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Abstract

The main goal of this paper is to give the answer to one of the main problems of the theory of
nonautonomous superposition operators acting in the space of functions of bounded variation in the sense
of Jordan. Namely, we prove that if the superposition operator maps the space BV[0, 1] into itself, then it
is automatically locally bounded, provided its generator is a locally bounded function.
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1. Introduction

The notion of variation, introduced by Jordan in 1881 (see [12]), is one of the basic
notions of mathematical analysis. Since the end of the 19th century the Jordan
variation (as well as its generalisations and extensions) has been an object of interest
for many mathematicians due to the fact that functions of bounded variation have
found applications in many fields: for example, in geometric measure theory (see,
for example, [1, 16]); in image processing, analysis and recovery (see, for example,
[8—10, 14, 17]); in the theory of Fourier series (see [18]); in the theory of integration
and integral equations (see [5—7]); and in economics (see [11]).

In the recently published monograph [2], whose aim is to give a thorough account
of functions of bounded (generalised) variation and their relation to other important
classes of functions as well as their applications to various problems arising in
nonlinear analysis, the authors stated three basic problems regarding nonautonomous
superposition operators acting in the space of functions of bounded variation in
the sense of Jordan. The first two problems concern both necessary and sufficient
conditions under which the nonautonomous superposition operator maps the space
BV[0, 1] into itself and is (locally) bounded, respectively. For completeness, let us add
that the third problem concerns the continuity of the superposition operator, but it will
not be addressed in this paper.
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In the case of autonomous superposition operators the problems concerning the
so-called acting conditions and local boundedness were solved by Josephy who in
1981 established the following result.

Tueorem 1.1 ([3, Theorem 6.13], [13]). Suppose that F is an autonomous
superposition operator generated by a function f : R — R. The superposition operator
F maps the space BV|0, 1] into itself if and only if the function f satisfies a local
Lipschitz condition, that is, for every r > 0 there exists a number L, > 0 such that
Ilf(u) — f(w)| < L, Ju — w|, whenever u,w € [—r, r].

Until very recently is seemed that the counterpart of Josephy’s theorem for
nonautonomous superposition operators had been established and ‘quite’ general
sufficient conditions for a nonautonomous superposition operator to act in BV[0, 1] had
been found. However, in 2014 Mackowiak, motivated by the doubts concerning the so-
called ‘Ljamin’s theorem’ raised by Bugajewska in [4], constructed a counterexample
showing the falsity of the result (for the details see [15]).

In this paper we continue the study of superposition operators in the space of
functions of bounded Jordan variation and prove that if the superposition operator F
maps the space BV[0, 1] into itself, then F' is automatically locally bounded, provided
that its generator is a locally bounded function. Let us add that the local boundedness
of the generator is a necessary condition for the local boundedness of the superposition
operator.

Before we proceed further, let us briefly explain the idea behind our approach.
The key observation is as follows: if the superposition operator maps the space
BV[0, 1] into itself but is not locally bounded, then it is possible to ‘transfer’ (and
then ‘localise’) its undesired properties to the generator f, that is, it is possible to find
apoint (*,u*) € [0,1] X R and a sequence (x,),en of functions with uniformly bounded
Jordan variation such that the graphs of the functions are eventually contained in an
arbitrary open neighbourhood of the point (¢*, u*), and the corresponding variation
sums of the superposition' of f and x, grow to infinity (see Theorem 3.4). Next,
we show that the functions x, can be ‘redefined’ to make their Jordan variation on
a certain interval around ¢* arbitrarily small (see Lemmas 3.6 and 3.7). In the final
step it ‘suffices’ to glue the modified functions together in order to get a function of
bounded variation which after superposition with f does not belong to BV[0, 1] (see
Theorem 4.1).

The paper is organised as follows: In Section 2 we fix the notation used in this
paper and recall basic definitions concerning the Jordan variation and superposition
operators. In Section 3 we establish several auxiliary results which will be required in
Section 4 to prove the main result of the paper, Theorem 4.1.

IBy the superposition of f: [0,1] X R — R and x, : [0, 1] — R we mean the function  — f(z, x,(1)).
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2. Preliminaries

We begin this section by recalling the notion of the Jordan variation. For simplicity,
we will restrict our considerations to the interval [0, 1].

DeriniTioN 2.1. Let x be a real-valued function defined on the interval [0, 1]. The
number

\/xzsup

0 i

1 n
[x(;) — x(#i-1)|,
=1
where the supremum is taken over all finite partitions 0 =y < #; <--- <, = 1 of [0, 1],
is called the variation (in the sense of Jordan) of the function x over [0, 1].

