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Abstract. Let F, be a finite Galois-algebra extension of a number field F, with group G. Suppose that
F, /F is weakly ramified and that the square root A, of the inverse different D" is defined. (This
latter condition holds if, for example, |G| is odd.) Erez has conjectured that the class (A;) of A,
in the locally free class group CI(ZG) of ZG is equal to the Cassou-Nogués-Fréhlich root number
class W (F,/F) associated with F,/F. This conjecture has been verified in many cases. We establish
a precise formula for (A,) in terms of W (F/F) in all cases where A is defined and F,/F is tame,
and are thereby able to deduce that, in general, (A, ) is not equal to W(F/F).

1 Introduction

Let F be a number field with absolute Galois group Qr. Suppose that G is a finite
group on which Qp acts trivially, and let 7 : Qp — G be a surjective homomorphism.
Let F,, be the corresponding G-Galois-algebra extension of F. (We note that since 7 is
surjective, F is in fact a number field, and not merely a Galois algebra.) Write ©, for
the different of F,/F and O, for the ring of integers of F,. If 3 is any prime of O, the
power v (D) of P occurring in D, is given by

(@)= 32 (16§71 -1),

where Gg) denotes the ith ramification group at I3 (see [23, Chapter IV, Proposition

4]). This implies that if, for example, |G| is odd, then the inverse different D' has a
square root, i.e., there exists a unique fractional ideal A, of O, such that

A2 =9
(Let us remark at once that if |G| is even, then D' may well—but of course need not—
also have a square root.)
Recall that F,/F is said to be weakly ramified if G(g ) = 1forall prime ideals 3 of
Oy. Erez has shown that F,,/F is weakly ramified if and only if A, is a locally free
OrG-module (see [10, Theorem 1]). Hence, if F,/F is weakly ramified, it follows that

A, isalocally free ZG-module, and so defines an element (A ;) in the locally free class
group Cl(ZG) of ZG. The following result is due to Erez (see [10, Theorem 3]).
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Theorem 1.1  Suppose that F,[F is tamely ramified and that |G| is odd. Then A, is a
free ZG-module.

Based on this and other results, Vinatier has made the following conjecture (cf. [30,
Conjecture] and [4, Section 1.2]).

Conjecture 1.2 Suppose that F, [F is weakly ramified and that |G| is odd. Then A, is
a free ZG-module.

The first detailed study of the Galois structure of A, when |G| is even is due
to the third author and Vinatier [4]. By studying the Galois structure of certain
torsion modules first considered by Chase [6], they proved the following result, and
thereby were able to exhibit the first examples for which (A,) # 0 in CI(ZG) (see [4,
Theorem 2]).

Theorem 1.3  Suppose that F,[F is tame and locally abelian (i.e., the decomposition
group at every ramified prime of F,[F is abelian). Assume also that A, exists. Then
(Ar) = (0Og) in CI(ZG).

A well-known theorem of M. Taylor [26] asserts that, if F,/F is tame, then
(1.1) (On) = W(Fn/F):

where W (F,/F) denotes the Cassou-Nogués-Frohlich root number class, which is
defined in terms of Artin root numbers attached to nontrivial irreducible symplectic
characters of G. (In particular, if |G| is odd, and so has no nontrivial irreducible
symplectic characters, then W(F,/F) = 0.)

We therefore see that Theorem 1.3 may be viewed as saying that if F,;/F is tame and
locally abelian, and if A, exists, then we have

(An) = (On) = W(Fn/F)

In light of the results described above, as well as those contained in [7], Erez has
made the following (unpublished) conjecture.

Conjecture 1.4  Suppose that F,, [ F is weakly ramified and that A, exists. Then
(Ar) = W(FE,/F).

Conjecture 1.4 includes Vinatier’s Conjecture 1.2 as a special case, and was the
motivation for the work described in [4]. It also explains almost all previously obtained
results on the ZG-structure of A,. In a different direction, the conjecture is related to
the recent work of Bley, Hahn, and the second author [3] concerning metric structures
arising from A, (for more details of which, see the Ph.D. thesis [17] of the fourth
author).

In this paper, we show that, in general, Conjecture 1.4 fails for tame extensions. For
each tame extension F,/F, we use the signs at infinity of certain symplectic Galois-
Jacobi sums to define an element g%, (F,/F) € CI(ZG). The class J, (F./F) is of order
at most 2, and is often, but not always, equal to zero. We prove the following result.

Theorem 1.5 Suppose that F, [F is tame and that A, exists. Then
(Az) = (On) = 3o (Fx/F),
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i.e., (see(1.1))
(1.2) (Az) = W(Fy/F) + 35 (Fz/F).

Our proof of Theorem 1.5 combines methods from [1, 2] involving relative algebraic
K-theory with the use of non-abelian Galois-Jacobi sums, the explicit computation
by Frohlich and Queyrut of the local root numbers of dihedral representations and
a detailed representation-theoretic analysis of the failure (in the relevant cases) of
induction functors to commute with Adams operators. In particular, it is interesting to
compare our use of Galois-Jacobi sums with the methods of [4], where abelian Jacobi
sums play a critical role.

Remark 1.6 It remains an open question as to whether (1.2) continues to hold if the
tameness hypothesis is relaxed.

For any integer m > 1, we write Hy,, for the generalized quaternion group of order
4m. The following result, which is obtained by combining Theorem 1.5 with the work
of Frohlich on root numbers (see [11]), gives infinitely many counterexamples to
Conjecture 1.4.

Theorem 1.7 Let F be an imaginary quadratic field such that Cl(Of) contains an
element of order 4. Then, for any sufficiently large prime ¢ with { =3 (mod 4), there
are infinitely many tame, Hyo-extensions F, [F such that A, exists and (A,) # (Oy) in
Cl(ZHy).

An outline of the contents of this paper is as follows. In Section 2, we recall certain
basic facts about relative algebraic K-theory from [1, 2]. In Section 3, we discuss how
ideals in Galois algebras give rise to elements in certain relative K-groups. Section 4
contains a description of the Stickelberger factorization of certain tame resolvends (see
[2, Section 7]) in the case of both rings of integers and square roots of inverse differents,
while Section 5 develops properties of Stickelberger pairings and explains how these
may be used to give explicit descriptions of the tame resolvends considered in the
previous section. In Section 6, we recall a number of facts concerning Galois-Gauss
sums. We define Galois-Jacobi sums, and we establish some of their basic properties.
In Section 7, we compute the signs of local Galois—Jacobi sums at symplectic characters
by combining an analysis of the behavior of Adams operators with respect to induction
functors together with the theorem of Frohlich and Queyrut. In Section 9, we prove
Theorem 1.5. Finally, in Section 10, we prove Theorem 1.7.

Notation and conventions

For any field L, we write L® for an algebraic closure of L, and we set Qp :=
Gal(L¢/L).If L is a number field or a non-archimedean local field (by which we shall
always mean a finite extension of Q, for some prime p), then Oy denotes the ring of
integers of L. If L is an archimedean local field, then we adopt the usual convention of
setting O = L.

