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ABSTRACT

In this paper we prove a conjecture relating the Whittaker function of a certain
generating function with the Whittaker function of the theta representation @%n). This
enables us to establish that a certain global integral is factorizable and hence deduce
the meromorphic continuation of the standard partial L function L (s, 7(™). In fact we
prove that this partial L function has at most a simple pole at s = 1. Here, 7(™ is a
genuine irreducible cuspidal representation of the group GLgn)(A).

1. Introduction

Let A denote the ring of adeles of a global field F'. Assume that F' contains a full set of nth roots
of unity. Let GLgn)(A) denote the n-fold metaplectic cover of the group GL,(A) as constructed
n [KP84]. Let 7(™ denote a genuine irreducible cuspidal representation of GL&")(A), To this
representation one can attach the partial standard L function, denoted by L% (s, 7("™).

The first to consider convolutions of cuspidal representations with theta representations were
Bump and Hoffstein in [BH86, BH87]. In these papers they considered the global construction
involving the cubic theta representation and established that this construction represents an L
function. It was their idea that in order to study the properties of the above L functions, one
needs to start with the well-known Rankin—Selberg convolution of two cuspidal representations
of GL,(A) and GL,(A), and adjust this construction to the covering groups.

In detail, let 7(™ be as defined above. Let @%n) denote the global theta representation of the

group GLgLn)(A). The latter representation was constructed in [KP84]. Assume that » > n. Then
the proposed construction is given by

/ / o (oY ),,)) T oldetle " dvdg. )
GLn (F)\GLn (A) J Vi 1o (F)\Virn (A) r—n ’
n)

Here ¢ is a vector in the space of 7(), and 6 is a vector in the space of @7(1 . The group V., and
the character 1y, , are defined in §4. This was the starting point of [BF99]. In fact in [BF99]
the authors concentrated on the case when r < n, but up to some modifications as explained
in [BF99, §2], the idea is the same.

A straightforward unfolding implies that for Re(s) large, integral (1) is equal to

/ wo (¢, ) Wlgldesgl*= 0" dg )
Vn(A)\GLn(A) r—n

Here Wy denotes the Whittaker coefficient of ¢, and we define Wy similarly.
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D. GINZBURG

Since in general the Whittaker coefficient Wy is not factorizable, it is not obvious that the
above integral represents an Euler product. To show that it does, one needs to apply the method
referred to as the ‘new way’ which was developed in [PR88]. See [BF99] for a discussion of and
references for this method.

In our context, to deduce that integral (2) is Eulerian one proceeds in two steps. Let F' denote
a local non-archimedean field containing a full set of nth roots of unity. Let 7(™ denote a local
unramified representation, and let L(s,7(™) denote the corresponding local L function. This
function is defined in equation (4). The first step is to find a generating function for L(s,7(™).
In [BF99, p. 5], such a function was introduced and was denoted by A,. We give its definition
in §2 right after equation (4).

The second step is to use this function to compute a local integral which is obtained from
integral (2), and to show that this local integral is independent of the choice of the local Whittaker
function of the representation 7(™). This is done as follows. First, one proves identity (5). This
is done in [BF99, Proposition 1.1]. Here w,_ (), denoted by o in [BF99], is the unique spherical
function attached to 7(™). Then we apply the argument of [BF99, Proposition 2.1] to deduce the
identity

s, M) = n ~Sv (v)dvdh.
L(s, >/VT\GLTWWu(h)/VTA(h)w()d dh (3)

Here W_n(h) is any local unramified Whittaker function associated with the representation
7(™ normalized to equal one at the identity. The group V, is the maximal unipotent subgroup
of GL,, and vy, is the Whittaker character defined on V;.. See equation (15).

Indeed, to obtain (3) from (5), we use the uniqueness of w_(n). Thus, from this uniqueness
we have fK’r‘ Wy (kh) dk = w_n)(h)W _m)(€) where W_n) is any Whittaker function such that

W._m(e) # 0. Here K, is the maximal compact subgroup of GL,, and if |n|p = 1 it can be
viewed as a subgroup of GL&n). See §2. Assuming that W_(.)(e) = 1, we plug this into integral
(5), change variables in h, and we obtain integral (3).

Thus we are reduced to the computation of the Whittaker function of A, and relating this
computation to the local corresponding integral of (2). This is done in [BF99] for the cases r = 2, 3
and arbitrary n. The general case is conjectured in [BF99, Conjecture 1.2]. This conjecture is
stated in our notation as identities (20) when r < n, and (28) when r > n.

In this paper we prove these two identities, and hence prove [BF99, Conjecture 1.2]. To do
this we give a different realization for the function A,. This realization makes the proof of the
stated conjecture relatively simple. The new realization is described in §2 and is given by a

certain unique functional defined on the local theta representation @%’}). This last representation

is defined on the group GL%L). We then use this functional to define a function on the group
GL,({;), which we denote by quq,})(h) Here h € GLgﬁ). Restricting to the group GLgn), we obtain
a function on that group which we use to give the new expression for ﬁs. Thus our result
contains two parts. The first is to prove that the function W,(l?)(h) restricted to GL&n) is indeed
the generating function for the standard L function. This we do in Proposition 2. The second,
and the main result of this paper, is to obtain the desired expression for the Whittaker function
of the generating function. This we do in Theorem 2, which is [BF99, Conjecture 1.2]. In both
cases the computations are quite straightforward and are done by a repeated application of
Lemma 1 and Corollary 1 stated and proved in §2.1.