It is well known that the space of all functions of bounded Jordan variation,
1
B0, 1] = {x: (0,11 5 R+ \/x < +ool,
0

endowed with the norm ||x||gy = |x(0)| + \/(1) x, is a Banach space. (For a thorough
treatment of various classical and nonclassical spaces of functions of bounded
variation we refer the reader to [2].) The closed ball in the space BV[0, 1] with centre
at x and radius r € (0, +o0) will be denoted by Bgy(x, 7).

Now, let us pass onto superposition operators. Let f:[0,1] X R — R and let us
consider the nonlinear operator F' which to each function x : [0, 1] —» R (belonging
to a given set X) assigns the function 7 — f(¢, x(¢)). The operator F is known as the
superposition operator (or Nemytskii operator) and the function f is said to be its
generator. The superposition operator F is called autonomous if its generator f does
not depend on the ‘time’ variable ¢ € [0, 1]; otherwise F is said to be nonautonomous.
For a deeper discussion of superposition operators we refer the reader to [3].

In this paper, we understand locally bounded mappings acting in BV[0, 1] to be the
mappings defined as follows.

DermniTioN 2.2. A mapping G : BV[0, 1] — BV][0, 1] is said to be locally bounded if
for each r > 0 there exists R > 0 such that G(Bgy (0, r)) C Bgy(0, R).

Finally, throughout the paper, for ¢ € [0, 1] and € € (0, +00) we will write [.(¢) :=
max{0, 7 — &} and r.(7) := min{1, 1 + &}.

3. Auxiliary results

The aim of this section is to prove several technical results which will be needed in
the sequel to ‘translate’ the properties of a nonautonomous superposition operator to
the properties of its generator. Throughout the section we assume that f : [0, 1] X
R — R is a function which maps bounded sets into bounded sets and that F is a
nonautonomous superposition operator generated by f.

Lemma 3.1. Let f: [0,1] X R — R and suppose that a sequence (x,)nen of real-valued
functions defined on [0, 1] is uniformly bounded and such that ||F (x,)||py = nforn € N.
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Then there exists ty € [0, 1] such that for each & > 0,

rs(IO)
sup \/ F(x,) = +oo.
"N 1)
Proor. Assume that the assertion is false. Then we deduce that for any 7 € [0, 1] there

exists g, > 0 such that
rs,(t)
sup \/ F(x,) =: M, < +c0.
neN 0

Since [0, 1] is compact, we conclude that there exists M > 0 such that

1
sup ||[F (x,)l|gv < suplf(0, x,(0))| + sup \/ F(x,) < sup|f(0, x,(0)] + M < +co,
eN eN 0

neN n n neN
which is impossible. O

Lemma 3.2. Let f: [0, 1] X R — R and suppose that a sequence (x,)nen 0f real-valued
functions defined on [0, 1] is uniformly bounded and such that ||F(x,)||gy = n forn € N.
Then there exist ty € [0, 1] and a subsequence (x, )ken Of (Xy)nenw Such that for each
& > 0 a positive integer ko can be found with

VE(IO)
\/ F(xy) >k fork> k.
L:(t0)

Proor. In view of Lemma 3.1, we infer that there exist a point ¢! € [0,1] and a
subsequence (x},),,eN of (x,)nen such that

i)
lim \/ F(x!) = +co.
n—o0

L)
Let us note that, passing to a subsequence if necessary, we may assume that
ri(t')
IFGepllsy 2 \/ F(xp)2n forneN.
L")

Invoking Lemma 3.1 once again, we deduce that there is a > € [0,1] and a
subsequence (x%)neN of (x,ﬁ)neN such that

G
IFC) gy > \/ F(x>)>n forneN.
L@t

This procedure yields a family of sequences (x}1),cn and points 4 € [0, 1] such that
(™), is a subsequence of (x¥),enr and |F(xD)lpy > \/Z‘//:((tl:)) F(x1y>n for n e N,

where g € N.
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Now, define y, := xZ for g € N. Since the sequence (7),eyv is bounded, it contains
a subsequence (% )y Which converges to a point #y € [0, 1]. The point 7y and the
sequence (yq )ken satisfy the claim. To see this, notice that for a given & > 0 there
exists kg € N such that [/, (¢%), 71,4, (19%)] C [I:(20), r+(to)] for all k > ky. Hence,

re(to) T1/q; (19%)
\ Fog = \/ F&i) =g fork> ko,
Is(to) Dy (19K )

which ends the proof. O

Our further considerations are based on the following result.

