Ergod. Th. & Dynam. Sys., (2023), 43, 692-728 © The Author(s), 2021. Published by Cambridge 692
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (http:/creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use,
distribution and reproduction, provided the original article is properly cited.

doi:10.1017/etds.2021.123

Julia sets of Zorich maps

ATHANASIOS TSANTARIS

School of Mathematical Sciences, University of Nottingham,
Nottingham NG72RD, UK
(e-mail: Athanasios.Tsantaris @ Nottingham.ac.uk)

(Received 12 January 2021 and accepted in revised form 26 September 2021)

Abstract. The Julia set of the exponential family E, : z — «e?, k > 0 was shown to be the
entire complex plane when « > 1/e essentially by Misiurewicz. Later, Devaney and Krych
showed that for 0 < k < 1/e the Julia set is an uncountable union of pairwise disjoint
simple curves tending to infinity. Bergweiler generalized the result of Devaney and Krych
for a three-dimensional analogue of the exponential map called the Zorich map. We show
that the Julia set of certain Zorich maps with symmetry is the whole of R3, generalizing
Misiurewicz’s result. Moreover, we show that the periodic points of the Zorich map are
dense in R3 and that its escaping set is connected, generalizing a result of Rempe. We also
generalize a theorem of Ghys, Sullivan and Goldberg on the measurable dynamics of the
exponential.

Key words: quasiregular dynamics, Zorich maps, Julia sets
2020 Mathematics Subject Classification: 37F10 (Primary); 30C65, 30D05 (Secondary)

1. Introduction

In the study of the dynamics of complex analytic functions one of the most well-studied
and important families of functions is the exponential family E, : z — «xe*, k € C — {0}.
Perhaps the most fundamental fact about this family concerns its Julia set. The Julia set
J(f) of an entire function f is the set of all points in the complex plane where the family of
iterates f" of f is not normal. For 0 < k < 1/e, as was proved first by Devaney and Krych
in [13], the Julia set J(E,) is a so-called Cantor bouquet which consists of uncountably
many disjoint curves each of which has a finite endpoint and goes off to infinity. On the
other hand, when x > 1/e, Misiurewicz in [23] proved that the Julia set J(E)) equals the
entire complex plane C (actually Misiurewicz only proved this for x = 1 but his proof can
easily be adapted to cover the other cases as well; see [10]). For a different proof of the
same fact, see [29]. For all these facts and much more we refer to Devaney’s survey [11]
on exponential dynamics.
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In recent years there has been increasing interest in the study of dynamics of
quasiregular functions. Quasiregular functions are a higher-dimensional generalization
of holomorphic maps on the plane. We refer to [2] for a survey on the dynamics of such
functions. As Bergweiler and Nicks have shown in [4, 5], there is a sensible definition for
the Julia set for such functions which has many of the properties of the classical Julia set.

Moreover, in this higher-dimensional setting, there is a whole family of maps that
can be considered analogues of the exponential map, called the Zorich maps, which are
quasiregular and were first constructed by Zorich in [33]. Following [18], we describe
the construction of the Zorich maps in three dimensions. Note that the construction can
be done in arbitrary dimensions but we will confine ourselves to three dimensions for
simplicity. First consider an L bi-Lipschitz, sense-preserving map h that maps the square

Q:={x1,x) R : x| < 1, o = 1)
to the upper hemisphere
{(x1,x2,x3) € R? :x{ +x3 +x3 = 1,x3 > O},
Then define the map Z : Q x R — R3 as
Z(x1, x2, x3) = €3 h(x1, x2).

This maps the square beam Q x R to the upper half-space. By repeatedly reflecting now,
across the sides of the square beam in the domain and the xix> plane in the range,
we obtain a map Z : R3 — R3. Note that this map is doubly periodic, meaning that
Z(x1 + 4, x2, x3) = Z(x1, x2 + 4, x3) = Z(x1, X2, x3). Moreover, the map is not locally
injective everywhere. The lines xy =2n+ 1,xp =2m + 1, n,m € Z, belong to the
branch set, namely the set

By :={x € R’ : Zis not locally homeomorphic at x}.

Also it can be shown that the map is quasiregular and has an essential singularity at infinity,
just like the exponential map on the plane. Although we will not need this, we say that such
quasiregular maps are of transcendental type.

We can also introduce a parameter v > 0 and consider the family Z, = vZ, where Z is
a Zorich map. This family can be considered as an analogue of the exponential family in
higher dimensions (at least in the case where ¥ > 0). Hence, it would be very interesting
to know whether or not this family has similar behaviour to the exponential in terms of
dynamics. Indeed, Bergweiler in [3] and Bergweiler and Nicks in [5, §7] have proved
that for small values of v this family has as its Julia set uncountably many, pairwise
disjoint curves. For those curves, Bergweiler in [3] proved a counterpart to Karpinska’s
paradox (see [19, 20]) for the exponential map, namely the fact that the endpoints of
those curves have Hausdorff dimension three while the curves minus the endpoints have
Hausdorff dimension one. Moreover, Comdiihr in [6] proved that those curves are smooth,
generalizing a result of Viana da Silva [31], and in [30] we studied the topology of those
curves. It is also worth mentioning here that Cantor bouquets have been proved to exist
for other generalized exponential functions, not necessarily quasiregular (see [7]). Having
said all that, it seems quite reasonable to expect that for large values of v the Julia set of
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the Zorich family would be the whole of R? just like in the exponential family where the
Julia set is the entire complex plane. One aim of this paper is to prove that if we make some
reasonable modifications to the map § then this conjecture holds.

Let us now define the modified b and state our main theorem. The first thing that
we require is that our map h(xy, x2) = (h(x1, x2), ha(x1, x2), h3(x1, x2)) must satisfy
b1 (x1, x1) = by(x1, x1) and b (x1, —x1) = —bhy(x1, —x1). In this way the planes x; = x;
and x; = —x, are invariant under the Zorich map we obtain. Note that this implies that
h(0, 0) = (0, 0, 1). Second, we need to scale things by a factor A > 1. To be more precise,
we define the function

1
h(x1, x2) = M)(;(Xl,xz)) (x1,x2) € AQ.

We now define the Zorich maps we obtain by this /2, which we denote by Z:
Zo(x1, x2, x3) = veh(xy, x2),  (x1,x2,x3) € LQ xR, v > 0. (1.1

Again we extend this map to R> by reflecting across the sides of the square beam and the
plane x3 = 0. Another important thing to note here is that during the process of extending
our map Z, from the initial square beam to the whole of R we can also extend b to a
Lipschitz map from R? to R? with the same Lipschitz constant L. We will always assume
that this extension has been done, and when we talk about ) we will mean the extended one
unless otherwise stated. Moreover, let us note here that this new Zorich map Z is conjugate
to x — Z(x1, x2, Ax3), where Z is the classic Zorich map without the scaling.

Remark 1. Here it is worth elaborating on that last sentence. Instead of studying the family
Z,, defined in (1.1), we could have studied the family « o Z, where « : R? — R3 is the
linear map induced by the matrix

0
0

VA

S O <

0
v
0

and Z is the Zorich map that leaves the planes x; = £x, invariant and comes from
using h. It is easy to see that the map o o Z is conjugate to vZ(x1, x2, Ax3) and thus
to Z,. The advantage of this viewpoint is that the Zorich maps we consider here and
the maps considered by Bergweiler in [3] can all be seen as maps in the space {Ao Z :
A € GL3(R)}, where GL3(R) is the general linear group of degree 3. Thus GL3(R) \ {0}
becomes the parameter space for Zorich maps in analogy with C \ {0} being the parameter
space for the exponential map.

Due to conjugacy, all of the theorems we will prove here are also true for the family
a o Z. We have chosen to use a different presentation of Zorich maps than the one
described here since that way the definition seems more natural and the connection with
the exponential family is more apparent.

For the type of Zorich maps defined in (1.1) we will prove the following result.
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THEOREM 1. Let A > L>. Then for all v > J2L]X the Zorich map Z, we obtain using
this scale factor ) has as its Julia set the whole of R3.

Remark 2. 'We will actually prove a slightly stronger result. Namely, that if the assumptions
of the above theorem are satisfied and V is any open set of R? then Un=0 Z5(V) covers
R*\ {0}.

Theorem 1 implies that the behaviour of the iterates of the Zorich maps, for those
particular choices of the parameters, are chaotic in the whole of R3. The method we use
in the proof of Theorem 1 also allows us to prove a theorem on the measurable dynamics
of Zorich maps which can be seen as analogous to a theorem for exponential maps due to
Ghys, Sullivan and Goldberg (see Theorem 7 in §8 for more details). Another fact usually
associated with chaotic behaviour in a set is the density of periodic points on that set. In
the complex plane it is well known, and was first proved by Baker in [1], that periodic
points of an entire transcendental map (in fact even repelling periodic points) are dense in
its Julia set. However, it still unknown whether or not the periodic points of a quasiregular
map on R? are dense in its Julia set. We are able to prove that this is indeed the case for
Zorich maps.

THEOREM 2. Let v and X be as in Theorem 1. The periodic points of Z,, are dense in R>.

Another object of study in the exponential family, and in transcendental complex
dynamics in general, which is intimately connected with the Julia set is the escaping set.
It was first studied by Eremenko in [15], and if f : C — C is an entire function then it is
defined as

I(f)={zeC:|f"(z)] » ocasn — 00}.

Eremenko proved that I (f) # ¢ and that 91 (f) = J(f).

Moreover, for the exponential family from [14] it is true that I (f) C J(f) and thus
I(f) is dense in the Julia set. When the Julia set is a Cantor bouquet, the escaping set
consists of the disjoint curves that make up the Julia set together with some of their
endpoints. In this case I(f) is disconnected while I(f) U {oo} is connected (see [11]).
On the other hand, when the Julia set of a map in the exponential family is the entire
complex plane, the escaping set is dense in the complex plane, and Rempe in [27] has
proved that it is also connected.

The situation is similar for the Zorich maps as well. As we already mentioned, in [3, 5]
it is proved that for some values of the parameter v the Julia set consists of disjoint curves
together with their endpoints and 7(Z,) is again a disconnected subset of the Julia set.
On the other hand we are able to show the following result.

THEOREM 3. For the same choice of v and A as in Theorem I, we have that the escaping
set 1(Z,) is a connected subset of R3.

It is also worth mentioning here that there are other methods of constructing Zorich-like
maps where instead of mapping squares to hemispheres through bi-Lipschitz functions
we map squares to surfaces whose boundary lies on the plane x3 = 0 and the half-ray
connecting the origin with a point on the surface intersects the surface only once. If we
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further impose some bound on the angle between that ray and the tangent plane to the
surface (see §7 for more details) we can use our methods and prove a theorem similar to
Theorem 1.