As mentioned above, the global result and some of the computations done in [BF99] assume

that r < n. This is just a technical point. The authors of [BF99] were well aware that their
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construction works for all » and n. To complete their result, in the last section we give some
details in the other two cases, that is, when r > n and r = n.
To summarize, combining [BF99] with our result, we have the following theorem.

THEOREM 1. Let 7("™) denote an irreducible cuspidal representation of the group GLS»n) (A). Then
the partial L function L° (s, 77(”)) has a meromorphic continuation to the whole complex plane.
When r # n this partial L function is holomorphic. When r = n it can have at most a simple
pole at s = 1.

As a first remark we mention that in fact we do expect that the partial L function L (s, 7(™)
will also be holomorphic in the case when r = n. From the global integral given in § 4, see integral
(26), we deduce that if this L function has a simple pole at s = 1, then 7™ will be isomorphic

to @%n). This we believe cannot happen.

Second, it is worthwhile mentioning that one can extend the above global constructions in
two ways. First, one can replace the representation @&n) by the representation @%n))( Here x
is any global character of GL;(A) such that x = x} for some character x; of GLi(A). This

. . . . . . n . .
last representation is defined as a residue of an Eisenstein series, and as @% ) it has a unique

Whittaker function. A second extension is to replace @ﬁ,,”’ by a cuspidal theta representation 67%)(
when it exists. Here x is any global character of GL;(A) which is not of the form x = x. For
example, for n = 2 such cuspidal representations were constructed in [GP80, Fl1i80]. For n = 3,
see [PP84] for the construction of such cuspidal representations. In both of these extensions we
expect to get the twisted L function L (s, 7(™ @y ~1). In the first case, when @ﬁf‘}( is not cuspidal,

we expect this L function to be holomorphic in all cases. However, if @f{l))( is cuspidal, and r = n,

)

then we do expect a simple pole at s = 1 if 7(") = @%n .
Finally, we mention that the result proved in this paper simplifies some of the proofs
in [FG16]. This is explained in detail in [FG16] before and after equation (1).

2. Generating functions

The main references for this section are [BF99, KP84]. Fix a positive integer n > 1. Let F' denote

a local non-archimedean field which contains a full set of nth roots of unity. Let GLgn) (F') denote
the metaplectic n-fold cover of the group GL,(F). We realize this group as pairs (g, €), where
g € GL,(F) and € is an nth root of unity. We shall assume that |n|p = 1. Let K, denote the
standard maximal compact subgroup of GL,(F'). Then the group K, splits under the covering,

and can be viewed as a subgroup of GL,(T‘) (F). Henceforth, we shall omit the notation of the field
F'. For example, we write GL, for GL,(F"). Let B, denote the standard Borel subgroup of GL,
consisting of all upper triangular matrices. Let T} denote the subgroup of B, consisting of all
diagonal matrices, and let V,. denote the group of all upper unipotent matrices in B,..

Let 7(™ denote an unramified representation of GLfnn) associated to a character x of T,.. These
n

representations were defined in [KP84]. In detail, let T, r(,n) denote the center of Tr(n). This defines

a genuine character of TT(Z) which we will denote by x. Let TT%) denote any maximal abelian

)

n)

subgroup of T, 5" which contains the group Tr(,n . Choose any extension of the character y from

T,ﬂ(fﬁ) to Tr%). Extend the character y trivially to V.. Then, inducing this extension to Gqun), we

’E‘n

)
obtain the representation 7" = Indg%n) X(SE/T ?. Tt follows from [KP84] that this representation

depends only on the character y. See also [BF99, p. 5]. In this paper we choose the maximal
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abelian subgroup T(O) to be the following. It is the group generated by TT(Z) and all elements

(t,e) € 7™ such that all diagonal entries of ¢ are units. Then it follows from [KP84] that TT(70) is
(n)

a maximal abelian subgroup of T, /. The extension of y that we choose is the trivial extension.
Assuming that y is in general position, one can attach to 7™ the local L function which is

defined as )

ITi— (1= X (p)g)

Here p is a generator of the maximal ideal in the ring of integers of F', and ¢~
is a complex variable.

In [BF99, formula (1.4)] the function Ay(h) is defined. This function is a function of GL"
and is defined as follows. It is an anti-genuine K. bi-invariant function, and hence it is enough to
define A4(h) on elements h = (¢,1) where t = diag(p™,p"2,...,p") € Tp. On such an element
h, Es(h) = 0 unless all n; are non-negative integers, each one divisible by n. Finally, if all n; are
non-negative integers, and each one of them is divisible by n, then

L(s,7™) =

(4)

L= |p|p. Also, s

Ay((t,1)) = |det(t)[*/F =1/ 2ngln=72n g

Proposition 1.1 in [BF99] states that for Re(s) large,
/ oty (M)A (R) dh = L(s, 7). (5)
GL»

Here, w_(n), denoted by o in [BF99], is the spherical function attached to 7" Thus W(n) 18
a genuine K, bi-invariant function of GL™. As is well known, the function A,(h) is uniquely
determined by [BF99, Proposition 1.1]. This function is referred to as the generating function

for the standard L function of the group GL7(~n).
n

We will give a different realization of the function A, (h). To do that let @%T) denote the
n)

local unramified theta representation of GLT(W as constructed in [KP84] This representation is

the unramified sub-representation of IndGL’” 5(n D/2n _ = In dG%n")T 5_1/ 2"51/ 2 Here, B, is the

