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A FIXED POINT THEOREM FOR POSITIVE 
OPERATORS ON KB SPACES 

LING FAI LAM 

The existence of nonzero fixed points of positive contract ions in L\ spaces 
has received considerable a t tent ion in recent years. In 1966, Dean and Sucheston 
[1] and independently, Neveu [5] showed t ha t a positive contract ion has a 
strictly positive invariant function if and only if infre jATnldm > 0 for any 
measurable subset A with positive measure, where 1 is the constant function of 
value one. 

T h e condition of being a contract ion has been reduced to more general con
ditions by some authors later, for example, Fong [3] and Sato [6]. In Fong's 
paper he considered the case of semi-Markovian operators, i.e., positive opera
tors T on L1 such tha t supw 11 Tn\ | < oo . 

On the other hand, the author of the present paper has extended the above 
result to the case of absolutely continuous normed Kô the spaces [4], which 
include the Orlicz spaces with del ta two proper ty and all the Lp spaces 
(1 ^ p < oo ) as special cases. 

As we have mentioned in [4], the latt ice s t ructures play a very impor tan t 
role in this kind of theorem. In this paper we shall show tha t the theorem in 
[4] is still valid in general KB spaces—Dedekind complete normed lattices 
with the properties: 

i) If (xn) is a decreasing sequence with infn xn = 0, then limn \\xn\\ = 0. 
ii) If (xn) is an increasing sequence with supw \\xn\\ < oo , then supn xn exists. 

First of all, we list some known results in Riesz space theory. All the propo
sitions which are headed by parentheses ( ) can be found in [7], unless other
wise specified. 

As usual the least upper bound (greatest lower bound) of any two elements 
x and y in a Riesz space is denoted as x V y (respectively x A y). We also 
write x + = x V 0, x~ = ( — x) V 0, \x\ = x V ( — x). T h e supremum (respec
tively infimum) of a set A will be denoted as sup A (respectively inf A). 
Fur thermore , an increasing (respectively, decreasing) sequence (xn) with a 
supremum (respectively, infimum) x is denoted as xn j x (respectively, xn[x). 
We shall also let R and N be the real number system and the set of natural 
numbers respectively. 

By a band N in a Riesz space L, we mean a linear subspace such t ha t (iii) 
and (iv) hold. 
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iii) If x G L, y G N and |x| ^ \y\, then x G N. 
iv) If A C N and sup A exists in L then sup 4̂ G TV. 

For ACL, the set AL = {x G Z : |x| A H = 0 for a\\ y £ A] is called 
the orthogonal complement of A 

For a Dedekind complete Riesz space L and a band TV in Z, we have: 

(1) The projection PN : L —> N determined by the formula PN(x) = 
sup {y G N: 0 ^ y ^ x} for x ^ 0 has the properties tha t PN(z) G N, z — 
PN(z) G N1- for all z G L and 0 S PN(x) ^ x for x ^ 0. 

(2) For an arbi t rary subset A in L, A-1 is a band in Z, and yl-1-^ is the smallest 
band containing A. 

(3) Let x, y be two positive elements in L and N = {x}±A-. Then PN(y) = 
suprc (y A nx); in particular, y G {x}-1-1 if and only if y = supn ( j A nx). 

We denote by L~ the class of regular linear func t iona l on L, i.e., the linear 
functionals which can be represented as a difference of two positive linear 
functionals. We denote by L{i) the class of integrals on L, i.e., the functionals 
/ in L~ which satisfy the condition 

v) if xn I 0 in L, then \imnf(xn) = 0. 

I t is well known tha t both L{i) and L~ are Dedekind complete Riesz spaces. 
The following proposition will play an impor tant role in the proof of our 

main theorem. For the proof of this proposition we refer to [4]. 

(4) Let Z be a Dedekind complete Riesz space. If 0 ^ / G L{i\ 0 S. h G L~ 
and / A h — 0, then for any y ^ 0 in L and any positive real number e > 0, 
there exists x in L with 0 ^ x ^ y and h(x) = 0, f(y — x) < e. 

Throughout this paper wre assume tha t M is an arbi t rary KB space. In 
addition to the propositions stated above, it has also the following properties: 

(5) M(i) = M~ = M', where M' is the class of (norm) bounded functionals 
on M. 