Throughout this paper, F will denote a number field. For each place v of F, we fix
an embedding F¢ — F{, and we view Qp, as being a subgroup of Qr via this choice of
embedding. We write I, for the inertia subgroup of Qp, when v is finite.
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If H is any finite group, we write Irr(H) for the set of irreducible F¢-valued
characters of H and Ry for the corresponding ring of virtual characters. We write
1y (or simply 1 if there is no danger of confusion) for the trivial character in Rg.

Let L be a number field or local field, and suppose that I' is any group on which
Qp, acts continuously. (We shall usually, but not always, be primarily concerned with
the case of trivial Qp-action; see below for further remarks on this.) We identify
I-torsors over L (as well as their associated algebras, which are Hopf-Galois exten-
sions associated with A := (L)) with elements of the set Z'(Q;,T) of T-valued
continuous 1-cocycles of QO (see [24, 1.5.2]). If = € Z'(Qy,T), then we write L,/L
for the corresponding Hopf-Galois extension of L, and O, for the integral closure
of Op in L. (Thus, O, = L, if L is an archimedean local field.) Each such L, is a
principal homogeneous space of the Hopf algebra Map, (T, L) of Qp-equivariant
maps from T to L°. It may be shown that if 7, 1, € Z'(Qp,T), then L, ~ L, if and
only if m; and 7, differ by a coboundary. The set of isomorphism classes of I'-torsors
over L may be identified with the pointed cohomology set H'(L,T) := H'(Q,T). We
write [7] € H'(L,T) for the class of L, in H'(L,T). If L is a number field or a non-
archimedean local field, we write H}(L,T) for the subset of H'(L,T) consisting of
those [7] € H'(L, T) for which L, /L is at most tamely ramified. If L is an archimedean
local field, we set H} (L, T) = H'(L, T). We denote the subset of H!(L, T') consisting of
those [7] € HY(L,T) for which L,/L is unramified at all (including infinite) places of
Lby H.,(L,T). (So, with this convention, if L is an archimedean local field, we have
H}’IY(L’ r) =0.)

We remark that if QO acts trivially on T, then we recover classical Galois theory:
7 is @ homomorphism, L, /L is simply an extension of I'-Galois algebras, and L is a
field if 7 is surjective. For the most part, this is the only case that will be needed in
this paper. There is, however, one important exception. This occurs in Section 4 when
we describe a certain decomposition (a Stickelberger factorization) of resolvends of
normal basis generators of tame local extensions. (This is a non-abelian analogue of
Stickelberger’s factorization of abelian Gauss sums. See [2, Definition 7.2] for further
remarks on this choice of terminology.)

If A is any algebra, we write Z(A) for the center of A. If A is an R-algebra for some
ring R, and R — R is an extension of R, we write Ag, := A ®g R; to denote extension
of scalars from R to R;.

2 Relative algebraic K-theory

The purpose of this section is briefly to recall a number of basic facts concerning
relative algebraic K-theory that we shall need. For a more extensive discussion of these
topics, the reader is strongly encouraged to consult [2, Section 5] as well as [1, Sections
2 and 3] and [25, Chapter 15].

Let R be a Dedekind domain with field of fractions L of characteristic zero, and
suppose that G is a finite group upon which Q; acts trivially. Let 2( be any finitely
generated R-algebra satisfying A ®x L ~ LG.

For any extension A of R, we write Ko (2(, A) for the relative algebraic K-group
that arises via the extension of scalars afforded by the map R — A. Each element of
Ko (2, A) is represented by a triple [ M, N; &], where M and N are finitely generated,
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projective 2A-modules, and £: M ®@g A 5 N@®gA is an isomorphism of A ®x A-
modules.

Recall that there is a long exact sequence of relative algebraic K-theory (see [25,
Theorem 15.5])

CEW CEN
(2.1) Ki(2) 5 Ki(A®r A) — Ko(2A, A) — Ko (A) - Ko(A ®r A).

The first and last arrows in this sequence are induced by the extension of scalars map
R — A, whereas the map 0y , sends the triple [ M, N; €] to the element [M] - [N] ¢
Ko(20).

The map 9} , is defined as follows. The group Ki(2 ®g A) is generated by
elements of the form (V,¢), where V is a finitely generated, free 2 ® A-module,
and ¢ : V = V is an 2 ® A-isomorphism. To define d}_, ((V,¢)), we choose any
projective 2-submodule T of V such that T ®y A = V, and we set

A (V> 9)) = [T, T; ¢].

It may be shown that this definition is independent of the choice of T.

Let CI(21) denote the locally free class group of 2. If A is a field (as will in fact
always be the case in this paper), then (2.1) yields an exact sequence
(22) Ki(2) 5> Ky (2 @r A) 225 Ko (2, A) 224 CI(2A) - 0,
and this is the form of the long exact sequence of relative algebraic K-theory that we
shall use in this paper.

We shall make heavy use of the fact that computations in relative K-groups and in
locally free class groups may be carried out using functions on the characters of G.
Suppose that L is either a number field or a local field, and write Rg for the ring of
virtual characters of G. The group Q acts on Rg via the rule given by

x“(g) = w(x(g))

where we Qp, yelrr(G), and ge G. For each element a € (L°G)*, we define

Det(a) € Hom(Rg, (L°)*) as follows. If T is any representation of G with character

¢, then we set Det(a)(¢) := det(T(a)). It may be shown that this definition is

independent of the choice of representation T, and so depends only on the character ¢.
The map Det is essentially the same as the reduced norm map

(2.3) nrd: (L°G)* - Z(L°G)”
(see [2, Remark 4.2]): (2.3) induces an isomorphism
(2.4) nrd : K1 (L°G) = Z(L°G)* ~ Hom(Rg, (L)),

and we have Det(a)(¢) = nrd(a)(¢).

Suppose now that we are working over a number field F (ie., L = F above). We
define the group of finite ideles J;(K;(FG)) to be the restricted direct product
over all finite places v of F of the groups Det(F,G)* ~ K;(F,G) with respect to the
subgroups Det(Op, G)*. (We shall require no use of the infinite places of F in the
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idelic descriptions given below. See, e.g., [9, pp. 226-228] for details concerning this
point.)
For each finite place v of F, we write

loc, : Det(FG)™ — Det(F,G)* ¢ Homq, (Rq, (Fy;)")

for the obvious localisation map.
Let E be any extension of F. Then the homomorphism

Det(FG)™ — J;(Ki(FG)) x Det(EG)*;  x = ((loc,(x)),,x")
induces a homomorphism
I (Ki(FG))
[T, ;00 Det(2L,)*
Theorem 2.1 (a) There is a natural isomorphism

J7(Ki(FG))
Det(FG)* I1,; o0 Det(2L,)*

Ag g : Det(FG)* — x Det(EG)™.

cl) =

(b) There is a natural isomorphism
ha,i : Ko(2, E) = Coker(Ag,p).