Borel subgroup of GL,,-. The definition of this mduced representatlon is smular to the definition
of the representation 7™ given above, replacing the group GLgn) by GLgﬁ), and the character x
1/2n
by the character 0,
This representatlon is not generic, but it still has a certain unique functional defined on it.
To describe this functional, let U,, denote the unipotent radical of the parabolic subgroup of
GL,,, whose Levi part is GL, x GL; x - -+ x GL,. In term of matrices the group U, consists of

all matrices of the form

I Xl’g X173 Xl,n
I Xos ... Xop
A (6)
Xn—l,n
I

Here I is the r x r identity matrix, and X; ; € Mat, ;.
Let ¢ denote an unramified character of F. Define a character vy, of Uy, as follows. For
u € Uy, as above, define ¢y, (u) = ¥ (tr(X1 2+ Xo3+- - -+ X5—1,n)). The stabilizer of ¢y, inside
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GL, x GL, x --- x GL, is the group GLTA embedded diagonally. The embedding of GLTA inside
GLy,, is given by g — diag(g,g,...,9).
Given a representation a,(ﬁ) of GLgf«), we consider the space of all functionals on 07(3«) which

satisfies l(aﬁg) (u)v) = ¢y, (u)l(v) for all u € Uy, and all vectors v in the space of o). Given

such a functional, we may consider the space of functions Wén)(h) =1 (aﬁﬁ)(h)v).

Henceforth we shall assume that 07(17,3) = @ﬁ{}) and denote the corresponding space of functions

by Wéﬁ)(h) Then, the following proposition is proved in [Cail6, Theorem 1.2].

ProrosiTiON 1. The space of functionals | defined as above on the representation @g}«) is one-

dimensional.

It is not hard to construct the space of functions Wé?)(h) explicitly on the space of o,

(n) _
Indeed, let f € Indg%,j;* 5537; )20 et UY. denote the subgroup of U,, which consists of all
matrices u as in (6) such that X;; € Mat?,, for all i and j. Here Mat?,, is the subgroup of

Mat, x, consisting of all matrices X such that X[l;,ls] = 0 for all I; < ls, where X[y, 5] denotes
the (I1,l)th entry of X. Then

W) = [ sy, (o) du 7

defines the space of functions which satisfies the required transformation properties, provided
it is not identically zero. Here wy is the Weyl element w; = diag(Jp, Jn, - .., Jn) € GLy, where
J is the longest Weyl element of GL,. The Weyl element wq is defined as the element whose
(a+bn,(a—1)r+b+ 1)th entry is one for all 1 <a <nand 0 < b < r—1, and zero elsewhere.
Matrix multiplication implies that w jwq is the shortest Weyl element of GL,,, with the property

that for all u € U?,, we have that wuw ™! is a lower unipotent matrix.

It is not hard to prove that the function W,g?)(h) satisfies also the property Wé?)(k:Ah) =
Wé?)(h) for all k¥* € K, C GL2. The group GL2 was defined right after (6). Indeed, it follows

from [CFGK16, p. 4] right after Definition 1 that W (k2h) = W (h) for all k2 € K, NSLA. I
k” is any diagonal matrix in K, then the property W,(#)(k:Ah) = T(J})(h) follows from integral
(7). We mention that to derive this identity we use our choice of the maximal abelian subgroup.

By considering the function W,g?)(h) corresponding to the K, fixed vector f in the space

of 9,({;5), one can easily show that W,g?)(e) # 0. This will follow from the computation which we
will perform in the next proposition.

Before doing that, it will be convenient to perform a simple computation which we will refer
to several times. We will do it in the following subsection.

2.1 A local computation
Let F' denote a local field. Given a root « associated with the group GL;, we will denote by x4 (1)
the one-dimensional unipotent subgroup of GL; associated with this root. Assume that « and 3
are two roots such that o+ (3 is also a root. Assume also that z(2)zg(l) = 2g(l)xa(2)Tats5(l2).
Let h(a) denote a one-dimensional torus of GL; which satisfies the property h(a) tz,(2)h(a) =
zo(a~12) for all a € F*.

Let f denote a function defined on GLy(F') which satisfies the property

flzs(l)rayp(l2)gk) = ¢(=l2) f(g) (8)

for all k£ € K}, where K, is the standard maximal compact subgroup of GLy.
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Our goal in this subsection is to compute the integral

I:/ f(xa(2)zg(l)h(a))(el) dz dl.
2

Here e =0, —1.

LEMMA 1. We have I = f(h(a)ro(—a"te)) = f(xa(—€)h(a)).

Proof. Since f is right K invariant,
- / / F(@a(2)2()h(a)a(m))(el) dm dz di.
F2 Jim|<1

Conjugating z,(m) to the left, and using the above assumptions on the commutation relations,
we obtain the integral

I = /F2 /|m|<1 f(xa(z—i-am)xa+g(—lam)xﬁ(l)h(a))w(d) dm dz dl.