To state the theorem, let us denote those Zorich maps by Zgen. In the construction of
those maps we will use a bi-Lipschitz map /g, which will be the rescaled version, by a
factor of A, of another L bi-Lipschitz map h. Note that we do not introduce the parameter
v in this case for simplicity.

THEOREM 4. For A > Cpy, the Julia set J(Zgen) is the whole of R3, where Chyen @
constant depending on hgen.

The proof of this theorem is essentially the same as the one we gave for Theorem 1. We
will give a sketch of the proof in §7 where we also find an explicit value for the constant
Chgen-

Theorems 2 and 3 possibly also hold for those kinds of Zorich maps with very similar
proofs, although we forgo the effort of proving them here.

The structure of the rest of paper is as follows. In §2 we give some definitions and some
preliminary results. In §3 we study our Zorich maps on the planes x; = £x>. In §4 we
prove Theorem 1. Section 5 is dedicated to the escaping set and the proof of Theorem 3.
In §6 we prove Theorem 2, while in §7 we discuss the more general Zorich maps. Finally,
in §8 we discuss some further questions and prove a theorem on the measurable dynamics
of the Zorich maps.

2. Preliminaries and background on quasiregular dynamics
Here we give a brief overview of the terminology and the notation we are going to need.
For definitions and a more detailed treatment of quasiregular maps we refer to [28, 32].
For a survey in the iteration of such maps we refer to [2].

Here we will just note thatifd > 2and G C R is a domain and =1, fas o os fa):
G — R is a differentiable map we will denote the total derivative of this map by Df (x).
Also |Df (x)| denotes the operator norm of the derivative, meaning

|IDf (x)| = sup |Df(x)(h)|,
|h|=1
and J¢(x) denotes the Jacobian determinant. Moreover, we set
UDf(x)) = lglrffl IDf (x)(h)].

We will also need the notion of the capacity of a condenser in order to define the Julia
set of a quasiregular map. A condenser in R? is a pair E = (A, C), where A is an open set
in R? and C is a compact subset of A. The conformal capacity, or simply capacity, of the
condenser E is defined as

capE:inf/ \Vul? dm,
“Ja

where the infimum is taken over all non-negative functions u € C5°(A) which satisfy
ujc > 1 and m is the d-dimensional Lebesgue measure.
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If cap(A, C) = 0 for some bounded open set A containing C, then it is also true that
cap(A’, C) = 0 for every other bounded set A’ containing C; see [28, Lemma I11.2.2]. In
this case we say that C has zero capacity and we write cap C = 0; otherwise we say that C
has positive capacity and we write cap C > 0. Also, for an arbitrary set C C R?, we write
cap C = 0 when cap F = 0 for every compact subset F of C. If the capacity of a set is zero
then this set has Hausdorff dimension zero [28, Theorem VII.1.15]. Thus a zero-capacity
set is small in this sense. It is also quite easy to see that, for any two sets S, B with S C B,
if cap B =0thencap S = 0. s

In [4] Bergweiler developed a Fatou-Julia theory for quasiregular self-maps of R?,
which include polynomial type quasiregular maps, and can be thought of as analogues of
rational maps, while in [5] Bergweiler and Nicks did the same but for transcendental type
quasiregular maps. Following those two papers, we define the Julia set of f : RY — R4,
denoted J( f), to be the set of all those x € R? such that

(0.¢]
cap <Rd U fk(U)) =0
k=1
for every neighbourhood U of x. We call the complement of J( f) the quasi-Fatou set, and
we denote it by Q F(f).

Note here that we used something like the blow-up property, possessed by the Julia
set in complex dynamics (see, for example, [22, Theorem 4.10]), in order to define our
Julia set. Also note that we do not assume anything about the normality of the family of
iterates of f in the quasi-Fatou set. It turns out that the Julia set we defined enjoys many
of the properties of the classical Julia set for holomorphic maps. In particular, a property
that we will use in this paper is that the Julia set is a completely invariant set, meaning
that x € J(f) if and only if f(x) € J(f). For more details and motivation behind the
definition of the Julia set we refer to [2, 4, 5].

As already noted, the Zorich map is a quasiregular map of transcendental type and thus
the above definitions make sense for this map.

In this section we will also prove the following proposition.

PROPOSITION 1. The x3-axis belongs in J(Z,) for all A > 1 and v with v > 1/e.

Before we prove this proposition, let us name a few things first. Using the same notation
asin [3], forr = (r1, ) € Z? we define

P(r)=P(r1,rp) = {(x1,x) € R?: |x1 = 2Ar1| < A, |x2 — 2Ar| < AL

For ¢ € R we also define H-. to be the half-space {(x1, x2, x3) € R3 :x3 > c} and we
define H>., H.. similarly. We observe here that Z,, maps P(r1, r2) x R bijectively to
H- o, when ri + rp is even and to H_y when r{ + r; is odd. Thus there is an inverse branch
Ao : H-9 — P(0,0) x R. We can now, as in [3], find constants My € Rand o € (0, 1)
such that

[A©0)(x) — Aoy <alx —y| forallx,y e H_,, up. 2.1)

The next lemma is similar to [5, Lemma 7.1].
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LEMMA 1. Let M > My > 0 be a large positive number and x € A ,0)(H. ,3,m). Then
Zy(B(x, R) N H=p1) D B(Zy(x), 0 'RYNH_ ; m. (2.2)

where R > 0 and B(x, R) denotes the ball of centre x and radius R.

Proof. Note that x € A(,0)(H. ,;.») implies that x € P(0, 0) x (M, 0o). Let
y € B(Zy(x),a 'RYNH_ ;.
Then by (2.1) we have that
lx = A0 = A0 (Zv(x) — AoV < a|Zv(x) —y| < R.

Hence, A)(y) € B(x, R)NP(0,0) and thus y = Z,(A@po () € Tv(Bx, R)N

Proof of Proposition 1. Let us fix a point x = (0, 0, xg) on the x3-axis and consider a
neighbourhood U of that point. It is easy to see now that Z{i (x) = (0,0, E{fx (x0)), where
E ff)\ denotes the kth iterate of the map E, () = vAe'. Since the x3-axis is invariant under
our Zorich map and since vA > 1/e, we have that E,’f)\ (x) — oo and thus we may assume
that x € Hx>py, for some M > My. By repeatedly applying (2.2) we may now obtain a
sequence R; — oo with

Z5(U) > BZ{(), Ri) N Hpk (),

and we note that the intersection on the right-hand side always contains the upper half of
the ball B(Z{f (x), Ri). Hence, for large enough k, the set

Vi = {(x1,x2) € R? 1 x1] < 24, |xa| < 24} x [ES; (x0), Ey; (x0) + Ri/2]
is contained in B (Zl]i x), Rp) NH EX, (M) Observe now that Z,, maps Vj onto the shell
Ak = {x € R : vi exp(E}; (x0)) < x| < vA exp(E}, (x0) + Re/2)}.

It is easy to see now that this shell, for large enough k and since R; — oo, contains a set
of the form

{(x1, %2, x3) € R 1 3 — 2Aqu1] < 24, |x2 — 2hqual < 24, |x3] < 1),
with gk 1, gk 2 € Z and ty — oo. This implies that
{x e R®:vae ™ < |x| < vre} C Z,(Ax) € ZXT2 ().

Hence U,fil Z,’i(U) =TR3\ {(0, 0, 0)}, which means that x € J(Z,). O
3. The Zorich map on the planes x; = +x;
Here we will prove some basic facts about the Zorich family we have constructed. As

already mentioned in the introduction, our Zorich maps send the planes x; = x, and
x1 = —x; to themselves. We would like to know the behaviour of Z, restricted to those
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planes. With that in mind, we observe that restricted to the plane x; = x our Zorich map
is conjugate through ¢ (x1, x1, x3) = (1/A)(x3 + i\/§x1) to the map g : C — C given by

V(Z+2v20), Im(z) € [@k + DV2, (4k + 3)/2],

$a): ¥ (2), Im(z) € [(4k — D2, (4k + DV2],

where k € Z and ¥ (x +iy) = ve** (h3(y/v/2, y/v/2) +iv/2h(y/v/2. y/~/2)). Simi-
larly, the Zorich map is conjugate to a similar map to g on the plane x; = —x; and
everything that follows works in that case as well. For simplicity let us write a(y) and
b(y) instead of h3(y/~/2, y/~/2) and ~/25,(y/~/2, y/~/2). Note that a*(y) + b*(y) = 1.
Also let us note here that the function ¢ is quasiregular and that g(C) = {Re z > 0}.
Furthermore, g is not a quasiregular map, since it is not sense preserving, and is a
two-to-one function in the strip {z € C : (4k — DV2 < Im(z) < (4k + 3)v/2).

We would now like to show that the planes x; = %x; belong to the Julia set of Z,.
We already know, from Proposition 1, that the x3-axis belongs to the Julia set. With that
in mind we will prove that any open set in R? that intersects those planes also intersects
the x3-axis under iteration by Z,,. Now since we know that Z, is conjugate to g on those
planes it is enough to prove that any open set in the complex plane intersects the real axis
under iteration by g.

THEOREM 5. Let vZh > 2L and V C C be a connected set withm(V) > 0, where m is the
two-dimensional Lebesgue measure. Then g" (V) intersects the real axis for some n € N.

For the proof of this theorem we will need several lemmas. Note here that since h is a
Lipschitz function it will also be differentiable almost everywhere. This implies that g is
differentiable almost everywhere (a.e.).

LEMMA 2. Let g be the function we defined above. Then

2) p2MRe(2)

|det(Dg(z))| > — e

Proof. Tt is enough to find a lower bound for Im z € [(4k — 1)v/2, (4k 4+ 1)v/2].
This is true because for other z we have that T(z) = Z 4+ 2+/2i has imaginary part
in [(4k' — 1)v/2, (4k" + 1)4/2] for some k' € Z and thus for those z we have g(z) =
g(T(z)) = ¥ (T (z)). Then by the chain rule we have that Dg(z) = Dg(T(2))DT (2).
Since DT (z) = —1 this implies that |det Dg(z)| = |det Dg(T (2))].

With that in mind, if z = x + iy we have that Dg(z) is the linear transformation induced
by the matrix

AX AX da AX ( Y ) v kxdb3 ( Y )
vie**a(y) ve & ) B vie**hs NG ﬁe o \ /5

Ax AX db B AX Y AX dbl Y ’
vAe b(y) ve dy (y) v)n/ie hl E ve E E

if y € [(4k — 1)V/2, (4k + 1)V/2].
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Thus

det Dg(2)] = v2he? h3<y>ﬁ<y> mwﬁ(y)

a(y) E(y)

, for y € [(4k — D2, (4k + 1)V/2].
b(y) E(y)

= v2re? |det

We now claim that

o L
a JE—
y dy y 1
det db > Z a.e.
b(y) d—(y)
y
Hence
2 eZAx
|det Dg(z)| > a.e.