(c) Let v be a finite place of F, and suppose that L, is any extension of F,. Then there
are isomorphisms

Ko(2,,L,) ~ Ky(L,G)/1(K (21,)) ~ Det(L,G)*/ Det(2,)*.

Proof Part (a) is due to Frohlich (see, e.g., [15, Chapter I] or [12]). Part (b) is proved
in [1, Theorem 3.5], and a proof of part (c) is given in [2, Lemma 5.7]. [ |

Remark 2.2 Suppose that x € Ko(2, E) is represented by the idele [(x}),,%c0] €
Jr(Ki(FG)) x Det(EG)*. Then 9°(x) € CI() is represented by the idele (x,), €
I (Ki(FG)).

Remark 2.3 Suppose that [M, N; &] € Ko(OpG, E) and that M and N are locally
free 2-modules of rank one. An explicit representative in J;(K;(FG)) x Det(EG)*
of hy, g ([M, N; &]) may be constructed as follows.

For each finite place v of F, fix 2, -bases m, of M, and n, of N,. Fix also an FG-

basis 1., of Nf, and choose an isomorphism 6 : Mg = Nr of FG-modules.
The element 67! (110, ) is an FG-basis of M. Hence, for each place v, we may write

my = Uy - 6—1(7100))

Ny =Vy* Hoos

where p,, v, € (F,G)*.

If we write 0 : My — N for the isomorphism afforded by 6 via extension of
scalars, then we see that the isomorphism & o 01‘51 :Ng = Ng is given by #o, = Voo -
Noo for some vo, € (EG)*.

A representative of hy ([ M, N; £]) is given by the image of [(gy - v;1)y, Voo | in
J;(Ki(FG)) x Det(EG)*.
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Remark 2.4 We see from Theorem 2.1(b) and (c) that there are isomorphisms

J/(K((FG))  Homa, (Re, J;(FY))
[Tyj00 Det(A,)* 1,400 Det(2A,)*

There is a natural injection

Ko(2, F) ~ ~ @100 Ko (2, Fy).

K()(Q[,F) - Ko(m,FC)
[M, N; f] > [M, N; EFE],
where &g : Mpe 5 Npeisthe isomorphism obtained from & : Mp 5 Nrvia extension

of scalars from F to F°. It is not hard to check that this map is induced by the inclusion
map

I (K (FG)) 5 (K:(FG)) x Det(F<G)*
(xv)v g [(xv)wl]'

We now recall the description of the restriction of scalars map on relative K-groups
and locally free class groups in terms of the isomorphism given by Theorem 2.1(b).

Suppose that F/F is a finite extension and that E is an extension of F. Then
restriction of scalars from Oz to O yields homomorphisms

K()(Qlog,E) - KQ(Q[,E)
and
Cl(Ao, ) - CI(A),

which may be described as follows (see, e.g., [15, Chapter IV] or [27, Chapter 1]).
Let {w} be any transversal of Q5\QF. Then the map
J1(Ki(FG)) x Det(EG)* — J;(Ki(FG)) x Det(EG)*
[()’V)W)’OOJ = H[()’V)w Yool”

w

induces homomorphisms

(25) N,‘;F/F : Ko(moiT,E) d K()(Q[,E)
and
(2.6) Ng/p : CI(Q[O?) g CI(Q[)

These homomorphisms are independent of the choice of {w} and are equal to
the natural maps on relative K-groups (resp. locally free class groups) afforded by
restriction of scalars from O to Op.

We conclude this section by recalling the definitions of certain induction maps on
relative algebraic K-groups and on locally free class groups of group rings (see, e.g.,
[15, Chapter IT] or [27, Chapter I]).

Suppose that G is a finite group and that H is a subgroup of G. Let E be an
algebraic extension of F. Then extension of scalars from OrH to OpG yields natural
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homomorphisms

2.7) Ind{ : Ko(OpH, E) - Ko(O5G, E)
and

(2.8) Ind§ : CI(OpH) — Cl(OxG).

It may be shown that these homomorphisms are induced (via the isomorphisms
described in Theorem 2.1) by the maps

Ind$ : Hom(Ry, J(F¢)) — Hom(Rg, J(F°)),
Ind$ : Hom(Ry, (F¢)*) - Hom(Rg, (F¢)*)
given by
(2.9) (Ind f)(x) = f(x|u)s  x€Ra.

It is not hard to check from the definitions that the following diagram commutes:

G

d
Ko(OrH,E) LN Ko(OrG, E)
(2.10) aol aol
Indg
Cl(OpH) — CI(0fG).
3 Galois algebras and ideals

Let L be either a number field or a local field, and suppose that 7 € Z!'(Q;,G) is a
continuous G-valued Qy 1-cocycle. We may define an associated G-Galois L-algebra
L, by

Ly :=Mapg ("G,L°),

where "G denotes the set G endowed with an action of Qp via the cocycle 7 (i.e.,
g¥=n(w) gforge™Gand w € Qr),and L, is the algebra of L°-valued functions on
"G that are fixed under the action of Q. The group G acts on L, via the rule

af(h) = a(h-g)

forallge Gand h € "G.
The Wedderburn decomposition of the algebra L, may be described as follows. Set

L™ = (LC)Ker(n))
so Gal(L"/L) ~ n(Qy). Then
(3.1) L.~ [] L7,

n(Q)\G

and this isomorphism depends only on the choice of a transversal of 7(Q) in G. It
may be shown that every G-Galois L-algebra is of the form L, for some 7 and that L,
is determined up to isomorphism by the class [7] of 77 in the pointed cohomology set
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H'(L, G). In particular, every Galois algebra may be viewed as being a subalgebra of
the L¢-algebra Map(G, L°).
Definition 3.1 'The resolvend map rg on Map(G, L°) is defined as
rg : Map(G,L°) - LG
ar Y a(g)- g

geG

(This is an isomorphism of L°G-modules, but it is not an isomorphism of L¢-algebras
because it does not preserve multiplication.)

Suppose now that L, /L is a G-extension and that £ € L, is a nonzero projective
O G-module. Then there are isomorphisms

Map(G,L”) EL‘;@OL L, LG~ 0:G ®o; L,
and so the triple [£, O G;rg] yields an element of Ko (01 G, L°).

Proposition 3.2 Let F,[F be a G-extension of a number field F, and suppose that £; <
F. (i =1,2) are nonzero projective OrG-modules. For each place v of F, choose a basis
liv of L, over O, G, as well as a basis I of Fr over FG.