Changing variables in z and using property (8), we obtain [ ¢ (lam) dm as inner integration. Here
m is integrated over |m| < 1. Hence we may restrict the integration domain over the [ variable
in integral I to the domain |la| < 1.

The next step is to conjugate x5(l) to the left. Using the commutation relations and property
(8), we obtain

I—/Ff(xa(z)h(a))/Zalglw(zl—i—el)dldz.

Changing variables in [, we obtain

=la|™! Taol2)h(a 2 =lal™? aazacflz 2.
el [ Sz =l [ ka2

1 1 -1

Writing 'z = a2+ ea~! — ea™!, we obtain

= |a|™! a)zola tz+ea t—ea™t z=la|™! a)zo(—a e z
S R OEX ) dz =l f(hla)ea(~a"'e) [ a

|(z4+e)a-1|<1

where the last equality is obtained from property (8), and the fact that x,(a"'z + ea™t) € K.
From this the lemma follows. O

With the above notation we prove the following corollary.

COROLLARY 1. Let a =0, or if a € F*, assume that |a| < 1. Then
[ Faaetaz) = = fe).

Proof. Since f is right invariant under K3, the above integral is equal to

/ / f(za(z)xs(m))Y(az) dmdz.

F Jim|<1

Conjugating xg(m) to the left, we obtain, from the left invariant property of f, the integral
J ¥(mz)dm as inner integration. Here m is integrated over |m| < 1. Hence, we may restrict the
integration over z to the domain |z| < 1. The result follows. O
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2.2 On the generating function
In this subsection we will prove that the generating function can be expressed in terms of the
function Wé?)

Embed g € GL, in GL,,, as g — go = diag(g, I, ..., I,). We have the following proposition.
PROPOSITION 2. Let W}L?)(h) denote the function corresponding to the K,, fixed vector. Then,

for s =s/n— (n—2)r/2 —1/2n, we have

As(g) = Wiy (go)ldet g (9)
Proof. It follows from the discussion right after equation (7) that the function Wi (g0) is K,
bi-invariant. To prove the proposition it is enough to show that

ALMW@WW@M®wW@=L@H%. (10)

Notice that this will also imply that the function W,g?)(h) as defined in (7) is not identically
zero on the space of the representation 97(3). Using the identity w_ ) (9) = [ fro (kg) dk, we
may, after a change of variables, replace in (10) the function w_m) by f.m). Here frm is the
unramified vector in the space of 7("). Performing the Iwasawa decomposition, the integral in
equation (10) is equal to

/ From () / W (voto)|det ¢ 6, (¢) " dug dt. (11)
T, Vi

Here V, is the maximal unipotent subgroup of GL, consisting of upper unipotent matrices. Also
t = diag(ay,as,...,a,). Plug integral (7) into integral (11). Thus, we obtain the integral

/ /UO f(wywouvoto)y,, (w) du dvg (12)

as an inner integration to integral (11). Let U}, denote the subgroup of U{,. consisting of all
matrices such that X o[i, j] = 0 for all i # j. We claim that integral (12) is equal to

/U1 fwywouto)vy,, (u) du. (13)

We do this by using Lemma 1 several times. It is convenient to use the following notation. For
all integers 1 < a,b < nr and all m € F, let xq(m) = I, + megqp. Here e, is the matrix of size
nr which has a one in the (a,b)th entry, and zero elsewhere.

In integral (12) consider the integrations over the variables X o[r,r — 1] and vo[r — 1,r],
where the latter variable indicates the (r — 1,7)th entry of vy. In the notation of §2.1, let
Ta(2z) = ror—1(2) where z = Xy o[r,r — 1], and let x5(l) = x,_1,(I) where | = vo[r — 1, r]. With
this notation we have x44g(m) = xy—1,2,—1(m), and from the definition of the character vy,
we have ¢y, (va4+5(m)) # 1. Hence, all the conditions of Lemma 1 are satisfied with e = 0 and
h(a) = h(a,) = diag(l,—1, ar, Iny—). From this we deduce that in integral (12) we may restrict
the domain of integration to the group V, with the condition that vg[r — 1,7] = 0, and to the
group UY, with the condition X s[r,7 — 1] = 0.

In general, we apply this process in the following order. Fix r + 1 < j < 2r — 1. Then for
all j —r+ 1< i<, set 2q(2) = 245(2) with 2 = Xy 204,75 — 7], and z5(l) = xj_,;(I) with
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| = volj — r,i]. With this notation we have z,45(m) = x;_, j(m). Since ¢y, is not trivial on
Tat+p(m), we can apply Lemma 1 with € = 0. The end result of this repeated process is that
integral (12) is equal to integral (13).
Conjugating by wy, write woU,L,wy V= U2 U3 where the groups U2, and U3, are defined as
follows. First, identify the group U2, with r copies of the group V;,. Here Vj, is defined to be the

group of all upper unipotent matrices of GL,,. The embedding of U2, inside GL,, is given by

(Un,1,Vn,2s ., Upy) > diag(vn,1,vn2, ..., 05, ). Here v, ; € V,,. To define the group Ugr, consider
the unipotent group generated by all matrices of the form
I
You I
Yai Yso [ : (14)
: C I
Yoir Yoo oo Yo, 1

Here Y; ; is in Mat,,«,,. Then the group U,%r is generated by all matrices as in (14) which satisfies
the conditions Y; ;[l1,ls] = Y;;[1,2] = 0 for all [; > Is.