Indeed, because az(y)—i—bz(y):l we obtain that the vectors (a(y),b(y)) and
(da/dy, db/dy) are orthogonal and thus so is their matrix. This implies that

da
det db = [(a(y), b(y))l‘( (y))‘ ‘(d—(y), d—@))‘.
bo) T oo

Now because b is a locally bi-Lipschitz map almost everywhere we have that

dh(f }N = e

Since |(da/dy)(y), (db/dy)(y)| = |(dbh/dy)(y/~/2, y/~/2)| we obtain what we
wanted. O

LEMMA 3. Let vZA > 2L where . > 1, v > 0, and let V C C be a connected subset of
the complex plane with m(V) > 0 and such that its iterates under g do not intersect the
real axis. Then m(g"(V)) — o0 as n — 0o, where m is the two-dimensional Lebesgue
measure.

Proof. We can assume that V lies on the right half-plane {z : Re(z) > 0}, otherwise
just consider g(V) since g maps C to the right half-plane. We know that m(g(V)) =
f 2(V) dm. Since none of the iterates of V under g intersects the real axis, we have
that those iterates also do not intersect any of the pre-images of the real axis, mean-
ing the lines y =22k, k € Z. Thus g"(V) is always inside strips of the form
{zeC:Imz € (2«/§k, 2ﬁ(k + 1))}. In each of those strips it is easy to see, by what
we have said in the first paragraph of this section, that g is a two-to-one map. By using
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FIGURE 1. The pre-images of the lines 2kni, k € Z \ {0} under the exponential map. The curves y,, in the proof
of Theorem 5 have a similar structure.

Lemma 2 and since Re z > O for all z € V we now obtain

1 2) 2
f dm > ~ / \det(Dg)| dm > — / PR g > 2y (v,
g(V) 2 Jy 2L Jy 2L

This means that

2

m(g(V)) = %mm.

Hence, since vZ1 > 2L, if we iterate that inequality we have that m(g"(V)) — oo. O

Proof of Theorem 5. Suppose, towards a contradiction, that there is a connected set V
with m (V) > 0 whose iterates never intersect the real axis. Then by Lemma 3 we have that
m(g"(V)) — oo as n — oo. Since g"(V) never intersects the real axis it also does not
intersect its pre-images, meaning the lines Im(z) = 242k, k € 7. This means that g"(V)
stays always inside strips of the form {z € C : Im(z) € (2+v/2k, 2v/2(k + 1)), k € Z}.If we
now take the pre-image of the lines Im(z) = 2V2m, m €7 \ {0}, that lie inside all those
strips we obtain curves y,,, which the iterates g" (V') of our set must not cross (see Figure 1).
By symmetry we can confine ourselves to the strip

S:={zeC:Im(z) € (0,2v2)}.

From now on let us write h; (y) instead of h; (y, ¥), i = 1, 2, 3, for simplicity. We now
have two cases to consider. Either S contains the pre-images of the lines Im(z) = 22m,
m > 0, in which case h;(y) > 0 for y > 0, or S contains the pre-images of the lines for
m < 0, in which case h;(y) < 0 for y > 0. We will only consider the first case here. The
second one can be dealt with similarly. So suppose m > 0. We claim that the curves y,,
partition the strip S into sets of uniformly bounded area. In fact if we call A,, the area of the
set defined by y;, and y;,4+1 and we call Ag the area inside the strip between the imaginary
axis and yj, then we claim that A,, is an eventually decreasing sequence. Clearly, since
m(g"(V)) — oo and g" (V) must stay inside those sets A,,, this is impossible.
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FIGURE 2. The curve yy for the exponential map for two different values of v. The situation is similar with our
maps as well.

In order to prove those claims note that the curves y,, are given by the equa-
tions ve* b (y/+/2) = 2m, when y € (0, v/2], and ve** by, (2+/2 — y)/+/2) = 2m, when
y € [v/2,2+4/2). 1t is also easy to see that those curves do not have self-intersections and
do not intersect with each other. The area we are looking for will be given by

B —/ﬁl<log 2(m +1) ~log 2m )dy
"l A vy (v/+/2) vy (y/v2)

. /2ﬁ l(log 2(m + 1) ~log 2m ) dy
ik vh (V2 = ¥)/+/2) vh (V2 —y)/V2))

Thus A,, = (Zﬁ/k) log((m + 1)/m) which proves what we wanted. We also need to find
Ag for which it is true that

A_/ﬁzlo_ﬂfmilo 2 y
o oD YT s A avi- v

N 5
:2/ —log —=— dy,
PN

if vh; (y/+/2) = 2 has no solution. If this equation has solutions then, although we can find
the area again we do not need to since Ay will be even smaller in this case (see Figure 2).
Notice that because (hy, b, b3) is always a point on the unit sphere we have that

b1(x, ¥)? + bo(x, ¥)? = sin” 8]h(x, y) — h(0, 0)|*
= sin® O(h; (x, Y)* + ba(x, )7 + (h3(x, y) — ?),

where 6 is the angle between the x3-axis and the segment that connects (0, 0, 1) with
(b1, by, b3). Taking x = y, the fact that b is bi-Lipschitz on [—1, 11 and noticing that
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0 > /4 givesus |h(y)| > (|y|/«/§L). Hence because h;(y) > 0 for y € (0, 1) we have

2 (V2 4L
Ag < —/ log | — ) dy,
A Jo vy

which is finite. O]

4. Proof of Theorem 1
Having proved Theorem 5, we are now ready to proceed to our main theorem.

First we prove some lemmas that we will later need. Note here that since we proved
that the planes x; = £x, are in the Julia set of Z,, we will also know that all their inverse
images are in the Julia set. These inverse images are again planes of the form x| = £x, +
2Ak, where k € 7. The planes partition R3 into square beams. Denote by B,0) the open
rectangle beam that is the union of the two square beams that touch the x3-axis and are
in the half-space x < x;. We can partition the space now into rectangle beams that are
translates of this B ). Let us call them

B jy = Boo) +i(2A,214,0) + j(A, —2,0), i,j€Z.

Note that the map Z,, is a homeomorphism in those rectangle beams. The next lemma is
inspired by the one Misiurewicz used in his proof (compare [23, Lemma 1]) and is the
main reason why we need the scale factor A in our definition of the Zorich map. It will be
convenient to introduce some notation. Let p : R3 — R? be the projection map defined by
p(x1, x2, x3) = (x1, x2). Also let p3(x), x € R3, denote the third coordinate of x; in other
words, p3(x1, X2, X3) = X3.

LEMMA 4. If . and L are the numbers we used in the construction of the Zorich map and
v > 0 then

A\ 1
det(DZ"(x)) > (E) Sl o ZH )1 ae.

Proof. First note that |p(Z"(x))| = e . l(pohopoZ"x)|. Also, using
the fact that £(0) = (0,0, 1) and h(xy, x2) = (h1(x1, x2), ho(x1, x2), h3(x1, x2)) is a
Lipschitz map, we have that

|p(h(x)| = |p(h(x) — h(0))] < |h(x) — h(0)] < L|x|.

Hence

P(Z5)] = ve* @ D (pohopoZi )l
< LveP @ D|(po 2 W) < - -

n—1 n—2
< (WL)"ePH T era(ZL )---ex3\/h%(x1,xz)+h§(x1,xz)

n— n—2
< k(vL)"ep3(Z” 1)8173(2,, e 4.1)
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From the chain rule we know that

n—1

det(DZ2(x)) = [ | det(DZ,(ZE ). 4.2)
k=0

Now from the definition of Z,, we obtain

det(DZ,(x)) = 13> det H, (4.3)
where
ohy ohy
a—(p(X)) —(pHx)) hi(p))
X1 0x2
ohy ohy
H= a—(P(X)) —(px)) ha(p(x))
X1 0x2
oh3 ohs3
a—(p(X)) —(px)) h3(px))
X1 0x)
We now set
ohy ohy
a—(p(X)) — (X))
X1 9x2
A= a—(p(X)) , B= a—(p(x)) ., C=|hapkx))
i 2 h3(p(x))
oh3 0h3
a—(P(X)) —(p(x))
X1 0x2

Recall now that from linear algebra, the determinant of a matrix equals the scalar triple
product. This means that

det H= (A x B, C),

where (-, -) denotes the euclidean inner product. Since Z, is sense preserving we will have
that det H > 0, and since A and B are orthogonal to C we will have that A x B is parallel
to C. Remember that |C| = A, so

AxB C

det H= 1A x B|| ———, —
|A x B|” |C]

>=,\|A><B|. (4.4)

Now because h is a locally bi-Lipschitz map we have that

|tv]
lh(p(x) +tv) — h(p(x))| = I
for all small # > 0 where v = (v, v2) € R2. This implies that
[v]
|Dh(p(x))(v)| = T (4.5)
and if we set v = (| B|, (—(A, B))/|B|) and square both sides we obtain

T2 L (e B0 L 1BE
- 12 |B|2 - L2

(A, B)
|B|

|B|A — B

https://doi.org/10.1017/etds.2021.123 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.123

Julia sets of Zorich maps 705
Simplifying, we obtain
APIBI? (A4, B)? = .

Now note that, by elementary properties of the cross product, |A X B|? = |A%|B|* —
(A, B)? and thus

|BI* _ 1
>

L2 — L%
where the last inequality comes from (4.5) for v = (0, 1). Hence, (4.4) becomes det H >
(1/L?). Putting everything together in (4.3), we obtain

|A x B> >

det(DZ, (x)) > v3e3x3% a.e. (4.6)

Hence, by (4.1) and (4.6) we have that

IPZL ) < W3 (L)@ AnET L s

3L5n
< = deDZUZT () - det(DZy(x)) ae.
By rearranging and (4.2) we now obtain the desired inequality. U

The next lemma describes the behaviour of points near the x3-axis under iteration.

LEMMA 5. Let vk > (1/e).

(@) There are § > 0 and ¢ > 0 such that if x € Cs, where Cj is the cylinder around the
x3-axis with radius 5, then p3(Z,(x)) > p3(x) +¢,

(b) Foré asin(a)and for every x € Cs, with p(x) # (0, 0), there is an n € N such that
Z(x) € Cs.

Proof. (a) If h(xy,x2) = (h1(x1, x2), hao(x1, X2), h3(x1, x2)), then we have that
p3(Zy(x)) = ve3hz(xy, x2). Now since h(0, 0) = (0, 0, A) and % is continuous, for all
& > 0 there is a disk D = D(0, §) of radius § > 0 on which we have h3(x{, x2) > A — ¢.
Hence if x = (x1, x2, x3) € Cs = D x R, then

P3(Zu(x)) = veShs(x1, x2) > veP? (A — &) > pa(x) + 1 +log(V (% — &),

where the last inequality follows by minimizing ve’ (A — &) — t. Now notice that since
vl > (1/e) we can find a small enough & > 0 such that v(A — ¢) > 1/e, which implies
that 1 + log(v(A — €)) > 0. Hence, p3(Z,(x)) > p3(x) + ¢ with ¢ = 1 + log(v(x — &)).

