3 is valid for Q = £wx(0,T] if 2 = 0 . Therefore if λ = 0, a weak

solution of the problem (2.1) exists in Q = Enx(0,T].
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