(a) The element [L;, OrG;rg] € Ko(OfrG, F¢) is represented by the image of the idele
[(I'G(l,')v) 'l‘G(loo)_l)v,l‘G(loo)_l] € ]f(Kl(FG)) X Det(FcG)X.
(b) The element

[£1, OrGsrg] - [£2, OrGsrg] € Ko(OrG, F)
is represented by the image of the idele
[(re(hy) - r6(13,))v 1] € Jf(Ki(FG)) x Det(F*G)*.
(c) We have that
[£1,05Girg] - [£2, 058G xg] € Ko (OFG, F) € Ko(O5G, F°).
Proof For each finite place v of F, write
liy=xiy oo,
with x;, € (F,G)*. Then it follows from Remark 2.3 that [£;, OrG;rg]e€
Ko(OrG, F®) is represented by the image of the idele [(xi,)y,rG(leo)™'] €
Jf(Ki(FG)) x Det(F°G)*. However,
Xiy =16 (L) 16 (leo) ™

(because the resolvend map is an isomorphism of F°G and F;G-modules), and this
implies (a). Part (b) now follows directly from (a).
To show part (c), we first recall that

K()(OFG,F) ~ @v+ooK0(OFVG,Fv) ~Dytoo Det(FVG)X/Det(OFVG)X

and that an element ¢ € Ko(OfrG, F°) lies in Ko(OfG, F) if it has an idelic representa-
tive lying in J (K, (FG)) x Det(FG)* ¢ J;(Ki(FG)) x Det(F°G)* (see Remark 2.4).
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Now, a standard property of resolvends implies that
rc(liy)Y =rc(liy) - m(w)

forevery w € Qp, (see, e.g., [2,2.2]),and so we see that (rg (L, ) - 16 (13},))y € (F,G)*
for each v. (In fact, as we may take I, = I, for almost all v, we may suppose
that (rg(l,y)-rg(l5,))y =1 for almost all v.) Hence, it now follows from (b) that
[£1, OrG; F¢] = [£,, OpG; F¢] € Ko(OFrG, F), as claimed. [

It is a classical result, due to E. Noether, that a G-extension F,/F is tamely ramified
if and only if Oy is a locally free (and therefore projective) OpG-module. Ullom has
shown that if F,/F is tame, then in fact all G-stable ideals in O, are locally free. He
also showed that if any G-stable ideal B, say, in a G-extension F,/F is locally free, then
all second ramification groups at primes dividing B are equal to zero (see [29]). If
F,/F is any G-extension for which |G| is odd (and so the square root A of the inverse
different automatically exists), then Erez has shown that A, is a locally free OrG-
module if and only if all second ramification groups associated with F,/F vanish, i.e.,
if and only if F,/F is weakly ramified. In fact, as pointed out by the third author and
Vinatier [4, p. 109, footnote 1], the proof of [10, Theorem 1] shows that if F,,/F is any
weakly ramified extension such that A, exists, then A is locally free.

Definition 3.3 Suppose that [7] € H}(F, G) and that A, exists. We define

c= C(T[) = [A,-[, OFG;I'G] - [O,—,, OFG;I'G] € K()(OFG,F) c K(](OFG,FC).

4 Local decomposition of tame resolvends

Our goal in this section is to recall certain facts from [2, Section 7] concerning
Stickelberger factorizations of resolvends of normal integral basis generators of tame
local extensions, and to describe similar results concerning resolvends of basis gener-
ators of the square root of the inverse different (when this exists). Roughly speaking,
the underlying idea is that any tame Galois extension of local fields arises as the
compositum of an unramified field extension with a totally ramified Hopf-Galois
extension (which, in particular, need not be normal).

Let L be alocal field, and fix a uniformizer @ = @y of L. Set q := |Or /@Oy

Fix also a compatible set of roots of unity {{,,}, and a compatible set {@"/™} of
roots of @. (Hence, if m and n are any two positive integers, then we have ({0 )™ = (s
and ((Dl/mn)m — wl/n.)

Let L"" (resp. L") denote the maximal unramified (resp. tamely ramified) extension
of L. Then

L= U L), L'= U Lm@/™).

m=1 m=1

(m,q)=1 (m,q)=1

The group Q" := Gal(L""/L) is topologically generated by a Frobenius element ¢ €
Gal(L'/L) which may be chosen to satisfy

() = Chs 3(@™) = @V
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for each integer m coprime to q. Our choice of compatible roots of unity also uniquely
specifies a topological generator o of 0" := Gal(L*/L"") by the conditions

U(‘Dl/m) = (m : ‘Dl/m> O'(Cm) = Cm

for all integers m coprime to g. The group Q' := Gal(L*/L) is topologically generated
by ¢ and o, subject to the relation

(4.1) ¢p-0-¢ =

The reader may find it helpful to keep in mind the following explicit example, due
to Tsang (cf. [28, Proposition 4.2.2]), while reading the next two sections.

Example 4.1 (Tsang) Suppose that L contains the eth roots of unity with (e,q) =
1, and set M := L((DI/E) Write @y = @ /¢ then @y is a uniformizer of M. Set H :=

Gal(M/L) = (s), say.
Let n be an integer with 0 < |n| < e — 1, and let us consider the ideal
@10y = @"/° 0y
as an O H-module. Set
1 e—1
(Dn+; _ (D(nﬂ)/e

A

We wish to explain why

OLH"XZ(D%'OM)

and to give some motivation for the definition of the Stickelberger pairings in Defini-
tion 5.1.

Suppose that s(@pr) = (- @y, where ( is a primitive eth root of unity. Then, for
each 0 < j < e -1, we have

SJ(OC) _ - Z ((Hn)jw]i\}n.
i=0

Multiplying both sides of this last equality by {~(*")J, where 0 < I < e — 1, gives
(@)t = LS eigien
€ izo

Now, sum over j to obtain

e-1 -1
ZS](OC C (I+n)j _ 2 wan Zc(i—l)j - (Dl+n

j=0 j=0
So, if for any x € Irr(H), we choose the unique integer (y,s),, in the set

{I+n|0<l<e-1}
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such that y(s) = {*)mn, then we see that
e-1

(4.2) Det(rg(a))(x) = Zsj(a)(—(l-%—n)j _ (D%,s)y,n.
=0

The cases n = 0and n = (1 - ¢)/2 (for e odd) correspond to the ring of integers and
the square root of the inverse different, respectively, and we see the appearance of the
relevant Stickelberger pairing (see Definition 5.1) in each case.

It follows from (4.2) that

B,={@y":0<l<e-1}cOLH-a
As By, is an Op-basis of the ideal @}, - Op, and as {, € Or, we see that
OrH-a=0a% Oy,
i.e., a is a free generator of @}, - Oy as an Oy H-module.
Definition 4.2 If g € G, we set
1 lel=t
By = @ i;) o'/lél,
note that 8, depends only on |g|, and so in particular we have
Bg = By-1gy
for every y € G. We define ¢, € Map(G, L) by setting

gl)g()/):{ai(ﬁg), ify:gi’

0, ify¢(g).
Then
lgl-1 g )
(4.3) r6(9g) = ZO 9s(g)g " = ZO o (Be)g "

Suppose now that 7 € Z'(Qy, G), with [r] € Hi(L,G). Write s := n(0) and t :=
n(¢). We define, 7, 7, € Map(Q, G) by setting

(4.4) . (a™¢") = n(a™) =",
(4.5) (0™ ¢") = m(p") = 1",
so that

TT=Tly* Tpy.