For v € V,,, let ¢y, (v) denote the Whittaker character of the group V;,. This character is
defined as follows. Given v = (v[i, j]) € V,,, then

Yy, (v) =¥(v[1,2] +v[2,3] + - -+ v[n — 1,n]). (15)

Let up = diag(vn1,vn2,---,0ns) € UZ,.. Define the character Yyz, of U2 as Yuz, (u2) =
Vv, (Vn,1)¥v, (Un2) - - - ¥y, (Unr). Then, in the notation of U2, U2, the character ¢y, transforms
to the character ¢y2 on the group U2, and is trivial on the group U3 .

Thus, integral (13) is equal to

/U3 fw (ugwotowy ) dus (16)

where

fW(h) _/U2 ?(wJUQh)wU%T(UQ) dus.

We have wotowgl = diag(A1, Ag,..., A;) where A; = diag(a;, I,—1). Conjugating the matrix
wotowy * to the left in integral (16), we obtain the factor

a(t) = (lazllas?laal - - |a, 71"

from the change of variables in U2,. Thus, integral (16) is equal to

Oz(t) - fw(’wotowo_lu?,) dU3. (17)
We claim that integral (17) is equal to a(t)fw (wotowy'). This we will show by a repeated
application of Corollary 1. Indeed, fix 2 < @ < r, where we first start with ¢ = r, then i = r—1 and
soon. Let 1 <k <i—1. Assume that [ and Iy are such that Y; [l1, 2] is a variable in the domain of
integration in integral (17). In the notation of §2.1, let x4(2) = Tp(i—1)41, n(k—1)+1, (2) With z =
Yiklli, 2], and let z5(m) = Tp—1) 1o m(i—1)+1,+1(m). Then zoi5(1) = Tpi—1)41 mi-1)+1+1(0),
and from the properties of fyr we have fi(xq45(0)g) = ¥(—1)fw(g). Applying Corollary 1
several times in the indicated order, the above claim follows.
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Let f be an arbitrary function in the space of @S}). Then the integral fy(h) defines a
functional on @%’P which by [Cail6, Theorem 3.38] is unique. Applying an argument similar to
that in [BG92, pp. 169-170], we deduce that for the unramified vector f in the space of @ﬁﬁ) we
have the following. First, fi (wotowy ') = 0 unless |a;| < 1 and |a;| = |b;|" for some |b;] < 1. On
such elements fyy (wotow 1) is not zero and is equal to 553"7;1)/ 2n
is equal to

(wotowy ). Hence, integral (17)

o) fr (wotowy ') = a(t)ssy " (wotgwy ). (18)

When a; = b, we have f_x)(t) =[], X?(bi)ég?(diag(l, ..., 1,b;,1,...,1)). Combining all this,
integral (11) is equal to

H/b<1 |b |ns "tn(n—2)(r—1)/2+(n—1)2 /2db (19)

From this the proposition follows. O

3. The Whittaker functional of the generating function

In this section we compute the Whittaker functional of the function Wi (go). Here the notation
is as in §2, but we assume that r < n. We make this assumption to get a precise proof of [BF99,
Conjecture 1.2]. The case when r > n is similar and will be dealt with in the next section. Embed
g € GL, in GL,, as g — diag(g, I,—). Let go = diag(g, Ln—r, I, - .., I,) € GLy,, where I,, appears
r — 1 times.

Let V, denote the standard maximal unipotent subgroup of GL,, and let w‘jrl denote the
Whittaker character of V,. See equation (15) for the definition of #y,. Let ng) denote

the Whittaker function of the theta function defined on GL%"). Our goal is to prove the following
theorem.

n)

THEOREM 2. Assume that r < n. With the above notation, for all g € GL§« , we have

/ Uogo @ZJV (v)dv = ng) (g Inr) |det g|(”_1)(’"_1)/2. (20)

Proof. We will consider the case when » = n — 1. This is the hardest case. When r < n — 1 the
computations are similar but simpler. Since we will use some of the notation introduced in the
previous sections, we will continue to write » and n even though we assume that » =n — 1. By
the Iwasawa decomposition, it is enough to prove identity (20) for g = ¢t = diag(a1, a9, ..., an—1).
Notice, that from the left invariant properties of quf) and ngl), we may assume that |a;| < 1
foralll1<i<n—1.

We start by plugging integral (7) into the left-hand side of identity (20). Doing so, we obtain
the integral

| ] stwsemutoi, @ @) dude (21)
r Unr
As in the proof of Proposition 2, we claim that integral (21) is equal to the integral
/0 f(wywoudoto)vu,, (u) du (22)
Unr
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where §g = H?;; T r4i—1(1). Here, the definitions of UQ, and x,,(m) are given before and
after integral (13). To prove the above claim, we follow exactly the same steps as in the proof
that integral (12) is equal to integral (13). The only difference is that because of the character
1/1‘21 in integral (21), for suitable variables in V,., we need to use Lemma 1 with € = —1 and not
with € = 0 as in the proof of Proposition 2. This explains the element Jg. Next we proceed as in
the proof of Proposition 2. Following the exact steps which showed that integral (13) is equal to
integral (17), we deduce that integral (22) is equal to

Il = Oé(t) s fw(wotowo_lu;;él (t)) dU3.
U”LT‘
Here the group U2, and «(t) are defined before integral (17), and we remind the reader that
we assume that » = n — 1. Also, we have 0;(t) = H?:_Ql x(i,l)nﬂ,(i,g)nw(a;l). This element is
obtained by conjugating o by wg and tg.
At this point, for all 2 < j <n — 1, we will introduce an integral which we denote by I;. To

do that we first fix some notation. Let t; = diag(A;;, Ajj+1,- s Ajn—1,In, ..., In) denote the
torus element of GL,, where A;; = diag(a1,...,a;,l,—;), and for all j+1 < i< n—1 we define
A;; = diag(lj, a;, In—j—1). Notice that when j =n—1, we get t; = diag(An—1,n—1,In, ..., In) = to.