Let M" be the space of bounded linear functionals on M'. I t is well known 
tha t both M' and M" are Banach lattices. If we define for any x G M an 
x G M" by x ( / ) = f(x), f G M', and let M = {x: x G M}, then we have: 

(6) The mapping x >—» x is a norm-preserving one-to-one linear transforma
tion from M to M" such tha t x ^ y if and only if x ^ 3); 

in fz^ x = inL4 if inf A exists in M\ and 
supzçA x = sup^l if sup A exists in M. 

Furthermore , all the elements in M are integrals on M'. 

(7) M is a band in M " . 

For our convenience, we introducing the following: 
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Definition. An element x in a KB space is said to be absolutely continuous with 
respect to y (x <<C y) if x G {y} J-L. Two elements x and y are said to be equivalent 
(x ~ y) if x <<C y and } / « x . 

PROPOSITION 1. x « ;y w i f if and only if f(\y\) = 0 implies that f(\x\) = 0 

for anyO^fe M'. 

LEMMA. If U,V are two positive elements in M such that u A v = 0, then there is 

a functional 0 ^ g £ M' such that g(u) > 0 and g(v) = 0. 

Proof. By the Hahn-Banach theorem there is a n / G Af' such tha t 0 < \\u\\ = 
/ ( w ) = / + ( w ) - / - ( w ) , so / + ( « ) > 0. From (5) we know tha t / + G M'. Let N 
be the band generated by u. If we define g = f+ o P ^ , then 

g(«) = f+(PAu)) = f+(u) > 0 
g GO = f+(Pw(v)) = /+(sup„ (» A mi)) by (3) 

= / + ( 0 ) = 0. 

Proof of Proposition 1. Since x <$C y <=>x G {^}-L-L<^|x| G { H } - 1 1 - <=> |x| « \y\, 
we can assume tha t both x and ^ are positive. 

If x « j>, then by (3) x = sup„ (x A ny). For 0 g / G M',f(y) = 0 implies 
t h a t / ( x A ?ry) = nf(l/nx A y) = 0 for all w ^ N . S i n c e / is also a member 
of Af<*\ it follows t h a t / ( x ) = 0. 

Conversely, suppose x G { ^ j ^ . Then by definition there is 0 ^ z G {y}"1 

with 0 A x > 0. Let w = z A x; then we have u A y = 0. By the lemma there 
is 0 ^ g G I P such t ha t g(u) > 0 and g ( j ) = 0. Hence g(x) ^ g{u) > 0 and 
g ( j ) = 0. This completes the proof. 

Definition. A semi-Markovian operator T is a positive linear operator on a 
i£P space into itself such t ha t supw \\Tn\\ < oo. 

The following proposition is an abstract ion of Lemma 1 in [5] ; it also ap
peared in [4] where we assume tha t the underlying space is a normed K o t h e 
space. 

PROPOSITION 2. Let x « u be two positive elements in M, T: M —> M be a 
semi-Mar kovian operator. Then for any 0 ^ / G M', infw f(Tnx) > 0 implies 
ininf(T

nu) > 0. 

Proof. Let a = inînf(T
nx), b = supn | | r n | | . Since x « u, it follows from (3) 

tha t x = sup* (x A ku). Hence ||x — x A ku\\ [ 0 according to i ) . We choose 
a positive integer ki such t ha t ||x — x A kiu\\ < a/2b\\f\\. 

Since x = k\U + (x — k\u) ;§ k\u + (x — x A fei^), it follows t ha t a ^ 

/(rwx) ^ ^i/(r^) +/(rn(x - x A iM)) ^ jfei/(r»w) + ||/||&||* - x A M l 
^ kxfiT'u) + a / 2 for any w G N. 

Therefore 0 < a/2k\ ^ minf(T
nu), completing the proof. 

We shall utilize the concept of Banach limits in the proof of our main 
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theorem. A Banach limit LIM is a linear functional defined on the space of 
all bounded real sequences with the following properties: 

vi) LIM (an) = LIM (an+J)_ 
vii) lim an S LIM (an) ^ lim an 

The existence of a Banach limit can be deduced from the Hahn-Banach 
theorem as shown in [2]. 

THEOREM. Let T be a semi-Markovian operator on a KB space AT. If there 
exists x ^ 0 in M such that f (x) > 0 implies inîn f (T

nx) > 0 for any 0 ^ / G AT, 
then there is ay ^ 0 in M with x<^y and Ty = y. 

Conversely, if Ty = y > 0 in M and x is an arbitrary positive element with 
x ~ y, thenfix) > 0 implies minf(T

nx) > Ofor any 0 ^ / G AT'. 