It may be shown that in fact 77,,, € Hom(Q"", G), and so corresponds to a unramified
G-extension L, of L. It may also be shown that 7,|q, € Hom(Q', G), corresponding
to a totally (tamely) ramified extension L}’/L"". If we write [7] for the image of
[7] under the natural restriction map H'(L,G) - H'(L"", G), then [7] = [n,]. The
element ¢, is a normal integral basis generator of the extension L}’/L"". (See [2,
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Section 7] for proofs of these assertions.) If in addition |s| is odd, then the inverse
different of L, /L has a square root A, and

A, =D/l o

We can now state the Stickelberger factorization theorem for resolvends of normal
integral bases.

Theorem 4.3 If ay, € Ly, is any normal integral basis generator of Ly, /L, then the
element a € L, defined by

(4.6) rG(anr) 'rG((PS) :rG(a)
is a normal integral basis generator of L, /L.
Proof See [2, Theorem 7.9]. [ |

We shall now describe a similar result (due to Tsang when G is abelian) concerning
O1G-generators of the square root of the inverse different of a tame extension of L.

Definition 4.4 Suppose that g € G and that |g| is odd. Set
‘glz_:l L(i+

/3* = — el
£olgl =

-
2|g\)

Define ¢, € Map(G, L®) by

93 (y) = {”l(ﬁ,ﬂ ify=g',

0, ify ¢ (g).
Then
lgl-1 ) = .
(4.7) r6(9y) = Z(:] 9e(g)g " = E(:] o (Bg)g "

Theorem 4.5 (Cf. [2, Theorem 7.9])  If a,, is any choice of n.i.b. generator of L, [L,
then the element b of L, defined by

(4.8) rg(b) =rg(an) -re(9;)
satisfies Ay = OG- b.

Proof To ease notation, set N := L"" and H := (s).

Write [77] € H'(N, G) for the image of [7] € H'(L, G) under the restriction map
H'(L,G) - H'(N,G). Then A3 = Oy - A, because N/L is unramified. Hence, to
establish the desired result, it suffices to show that

(4.9) Az = ONG - b.
Asrg(ay,) € (ONG)™, (4.9) is equivalent to the equality
(4.10) Az = OnG - @7
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Now,

(4.11) Nz =~ [] N7,
H\G

where N7 = N(@"M) (cf. (3.1)), and this isomorphism induces a decomposition

(4.12) Az =[] A%,
H\G

where

AT = A(Nﬁ) = oC-lsh/2lsl On

is the square root of the inverse different of the extension N”/N.
It therefore follows from the definition of ¢ that (4.10) holds if and only if

(4.13) AT = OyH-B.

This last equality follows exactly as in [28, Proposition 4.2.2], and a proof is given by
taking n = (1— ¢)/2 (for e 0odd) in Example 4.1. |

Proposition 4.6  Suppose that 1] € Hi(L, G) and that s := n(0) is of odd order. Then
the class

C(T[) = [A,-,, OLG;I'G] - [OT[, OLG;I'G] € K()(OLG,L) ~ Det(LG)X/Det(OLG)X
is represented by Det(rg (7)) - Det(rg(¢s)) ™" € Det(LG)*.
Proof This is a direct consequence of Theorems 4.3 and 4.5, together with the proof

of Proposition 3.2(c). |

5 Stickelberger pairings and resolvends

Our goal in this section is to describe explicitly the elements Det(rg(¢s)) and
Det(rg(¢Z)) constructed in the previous section. We begin by recalling the definition
of two Stickelberger pairings. The first of these is due to McCulloh, whereas the second
is due to Tsang in the case of abelian G. See [2, Definition 9.1] and [28, Definition 2.5.1].

Definition 5.1 Let { = {|g| be a fixed, primitive, |G|th root of unity. Suppose first that
G is cyclic. For g € G and y € Irr(G), write x(g) = (" for some integer r.

(1) We define

(x-8c ={r/lGl},

where 0 < {r/|G|} <1 denotes the fractional part of r/|G]|.

Alternatively (cf. Example 4.1, but note that there we worked with the primitive
eth root of unity {,, where e is the exponent of G), if we choose r to be the unique
integer in the set {/ : 0 < I < |G| — 1} such that y(g) = (", then

(x-8)c =1/|Gl.
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(2) Suppose that |G| is odd, and choose € [(1-|G])/2, (|G| - 1)/2] to be the unique
integer such that y(g) = {". Define

(x-8)6 =/IGl.

We extend each of these to pairings

QR xQG - Q
via linearity. Finally, we extend the definitions to arbitrary finite groups G by
setting
(X806 = (X l(sp>s)(s)
and

(656 = (X (s> 5)s)>

where the second definition of course only makes sense when the order |s| of s is
odd.

We shall make use of the following alternative descriptions of the above Stickel-
berger pairing using the standard inner product on Rg (see [2, Proposition 9.2]). For
each element s € G, write (|5 = Cllgl‘/ls‘, and define a character &; of (s) by & (s*) = (\iS|'
Set

1|5\1

j
TR

[1]

For |s| odd, we also define

1 (Isl-1)/2
= Z ](fj Es])

1

*
N

Let (-, —)¢ denote the standard inner product on Rg.
Proposition 5.2 (a) Ifs € G and y € Rg, we have
{x:5)6 = (Ind(yy (Es). Y-
(b) If furthermore |s| is odd, then we have
()5 = (Ind(y (ED) Y-
(c) If|s| is odd, then
5, (|S|§:)/2 -
=1
(d) For s odd, write

(Isl-1)/2
d(s):=- Z ES .
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Then, for each y € Rg, we have

(55 = (x:5)6 = (Ind(5(d (), e

Proof Part (a) is proved in [2, Proposition 9.2]. The proof of (b) is the same mutatis
mutandis. Part (c) follows directly from the definitions of E; and E}, and then (d)
follows from (a) and (b). |

We may use Proposition 5.2 to describe the relationship between the two Stickel-
berger pairings in Definition 5.1 when || is odd.

In the sequel, for any finite group T' (which will be clear from context), and any
natural number k, we write y; for the kth Adams operator on Ry. Thus, if y € Ry
and y € T, then one has v () (y) = x(y*). In particular, we recall that, for all k, v
commutes with the restriction and inflation functors, as well as with the action of Qq
on Ry (see [10, Proposition-Definition 3.5]). If L is a number field or a local field, we
also write . for the homomorphism

Hom(Ry, (L°)*) - Hom(Rr, (L°)™)
defined by setting
vi(S) () = fye(x)
for f € Hom(Rr, (L°)*) and y € Rr.

Proposition 5.3  Suppose that s € G is of odd order, and set H := (s).
(@) If1< j<|s| -1, then
E,8)n= (8,8 - )
= (Eoy2(&) - O
(b) (Tsang) For each y € Rg, we have

(X:5)6 = (w200 = x5)6-
Proof (a)If1< j<|s|/2, then we have

L
(ot -ghu="7 =1

whereas if [s|/2 < j < s — 1, then

(8 gy, Gl =T il
ER"

Thus, in each case, we have
—_% j - 27 i
2, g)H = (ds, s] - fﬁ)m

and this establishes the claim.
(b) Proposition 5.2(b), together with Frobenius reciprocity, gives

(x50 = (Indgy (E)), 1)e

= (B x )
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The desired result now follows from part (a), together with the fact that, for any y € Rg,
we have the equality

v2(x) = v2(x |u)- u

Remark 5.4 Proposition 5.3(b) (due to Tsang) shows very clearly why the second
Adams operator y, appears when one studies the Galois structure of the square root of
the inverse different as opposed to the ring of integers. This appearance of the second
Adams operator was first observed by Erez (see [10, Proposition-Definition 3.5 and
Theorem 3.6]) in the initial work on this topic.