Next we define oy;(t) = |aj+1a§+2a§+3 azfjfl|"_2 where we set ay,—1(t) = 1. Finally, we define
a set of subgroups Uy ;, and a set of characters vy, , defined on these groups. The definition
is inductive, so we start with U, 2. Consider the group U;?r with »r = n — 1, as was defined
right after equation (14). Let U, 2 denote the subgroup of U2, with the extra condition that
Y,_1;=0for all 1 <i<n— 2 Assuming we defined U, j_1, we define U, ; as the subgroup
of Up j—1 consisting of matrices of the form (14) such that Y,,_;11; =0 forall 1 <i <n —j,
and also satisfies the condition Y;;[b,j] =0forall 2<i<n—j,1<I<i—land1<b<n
The character 9y, ; is defined as follows. For u € U, ; written as in equation (14), we set
Yu,,; (W) = (35 JY 17— 1,7+ 1))
With this notatlon forall 2 < j<n—1, we set

t) /U ‘ fW (tju)wUnyj (u) du

We will prove that I> = I, and that for all 2 < j <n —1, we have I; = I;_;. This will complete
the proof of the theorem. Indeed, proving the above implies that the left-hand side of equation
(20) is equal to I,,—1. Since ay,—1(t) = 1, the group Uy, ,,—1 is the trivial group, and t,—1 = tp, we
deduce that I),_1 = fir (o). But as in equation (18) we obtain that fy(t9) equals the right-hand
side of equation (20).

We prove that Iy = Ii. Since la;] < 1, we obtain the Iwasawa decomposition 01(t) =
15 2(-2pnso.6-1ynr1(ai) [T/ hi(a;)k. Here k € K,,, and we have [/ hi(a;) = diag(Ba,1,
Bys,...,Bay_1). Here By = dlag(l ag, In—2), for 2 <i<n—2 we have By; = diag(a;l,aiﬂ,
I, 9), and Bypo1 = dlag( a,” 1,[ 1). Conjugating in I; the matrix §1(t)k~! to the left, and
using the left invariant properties of fy7, we obtain by matrix multiplication

I = an(t) /U v (s, () dus (23)

Here we use the fact that wgtowo_l H?;zl hi(a;) = ta. The factor of |agag - - - an—1 ]*("*2) is obtained
from a change of variables when we conjugate the torus H;:zl hi(a;) across U2.. The product
of this factor by a1(t) is equal to as(t). The character ¢ys is defined as follows. For ug € U3

nr?
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define ¢ys (usz) = 1/1(2?;21 Y;i—1[1, 3]). To complete the proof that Iy = I;, we need to show that
we can restrict the support of integration from U2, to Un,2. In other words, we need to show
that for all 1 <4 < n — 2, the integration over all variables in Y,,_1; is in K,,,. This is done as
in the proof of Proposition 2 while showing that integral (17) reduces to the left-hand side of
identity (18). Indeed, from the definition of the torus ta, given a variable Y;,_1 ;[l1, l2], we can find
a one-dimensional unipotent subgroup xg(m) so that we can apply Corollary 1. Thus I = I.
The next step is to prove that I; = I;_1. The first step is to prove that we can integrate over
a smaller unipotent group. Let U, j_1,1 denote the subgroup of U,, ;1 consisting of all matrices
which also satisfies Y [b,j] =0forall 3<i<n—j+1,1<I<i—2and1<b<j—1 To
show that we can reduce the domain of integration from U, j_1 to U, j—1,1 we apply Corollary 1.
In the notation of this corollary, let x4(2) = Zpi—1)4bn(-1)45(2) With z = Y;;[b, j], and let
x5(Mm) = Tpiyj—2n(i—1)+b(m). Notice that in this case the root o + 3 corresponds to the one-
dimensional unipotent subgroup ;2 n(1-1)4; (¢), which is a subgroup of Uy j_1,1. Moreover,
the character ¢y, ;_, is not trivial on this subgroup. Hence, the conditions of the Corollary 1
are satisfied. We mention that the order for which we apply this corollary is important. We first
vary 3 <i<n—j+ 1 and fix I = 1. Then we repeat the same process with [ = 2 and so on.
The second step is to show that I;_ is equal to

aa® [ s (0, ) du (24)