Proof. Assume that infw f(Tnx) > 0 for any 0 ^ / G AT with f(x) > 0. 
We define X : AT -> R by X(/) = LIM/(P*x) = LIM (T*nf)(x), where LIM 
is a Banach limit, and T* : AT' —> M' is the conjugate of T. 

Since 

|X(/)| = |LIM f(T»x)\ g LIM \f{T»x)\ 

g H/Il suPn | |r»*|| ^ | | / | | |W|su P n | | r» | | f 

it follows that X G AT". It is also obvious that X ^ 0. 
On the other hand, from (7) we know that M is a band of AT", so by (1 ) there 

exists a positive element u G AT such that z2 = sup {z G AT : 0 S z ^ X} and 
A = X - û G AT-1. (In fact û = P^(X)). 

We claim that fw ^ X. Since 7^( / ) = f(Tu) = (T*f)(u) = û(T*f) S 
\(T*f) = LIM (r*"+V)0) = LIM (T*nf)(x) = X(/) for any 0 ^ / G AT. 
Therefore r ^ ^ û. It follows from (6) that Tu ^ w. 

Let y = infw !Pw. Since (Tnu — y) j 0, we have 11P*w — y\\ [ 0 and 11Ty — y\ \ 
^ \\Ty - T»u\\ + \\T»u - y\\ ^ \\T\\ \\y - Tn~'u\\ + \\Tnu - y\\ — 0. So 
Ty = y. 

Next we show that x « w . By Proposition 1 it is the same as showing that 
f(u) = 0 =>/(#) = 0 for 0 ^ / G AT'. Suppose to the contrary that there were 
0 ^ / G M' w i th /O) = 0 and/(x) > 0. We let e = f(x)/2. Since x A v = 0, 
by (4) there is g G AT such that 0 ^ g ^ / and z;(g) = 0, x(f — g) < e. So 
g0*0 > / ( # ) — £ = f(x)/2 > 0- By the assumption we then have inf„ g (Tnx) > 0. 
Therefore 

(*) \(g) = LIM £(r*x) ^ infng(r»*) > 0 

On the other hand, since 0 ^ g S f and f(u) = 0, so g(u) = 0. It follows 
that \(g) = g(u) + v(g) = 0, a contradiction to (*). This proves that x « u. 

To show that x <<C y, we let / be an arbitrary positive element in AT' with 
f(x) > 0. From the assumption we have minf(T

nx) > 0. So by Proposition 2 
we have inin f(T

nu) > 0. Moreover, since Tnu l y a n d / G AT = M(i), we have 
f(Tnu) if(y). Sof(y) > 0. Therefore, by Proposition 1 it must be that x « y. 
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Conversely, let y > 0 be a fixed point for T and 0 ^ x 6 I f with x ^ ;y. 
For any 0 ^ / Ç i f ' such t h a t / ( x ) > 0, we h a v e / ( j ) > 0. So i n f n / ( 7 » = 
f(y) > 0. By Proposition 2 we have m(nf(T

nx) > 0. 

COROLLARY 1. Let M be a KB space with a unit e (i.e. e ^ 0 and {e}1-1- = Af), 
J1 a semi-Markovian operator on M. Then a necessary and sufficient condition for 
the existence of a positive fixed point y with {y)1-1- = M is that minf(T

ne) > 0 
for any f > 0 in M'. 

Proof. The sufficiency is trivial. From the theorem above we have a positive 
fixed point y with e « y. Since {e}1-1- = M, it follows t ha t {y}-11- = M. 

Conversely, let Ty = y > 0 and j ^ } - 1 1 - = M. Then y ^ e, so by the theorem 
we have ininf(T

ne) > 0 for any 0 S f G M ' with f(e) > 0. Since {e}-1-1 = M, 
from Proposition 1 we know^ tha t 0 < / Ç M ' impl ies / (e) > 0. This completes 
the proof. 

Given a positive element x in M t ha t satisfies the condition in the theorem, 
it is natural to ask whether the fixed point y obtained in this way is equivalent 
to x. In general we can only confirm tha t x is absolutely continuous with respect 
to y. However, if the operator satisfies the addit ional condition t ha t T(z) « x 
for all 2 « x , then the fixed point y is equivalent to x. 

COROLLARY 2. Let x be a positive element in a KB space M, T a semi-Mar kovian 
operator such that Tz « x for any 2 « x . Then a necessary and sufficient condi
tion for the existence of a positive fixed point y equivalent to x is that minf(T

nx) > 0 
for any 0 g / C l ' withf(x) > 0. 