Lemma 3.3. Let r > 0 and suppose that x, € Bgy(0,r) and ||F(x,)|lgy = n for n € N.
Then there exists to € [0, 1] such that for any 6 > 0 and & > O there exist a subsequence
(Xn,)gent Of (Xp)new, a point ug € [—r,r] and a sequence of finite collections of points
lo(to) <10 <t] <--- < tzq < ry(ty), where q € N, for which the following properties

hold: x,,(t]) € [ug — 6,up + 6 fori =0,...,d, and

d‘l
lim 21 @, 2, (1) = £, (2 )] = o0

Proor. By Lemma 3.2 there exist a point fy € [0, 1] and a subsequence (x,, )kenr Of
(Xn)nen Which for every € > 0 satisfy the condition

re(to)
\/ Fla) 2k fork > koe).
ls(IO)

For the sake of simplicity, we may assume that (x, )ren coincides with the initial
sequence (X, )nen-

Fix 6 > 0 and € > 0. (Without loss of generality, we may assume that 67/ is a
positive integer greater than or equal to 2 and that ky(e) = 1.) For each n € N, choose
a number k, € N and a finite partition [(f) = 75 < --- < Tzn = r¢(ty) of the interval
[1:(t), r<(tp)] such that

kll
DA (T = FT X ) = = M,
i=1
where
0< M, :=sup{|f(t,u)|: t€[0,1] and u € [-r, r]} < +oo.

This, in particular, shows that k,, — +co as n — +oo.
Now, let us define

. S
u’:=—r and uf+1:=u’+§ for j=0,1,...,s -1,
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where s = 6r/6. Then, the intervals [u/ — 6/6,u’ + §/6], where j=0,1,...,s, cover
the interval [—r, r]. Moreover,

' —6/6,u/ +6/6]1 0 [ —6/6,u”™ +65/6]={u/ +6/6) forj=0,...,5—1,
and we have |u — w| > 6/3 for u € [u' — 6/6,u’ + 6/6],w € [u/ —5/6,u’ + 6/6] and i, j
with i — j| > 1.

For every n € NN,

@) i=0,1,.. k) |/ = 6/6,10 + 6/6].
j=0
Then to each i € {0, ..., k,} we can assign a number (i) € {0, ..., s} by
J"(@) == min{j : x,(7) € [u - §/6,u’ + §/6]}.
For every n € N, either:

e |j/f()—j"0) <2foralli€{0,...,k,}, which means that x,(7}) is in the interval
[/ —§/2,u”"® 1+ §/2] foralli € {0,...,k,}; or

e there exists a 5-jump, that is, there exists the first index i* € {1, ..., k,} such that
|j"() = j"(0)] = 2, and then |x,,(7.) — x,(7)| > /3.

Taking i* in place of 0 and repeating the above reasoning, we see that either there is a
o-jump for some i > i* or there is not, and so on. Let us note that since ||x,||py <,
the number of consecutive §-jumps for the function x,,, which will be denoted by m,,, is
at most 37/6 (observe that the upper bound for the number of §-jumps does not depend
on n). Indeed, if the function x, has consecutive d-jumps at the poin'[sl T Ths v es Ty

then
m,—1 1

rz Z |xn(T?) - xn(T?+l)| > §5m,,
i=0

This procedure leads to the following definition of the sets /', where [ =0, 1,...,m,:

poJUEN i<, 1) i <kt
P lieN: i+ 1<i <k} if i =k + 1,

where
ip:=0 and @, :=min({i € {i,... .k} : 1J'(}) = J" | = 2} U {k, + 1}).

Let us note that?

kn ny,
DN 5@ = FEL k@) = D @ 5T = FE X
i=1 =0 iel}

my

+ ) M@ 2 @) = f@_p xaTh D,
=1

"For the sake of simplicity, we assume that the consecutive 6-jumps of the function x, appear at the
first m,, + 1 points of the partition.
21t I} = 0, then by definition the sum corresponding to the set I} equals zero.
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and since
ny

D U@ %) = F@h g xa(T ) < 2mu M, < M,
=1
we infer that for n sufficiently large there exists /,, € {0, ..., m,} such that

DU x @) = F@y, %@ )] 2

2 n
i€l i

s = (s + DM,

Since m, < 3r/6 for every n € N, there exist a strictly increasing sequence (1,)qen

of positive integers which diverges to +co and a number [ € {0, 1, ..., maxX,ecy m,}
independent of n for which
Bim D 1, () = G 0, () = oo (3.1)
ieI;"’