(b)Fora § asin (a) and § < A now assume that there is a point x € Cs such that p(x) #
0 and Z”(x) € Cs for all n € N. Then according to (a) we would have that p3(Z%(x)) —
oo when n — o0. We know that

[(poZi ()| = eP @ (pohopoZ)x) @7
Now its a simple geometric fact that, for each y € [—A4, A]z,

|(p o h)(y)| = sin O|h(y) — h(0)], 4.8)
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where 6 is the angle between the line segment joining the point /(y), on the sphere, with
the point (0, 0, A) and the x3-axis. Moreover, 8 > /4 for all such y. Also, by the fact that
h is a bi-Lipschitz function, we have that |2 (y) — 2 (0)| > (|y|/L).

Now taking y = p(Z} (x)) and combining this with (4.7) and (4.8) implies that
eP3(Z" () .
——I(p o))

V2L Y
Thus, since p3(Z%(x)) — oo, for all large enough n we can say that

I(p o ZMH ()| = 21(p 0 ZH ().

This of course contradicts the fact that Z"(x) € Cs for all n € N. O

I(poZ"H(x)| >

The next lemmas describe how sets of positive measure behave under iteration by the
Zorich map, assuming that their iterates never cross the planes that we already know belong
in the Julia set.

LEMMA 6. Assume that . > L>. Let V. C R? be a connected set with m(V) > 0 and
whose iterates do not intersect any of the planes x| = £x, + 2Ak, where k € 7. Suppose
also that there is sequence of integers nj > 0 with Zﬁj (VYNC, =@, where C, is a
cylinder around the x3-axis of any radius a > 0. Then m(Zﬁj(V)) — 00 as nj — oo,
where m is the three-dimensional Lebesgue measure.

Proof. Since Zy (V) stays outside the cylinder C, we have that, for x € V,
(P o Z,))| > a.

By using Lemma 4 we will now have that

n; A\ a3
det(DZ,) > (E) 3 ae.onV.
Since all of the iterates of V do not intersect any of the planes x| = +xp + 21k, where
k € Z, and since the Zorich map is a homeomorphism in the square beams that remain if
we remove those planes, we will have that Z" is a homeomorphism in V. Hence, for all
n; € N, we will have that

nj nj A\ 613
m(Z,’ (V)) Z/v |det(DZ,")| dm > <ﬁ> <F)m(V),

which tends to infinity as j — oo since A > L7. O

For our next lemma let us assume that our Zorich map sends the beam B ) to the
half-space xo < x;. The other alternative is mapping it to the half-space x; < xj, but the
methods work in a very similar way with minor modifications.

Consider the inverse image under Z,, of the boundary of B(q ) that lies in the interior
of B(o,0). This inverse image will be some surface which we will call Sp. In Figure 3
we have drawn the x; x; plane and the rectangle beams By and B, —1). Now take
the planes Py : xp = x1 — 4A, Py i xo = —x1 +4A, P3: xo = —x1 — 4X and consider the
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FIGURE 3. The xjx; plane. The initial square we used to define our Zorich map is shown in dashed pink. The
rectangle beams B(g ) and B(o,—1) are shown in blue, while the sets L1, Ly, Ry and R; are shown in orange, dark
green, green and red, respectively.

rectangle beam they define together with the plane x; = x». Let us now take the boundary
of this beam, without the part that belongs to x; = x, and name it L. Consider now
the inverse image of L that lies inside Bg). This image is a surface; let us call it Sj.
We can now do the same with the planes Pj: xp = x1 — 6A, P5:xo = —x1 +6A, Pg :
X3 = —x1 — 6\ and obtain the boundary of the beam they define, which we call L,, and
then the surface we obtain by taking the inverse image, which we call S,. If we continue
with this construction we obtain a sequence of surfaces, So, S1, S2, S3, . . . inside B(q0).
Each of those surfaces lies above the previous one, starting with So. We can also construct
similar surfaces Ko, K1, K, . . . inside the beam B 1) by taking inverse images of the
corresponding boundaries dB(o,—1), R1, R2, . .. (see Figure 3). Moreover, we construct
similar surfaces in all the other rectangle beams B, j), that partition the space, depending
on which half-space the beam is mapped to under the Zorich map. Let us denote by S the
union of all those surfaces.

We will show that the space between S, and S;,+1 (and similarly, between K, and K;,+1)
is of finite volume and is decreasing as n increases.
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LEMMA 7. Let I, be the volume that the surface S, encloses together with the plane
x3 = 0 and inside the beam Bo). Then I, is finite for all n € N. Furthermore, if T, :=
I,+1 — I, is the volume between S,, and S,,+1 then T, is a decreasing sequence.

Proof. Let us first find an implicit equation that describes each of these surfaces. We work
on B(y,0), but the same can be done on all other rectangle beams. Let us split B,y into
three different beams whose cross-sections with the x1x, plane are the sets

01 :=h~ ' ({(x1, x2, x3) € S0, 1) : 0 < x3 < x1}),
0> ==~ ({(x1, x2, x3) € S(0, 1) : x2 < 0, x1 > 0})

and
03 :=h™'({(x1, x2, x3) € S0, ) : x2 < x1 < O}),

where S(0, 1) the sphere of centre 0 and radius A. In the beam corresponding to the first
cross-section, meaning Q1 x R, the points on the surface S, satisfy

ve3hy(xy, x2) = —veBhy(xy, x2) +2(n + DA.
On the beam Q7 x R the surface points satisfy
ve¥3hy(xy, xp) = veho(xy, x2) +2(n + 1A,
while on the beam Q3 x R that corresponds to the last cross-section the points satisfy
ve*3hy(xy, x2) = —veBhy(xy, x2) — 2(n + DA.

Suppose now that the surfaces S, do not intersect the plane x3 = 0. Hence the volume that
the surface S, encloses together with the plane x3 = 0 and inside the beam B g ) is given
by the integrals

2(n 4+ 1A
I, = / / log dxs dx
0 v(ha(x1, x2) + hy(x1, x2))
-2 HA
+/ / log (n+ D) dxy dx;
0> v(h(x1, x2) — ha(x1, x2))
-2 DA
+/ / log (n+ D dxy dx;.
03 v(ha(x1, x2) + h1(x1, x2))

It is not so hard to prove now that each of these integrals is finite since each is an integral of
a bounded function except at a neighbourhood of (0, 0) and the points where i1 & hy = 0
which are (0, —2A4), (24, 0). So in order to show that this sum is finite, it is enough to
consider the integrals only in neighbourhoods of those points. On the other hand, when
those surfaces S, intersect the plane x3 = 0 the volumes are no longer given by the above
integrals (the set where we integrate will change), but again we only have to consider them
at a neighbourhood of (0, 0) as well as (0, —2A), (21, 0), so that is what we do next. In
fact, those volumes in that case are even smaller.

We will only treat here the second integral around an e-neighbourhood of (0, 0), and
the rest follows similarly. So we are looking at the integral
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—2(n+ DA
log dx; dxy,
02NB(0.¢) v(ha(x1, x2) — h1(x1, x2))

where B(0, €) is a ball centred at 0 with radius €. Equivalently, we want to show that the

integral

/ / — log(h1(x1, x2) — ha(x1, x2)) dxz dx; 4.9)

02NB(0,8)
is finite. Now because 4 is a bi-Lipschitz map and because s (x1, x2) < Oand A1 (x1, x3) >
0 in the set we are integrating we have that
(hy — h2)* = h? + h3 +2hy (—h2) = b3 + 13
. ¢
= sin® O(h? + h3 + (h3 — V)% = L—Z(x% + x3),

where 6 is the angle between the x3-axis and the segment that connects (0, 0, 1) with
(h1, ha, h3), and ¢, > 0 is a constant that depends only on ¢. Hence

NG
L

Now since i1 — hy > 0 in the set we are integrating, we will have that

[h1(x1, x2) — ha(x1, x2)| >

2 2
X +x2.

/ / log(h(x1, x2) — ha(x1, x2)) dx2 dx;
02NB(0,¢)

> / / log <—\/a x12 +x22> dx) dxq.
02NB(0,6) L

Now since the last integral is finite we will have that the integral (4.9) is also finite.
Finally, let us show that the sequence T}, is a decreasing one. Indeed,

n+2 n+2 n+2 n+2

T, = — I, =%1 A% log —— +21% log —— = 4221 ,

n n+l n Ogn+1+ 0gn+l+ Ogn+1 Ogn+l
which can be easily seen to be a decreasing sequence. O

LEMMA 8. Assume A > L and let V be a connected subset of R3 with m(V) > 0 and
such that Z7,(V) does not intersect any of the planes x; = £xo + 21k, where k € 7Z for
alln € N. Then Z}, (V) visits infinitely often one of the two rectangle beams B ), B,—1)
that have the x3-axis in their boundary.

Proof. Consider the iterates V; = ZL(V) of the set V. The sets V; always stay inside one
of the rectangle beams by assumption and also they cannot intersect any of the surfaces
in S that are in those beams since if they did on the next iterate they would intersect
the boundary of one of the beams. Suppose now that we can find an N € N such that
Vi & Bo,0) U Bo,—1) for all i > N. Then by Lemma 6 we have that m(V;) — oo. This
implies that our sets V; cannot lie between any two of the surfaces in S, for all large i
since there is finite volume between them. Thus V; stays below the lowest surface in the
relevant rectangle beam for all i > Ny > N, where N1 € N. This is a contradiction since
being below that surface implies that V; is in either B ) or B,—1). O]
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The next lemma tells us that when a set remains in B(q,0) under iteration by Z,, we can
find points with large x3 coordinate in its iterates.

LEMMA 9. Assume A > L, v > 1/Ae and let V be a connected set of R3 withm(V) > 0
and such that Z),(V) does not intersect any of the planes x| = £x, + 2k, where k € Z
for all n € N. Suppose that there is an No € N such that Z',(V) C B), for all n > Ny.
Then, for all M > 0 and ¢ > 0, there is some ny > No and a point x € Z,°(V') such that
p3(x) > M and d(x, x3-axis) < €, where d is the euclidean distance.