Here U, j_12 is the subgroup of Uy, ;11 which satisfies the condition that Y;;_i[j — 1,7] =0
for all 2 < i <n —j+ 1. The matrix 6;_1(t) = H?:_QJH x(i—l)n—&—j—l,n(i—Q)—l—j(aj_i1;2)' To derive
integral (24) we apply Corollary 1 with 24(2) = Zp(i—1)4j—1,n(i—2)+;(2) With 2 = Y;; 1[j — 1, ]
and 5(1) = T(i—1)n4+j—2,(i—1)n+j—1(1). The next step is to perform an Iwasawa decomposition for
d;—1(t) in integral (24). This is done as with d1(¢) and we obtain

n—j+1 n—j+1
di—1(t) = H T (i=2) 45, (i—1)n4j—1(@j+i—2) H hi(ajvi-2)k
=2 1=2

where k € K,,,.. Here H,TLL:_2]+1 hfi(aj+i_2) = diag(Bj_Ll, Bj_LQ, e Bj—l,n—j+1a I,... ,In), where
Bj—l,l = diag(lj_l,aj,fn_j), Bj—l,i = diag(lj_g,aj_jid,aj_m_l,fn_j) for 2 < ) < n — j, and
Bj_1n—j+1 = diag(fj_o, a;il, I,_j+1). Plugging this into integral (24) and conjugating the
matrix §;_1(t)k~! to the left, we obtain

oy (1) / fw (0, (u) du. (25)
U,

n,j—1,2

Here, we obtain the factor of |ajaji1---an_1|~" 2 from the conjugation of the toral part
of §;_1(t)k~1 across U, j_12. This combined with a;_1(t) gives the factor a;(t) in integral
(25). Notice also that the conjugation by the unipotent part of §;_1(t)k~! changes the additive
character to wyw. This is well defined. Indeed, notice that U, ; is a subgroup Uy, j_12 and we
can view vy, . as a character of Uy j—12 by extending it trivially. Finally, we have the identity
tj—1 H:L;QJH hi(ajti—2) = t;. To show that integral (25) equals I;, we need to show that we may
restrict the domain of integration from U, ;12 to Uy, ;. We do so using Corollary 1. Indeed, the
group Uy ; is the subgroup of U, j_12 obtained by setting Y,,_; 1, =0forall 1 <l <n—j
and Yj;—1[b,j] =0 forall 2<i<n—jand 1 <b<j— 2 To show that we may restrict the
integration over Uy, ;12 to the subgroup obtained by setting Y;,_; 11, = 0, we argue in a similar
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way to the reduction from the group U3, to U, 2 as was done right after integral (23). Then,
finally, to obtain the group U, ; we use Corollary 1 with z4(2) = T (i—1)4bn(i—2)+;(2) Where
z=Y;i-10b,j] and @9y jn(i—1)4p+1(m). Here 2<i<n—jand 1 <b<j—2. O

4. The case when r > n

As mentioned in the introduction, the authors of [BF99] were well aware that the situation when
r > n is similar. Since they do not specify this case explicitly, we briefly mention the global
constructions and show how a similar result to Theorem 2 holds in this case.

Assume first that 7 > n. Let 7(®) denote a cuspidal representation of the group GLgn)(A).

Let @5{” denote the theta representation of the group GLgln)(A). Then we consider the global
integral (1) introduced in the introduction. The group V;, is defined as follows. Recall that V.
is the standard maximal unipotent subgroup of GL,. Then V, , is the subgroup of V, consisting
of all matrices v = (v;j) € V. such that v;; = 0 for all 2 < j < n + 1. The character ¢y, , is
defined by 9y, ,(v) = Y(Vnt1,n42 + Vny2,ne3 + -+ vp—1,). It follows from the cuspidality of ¢
that integral (1) converges for all s. A similar unfolding to that in [BF99, § 2] implies that for
Re(s) large, integral (1) is equal to integral (2).
Next we consider the case when 7 = n. In this case the global integral is given by

/ Ho)0g) (g, 5) dg (26)
Z,(A)GL, (F)\GL,(A)

Here Z, is the subgroup of Z, the center of GL,, which consists of scalar matrices which are r
powers. For simplicity we assume that all representations have a trivial central character. Also,

E(g, s) is the Eisenstein series defined on the group GL,(A) and is associated with the induced
GL(A)
P(A)

is GL,_1 x GL;. Unfolding this integral, by first unfolding the Eisenstein series, we obtain for

Re(s) large that integral (26) is equal to

representation Ind 0%. Here P is the maximal parabolic subgroup of GL, whose Levi part

/ We(9)Wo(9)f (g, s) dg. (27)
Z,(A)Vr(A)\GL,(A)

Here f(g,s) is a section in the above induced representation.

Next we study the local unramified computation corresponding to integrals (2) and (27).
Since the Whittaker coefficient of the representation 7(™ is not factorizable, it is not clear that
these integrals are Eulerian. However, as explained in [BF99], if we can prove similar results
to Proposition 2 and Theorem 2, the so-called ‘new way’ would imply that these integrals are
indeed factorizable. As for Proposition 2, it is clear that it holds for all values of r and n.

As for Theorem 2, this is not the case for all matrices g € GLfnn). Assuming r > n, denote by
To the subgroup of GL, which consists of all diagonal matrices ¢t = diag(ay, ag, ..., a,) such that

la;] < 1for 1 <i<nand|a=1foraln+1<i<r. Let To(n) denote the inverse image of Tj
inside GLLn). Let GL%) denote all elements g € GL&n) which can be written as g = vtk where

veV.,tel én) and k € K,.. Here K, is the standard maximal compact subgroup of GL,.. With
this notation we have the following theorem.