Similarly, there is j € {0, ..., s}, for which x,, (‘r',l;jl) € [u/ - 5/6,u + 6/6] for infinitely
i

many g € N. Therefore, passing to a subsequence if necessary, we may assume that
Xn, () e [ - 6/6,u’ + 5/6] for every g € N. So, by the definition of the set I)*, we

i
see that |u/ — an(‘r?")l <dforgeNandie Il"".
Finally, set
up :=uw, d,:= III""I, il = T:Z,+h forh=0,...,d,;
1
here |A| denotes the cardinality of the set A. Together with the condition (3.1), this
proves our assertion. O

The following result gives a necessary and sufficient condition for F to map BV[0, 1]
into itself and not be locally bounded.

TueOREM 3.4. Let f: [0, 1] X R — R be a function mapping bounded sets into bounded
sets which generates a nonautonomous superposition operator F that maps the space
BV|0, 1] into itself. The superposition operator F is not locally bounded in BV|0, 1]
if and only if there exist a number r > 0 and a point (ty, ug) € [0, 1] X [—r, r], together
with a sequence of functions (x,)qen C Bpy(0, 1), such that for any € >0 and ¢ > 0
there exists a sequence of finite collections of points lI(ty) < 1§ <1 <--- < tzq < r(to)
for which the following properties hold: xq(t?) € [up —o,up +90J, fori=0,1,...,d,
and all q sufficiently large, and

d‘l
lim Z; £, x(6) = F(L | xg (1 )] = +oo.

Proor. Suppose that the superposition operator F is not locally bounded. Then there
exist a number r > 0 and a sequence (x,),en C Bpy(0, r) such that ||[F(x,)|[py > n for
every n € N. Thus, in view of Lemma 3.3 there exist ' € [0, 1] and a subsequence
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(xi)neN of (x,)qen, together with a point u' € [-r, r] and a finite collection of points
L)<ty <---< t}il <ri(t"), such that x}(s}) € [u' = 1,u' + 1] fori=0,1,...,d; and

di
DG X)) = FUly X G 2 1
i=1

Furthermore, note that we may assume that ||F (x,'1)|| gy = n for n € N, which implies
that Lemma 3.3 can be applied to the sequence (x,', )nen- Therefore, we obtain a family
of sequences (x}),cn, Where g € N, together with points (¢4, u?) € [0, 1] X [~r, r] and
finite collections of points /;/,(1) <1 < --- < fZ,, < r174(19), which for g € N satisfy the
following properties:

o (xI™),qy is a subsequence of (x),a;

o xjhelu—1/qut +1/qlfori=0,1,....d;
d

o NI XD - £l X ) = g; and

o |IF(xDllav = nforneN.

Now, define y, := xg for g € N. Since the sequence (¢, u?) ey is bounded, it contains
a subsequence (%, u? )y which converges to a point (f, ug) € [0, 1] X [—r, r]. For the
sake of simplicity, we assume that (1%, u% ) coincides with (¢9, u?),en.

We are going to show that the point (%, up) and the sequence (y,)qen satisfy the
claim. Fix § > 0 and & > 0. Then there exists gy € N such that

1 1
I(ty) < ll/q(tq) < rl/q(tq) <rgty) and wuy-06< W ——<ul+—-<up+96
q q

for all g > go. Therefore, for g > qo, we take I;,,(17) <1l <--- < th < ry4(t7) as the
required collections of points, whereas for 1 < g < go — 1, one can take an arbitrary
partition of (l.(2y), r=(ty)). Hence, from the first part of the proof, it follows that for
q > qo we have y,(t!) € [ug — 6, up + 6] and

dq
DU ygt) = £ vyt ) 2 q.
i=1

This completes the proof, because the other implication is obvious. O

Let us now introduce some auxiliary notation. For a given r > 0, 6§ > 0 and a point
(t,u) € [0, 1] X R, let

Sstu) = {x € BV[0,1]: x(1) € [u — 6, u + 8] for T € [I5(t), rs(®)],

1
x(r) = u for 7 ¢ [1s(r). rs(0)] and \ / x < r}
0

https://doi.org/10.1017/5S0004972715000593 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972715000593

[9] Nonautonomous superposition operators 333
and!
1
Vi(t,u) = Sup{\/ F(x):xe S, u)} as well as Ry(t, ) := inf{r > 0 V(1,u) = +oco),
0

where F is the nonautonomous superposition operator generated by the function
f:10,1] xR — R. If no confusion can arise, we simply write S, Vi and R;.