The following result describes the elements Det(rg(¢;)) and Det(rg(¢Z)) in
terms of Stickelberger pairings. In what follows, we retain the notation and conven-
tions of Section 4.

Proposition 5.5 Suppose that y € Rg and s € G.
(a) We have

Det(rg(¢s))(x) = @',
(b) If |s| is odd, then we have

Det(rg(¢7))(x) = @5
(c) For |s| odd, we have

[Det(rc(9;)) - Det(rc(s)) ' 1(x) = @¥s)e~ (k<)o
= o{v:(0-2xs)e

_ Det(rg(95))(v2(x))
Det(rg(9s))(2x)

That is to say,

Det(rg (7)) - Det(rg(:)) ™" = y2(Det(rc(9s))) - Det(rc (9s)) .

Proof Part (a) is proved in [2, Proposition 10.5(a)]. The proof of (b) is very similar,
using [28, Proposition 4.2.2], which in fact shows the result for G abelian. Part (c)
follows from parts (a) and (b), and Proposition 5.3. [ ]

Corollary 5.6  Suppose that [r] € Hi(L, G) and that s := n(0) is of odd order. Then a
representing homomorphism for the class

C(ﬂ) = [ATD OLG§1'G] - [On, OLG;rG]

Det(LG)*  Homg, (Rg, (L))
Det(01G)* Det(01G)*
is the map f, € Homgq, (Rg, (L)) given by

fr(x) = @¥2(0-205)

Proof This follows from Propositions 4.6 and 5.5(c). [ |

Ko(OLG,L) ~
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6 Galois—Gauss and Galois-)Jacobi sums

Let L be a local field of residual characteristic p. Suppose that [n] € H}(L, G), and
recall that we have (see (3.1))
L.~ ] L™
n(Q)\G
Set H:=n(Qr)=Gal(L"/L), and write 7*(L"/L, —) € Hom(Rg, (Q°)*) for the
adjusted Galois—-Gauss sum homomorphism associated with L /L (see [14, Chapter
IV, equation (1.7)]). Recall that this is defined by

T (L"/L, =) = 7(L"JL, =) - y(L"[L, =) " - 2(L"/L, -),

where 7(L"/L, —) denotes the Galois-Gauss sum homomorphism and y(L"/L,-)
and z(L" /L, -) are homomorphisms taking values in roots of unity in Q°. We define
7°(Lr/L, -) € Hom(Rg, (Q°)*) by composing 7*(L*/L, —) with the natural map
RG - RH.

For a finite group T', we write Irr, (T') for the set of Qj,-valued irreducible characters
of I' and Ry, for the free abelian group on Irr, (T'). We fix a local embedding Loc, :
Q° ~ Q}, and we shall identify Irr(T) with Irr, (T) via this choice of embedding.

For each rational prime [ # p, we fix a semilocal embedding Loc; : Q¢ — (Q°); :=
Q° ®q Q. (Caveat: note that this is not the same thing as a local embedding Q° —
Q(!) For each rational prime /, write Q] for the maximal, tamely ramified extension of
Q.

We shall require the following results. (We remind the reader that the definition of
the Adams operators y was recalled just prior to the statement of Proposition 5.3.)

Proposition 6.1 Fix a rational prime I.

(a) Let K be an unramified extension of Q;. Then, for any integer k, we have that
vk (Det(OxG)™) € Det(OxG)™.
(b) Let T be a finite group with abelian p-Sylow subgroups. Then, for any integer k,
¥k (Det(Oq:I)™) € Det(Oq: )™
(c) Suppose that | + p. Then
Loc;(7*(Lz/L, -)) € Det(Oq(y,),1G)™-

Proof Parts (a) and (b) are results of Cassou-Nogues and Taylor. For part (a), see,
e.g., [27, Chapter 9, Theorem 1.2], and note that for this particular result, we do not
need to assume that (k,|G|) = 1. For part (b), see [5, p. 83, Remark].

Part (c) follows from [14, Chapter IV, Theorem 30], where analogous results are
proved for (L7 /L, -); the corresponding results for 7 (L, /L, —) are then a direct
consequence of the definition of 7% (L, /L, -). [ ]

The following result is entirely analogous to [14, Chapter IV, Lemma 2.1]. Recall
that if f € Hom(Rr, (Q;,)*), then w € Qq, acts on f by the rule

00 = F(e e,
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Lemma 6.2 Let L/Q, be a finite extension, and let {v} be any right transversal of Q.
in Qq,. Suppose that f € Homq,,. (Rr, (Q}) ™). Then (cf. (2.5) and (2.6)):

NL/pr = va € HOII]QQ;, (Rr, (Q;)X)

Proof It suffices to show that this result holds with respect to a particular choice of
transversal of QO in Qq »

We first observe that, as Qqur is normal in Qq,, 1 - Qqyr is a subgroup of Qq,.
We choose a right transversal {w} of Q1 - Qqu in Qq,.

Next, we choose a right transversal {a} of Q; n Qqpr in Qqyr. It follows that {0}
is also a right transversal of Qy, in Q; - Qqyr. We now deduce that {ow} is a right
transversal of f in Qq,. We also note that

QL N QQ;r = QLnr n QQ;:
and that (since Qqur is normal in Qq,)

-1 _ -1
w; (QLnr N QQ;r)wi =w; Qme,- n QQ;:’

for any w; € {w}.
Now, suppose that f € Homg, .. (Rr, (Q})*) and that w; € {w}. Then
fwi € Homwi_lﬂLnrw,—(Rr’ (Q;)X)’

and so
fwi € HOm(w‘_—IQmei)nQQ;r (RF) (Q;)X)

Now, observe that for fixed w; € {w}, {w;'ow;}, is a right transversal of
CUI-_IQLm w; N .QQnr in QQnr, and so
P P

[T(*)*"7" € Homay (Rr, (Q5)").
o P
Hence, finally, we obtain
[Ty 7 =TT/ € Homag, (Rr, (Q})"),

as required. [ ]

Proposition 6.3 Let a, be any n.i.b. generator of L [L. Suppose also that the square
root A, of the inverse different of L, /L exists (i.e., that s := n(0) is of odd order) and
that Ay = OLG - by. Then:
(a) Npjq,[Det(rg(br)) ™" - va(Det(rg(az))) - Det(rg(az)) "] € Det(OQ;G)X.
(b) () Locy[(7*(Lx/L, =))]7" - Npq,[Det(rg(ax))] € Det(Oq; G)™.