Proof. Either an g9 > 0 exists such that d(Z},(V), x3-axis) > &g for all n > Ny or such
an g9 does not exist. In the first case we know from Lemma 6 that m(Z,(V)) — oo. We
also know that since Z7 (V') € B(0), for all n > Ny, Z(V) must, by Lemma 7, lie below
the surface So. Since m(Z,(V)) — oo, it must be true that for all M; > 0 there exist a ng
and a point zg in Z},°(V) with p3(z9) < —M. The pre-image of that point inside B(,0) is
O]

apointz = (z{V, 28", 2{") for which ves h3(z\", 2{") < =M and 3 z\V, 2{") < 0.
But since 23 > —A we have that

zgl) M 1 1) M 1

>K:>z3 >10g;.

e

If we now take the pre-image in B of that point, z® = (z\?, 237, z{?) then 0 <
/’l3(Z(12), z§2>) < XA and
@ M,
vess h3(ziz), Z(z)) = zél) > log —,
VA
which implies that

log(M, /v2.)

2
zg ) > log -y

Thus we have shown that for any M > 0 there is a point z® in Z’S"_2(V) for which
Zgz) > M and also |z§2)|, |z§2)| < A. This leads to a contradiction. To see why, note that
by our assumptions Z) (V) is g9 away from the x3-axis and below the surface Sy and
thus all of its points, which are also inside the initial square beam [, A]> x R (pink in
Figure 3), have a bounded x3-coordinate. This is true because the surface Sy together with
any cylinder around the x3-axis and the plane x3 = 0 enclose a set inside [—A, AP xR
and outside the cylinder whose closure is compact.

For the second case, where such an gy does not exist, there is a sequence wy €
Un>N0 Z8(V) with d(wg, x3-axis) — 0. If p3(wg) — oo we are done. If, on the other
hand, p3(wg) — —oo then yi := Zy(wr) — (0,0,0) and thus Z%(yx) — Z5(0) =
(0,0, E7, (0)), where E7, (0)) converges to oo and again we are done. The remaining case
to consider is when there is a subsequence wy, converging to some point (0, 0, a) in the
x3-axis. By relabelling we may assume that wy — (0, 0, a). Now choose an N > 0 such
that E%\ (a) > M, where E,, denotes the map x — vie*. By continuity of Zf,v , for all
& > 0 we may find a § such that if |w; — (0, 0, a)| < §, then

1ZN (wp) — ZN (0,0, a)| = |Z (wp) — (0,0, EY ()| < e.
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Hence, if we choose ¢ small enough we get that x3 (Zf,v(wk)) > M and Zf)v(u)k) is within
¢ distance from the z-axis, when k is large enough. O

LEMMA 10. Let yi1, y2 € B(0, r), where r > 0. Then for all n € N it is true that

max{L, 1}

| Z8 (1) — Zy ()| < ( .

n
) Ep(r) --- EJ, (N)y1 — y2l,

where E, denotes the exponential map x — vie* and L is the bi-Lipschitz constant we
used in the construction of the Zorich maps.

Proof. The Zorich map is absolutely continuous on any line segment since it is locally
Lipschitz. Using the fundamental theorem of calculus for the Lebesgue integral now, it
is not too hard to prove that a version of the finite-increment theorem (see [34, 10.4.1,
Theorem 1]) is true for such functions. Specifically, we can prove that

1Zy (1) — Zy(y2)| < esssup [DZ)(x)|ly1 — y2l,

xey

where y is the line segment that connects y; to y;. Remember that |Df| denotes the
operator norm of the total derivative. Hence, by the chain rule and elementary properties
of linear maps we have that

IDZ}(0)| < 1DZu(Zy~ @) - - - IDZy ().
Hence by the above inequalities and because y1, y» € B(0, r) we have that

1Z(v1) — Zi(y2)] < ess sup [DZ(ZL " (x))] - - - ess sup [DZ,(x)|[y1 = ya

xey xXey
<esssup [DZ,(Z2 ' (x))] - - - ess sup |[DZu(x)|y1 — y2|. (4.10)
xeB(0,r) xeB(0,r)

We also know that DZ,,(x) = €3 DZ,(x1, x2, 0). Moreover, we will prove that
IDZ,(x1, x2,0)] < v max{L, A}.
Indeed, let u = (u1, uz, u3) € R>. Then

IDZ,y(x1, x2,0)2 = sup |DZ,(x1, x2,0)()* = v? sup |uiA+uzB + uzC?,
Jul=1 lul=1
where A, B, C are as in the proof of Lemma 4. Remember now that C is orthogonal to A
and B, and thus the above equation becomes

IDZ,(x1, x2, 0)[* = v? sup (lu1 A + us B> + [u3CJ%)

lul=1
=2 sup (|Dh(x)(u1, u2)|* + luz|*|C|%)
lul=1
V2 sup (L2(uy, u2)* + A2 |uz|?)
lul=1

2 max{Lz, Az},

IA

IA

where we have used the fact that / is locally bi-Lipschitz.
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Hence, |[DZ,(x)| < v max{L, A}e*3 and (4.10) becomes

1Z8) — Z0()] < v max{L, A} sup P @) qup el |y — y)
x€B(0,r) x€B(0,r)
max{L, A} \"
= (T) Eni(r) - -+ E% )yt — yal,

where we have used the fact that vA sup,cp ) el () — E;’;j‘l (r) which can be easily
proved by induction on n. O

Proof of Theorem 1. First, let us note that by assumption v > /2L/A > 1/)e. Let V be
any open and connected set in R3. We want to show that Z"(V) intersects one of the planes
that belong to the Julia set for some n and thus V itself intersects the Julia set. Assume that
this does not happen. By Lemma 8 we can consider two cases.

First case. Suppose first that the sequence of iterates Z}, (V') does not eventually stay
inside the square beam B(o,0) U B(o,—1) but also visits their complement infinitely often.
Then we can find a subsequence n; such that Z’:j (V) € Boo,oy U Bo,—1) and ZﬁjH V) e
By for some (k, 1) # (0, 0), (0, —1). Without loss of generality we may assume that
Z (V) € By

Consider now the sets

" A
V= {x eVil(poZV)H)¥)| = 5}
and
Vo, = {x eV:il(poZV)H)| < E}

(A is the scale factor by which we scaled up the initial square). Notice that V = Vnt U an.

Since .Z]rf'i *+ (V) is outside of By U B(o,—1) we will have that Zﬁj (V) lies between two
‘level surfaces’ Sy and Sk, but we know, from Lemma 7, that those surfaces enclose a
volume no greater than M between them, where M is a constant. Thus m(Zﬁj V) <
My, where m denotes the Lebesgue measure. Also, by Lemma 4, it is true that, for almost
all points in Vn';,

") A\ 1 n; A\l
det(DZ,’) > (E) FKPOZVI)(X)P z <E> 8"

Hence, because Z,’ is a homeomorphism in V we have that

- ; AN\ 1
Mo = m(Z) (V1) = / | ldeqDZY) dm = <§> g M.
nj
This implies that m(VnJ;) — 0 asn; — 00. On the other hand, the set Zﬁj (Vn;) is inside

the initial square beam [—A, A]Z x R. Thus ﬁj H(Vn_/,) lies in the half-space x3 > 0

and outside the square beam B(o) U B(o.—1). This same set also lies between some level
surfaces or below all of them. Moreover, as we proved in Lemma 7, the volume enclosed
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by those successive surfaces and the volume enclosed by the first one and the plane x3 = 0
is smaller than some constant M. Thus m(Z’ o (Vn;)) < Mj. By arguing the same way

as before now we get that

nj+1
Mo =m(Zy ™ (V) = / |det(DZy )] dm > <$> % m(V,)).
nj
This again implies that m(Vn_j) — Oasn; — oo. But this is a contradiction since m(V) =
m(V, ) + m(VnJ;).

Second case. Suppose now that Z7 (V) € B,y U B(o,—1), for all n > Ny. Observe
that either Z,(B(,0)) C {(x1, x2, x3) : x2 < x1} or Z,(B,0)) C {(x1, x2, x3) : x2 > x1}.
In the first case Z}, (V) stays in B(p) for all large n or it stays in B¢ 1), while in the
second it alternates between B ) and B(o,—1). For simplicity we will assume that the first
case holds and thus Z}, (V) € B(o,0), for all n > Np.

Let us now consider the inverse image under Z,, of the boundary of B ), which lies
inside B(q,0), namely the surface Sy we had in the proof of Lemma 7. Remember that this
surface is defined as So := {(x1, x2, x3) € B(0,0) : x3 = f(x1, x2)}, where f is continuous
on By, N {x3 = 0} and extends continuously on the boundary of this set except at the
points (0, 0), (24, 0), (0, —21) where f — oco. Notice then that all the iterates Z} (V)
stay below the surface Sp.

Consider now a plane x3 = ¢, with ¢ = Ev’\g (0) — A and N so large that this plane
intersects this surface Sy and also

(C + )L)log(ch)»)Jrlec+kv2)\2€7(vke”/2) < A (4'11)

We define sets Ay, Ay and A3 as follows:
o Ay :={(x1,x2,x3) € By : ¢ <x3 < f(x1,x2) and (x1, x2) in a neighbourhood of

0,0)};

o Ay :={(x1,x2,x3) € By : ¢ <x3 < f(x1,x2) and (x1, x2) in a neighbourhood of
(22, 0}

o Az:={(x1,x2,x3) € Booo) : ¢ <x3 < f(x1,x2) and (x1, x2) in a neighbourhood of
(0, =21)}.

Then the following assertions hold.

(i) All those sets lie below (in terms of the x3-coordinate) the surface Sy. By the
definitions and Lemma 7 it is easy to see that the sets Aj, A> and A3 are also of
finite Lebesgue measure.

() Zv(A2U A3) C {(x1, x2, x3) € R3: x3 < —(vAe€/2)} and thus Z‘%(Az U Az) C
B(0, 8), where § = vie~"*¢/2) Note that § < vi = E,;(0).

(iii) Itis easy to show by induction on N and since vA > 1/e that E% 0= E,(N—-1)
and thus

Ey(N—1)<c+xr= N <log(c+ 1)+ 2. (4.12)

By Lemma 10 and since A > L> we will now have that, for all x € B(0, §),
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1ZV (x) — ZN ()] < Evi(8) - - - EN (8)Ix]
< E%(0)--- ENTL0)5
<C+MVTE (L +c)8
< (C + )L)log(c—i-)\)—i-lvke)\—&-c&

Hence, by (4.11) we will have that
1ZY () — ZY )] < A (4.13)

Equation (4.13) together with (ii) implies that Zf)v +2 (A UA3) CB (Z,I)V (0), A), and by
the choice of ¢ this last ball is contained in {(x{, x2, x3) € R3: x3 > c}. This implies that
the part of Zf)v +2 (A, U Aj) that lies below Sy is contained in Aj.