Proof. T h e condition Tz <̂C x for any 2 « x implies t ha t {x}-11- is invariant 
under T. Since jx}-1-1 is a KB subspace of M and the restriction of T on {xj ± J -
is also semi-Markovian, the result follows from Corollary 1. 

Let (X, 2 , m) be an arbi t rary o--finite measure space, it is easy to see tha t 
for any 1 ^ p < co , the space LP(X, 2 , m) is a KB space. We shall u s e / , g, h 
to denote the measurable functions on (X, 2 , m) and let S(f) to denote the 
set {x £ X: f(x) 7e 0} for a measurable function f on (X, 2 , m). Fur thermore , 
for A, B Ç 2 , the notat ion A C B means t ha t almost all elements of A are 
in B. In this case the theorem can be restated as follows: 

COROLLARY 3. Let T be a semi-Markovian operator on LP(X, 2 , m) 
(1 S P < oo ). If there exists 0 S f £ LP(X, 2 , m) swc/t that m {A C\ S(f)) > 0 
implies infw J"^ Tnf dm > 0, //^w ^e re exists 0 ^ K LP(X, 2 , m) m ^ 5 ( / ) C 
5(fe) S^C/Ê ^ a / Th = h. 

Conversely, if Th = h ^ 0 a w ^ / ^ 0 is a function in LP(X, 2 , m) such that 
S(f) = S(h), then inin JA Tnf dm > 0 for any A G 2 with m{A C\ S(f)) > 0. 

Proof. We note t ha t the absolute cont inui ty of / with respect to h is equiv
alent to the condition t h a t S(f) C S(h). On the other hand, since the dual 
space of LP(X, 2 , m) is precisely Lq(X, 2 , m) where q = pi{p — 1) if p ^ 1, 
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q = oo if p = 1. The condition tha t J gf dm > 0 implies mînJ gTnf dm > 0 for 
any 0 ^ g G L f f(X, 2 , m) is equivalent to the condition tha t m(A P S(f)) > 0 
implies infw J ^ Tnf dm > 0 for any i ^ 2 . This the corollary follows from the 
theorem above. 

When p = 1, | | r | | ^ 1 and S(f) = X, this proposition is equivalent to the 
theorem of Dean and Sucheston [1] and independently, Neveu [5]. 

We can also apply this theorem to a more general kind of KB spaces—the 
absolutely continuous normed Kôthe spaces. This kind of function space in
cludes as special cases the Orlicz spaces with delta two property [4]. The 
application of our main theorem to such spaces will give us exactly the results 
in [4]. 

I t is natural to ask whether our main theorem can be improved to include 
the following s ta tement : 

viii) Let T be a semi-Alarkovian operator on a KB space M, x be a positive 
element in M. If there exists a positive fixed point y such tha t x <<C y, then 
ininf(T

nx) > 0 for any 0 ^ / G M' such t h a t / ( x ) > 0. 

We note tha t viii) is different from the second par t of our theorem, as the 
condition x ~ y is reduced to x <C y. 

Unfortunately, s ta tement viii) is not true. The rest of this paper is devoted 
to a counter example of viii). 

Let T: L\(X, 2 , m) -^ Li(X, 2 , m) be the positive contraction induced by 
a nonsingular measurable transformation r on (X, 2 , m) such tha t Tf = 
dmf/dmj where mf is the measure defined as mf(E) = jT-HE)f dm for any 
E (z 2 . I t is well known tha t T has a non-zero positive invariant function in 
Li(X, 2 , m) if and only if r has a nontrivial finite invariant measure on (X, 2) 
which is absolutely continuous with respect to m. 

For a fixed A G 2 we defined a measure mA such tha t mA(E) = m{A C\ E) 
for any E Ç 2. The following s ta tement can then be deduced from viii). 

ix) Let r be a nonsingular measurable transformation on (X, 2 , m) and A 
a measurable set with finite positive measure. If there exists a finite invariant 
measure \x such tha t mA <C M <<C m, then inf„ mA(r~n(E)) > 0 for any E Ç 2 
with m (EH A) > 0. 

Now we let X be the closed interval [ — 1 , 1], m be the Lebesgue measure in 
[ — 1 , 1], T be defined as r(x) = — x for x G [ — 1 , ! ] • Clearly r is invariant 
under m itself. If we let A = [0, 1], then mA(j-l(A)) = w([0, 1] Pi [ - 1 , 0]) = 
0. so infw m^( r _ n (y l ) ) = 0, a contradiction to s ta tement ix). 
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