Lemva 3.5. If r < v and 6 < &', then Si(t,u) C S5 (¢, u).
Proor. The claim follows from the obvious inclusions [ — 6,u + 8] C [u — &', u + ']
and [Is(2), r5(1)] C [l (1), rs(¢)] and the definition of the sets §5(z, u). O

The following two lemmas are crucial in the construction of a function of bounded
variation in the sense of Jordan which after superposition with f does not belong to
BVI[0, 1].

Lemma 3.6. Suppose that the nonautonomous superposition operator F that maps the
space BV[0, 1] into itself is not locally bounded. If (ty,ug) is a point for which the
assertion of Theorem 3.4 holds, then Rs(ty, ug) = 0 for every 6 > 0.

Proor. We start by showing that Rs = Rs(fo, 1) is finite for every 6 > 0. In view
of Theorem 3.4, there exists a sequence (x,)sen C Bpy(0,7), together with finite
collections of points I5(1g) < 15 < --- < th < rs(to), such that x,(t7) € [uo — 6, ug + 61
fori=0,1,...,d, and all g > gy and

d‘l
lim Z; £, x(6) = F(L | xg (L )] = +oo.

Now, define y, : [0, 1] — R as a piecewise linear function” whose graph is a simple
polygonal curve specified by the points

(O’ M()), (15(t0)7 uo)s (tqs xq(tg))a IERE) (tqq’ xq(tzq))’ (r(;(tU)a I/t()), (1, I/l()).

Then y, € S5+ for ¢ > qo, since

1 rs(to) dy
/g =\ va <o = XDl + 3 Pyt = xg G+ g (65 ) — ol <26 + .
0 Is(t0) i=1
Furthermore,

1 dy
\/ FOg) = D 1A xg) = FEL x (1) = +o0 as g — +oo,
0 i=1

which shows that Rs <26 + 7.
"Let us recall that if A = 0, then, by definition, inf A = +co.

>Throughout the paper, we understand a piecewise linear function to be a continuous function whose
graph is a simple polygonal curve which can be specified by finitely many vertices.
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Now we proceed to the main part of the proof. Suppose on the contrary that Rs > 0
for some ¢ > 0. For a given ¢’ € (0, %R(;] N (0, 6], in view of the first part of the
proof, there exists a sequence (Z,,)neny C S ZTZ‘S/, together with finite collections of points
lo(to) <1<+ < t:;,, < rg(to) such that for every n € N, z,(1') € [up — &', up + 9] for
i=0,1,...,d,and

1 d,
\/ F@) = Y 1@ 2 = fE ) = n.
0 i=1

Observe that (z,,),en 1S just a certain subsequence of the sequence (yz')qu constructed
analogously to (y,)4en from the first part of the proof with ¢” in place of ¢. Thus,

1 dll
\/ 2 <luto = 2B + Y 12a(t) = 2aE )+ leal) = uol.
0 i=1

Therefore, by the definition of Rs, without loss of generality, we may assume that

d,
. 3
D L) = 2t )l > ZRs forallne . (3.2)

i=1

Indeed, if
dll

3
Z |2, (1)) — za (£ I < ZR6 for somen€ A CN,
i=1
then if |A| € N, we could omit finitely many terms of the sequence (z,),en in order to
obtain the required property; on the other hand, if |A| = 8y, we would have

: 3 7
\/z,,g25'+4—11e5§§1e(S forn € A.
0

This, in turn, would imply that (z,,),ea C S f;/ R - g ((57/ ORs , and hence V§7/ BRs +00,
from which it would follow that

0 <R; :=inf{r>0: Vj = +oo} < ZRs.
Therefore, as stated before, we may assume that the sequence (z,),en satisfies (3.2).
Now, we are going to decompose the expressions Z?z”l |z(2!) — z(£ )| into blocks
whose sums are greater than or equal to %R(; and which share the following property:

the sum of each block diminished by the last term is either void, or smaller than %R(s.
So, let [j := 0 and assume that we have already defined /! for some i € N U {0}. If
I! = d,, then put I, | :=d,. On the other hand, if [ < d,, then define [’ | to be the

i+1
smallest index k € {l:.’ +1,...,d,} for which

k
. 1
25 ) = 2@ )l = SR,

J=l+1

if such an index exists, or l;’H :=d,,, otherwise.
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Since