Recall that Z, (V) stays below So for n > No. By Lemma 9 we know that there is a point
xo € Z°(V) for some ng > Np such that xg € Aj. Take such a point xg. Let us carefully
examine the behaviour of the iterates of this point. We can assume that A; is so close
to the x3-axis that if y € Ay then p3(Z,(y)) > p3(y) by Lemma 5(a). Hence the points
Z" (x0) go higher and higher up in the x3 direction, while at the same time staying in Ay,
until at some point the iterate Z’; (xg), for some k, will lie in either Ay or A3 thanks to
Lemma 5(b). Without loss of generality assume that x| := Z]]j (x0) € A, and take a small
ball around x;, B(xy, r) with B(xy,r) C Ao N ZﬁOJ“k(V). By what we have said in the
previous paragraph, we will have that .Zf)v *2(B(x1,r)) C Aj.

However, we know what happens in points inside A; when we iterate: they eventually
leave A;. Thus for some k > N + 2 we will have that Z];(B(xl, r)) C A U A3z since
B(x1, r) is a connected set and the sets A, A> and A3 are disjoint. We can then repeat this
whole argument, meaning that we take the set Z{j (B(x1, r)) which is now in A or Az and
thus will get mapped by Z, to the lower half-space x3 < —(vAie€/2) and by Zf)v +2 inside
Aj. Now continue as above and then repeat. Eventually we obtain a sequence n; — o0
with

ZV (B(x1, 7)) C Ay U As.

Then by using Lemma 6 we will have that m(Zﬁ" (B(x1,r))) — oo, but this is impossible
since m (A U A3) is finite. O]

5. Escaping set of the Zorich maps
In this section we prove that the escaping set is connected for those Zorich maps for which
Theorem 1 holds. Note that we assume that A > L3 and v > /2L/A.

The proof of this theorem closely follows Rempe’s proof for the connectivity of the
escaping set of the exponential family in [27]. Before we begin with the proof we need to
define a few things. First, in this section, for simplicity and without loss of generality we
will assume that our Zorich map sends B(o,0) in the half-space {(x1, x2, x3) € R3:x; <
x1}. Let

Hp := {(x1, x2, x3) € R3 :xp < x1 and x3 > —x1},
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and similarly,
H; := {(x1, x2, x3) € R? 1 x2 > xj and x» > —x1},
Hy := {(x1, x2, x3) € R?:x; > x; and xp < —Xx1},
Hs := {(x1, x2, x3) € R3 txp < xpand xp < —x1}.
Also, let Ty = T(0,0) := B(0,0) N Hp and
Tijpy =Too +i 4,0+, —1,0), i,jeZ

Note that T := T(o,—1) = Bo,—1) "Hi, T» :=T—1,—-1) = Bo,—1y) NHy and T3 :=
T-1,00 = BooyNH3 and thus 7; CH;, i =0,1,2,3. Now define A;:H; — T;,
i=0,1,2,3, to be the inverse branches of Z, in 7;. We can extend those maps to
H; \ {0} for i =0, 1,2, 3, and again those extended maps are injective. We will use the
same symbols A; to denote these extended maps.

Now take yp := {(0, 0, x3) : x3 < 0} and inductively define

Vi = No(Vi—1),

for all £ > 1. Each of the sets yx, k > 1, is an injective curve inside To.
We now define the set I'y by

Iy := U Yk

k>0

LEMMA 11. IfU C R3 is any open set with U N T # @ then there is a ko € N with y; N
U # O for all k > kg. In particular, Ukzko Yk is dense in T.

Proof. Let xo € Ty, and let U be a neighbourhood of this point. We want to show that
Yk NU # @ for all sufficiently large k. We know, from the definition of 'y, that there is
a point x; € U N I'y. This implies that Z% (x1) belongs to the x3-axis for all n > Ny, for
some Ny € N, and in fact we can assume that x, := Z‘],V(’(xl) € H.y, where M is any
positive number. Now taking M > M, where M) is the constant we used in Lemma 1,
and applying that lemma »n times for a ball B(x;, R) C Zf)v o(U), we obtain

Zy(B(x2, R) N Hs ) D B(Z(x2), ™" R) N He g ().

For all large enough n the ball on the right-hand side, B(Z',(x2), @ ™" R), intersects the
line y1 = {(21, 0, 1) : ¢ € R}. Hence, for all large enough n, Z".(U) intersects y;. Thus for
each n large enough there is a point x3 € y; whose backward orbit intersects U itself. This
means that U contains a point in yj for all large enough k, as we wanted. [

LEMMA 12. The set Iy is connected.

Proof. Suppose U C R is an open set with U N Ty % @ and [y N dU = #. We show that
I'pcU.
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By Lemma 11 we have that y, N U # @, for all k > kq. Since y is a connected curve,
this implies that yx C U, for all k > kg. Thus

Iy C.F6== LJ Vi cU.
k>ko

Hence, since I'o N 0U = @, we have that I'o C U. ]

Similarly, we can define sets I';, for i = 1, 2, 3, using this time A; instead of Ay and
prove that I'; is also connected. This implies that the union I" := U?:O I'; is a connected
set. Define the set

Y = U (T + k22, 21, 0) 4+ (2, =24, 0)),
(k,)ez?

which is connected since I' contains the lines {(£2A, 0,7) : t € R}, {(0, £2A, 1) : t € R}
and is a subset of /(Z,) since the iterates of any point eventually land on the x3-axis. Next
we define, inductively, the sets ¥; C I(Z,) by setting Yo =Y and Y| = Z;l(Yj) UY;.

LEMMA 13. The sets Y are connected for all j > 0.

Proof. We will prove this by induction on j. Let us define the inverse branches of Z,.
Using the notation we introduced in the first paragraphs of this section, define Ay, : H, —
Ty, with p =0, 1, 2, 3, to be the inverse branches of Z, that take values on the square
beams T 4). We also extend those maps to H, \ {0} and use the same symbol to denote
those extensions. With that notation we have that

Yit1 = U Ay (Yj)UY;.
(k1)eZ?

By the inductive hypothesis now we know that Y; is connected and because Ay
is continuous the set Ay, (Y;) is also connected. Observe now that the point x,, =
(24, 0,0) +n(24,0,0) +m(0, 21, 0) isinside ¥ = Yy and thusin Y, forall n, m € Z and
for all j € N. Also note that Z, (x,») = (0, 0, —vA) or (0, 0, vA) which are both points
in Y;. This means that there are m, n depending on k, [ such that x,,, € Ag;(Y;). Hence
Apy(Y;)NY; # . This implies that the set Ag;(Y;) UY; is connected. Hence Y is
connected as a union of connected sets with non-empty intersections with each other, as
we wanted. O

Proof of Theorem 3. Consider the set
Uz /«.0,-1yc ;.
j=0 Jj=0

The Zorich map is bounded on {(x,x2, x3): x3 <0} and thus it does not have
the pits effect (see [S5]). Hence, by [5, Theorem 1.8] we will have that the set
szo Z;-/((O, 0, —1)) is dense in J(Z,), which by Theorem 1 is R3, and thus also
dense in 1(Zy). Thus the set >0 Y; is a connected dense subset of I(Z,) which
implies that the escaping set itself is connected. O
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6. Density of periodic points

Proof of Theorem 2. First let Uy = B(xg, r) be a ball centred at xo € R3 of radius r > 0.
We seek a periodic point of Z, in Uy. Without loss of generality we may assume that Uy
does not intersect any of the planes x; = +x; + 21k, k € Z.

We will follow the method of [16] where the authors prove that periodic points of a
quasiregular version of the sine function are dense on R3. We will do this by finding an
N e N and a finite sequence of open sets U;j, j =0, ..., N, such that:

() U1 CZyWU),0<j<N-1
(i)  Zy is a homeomorphism on each U; for j < N — 1;
(i) Uop C Uy.
If these conditions are met then we can define a continuous inverse branch Z; Nouy -
Up. Thus by the Brouwer fixed point theorem the map Z;N |u, has a fixed point in Uy.

We will now show how we can construct such a sequence. By Theorem 1 we
know that Z"(Up) eventually covers R3\ {0}. We set U; = Z,J,.(Uo) for all j such that
Z,{(Uo) does not intersect the set P :=J; o7 {(x1, X2, x3) : X1 = %xp + 2kA}. Let ng
be the biggest such j, so that we have defined Uy, . .., Uy,. Then take a point y; in
Z" N (Up) N P such that y; & Bz, and a ball B(y;, r) € Z" ! (Up) \ Bz,, where we
recall here that Bz, is the branch set. Set Uy 41 = B(y1, r). We know that Z,(Uy;+1)
intersects one of the planes x; = +x, and it is easy to see that Z, is a homeomorphism
on Upy+1. Assume, without loss of generality that it intersects x; = x, and take y, €
(Zv(Uny+1) N{(x1, x2, x3) : x1 = x2}) \ Bz,. Set Upy42 = B(y2,72), where r, > 0 is
such that B(y2, r2) C Zy(Uyy+1) \ Bz,

Consider the set Vy = Uyy42 N {(x1, X2, x3) : X1 = x2} which is an open set of the plane
X1 = x7 in the subspace topology. We define the sets V,, by induction as follows. Suppose
that V, has been defined and that V,, N Bz, = {J. We consider now two cases:

(1) Z,(V,) intersects one of the lines {(x1, x3, x3) : x] = xp = 2Ak}, k € Z which are
the pre-images of the x3-axis on the plane x; = x5:
(2) Z,(V,) does not intersect any of those lines.

In the first case, let y3 be a point in such an intersection. We define V;,;1 to be an open
ball around y3 in the subspace topology of x; = x» of radius 3 where r3 is chosen in such
a way that the ball does not contain branch points and such that V,, | C Z, (V).

In the second case, we define V,41 := Z,(V,) N Hy, where Hy is the whole plane
x1 = x2 it Z,(V,) N Bz, = {J, and it is an open half-plane on x; = x; otherwise, which
is defined as follows. Suppose that Z, (V) intersects one of the lines of Bz, which we
call £1. We set Hy to be the half-plane defined by this line and the property

mo(Zv(Va) N Ho) = ma(Zy(V)),

where m is the two-dimensional Lebesgue measure on x; = x». Note now that we have
inductively defined the sets V;,.

‘We now claim that case (1) must occur for some 7, otherwise notice that by construction
Z, is a homeomorphism on V,,, for all n € N. Hence,

my(Vas1) = ma(Zy(Va) N Ho) = 5ma(Zu (V). (6.1)
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Using the notation of §3, we now have that

ma(Zy(Va)) = ma((@~" 0 g 0 $) (V) = Cma(g( (Vi)

where C = |det D¢~!|, which is a constant since ¢ is linear. Combining with equation
(6.1), this gives

C
ma(Vat1) = —m2(8(@ (V).