(i) Locy [y (r* (La/L, -))] ™+ Nyjq, [¥2(Det(rg (ax)))] € Det(Oq: G)*.

(€) Locy[ya(7* (La/L, =)) - (" (La/L, =)) 17 - Npjq, [Det(xc (bx))] €
Det(OQ;G)X.

https://doi.org/10.4153/50008414X23000019 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000019

302 A. Agboola, D. J. Burns, L. Caputo, and Y. Kuang

(d) Locy[y2(7" (La/L, =)) - (" (La/L, =))]7" Nijq, [Det(rg (br)) -
Det(rg(ax))™"] belongs to Det(Oq; G)*.

(e) With the notation of Proposition 4.6, the element
Locy[y2 (7" (La/L, =) - (" (La/L, =)) 17" - Nijq, [Det(ra (¢)) - Det(re (¢s)) ']
belongs to Det( Oq;, G)*.

Proof (a)Recall from [2, Definition 7.12] that for any n.i.b. generator a, of L, /L, one
has

rg(az) =u-rg(an) rc(9s),

where u € (O.G)* and rg(a,,) € (O~ G)*. Furthermore, u - a,, is also an n.i.b
generator of L, /L.
Hence,

Det(rg(az) -r(9s)™") = Det(u - an,) € Det(OrrG)*,
and Lemma 6.2 implies that also

NL/Q,, [Det(rg(az) -re(ps)™)] € Det(OQ;rG)X.
It now follows from Proposition 6.1 that the product
(6.1)
Ni/q,[(Det(rg(ax)) - Det(rg(9:)) ™)™ y2(Det(rc(ax)) - Det(r(¢s)) )]

belongs to Det(OqurG)*.

Part (a) now follows from (6.1), together with Proposition 5.5(c) and the Stickel-
berger factorization of rg (b, ) (see Theorem 4.5).

(b) Let O denote the integral closure of Oy in L™ and fix an element & € L” such
that O" = OLH - a. It follows from [14, Chapter IV, Theorem 31] that there exists an
element w ¢ (OQ; H)* such that

(6.2) Loc,(7*(L7/L,-))™" “Nijq, Det(ru(a)) = Det(w).

Under our hypotheses, the inertia subgroup of H is cyclic of order |s| coprime to p.
Hence, Proposition 6.1(b) implies that

(6.3) Locy[y2 (7" (L"/L, =)™ Niyq, [v2(Det(ra(a)))]
belongs to wz(Det(OQ;H)x) c Det(OQ;H)X c Det(OQ;G)X.

Next, we construct a map a, € Map(G, L) associated with « by setting

_ ] 7(a), if y=n(y)forjeQy,
an(y) = { 0, otherwise.

It is easy to see from (3.1) that a, € L, and satisfies that O, = OG - a. In particular,
for each y € Rg, we have

Dety(rg(ax)) = Dety( > ax(y)y™) =Dety( Y. §(a)y™") = Detresy (ru(a)),

yeG yeH
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with res := resg : RyG — Ry. This implies that

Ni/q,[Det(rc(az))] = Nyjq,[Det(ru(a))],
Nijq,[¥2(Det(rg(az)))] = Npjq,[v2(Det(ra(a)))].

We now see from the definition of 7* (L, /L, -) that (i) follows from (6.2) and (6.4),
whereas part (ii) is a consequence of (6.3) and (6.4).

(c) Follows from (a) and (b) above.

(d) Follows from (b)(i) together with (c).

(e) Follows from (d) above. [ |

(6.4)

Proposition 6.3(d) and (e) motivates the following definition.

Definition 6.4 We retain the notation established above. Define the adjusted Galois-
Jacobi sum homomorphism associated with L, /L, ]* (L, /L, =) € Hom(Rg, (Q°)*), by

J'(La/L, =) = y2 (" (La/L, =)) - (7" (La/L, =)) 72

It follows from the Galois action formulae for Galois—-Gauss sums (see [14, pp. 119
and 152]) that in fact J*(L,/L, —) € Homq, (Rr, (Q°)*).

Remark 6.5 Let 7(L"/L, -) € Hom(Ry, (Q°)*) denote the (unadjusted) Galois-
Gauss sum associated with L™ /L, and write 7(L,/L, —) € Hom(Rg, (Q¢)*) for the
composition of 7(L7/L, —) with the natural map R — Ry. We remark that the
Galois-Jacobi sum J(L,/L, =) € Hom(Rg, (Q°)*) defined by

J(LafL, =) = ya(#(La/L, =) - (£(La/L, =)™
is a special case of the non-abelian Jacobi sums first introduced by Frohlich (see [13]).
Proposition 6.6 (a) Suppose that 1 + p. Then
Loc;(J*(L/L,-)) € Det(Z,G™).

(b) Using the notation of Proposition 6.3, we have

Loc,(J*(L/L, =)™ Ni/q,[Det(rg(bz)) - Det(rg(az))™"] € Det(Z,G").

Hence,
Locy (J*(Lx/L, =)) ™"+ Nijq,[Det(ra (¢7)) - Det(rc(9:)) '] € Det(Z,G").

Proof (a) Recall that J*(L,/L, —) €e Homg,(Rg,(Q°)*) and that Q(u,)/Q is
unramified at [ It therefore follows from Proposition 6.1(a) and (c), together with
Taylor’s fixed point theorem for determinants (see [27, Chapter 8, Theorem 1.2]), that

Loc;(J*(Lx/L, -)) € [Det(Oq,(s,)G™)]?% = Det(Z,G*),

as claimed.
(b) As both of the functions Loc,(J*(Lx/L, —)) and Npq,[Det(rc(bx))-
Det(rg(a,)) '] liein Homg,, (Rg, (Qj)*), we see from Proposition 6.3(d) that

Loc,(J*(Lx/L, =))™"- Ny jq, [Det(rg(bs)) - Det(rg(ar)) ']
¢ [Det(0qy G*)]?% = Det(Z,G™).
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The final assertion now follows at once from the Stickelberger factorizations of rg (a,)
and rg(b,) (see Theorems 4.3 and 4.5). [

7 Symplectic Galois—Jacobi sums I

In this section, we fix data L, G, and 7 as in Section 6. We write Symp(G) for the set
of irreducible symplectic characters of G. For each y € Irr(G), we write 7(L, /L, x) for
the associated (unadjusted) Galois-Gauss sum, and

J(La/Ly =) = y2(T(La/L, =)) - (1(La/L, =)

for the (unadjusted) Galois-Jacobi sum (see Remark 6.5).
We shall prove the following result concerning symplectic Galois—Jacobi sums.

Theorem 7.1 Suppose that y € Symp(G). Then J(Lr/L, x) is a strictly positive real
number.

We see from the decomposition (3.1) that it is enough to prove this result after
replacing the Galois algebra L, by the field L™ and the group G by the Galois group
7(Qr) = Gal(L™/L). In the sequel, we shall therefore restrict to the case where L, /L
is a finite Galois extension of p-adic fields and G is its Galois group.