THEOREM 3. Assume that r > n. Then, for all g € GL%), we have

[ W g0 ) do = WD ) det gfin D002 (28)
Vr
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Proof. The proof of this theorem is the same as the proof of Theorem 2, and so we will only
indicate the end result. Using the Iwasawa decomposition, we may assume that go = to = diag(t,

I,...,I;) where t = (a1, ..., a,). This factorization produces a factor of ( ).
Defining similar mtegrals I; as in Theorem 2, we prove that the left- hand side of integral (28)
is equal to fyy(t{,) where t, = dlag(Al,Ag, cos Ar—pi1, Iny .o, 1), Here Ay = diag(aq, ..., an),

and for all 2 < i <r—n+1 we have A; = diag(l,—1, an+i—1). Applying the factorization of
equation (18), we obtain the identity

r—n—41

f()_5n1/2n H

From the properties of the Whittaker function, we deduce that for all 2 <7 <r —n+ 1 we have
Wé )(A) = 0 unless |a,4;—1| = 1. Notice that d5 (Al, n—r) =0g (A1)|det A", From this
the theorem follows. O

Notice that this theorem is enough to prove that the corresponding local versions of integrals
(2) and (27) are Eulerian. Indeed, the local version of integral (2) is given by

[oowe( ) Walgletgt g (29)
Vo \GLn r—n

(n)

Here ¢ is a vector in the local component of 7,7’ where v is a place where all data
are unramified. Similarly for 6. Also, Wy is any local Whittaker functional defined on the

representation 77,(,"). Similarly, Wy is the Whittaker functional defined on the space of @%”Z

It is known that for the representation @%nz this Whittaker functional is unique (see [KP84]).
However, this need not be the case for the representation 77,(,”).

Applying the Iwasawa decomposition to the quotient V;.\GL,, the domain of integration in
integral (29) is reduced to the torus T, of GL,. However, because of the Whittaker functional
properties, Wy (t ITfn) is zero unless t € Typ. Hence, we can apply Theorem 3 to deduce that
integral (2) is indeed Eulerian.

A similar argument applies to integral (27). Indeed, using the properties of the Whittaker
function, we can choose representatives for the quotient Z,\T, to be in the group 7y. Hence,
once again we can apply Theorem 3.

REFERENCES

BF99 D. Bump and S. Friedberg, Metaplectic generating functions and Shimura integrals, in
Automorphic forms, automorphic representations, and arithmetic (Fort Worth, TX, 1996),
Proceedings of Symposia in Pure Mathematics, vol. 66, Part 2 (American Mathematical
Society, Providence, RI, 1999), 1-17.

BG92 D. Bump and D. Ginzburg, Symmetric square L-functions on GL(r), Ann. of Math. (2) 136
(1992), 137-205.

BHS86 D. Bump and J. Hoffstein, Some FEuler products associated with cubic metaplectic forms on
GL(3), Duke Math. J. 53 (1986), 1047-1072.

BHS87 D. Bump and J. Hoffstein, On Shimura’s correspondence, Duke Math. J. 55 (1987), 661-691.

Cail6 Y. Cai, Fourier coefficients for theta representations on covers of general linear groups, Trans.
Amer. Math. Soc., to appear, doi:10.1090/tran/7429. Preprint (2016), arXiv:1602.06614.

683

https://doi.org/10.1112/50010437X17007655 Published online by Cambridge University Press


https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
https://doi.org/10.1090/tran/7429
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
http://www.arxiv.org/abs/1602.06614
https://doi.org/10.1112/S0010437X17007655

GENERATING FUNCTIONS ON COVERING GROUPS

CFGKI16 Y. Cai, S. Friedberg, D. Ginzburg and E. Kaplan, Doubling constructions for covering groups

F1i80

FG16

GP80

KP84

PP84

PRS8

and tensor product L-functions, Preprint (2016), arXiv:1601.08240.

Y. Z. Flicker, Automorphic forms on covering groups of GL(2), Invent. Math. 57 (1980),
119-182.

S. Friedberg and D. Ginzburg, Criteria for the existence of cuspidal theta representations, Res.
Number Theory 2 (2016), 1-16.

S. Gelbart and I. I. Piatetski-Shapiro, Distinguished representations and modular forms of
half-integral weight, Invent. Math. 59 (1980), 145-188.

D. A. Kazhdan and S. J. Patterson, Metaplectic forms, Publ. Math. Inst. Hautes Etudes Sci.
59 (1984), 35-142.

S. J. Patterson and I. I. Piatetski-Shapiro, A cubic analogue of the cuspidal theta
representations, J. Math. Pures Appl. (9) 63 (1984), 333-375.

1. Piatetski-Shapiro and S. Rallis, A new way to get Euler products, J. Reine Angew. Math.
392 (1988), 110-124.

David Ginzburg ginzburg@post.tau.ac.il

School of Mathematical Sciences, Tel Aviv University,
Ramat Aviv, Tel Aviv 6997801, Israel

684

https://doi.org/10.1112/50010437X17007655 Published online by Cambridge University Press


http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
http://www.arxiv.org/abs/1601.08240
https://doi.org/10.1112/S0010437X17007655

	1 Introduction
	2 Generating functions
	2.1 A local computation
	2.2 On the generating function

	3 The Whittaker functional of the generating function
	4 The case when r⩾n
	References