d,
3 n n _
ks < JZ} lea(?)) = 2u(C I < T

we infer that for every n € N the sequence (]')icnujoy is eventually constant, that is,
there exists a smallest index ¢" > 1 such that [ = d, for i > ¢". Furthermore, note
that the upper bound for the number ¢" is independent of n and does not exceed
ms := (2r + Rs)/Rs. Indeed, for every n € N,

d _1 1?4-1
me)—zn(r, Dl = Z D ) = 2t
j=1 i=0 j=l'+1
1 ¥ 1
> 5(61" - DRs + | ZZ 1Iz,,(t;') -l 2 E(q” - DRs,
J= Zri,l+

whence the claim follows. Therefore, for each n € N, we getl

d,
Z (L 2a(E) = 1y 2a())]

J
q'l_l I?+l 1 qn
= 0 DA ) = FE 2D+ D 1 zaEp) = FE s 2l )
i=0 j=l+1 i=1
q”_l lxn+171
<0 D ) = FE 2 )] + 2Mms,
i=0 j=l+1

where M := sup{|f(t,u)| : t € [0, 1], u € [uy — 6, ug + 8]}. Thus, for any n € N sufficiently

q'-1 1,1
D Wz = [y 2 )] = n = 2Mmg > 0, (3.3)
i=0 j=I'+1

and so there exists k, € {0, 1,...,4" — 1} such that

"

kn+1 "

n n n n n
Z 2 = FE 2l 2 o = 2M. (3.4)

= +1

In particular, the above sum is not void, and therefore [, ., > [} +2.
Observe that, so far, we have constructed finite collections of vertices (t;f,z,,(t;.‘))
with ‘variation’ bounded by a constant independent of » that turns out to be smaller

'If the upper summation limit is smaller than the lower one, then, by definition, the sum is equal to
zero.
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than Rs and which, after the superposition with f, generate vertices whose ‘variation’
grows unboundedly. Therefore, to end the proof of Lemma 3.6, it suffices to translate
this information into the language of functions. For a fixed n sufficiently large
(cf. (3.3)), define ¢, : [0, 1] — R as a piecewise linear function whose graph is a simple
polygonal curve specified by the points

(09 uO)a (15’ (fo), MO), (tZ’n s Zn(l’;/l:l" ))7 (tlr/%"Jrl > Zn(t]r/%nJrl ))’
L) (t;i’ a2 Zn(t;;: +172))’ (IZ'(‘ b Zn(t;i{ -l ))’ (r5'(t0)’ MO), (1’ MO)-
In view of the definition of the numbers /! and the choice of the functions z,,

n
Ik"+l_1

1
n n n >
Vo sluo =zl + D Tt =zl )l + bl ) = uol < R
0

j:ZZn +1

and thus £, € Sf;/ R - g 555 I9Rs Furthermore, in view of the inequality (3.4),
1
n
\/ F&) = —-2Mm,
0 s

which proves that V;S/ ®Rs — 100 and contradicts the fact that Rs =inf{r>0:V{ = +oo}.
Thus, Rs = 0. O

Lemma 3.7. Suppose that the nonautonomous superposition operator F that maps
the space BV[0, 1] into itself is not locally bounded. Moreover, let us assume that
Rs(t*,u*) = 0 for every 6 >0, where t* € (0,1). Then for any given real numbers
r> 0andy > 0 and any positive integer n € N, there exists a piecewise linear function
x € (1", u*) whose graph is specified by the points (t;, p;), where i =0, ..., d, which
share the following properties:

o T =0T =LE)<Ty< < T T = < Ty <00 < Tgp < Ty =
() <tq:=1;
o poiEu S i=U <py < <oy <= U < fleyy < <flgp <pgop = Ut S
Mg = u";
3<c<d-3;and
S f @) = fGict, i)l + S 1 f i) = fTici, i)l 2 1.
Proor. For a fixed r > 0 and y > 0, in view of the fact that Rs(¢*, u*) = O for every
0 > 0, we infer that v - +00, where y’ = %min{Zy, r,1-r, ir}. Thus, there
exists a function y € S(yl,/z)r with \/(1) F(y) > v(l] F(xp)+n+12M + 1, where M :=
sup{lf(t,u)| : t € [0, 1], u € [u* —y,u”* + y]} and x,- is the constant function which at

every point in the interval [0, 1] attains the value u#*. Therefore, there is a finite partition
O0=ty<t; <---<t, =1 of the interval [0, 1] such that

m 1
£, y@) = Ftio,y@-0) 2 \/ Fxe) +n+12M =: o
i=1 0
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Let us note that, without loss of generality, we may assume that the partition contains
the points L, (t*), t* and r,, (t*), say, t; = I, ("), t = t* and t; = r,,(t"). Furthermore, we
can assume that j+2 <kandk+2 </