Thus by Lemma 3 we have that m»(V,) — oo, as n — oo. This implies, just like in the
proof of Theorem 5, that there is an mq such that V,,, intersects the x3-axis.
We now set Up42+; to be the open set

Ungtati = ) B(x, 1),
xeV;
where r, is such that B(x, ry) C Zy(Uny+1+i) and B(x,ry) N Bz, =0, for all 1 <
i < my.
Notice that the sets U, 424; satisfy properties (i) and (ii). We have that U,y 24m,
intersects the x3-axis, so let

Un0+3+m0 = ZU(Un0+2+m0) n B(O,O)-

Define also
Q0,0 = {(x1, x2) : |x1] + |x2| < 24}
and
Qun = Q0 + k@A, 20) +12A, =21), k,l e Z.
We now set

Unot24mo+j = LvUng+14mo+j) N B(0,0)»

forall2 < j < mj, where my, depending on M > 0, is so large that Uy;; 424 mq+m, contains
a set of the form Qg x [R, R + M], where Qg = Q0 N {(x1,x2) : x1 < x2} and for
some R > 0. We know that such an m exists because the iterated image, under the Zorich
map, of an open set that intersects the x3-axis eventually contains a ball of radius as large
as we want (see Lemma 1).

If M is large enough then Z,,(Uyy4-24my+m,) Will contain a set of the form

Uno+3+mo+my = Q) X [—tm, tyl,

for some k,l € Z and ty; — oo, as M — oo. Note that Z, is a homeomorphism on
Ung+2+mo+j forall 2 < j < mq + 1 and that Z,,(Upg43-4mg+m,) Will be the set

Uy ={xe R :vie™™ < |x] < vre™}\ W,

where W = {(x1, x2, x3) : x] = £x2, x3 < 0}. If M is large enough Uy will contain the
closure of our initial set Uy, since Uy does not intersect any of the planes x; = +x, + 2k,
k € Z, and we are done. O
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7. Generalized Zorich maps

In this section we discuss a more general construction of Zorich maps. The goal of this

section is to sketch how to prove Theorem 4 by following the same methods we used in the

proof of Theorem 1 and highlight the most significant differences between the two cases.
We start again with the square

0 ={(x1,x) e R?: [x1] < 1, |x2] < 1}

The L bi-Lipschitz function g, : O — IR3 maps this square to a surface S which satisfies

the following properties.

(1) The surface lies in the half-space {(x1, x2, x3) : x3 > 0}.

(2) The boundary of S lies on the plane x3 = 0.

(3)  The ray that connects (0, 0, 0) with b, (x), x € Q, intersects the surface S only at
Bgen (X).

(4) There exist a 6s € (0, 7/2) and & > 0 such that for all points w, z € S such that
|w — z| < ¢ the acute angle between the lines connecting 0 with z and w with z
is greater than 6s. We will call this property the non-tangential position vector
property.

) mianQ ”]gen(x)l > 0.

Remark 3. We make two observations on the non-tangential position vector property that
we are going to need later.

First we note that it implies that for all points x € S for which a tangent plane to S is
defined at x (we know that this includes Lebesgue almost all points of S) the angle between
the vector fge, (x) and the plane is at least 6.

Second, consider any straight line segment inside Q, which we can parametrize by ¢ (¢),
t € [0, 1] and ¢ linear, and consider (¢ ([0, 1])) which is a curve in S that admits a tangent
line almost everywhere. The non-tangential position vector property now implies that the
angle between the vector /(¢ (7)) and the tangent line at that point on the surface is again
at least 0.

We also note here that a similar condition to the non-tangential position vector property
was used by Nicks and Sixsmith in [25] on the boundary of a domain in R4 in order to
prove an extension theorem on bi-Lipschitz maps between domains.

Again if hgen = (bgen,l > hgen,Z’ hgen,3) we require that Ijgen,l (x1, x1) = hgen,Z(xl’ x1) and
Boen,1 (X1, =X1) = —Bgen 2 (x1, —x1). For simplicity we will also assume that

Been(0,0) = (0,0, 1) and sug [hgen ()| = 1. (7.1)
xXe

Although the last two conditions are not needed for our methods to work, they make the
arguments less arduous and more similar to the arguments we used in the more classical
setting.

We also rescale our map b, by defining

1
hgen(x1, x2) = )»f)gen<x(X1,X2)>, (x1,x2) € 0.
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We then define
Zoen(x1, X2, x3) = €3 hgen(x1, X2),

on 10 x R and extend this map to the whole of R? through reflections.

Remark 4. A case of particular interest is when the surface S is a square-based pyramid.
In this case we can be much more explicit and define the function hgen : AQ — R3,

hgen(xla x2) = (xl’ X2, A= maX{|x1|, |x2|})’

which sends the square A Q to a pyramid with base A Q and height A. On AQ x R we then
define

Zoen (X1, X2, x3) = € hgen(x1, x2)

and extend this map to all R? in the same way we did with the classical Zorich map.

Let us also mention that in [25] the authors used those kinds of Zorich maps to construct
a quasiregular function in R which resembles e? + z.

For those maps we can prove (although we omit the proof), using the same methods,
the corresponding result to Theorem 1 where we have a more explicit value for the scale
factor.

THEOREM 6. For A > 2 the Julia set J(Zgen) is the whole 0f]R3.

We are now ready to discuss the proof of Theorem 4.

First we have to show that the x3-axis belongs to the Julia set, which is proved in exactly
the same way as for the spherical Zorich maps (see Proposition 1) so we omit the proof.
Then we have to study our maps in the planes x; = £x,. Again in those planes our map is
conjugate through ¢ (x1, x2, x3) = (1/A)(x3 + ix1) to the map

UGz +2i), Im(z) € [(4k + 1), (4k + 3)],

8@ =1
V(2), Im(z) € [(4k — 1), (4k + 1],

where z=x+iyeC, k€Z and J(x +iy) = e (Dgen 3 (7> ¥) + ibgen 1 (v, ¥)). We

again set a(y) = hgen,3(y’ y) and b(y) = hgen,l », y)-
We can then prove that Theorem 5 holds in this setting as well.

LEMMA 14. For A > 2L2/(Sin Os min,eg |hgen(x)|), if Vis a connected set of the
complex plane with m(V) > 0 then g" (V) intersects the real axis for some n € N.

This of course implies that the planes x; = +xp and all their parallel translate
planes x1 = £x2 + 2Ak, k € Z, are in J(Zgen). Again all those planes partition R3 into
square beams whose boundaries are in the Julia set and in which our Zorich map is a
homeomorphism.

We will not give the proof of the above lemma here since it is very similar to the proof
of Theorem 5. The only significant difference in the proof of the above lemma in this more
general setting is in the corresponding Lemma 2 which we prove below.

https://doi.org/10.1017/etds.2021.123 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.123

Julia sets of Zorich maps 721

LEMMA 15. Let g be the map we defined above. Then

sin 8¢ min x)|re?*Re(@)
ldet(Dg(2))| > ——o —*<€ |2the“( ) ae.

Proof. The only difference with the proof of Lemma 2 is in finding a lower bound for
da
ay) )
det d%}
b b
&) dy )

This time we know that the absolute value of the determinant equals

d db
Kuw,uwnkgﬂwx——@ﬁ|smewn
y dy

where 6(y) is the angle between the vectors (a(y), b(y)) and ((da/dy)(y), (db/dy)(y)).
Hence, using the non-tangential position vector property and the fact that

d db 1 in,. ()
‘(—a(y), 5@))‘ > L and (@G, by > Minree e (]

dy V2L V2 '
we get that
da
e | F @y )| sinbs minceo lByen )]
ot db = 2L
b(y) d—(y)
y
and thus
sin g min x)|Ae2PRe 2
det D@ ()| > mOS Mince0 [Dgen()] ae. O

2L

Next we need the Misiurewicz type Lemma 4 which in this case is expressed as follows.

LEMMA 16. Let Dden be the generarized Zorich map and Ve, 05 be the bi-Lipschitz

map and the constant we used in the construction of that Zorich map. Then

A mlanQ |hgen(x)| sin O
L5

"1
deZw@Dz( ) =P o Zpen) )P ace.

Proof. Again the only difference is in obtaining a lower bound for the determinant
det D Zgen(x). Define

oh gen] oh genl

— (X)) —(pkx) hgenl(p(x))

8 en, 8]’1 en,
H=| = %()) gz(u» haena(p(X))

8 gen3 8hgen3

(p(x))

(P(x))  hgen3(p(x))
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and set
oh en, oh en,
. l( (x) > Lp(x))
hgen,l(p(x))
8 gen2 hgenZ
A= ZE200) |, 8= Z2220w) |, C= | wena(p()
3 en, 8]’1 en, hgen3(p(x))
g3(()) g3(()) sen?

Then det H = (A x B, C) = | A x B||C| cos ¢, where ¢ is the angle between A x B
and C. Using the fact that |C| > A minyeg [hgen(x)| and [A x B| > 1/L?, together with
the non-tangential position vector property, we can show that

A minyeg [Hgen(x)] sin 95

det H >
L2
Hence
A mine e |hoen(X)] sin O
det DZgen(x) > ¥ i ngn ,
and the rest follows in exactly the same way as in the proof of Lemma 4. O

Versions of Lemmas 5-10 now follow with only slight modifications of their proofs.
Hence, the proof of Theorem 4 now follows with the same arguments as the proof of
Theorem 1. Let us briefly sketch how all this should work.

LEMMA 17.

(@) Thereare § > 0 and c > 0 such that for all x € Cs, where Cs is the cylinder around
x3-axis with § radius, we have that p3(Zgen(x)) > p3(x) + c.

(b) Foré asin (a) and for every x € Cs, with p(x) # (0, 0), there is an n € N such that
Z0(x) & Cs.

Proof. The proof of (a) follows that of Lemma 5 word for word. For (b) again the proof is
almost the same. The difference here is the lower bound for the angle 6 used in the proof
of Lemma 5: instead of 7 /4 it is now some constant greater than 0. O

LEMMA 18. Assume A > L5/(miner [Dgen (X)] sin Os). Let V C R3 be a connected set
with m(V) > 0 and whose iterates do not intersect any of the planes x1 = £x> + 2kA,
k € Z. Suppose also that there is a sequence of integers nj > 0 with Zgén(V) NC, =9,
where C, is a cylinder around the x3-axis of any radius a > 0. Then m(Zgén(V)) — 00
asnj — 00, where m is the three-dimensional Lebesgue measure.

Proof. The proof is the same as in Lemma 6, only now we use Lemma 16 in place of
Lemma 4. O

In the same way, as for the Zorich map defined using spheres, we can define the surfaces
S, and K, lying inside the rectangle beams B(o) and B(o 1), respectively. Again those
surfaces, together with the plane x3 = 0 and the boundaries of the beams, define sets of
finite volume.
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The next three lemmas are those corresponding to Lemmas 7-9, respectively. Their
proofs follow the proofs of the lemmas we just mentioned almost word for word and are
therefore omitted.

