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For practical workings with the formula (8) a useful variant is
obtained by employing not standard deviations but ¢ variances” V
defined by

no® = 2V,
where ¢ is the ¢ class interval.”” We then have
ny 02, = c%, Vy,, ete.,
N171012 01y = 71 €12 C1y vV (Viz Vi)

The reader may be left to make the substitution, which takes a
specially useful form when, as is normally the case, the class intervals
for both groups in z, as well as in y, are the same.

The Probability Distribution of a Bridge Hand
By J. B. MARSHALL.

The probability distribution of a bridge hand affords a good
example of drawings without replacement from a limited stock.

Let n drawings be made from such a stock. Let p,, and ¢, be
the probabilities of success and failure after there have been r
drawings with s successes, and let the probabilities in successive
drawings be connected by the relation

PrsQr+1,5+1 = Qrs Pr+1, s (l)

[This relation is easily seen to hold in the case of a bridge hand.
For if b is the number of cards left in the pack after r drawings, and
if a is the number which will give a successful result, then

Prs = a/b’ Prs1,s = a/(b - 1)’ Pr-1,5+1= (a’ - 1)/(b - 1):

whence
a b—1)—(a—1
PrsQr+1,5+1 = 7 X ( b)—(l )
b—a v a
b b—1
= qrspr+1,s']

Let us, in the usual manner, construct a generating function
(G.F.) by introducing a variable ¢, the powers of which will enumerate
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the successes, the coefficient being the associated probability. Then
for the first drawing the G.F. is

Poot + Qoo-
For the first two drawings the G.F. is
Poot (P11t 4 q11) + Qoo (P10t + G10)
= Poo P11 ¥% + 2P00 411 + Go0 G105 by (1).
For three drawings the G.F. is
Poo P11 82 (Paz ¢ + qa2) + 2000 q11 ¢ (P21 + q21) + 900 G20 (P20 ¢ + 920)
= Poo P11 P22 t® + 3Poo P11 9221% + 3P0 q11 921t + Qoo 910920, by (1).

The form of the general result now begins to appear, and we can
in fact show, by an induction from » to n -4 1 based on (1), that the
G.F. for n drawings is

PooPi1 -« - Pr-t1,n—1 "+ NP0 P11+ -+ Pu-2,n—2Tn—1,n—1 "1
n
+ < 9 >P00P11 .. _pn—3, n—3 Qn—2, n—2 Qn—-l,n—ztn—2 + .- + %0910- . QM—-I,O-

The “moment’ G.F.is obtained, as usual, by putting t =e* in
the above and expanding in powers of a. The first or constant term
in this expansion will be

PooP11 v+ Poet,n—1+ P00 P11 -+« Pn-z n—2Tn-1,n-1F -+ -+

which from the meaning of a moment G.F. must equal unity, as
can also be proved by means of relation (1). The coefficient of a is

nPoo [1011 eo pn—l,n—l + (n - 1)1’311 IR pn—2,7z—2 Qn—l,n—l + o -]-

The part within the bracket here is of exactly the same form as
the expression given above for the first term, with an initial proba-
bility of p;; instead of py, and correspondingly » — 1 for n. Hence
it also must equal unity, and so the mean of the distribution under

view is npgo.
The coefficient of «2/2!, which gives the second moment or mean
square, is

NPoo [nPu cese Pun_1,n-1 + (n - 1)22711 seee pn—2,n—2Qn-—1,n—]
—1 .
+ <n 9 >(n—2)]711- Pr—3.n-3n—2 n—2@n—1, n—2F("—1)2p11Q20. . . Qn_1,2

+qu e o1l
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The part within the bracket may be written

{1 +(n—1) YP1uPoz - Dn1,n-1
+ {(n - 1) + (n - l) (n - 2)}]911 e P2 n-2 Qll——l, n—1

—2
‘f‘{( 9 >+ (’IZ - 1)<n 9 >}p1] s pn—3,n-3 Qn——Z, n—2 Qn—l,n——z

....................................................

+{n—1)+(n— 1)} puugee ... . Gu_1,2
+ {1 + 0}gu -+« Gu-1,10

Adding vertically we get two expressions, exactly similar to the first
term, the second expression being multiplied by (n — 1) p;;. Hence
the part within the brackets is equal to 1 4 (» — 1) py;, and so the
coefficient of a?/2! in the moment G.¥. is

npoo [1 + (n — 1) pul.

Transferring to the mean as origin by subtracting (npy)?, we
derive the second moment u, about the mean, or squared standard
deviation o2, as

0® = nPgo oo — % (M — 1) Poo (Poo — P11)-
Thus the mean and standard deviation of this particular distribution
are given in simple terms.

Ezample. For the distribution of one suit in a bridge hand, we

have .
L =2, n=13 ~1z2_4
Poo—z—a QOO‘_Z’ - ’ pll““5l*‘ﬁ-
39 39
H = g2 = — —
ence He, o2 16 68
~ 207 _ .86
272
and so c = 1:36.
A Problem in Combinations
By A. C. AITkEN.
1. If there are n individuals A4,, 4,, ...., 4,, in how many ways

can they be put into groups? For example, if there are three
individuals 4, B, C, they may be grouped as

A+ B+ C; A+(B+C), B+(C+ 4), C+(4+B); (4+ B+ 0),
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