Define x : [0, 1] — R as a piecewise linear function whose graph is determined by

the points
(0’ M*), (ly(t*)s M*), (tj+1’y(tj+1))» PR (tk—lsy(tk—l))s ([k, M*),
(k1 Y(trs1))s - - (=1, Y(1-1)), (7 (7)), (1, u").
Since
1 k-1
\/ x =10 =yl + D V) = Y0l + ) |
0 i=j+2

-1

* * 1 ’
=yl + 3 V) = (@)l + () — ') < Sr+dy <,
i=k+2

we see that x € S ; Furthermore,

o < 3 @) = i, )

i=1
Jj-1 I+1
= > uy = Flt,u + D 1y = i, yEG-0)]
i=1 i=j
+ 1) = flt, )]
i=l+2

1+1

Fe) + ) ft y(6) = flti, y(t0)]

1
<\/
0 i=j
1
0

FQop) + 1f @, y(t) = f(to1, &) + [f (01, y(Ej51) = [, y(1))

k-1
+ Z |f(ti, x(8)) = fQit, X)) + | f (0, y(0)) — (i1, y(Hrm1))]
i=j+2
-1
+1f (et Y(trr1)) = [ yE)| + Z |f(ti, x(2) = f(tio1, x(Ti-1)]
i=k+2

+ 1 f(t, y@) = f=1, Y- + | f a1, Y1) = @t ().

Hence, using the triangle inequality and the local boundedness of the function f,

1 1
\/ FGa) + 12M + 3" 1t (1)) = fltiog, 5t )| 2 0= \/ Fxe) +n+ 12M,
0

iel 0
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where I :={j+2,...,k—2,k—1,k+2,k+3,...,]— 1}, which shows that

k-1 -1
Dl X)) = i, Xt D+ (s x(E0) = (i1, X(t)] > .

i=j+2 i=k+2

To end the proof it suffices to observe that the function x, together with the
collection of points

(TO, /'[0) = (O’ M*), (T],,Ll]) = (ly(t*)s M*), (7'2, ﬂ2) = (lj+1’)’(lj+1)), ey
(Te-1> Me1) 1= (tie1, Y1)y (Tespte) = (5, u"),  (Terts Hert) = (Gt Y(Ee1))s - - s
(Ta-2, Ma-2) = (=1, Y1)y (Tam1s 1) i= (ry (), "), (T, pa) = (1,u”)

which span the graph of x, satisfies the claim. O

REmARrk 3.8. Let us observe that a result analogous to Lemma 3.7 witht* = Qor " = 1
is also valid.

4. The main results

Now we are going to prove the main result of our paper concerning the local
boundedness of the nonautonomous superposition operator acting in the space
BV[0,1].

TueorEM 4.1. Let f:[0,1] X R > R be a function mapping bounded sets into
bounded sets which generates the nonautonomous superposition operator F. If the
superposition operator F maps the space BV|0, 1] into itself, then it is automatically
locally bounded.

Proor. On the contrary, suppose that F' maps the space BV[0, 1] into itself but is
not locally bounded. Given ¢, = i, r = % and n =1, in view of Theorem 3.4 and
Lemmas 3.6 and 3.7, there exists a piecewise linear function x; € S g‘l (10, up) satisfying
the properties described in Lemma 3.7. For the sake of simplicity, as in Lemma 3.7,
assume that #y € (0, 1). In particular, #; is contained in the interior of the interval
[Tcl-l—l’Tc1-1+l]' Hence 6, := %min{él,to - TLI_I_I,Tcl,lﬂ — 1o} > 0, and so Lemma 3.7 is
applicable withn =2, r, = 21—2 and 9, as defined above.