LEMMA 19. Let I, be the volume that the surface S, encloses together with the plane
x3 = 0 and inside the beam B ). Then I, is finite for all n € N. Furthermore, if T, :=
Iy+1 — I, is the volume between S,, and S,,+1 then Ty, is a decreasing sequence.

LEMMA 20. Assume A > LS/(miner [Dgen (X)] sin 0s). Let V be a connected subset of
R3 with m(V) > 0 and such that den(V) does not intersect any of the planes x1 = £x, +

2kX, k € Z, for all n € N. Then den(V) visits infinitely often one of the two rectangle
beams B, B(o,~1), that have the x3-axis in their boundary.

LEMMA 21. Assume ) > (L5/(minx€Q [Dgen (X)| sin 0s)). Let V be a connected set of R?
with m(V) > 0 and such that den(V) does not intersect any of the planes x1 = £x, +
2kA, k € Z for all n € N. Suppose that there is an No € N such that Zge,(V) C B(0,0),
for all n > Ny. Then for all M > 0 and ¢ > 0 there exist some ny > Ngy and a point x €

ZZQH(V) such that p3(x) > M and d(x, x3-axis) < &, where d is the euclidean distance.
The next lemma is the analogue of Lemma 10 in this new setting.

LEMMA 22. Let y1, y» € B(0, r), where r > 0. Then for all n € N it is true that

VL? 422

1 Zaen (1) — Zgen(02)] < < .

n
) E(r) - EX(r)y1 — yal,
where E; denotes the exponential map Le*.

Proof. The proof follows the proof of Lemma 10 almost word for word. Note, however,
that A, B, C are not orthogonal. Still, when estimating | D Zgen(x1, X2, 0)| (see the proof
of Lemma 10) we can argue as follows:

|DZgen(x1, X2, 0)[* = sup (Ju1A + v28 + v3C|*)

[v|=1

< sup (Ju1A + 28] + |[v:C))?

[v|=1

< sup (L|(v1, v2)| + Alvs])?

lv|=1
< L2422
We also note that to argue here as in the last few lines of the proof of Lemma 10 we use
the two conditions in equation (7.1). ]
Proof of Theorem 4. Let V be any open and connected set of R3. Assuming that
max{L>, 2L}
mianQ ”)gen(x)l sin 93’

A > Chgen =

we want to show that den(V) intersects one of the planes that belong to the Julia set for

some n and thus V itself intersects the Julia set.
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The proof now proceeds in the same way as the proof of Theorem 1. We consider the
same two cases.
(i) The iterates den(V) do not eventually stay inside the beam B,y U B(p,—1). In this
case the proof is the same almost word for word.
(i) Theiterates Zg, (V') eventually stay inside B(o,0) U B(o,—1). The idea in this case will
be the same. We leave the details, which will be slightly different, to the interested

reader. ]

8. Questions and remarks

As we have already seen, the Zorich maps resemble the exponential family in many ways.
The literature on exponential dynamics is vast and there are many striking phenomena.
It is expected that Zorich maps, given the higher-dimensional setting and their greater
flexibility, should have an even more intricate nature. In this section we will mention some
problems that require further study.

8.1. Dynamics for different values of .. We saw in Theorem 1 that when A is large
enough the Julia set of the Zorich map is the whole of R?, assuming that v is large enough.
It is interesting to ask what happens when the scale factor A is not large. In that case we
do not have enough expansion in the sense of Lemma 4 in order for our argument to work.
Nonetheless, it seems that the dynamics in this case is also chaotic. We therefore pose the
following question.

Question 1. Let A > 0. Does there always exist a constant ¢, depending on A such that for
all v > ¢, the Julia set J(Z,) is the whole of R3?

We can even pose this question in the complex plane. If we rescale the complex
exponential family we obtain the maps

Ly YN L u (Y
fulx +iy) =vre <cos (}L>+IS1H (k))

for A > 0 and v € R. Note that for L = 1 we get the exponential family. Of course those
maps are no longer holomorphic but they are quasiregular and we can define their Julia
set. A similar approach to that used for the Zorich maps should give us that the Julia set
of those maps for 2 large enough and v > ¢} is the entire complex plane, with ¢ constant
depending on A. But we can pose the following question.

Question 2. Let A > 0. Assuming that v > ¢}, is J(f,,) the whole complex plane?

Closely related to the above question and worth mentioning here is the paper [7] where
the authors study families of functions like f, in the complex plane. The functions they
study are not necessarily quasiregular. However, their results show that if we choose a
A > 0 then for small values of v the Julia set of f, is a ‘Cantor bouquet’.

8.2. Measurable dynamics of Zorich maps. In this subsection we assume that v = 1 and
A is as in Theorem 1. We will make some remarks on the Lebesgue measure of some sets.
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First we need to introduce symbolic dynamics. In order to do that we partition R into the
rectangular beams

Ti.j) = T +2i(A, A, 0) +2j (A, =2, 0),
where i, j € Z and

T0,00 = B, YU Bo,—1) U {(x1, x2, x3) : x1 = x2 —2A, =24 < x1 <0}
U {(x1, x2, x3) 1 x1 = —x2 + 21,0 < x1 < 21}

U {(x1, X2, X3) 1 X1 = X2, —A < X1 < A}

For each point x € R3 we associate a sequence on Z x Z, S(x) := (s1, $2, . . .), which we
call its itinerary, and the sy = (sk.1, Sk,2) are chosen such that zk (x) € Ty, . We denote the
space of all sequences by ¥, so S is a map from R3 to X. This procedure of course can be
done to the exponential map in a similar manner. Consider now the set of all points with a
given itinerary (sg, s, . . .), namely the set

(x eR?: S(x) = (s1,50,...)h

Ghys, Goldberg and Sullivan in [17] proved that the analogous set for the exponential
map has Lebesgue measure zero. With a bit more work we can see that in our proof of
Theorem 1 we have actually proved the same result for the Zorich maps. Phrasing it in the
same way as in [17], we have proved the following result.

THEOREM 7. The fibres of the map S have Lebesgue measure zero.

Proof. Let V be a set with m(V) > 0 and where all points in V have the same itinerary s.
Remember that the planes x; = %x; together with their parallel translates form a forward
invariant set so any point in V which lands on one of those planes stays on those planes.
Those points will have zero Lebesgue measure since the planes have zero Lebesgue
measure and quasiregular maps have Luzin’s N property (see [28, I.Proposition 4.14]).
Hence, we can assume that V does not contain such points and it always stays on the
interior of the square beams under iteration. Thus we find ourselves in the same two cases
as in the proof of Theorem 1. Note here that Lemmas 6 and 8 require the set V to be
connected. However, it is easy to see in their proofs that this hypothesis can be weakened
to all points in V having the same itinerary, which is exactly what we have here.

The first case now of Theorem 1 is exactly the same. Assuming that points in V have
an itinerary in which we can find a subsequence s,, with s,, # (0,0), we arrive at a
contradiction due to the fact that m(V) > 0.

In the second case we assume that the itinerary of points in V is eventually 0, and
without loss of generality in fact equal to (0, O, . . .). We may assume that all points in V
are density points since by Lebesgue’s density theorem this is true for almost all points.
Thus if x € V then we know that

m(B(x,e)NV)

> 0,
m(B(x, g))

forall ¢ > 0.
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We now claim that m(B(x,e) N V) > 0, for all ¢ > 0 small enough, if and only if
m(B(Z(x),e) N Z(V)) > 0 for all & > 0 small enough. Indeed, this follows by Lusin’s
N property and the fact that the Zorich map is locally invertible in Z(V).

This implies that all points in Z" (V') have the property m(B(y, &) N Z"(V)) > 0 for
all & > 0 small enough. Hence, by Lemma 9, we may assume that x lies in A (otherwise
just consider an iterate of V and rename it V) and fix a small ¢ so that

U:=B(x,e)NV C A.

We can now repeat the argument in the proof of the second case of Theorem | and conclude
that there is a subsequence n ; with Z"/(U) C A U A3 but m(Z"/ (U)) — oo, whichis a
contradiction due to the fact that m(A, U A3) < oo. O]

Closely related is the question of the typical behaviour of an orbit of the exponential
map. Lyubich in [21] proved that for Lebesgue almost all points of the complex plane the
limit set of their orbit E”(z) is the orbit of 0, { E” (0)},en plus co. Thus a typical point will
follow closely the orbit of 0 for some time and then ‘break off” for some iterates until it
goes back to following the orbit of 0 for more iterates this time. Hence, almost all points
in the complex plane belong to the bungee set of the exponential map (see [26]), namely
the set of points that neither escape to infinity nor remain bounded under iteration. The
bungee set can be also defined for quasiregular maps (see [24]). So we pose the following
question.

Question 3. What is the typical behaviour of an orbit of a point x € R3 under the Zorich
map? Do almost all points belong to the bungee set?

Another interesting question that was answered by Lyubich in the same paper is that of
ergodicity of the exponential. Ergodicity here means that there is no partition of the plane
into two invariant sets of positive Lebesgue measure. We have the following theorem.

THEOREM 8. (Lyubich [21]) E(z) is not ergodic.
In the same sense we can pose the following question.

Question 4. 1Is the Zorich map Z ergodic?

8.3. Indecomposable continua in Zorich maps. Another fascinating and well-studied
phenomenon in exponential dynamics is the presence of indecomposable continua in the
dynamic plane. It was Devaney in [9] who first studied such sets. The way to construct
them in the complex plane is as follows. Consider the strip

S={zeC:0<Imz<um}.
Now take any k > 1/e and consider the set

A:={ze€C:E(z) € Sforalln € N}.
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By suitably compactifying this set, Devaney shows that we obtain a curve that accumulates
everywhere on itself but does not separate the plane. By applying a theorem due to Curry,
[8, Theorem 8], he then concludes that this curve must be an indecomposable continuum.

Assuming that v = 1, we can try and construct a similar set in the case of Zorich maps.
The role of the strip S is now played by the rectangular beam m. Thus we can consider
the set

Az :={x e R®: Z"(x) € B(oy), foralln € N}.

We can also, just like Devaney, suitably compactify this set and obtain a surface (I", say)
that accumulates everywhere on itself. However, Curry’s criterion is no longer available in
this higher-dimensional setting, so Devaney’s argument does not work here.

Question 5. Is I an indecomposable continuum?

If the answer to the above question is yes we can then consider the same continua for
different values of v. Let us call these continua I'y,, and I',,, with vy, vy > 1.

Question 6. If vi # vy are I'y, and I",, homeomorphic?

Let us also remark here that the points in the set A z all have the same itinerary, so by the
results of the previous subsection we have that the three-dimensional Lebesgue measure
of this set is zero.

Finally, let us mention [12] where the authors prove the existence of many more
indecomposable continua in the dynamical plane of the exponential map and ask many
more questions. Such considerations also make sense for Zorich maps.
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