The continuation of this procedure yields a sequence (x,),eny Of piecewise linear
functions whose graphs are specified by the points (7}, u?), i =0,...,d,, satisfying the

properties described in Lemma 3.7. In particular, for n € N:

Xy € S (to, up), where r, = 1/2" and 0 < 6, < 1/4";
fp is contained in the interior of the interval [z _ .7 ,1;
l(;"(l()) < TZ,,—I < 1(5’1+1(l‘()) < r(5”+l(l‘()) < TZ,,+1 < I"(yn(l()); and

o I EL X)) = FE L @ D+ T @ @) = @ x(T )

> n.
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Let us now define the function x : [0, 1] — R in the following way:

ug  ift =19 orte[0,1\[ls,(t0), 75, (t0)],
xa(1) if 1 € [I5,(10), rs, (G)\(T], ;.77 ) for some n € N,

x(t) = .
&) ifre(t 15, (1)) for some n € N,
() ift € (rs,,,(to), 7. ) for some n € N,
where
ls,,,(10) — t 1=70
H=—2— — x, (" +—”u fortre (v _ 15 . (¢
i) = o T )+ @ 1l (1)
and
- n+l( 0) Tgn‘*'l —1 n
() = 52 )+ oy for € (rs,,, (10), T ).
Tp o1 = To, (T0) Ty o1 = To, (T0)

The above definition is correct. Indeed, defining

A = {lLs, (t0), rs, (k)N (T, 1570 41) :n €N}
U{(T,, 1515, (t0)) : n € N} U {(r5,,., (1), 77, 1) s m € N

and J, := [I5,(t0), ls,,,(t0)) U (¥5,,,(t0), 75,(t0)] for n € N, we infer that the family A
consists of pairwise disjoint sets, and, moreover,

Ja= UJ = [Us, (10, r3, () \ {10}
AeA n=1
Now, we are going to show that x € BV[0, 1]. Let us consider an arbitrary finite
partition 0 = sg < 51 < --- < §¢ = 1 of the interval [0, 1]. Clearly, we may assume that
sm = to forsome m € {1,. ..,k — 1} and, moreover, that s,,_; >[5, (fy) and s,,11 < rs,(%o).
Then, adding new points to the partition and reindexing, if necessary, we may assume

that s,,,_1, S;u41 € J, for some n € N and that s,,_; = TC > Smal = T'C’ .1- Then

le(s,)—x(sl Dl = le(sl) x(si—pl + Z [x(s;) — x(si=1)

i=m+2
+ |X(Sm) - x(sm—l)l + |X(Sm+1) - X(Sm)l

n 1

! !
< 2V bl ) = ol + (el 1) = ol

=1 0

1 (e8]
AP
Thus, x € BV[O0, 1].
To complete the proof we need to show that F(x) ¢ BVI[0, 1]. To this end, for every
n € N let us consider a finite partition of the interval [0, 1] defined as follows:

-l>|[\_)

IA
)

n __ n n e n n n ... n n __
T,=0<T1] <1< <Tp  <Tg <Tg, < <7y S‘rdn—l.
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Then
1 cp—1 d,—1

\/ FG) 2 Y 1@ 5@ = FEL L 3@+ D 1@ 50T = FE 3T
0 i=2 i=c,+2

which is greater than or equal to n, contradicting the fact that the superposition operator
maps the space BV[0, 1] into itself. O

From Theorem 4.1 we get the following result.

CoroLrarY 4.2. Let f:]0,1] X R = R be a function mapping bounded sets into
bounded sets which generates the nonautonomous superposition operator F. If there
exists a pointwise bounded sequence (x,),ery of BV -functions with sup,,. \/(1) X, < 0o
such that lim,,_,c \/(1) F(x,) = +oo, then the superposition operator does not map the
space BV[0, 1] into itself.

Thanks to Theorem 4.1, we can refine the main result of the paper by
Bugajewska et al. (Nonautonomous superposition operators in the spaces of functions
of bounded variation, submitted for publication) concerning the necessary and
sufficient conditions for the inclusion F(BV][0, 1]) c BV[0, 1].

TueorEM 4.3. Let f : [0, 1] X R — R be a function mapping bounded sets into bounded
sets which generates the nonautonomous superposition operator F. Then the following
conditions are equivalent:

(1)  the nonautonomous superposition operator F maps the space BV|0, 1] into itself;

(1) for every r > O there exists a constant M, > 0 such that for every k € N, every
finite partition 0 =ty < --- <ty = 1 of the interval [0, 1] and every finite sequence
ug, Ui, ..., U € [—r,r] with Zlelu,- — u;j_1| < r, the following inequalities hold:

k k
Z |f(ti,u) — f(tic,u)l < M, and Z |f(ticr, ui) = fi1, uim)l < M,
i=1 i=1

Proor. We omit the proof of Theorem 4.3 since it follows directly from Theorem 4.1
and Theorem 6 in the paper by Bugajeswski ef al. (‘Nonautonomous superposition
operators in the spaces of functions of bounded variation’, submitted for publication).

m]
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