To prove Theorem 7.1, it is therefore enough to show that for each y in Symp(G),
the quotient 7(L, y2(x))/7(L, 2y) is a strictly positive real number.

To verify this, we recall that since each such y is real-valued, the definition of the
local root number W (L, x) implies that

(L, x) = W(L, x) - Npf(La/L, x)'/?

(cf. [18, Chapter I, Section 4, Definition]). Hence, since Ny f(L./L, x)"/? > 0, it is
enough to prove the following result.

Theorem 7.2  Let E[F be a tamely ramified Galois extension of non-archimedean local
fields that has odd ramification degree and set G := Gal(E/F). Then, for each x in
Symp(G), one has W(F,y2(x)) = W(F,2x) =1L

This sort of result is, in principle, hard to prove both because root numbers of
symplectic characters are difficult to compute and because Adams operators do not in
general commute with induction functors. We therefore prove two preliminary results
that help address these problems.

The first of these results is entirely representation-theoretic in nature.

In the sequel, for any finite group T and character ¢ in R, we write Tr(¢) for the
real-valued character ¢ + ¢.

Lemma 7.3 Let A be a subgroup of a finite group T, fix a character ¢ of A, and consider
the virtual character

I1(¢) = y2(Ind, (¢)) ~ Indy (v2(9))-

For elements y and 8 of T, we set y° := 8y~
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(a) Let T be a set of coset representatives of A in T. Then, for every y € T, one has
(IF(@) (1) = X (),

where the sum runs over all T € T for which (y*)* € A and y™ ¢ A.
(b) If A is a subnormal subgroup of T of odd index, then 13 (¢) = 0.
(c) Assume that T is a semidirect product of a supersolvable group by an abelian normal
subgroup Y.
(i) Then, for every irreducible character y of T, there exists a subgroup Y' of T that
contains Y and a linear character A of Y' such that u = Ind, (1).
In addition, if Y C A, the index of A in I is a power of 2 and T has cyclic Sylow
2-subgroups, then the following claims are also valid.
(i) If ¢ is real-valued, then 13(¢) is an integral linear combination of characters
of the form Indy, A and Tr(¢"), where A’ runs over subgroups of T that contain
A, A over homomorphisms A" — {1} and ¢ over elements of Rr.
(iii) If ¢ is induced from a proper normal subgroup of A of 2-power index that
contains Y, then I:(¢) = 0.
(d) Assume that T is generalized quaternion, A is the cyclic subgroup of T' of index 2,
and ¢ is irreducible (and hence linear). Then ¢* is trivial on the center Z of T and

t//z(Ind£¢>) = Infg/Z(Indz/é((pZ)) + InfE/A(XI‘/A) —1r,

where we regard ¢* as a character of A|Z and write xr,a for the unique nontrivial
homomorphism T/A - (Q°)*.

Proof Part (a) follows directly from the explicit formula for induced characters and
the fact that for each y € T, and 7 € T, one has (y)? € A whenever y7 € A.
To prove part (b), we fix a chain of subgroups

(7.1) A=T(1)c---cIT(t-1)cI(t)=T
such that each I'(i) is normal in T'(i +1). Then the equality

i=t—1

(7.2) ()= Indg(Hl)(Ilz“(Hl),F(i)(Indz(i)(/)))’
i=1
where
Biy.een (0) = w2 (Indp{ 50 p) = Ind 0 (2 (1),

reduces us to the case A is normal in I'. In this case, the claim follows immediately
from the formula in part (a) and the fact that under the stated conditions, for every
yeTand 7€ T,onehas (y7)* € A < y" € A.

Turning to part (c), we note first that under the stated hypothesis on T’, claim (c)(i)
follows from [22, Section 8.5, Exercise 8.10] and the argument of [22, Section 8.2,
Proposition 25].

To verify (c)(ii) and (c)(iii), we assume the additional hypotheses on I' and
note, in particular, that since I' has cyclic Sylow 2-subgroups, Cayley’s normal
2-complement theorem implies that T, and therefore also its quotient I'/Y, has a
normal 2-complement. Writing Y;/Y for the normal 2-complement of I'/Y, the given
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assumptions imply Y; € A and so, since I'/Y; is cyclic of 2-power order, there exists
a chain of subgroups (71) in which T'(i) has index 2 in I'(i +1) for each i. The
corresponding equality (7.2) then reduces claims (c)(ii) and (c)(iii) to the case that A
has index 2 in T. In this case, |T| = 2 and, for every y € T and 7 € T, one has (y7)* € A
and, in addition, y* ¢ A <= y ¢ A and so the formula in part (a) implies

0, ify e A,

(7.3) (112"(‘/5))()’) = {Z 7¢((YT)2)> ify ¢ A.

Now, by (c)(i), every irreducible character of T has the form y = Ind)r{, (1), where Y'is
a suitable subgroup of T that contains Y and A a linear character of Y’. Furthermore, if
Y’ ¢ A, then the index of Y in T is odd, so y has odd degree and so, by [20, Theorem
Al, is real-valued if and only if it is a homomorphism of the form Y’ — {+1}. Claim
(c)(ii) follows directly from this fact and the observation that I} (¢) is real-valued if ¢
is real-valued.

To prove claim (c)(iii), we assume that ¢ = Ind},¢’, where A’ is a normal subgroup
of A that contains Y and is of 2-power index. In this case, the formula (7.3) implies
that if I2(¢) is nonzero, then there exists an element of I'\A whose square belongs to
A’. However, since Y; € A’, the image in the (cyclic) group I'/A’ of any element in T\ A
has order divisible by 4 and so its square cannot belong to A’. This proves (c)(iii).

Next, under the hypotheses of (d), for every y € T, one has y* € A and hence

(v2(Indy¢))(y) = (Indx ¢)(y*) = ¢*(y) + $*(y™).

In particular, since ¢2(z) = 1 for every z € Z, this formula implies that v, (Ind} ¢) is
the inflation of a character function on the dihedral group I'/Z, and then the displayed
formula in part (d) is verified by an easy explicit computation. ]

In the sequel, for each finite Galois extension E/F of p-adic fields, and each complex
character y of Gal(E/F), we abbreviate the root number W (F, ) to W(y).

Part (c) of the following result relies on the central result of Frohlich and Queyrut
in [16].

Proposition 7.4  Let E/F be a finite Galois extension of p-adic fields. Set G := Gal(E/F)
and assume that the inertia subgroup of G has odd order.

(a) Forall ¢ in Rg, one has W(Tr(¢)) = 1.
(b) If H is a normal subgroup of G and G/H is cyclic, then for each ¢ in Ry, one has

W(¢), if G/H has odd order,

G

W(Ind;ié) {W(¢)W(XG/H)¢(1), if G/H has even ordet,
where, in the second case, xg:/p is the nontrivial character of Gal(E'[F), with E’
the quadratic extension of F in E.

(c) Assume that G is dihedral of order congruent to 2 modulo 4, write L for the
unique quadratic extension of F in E, and set H := Gal(E/L). Then, for each
homomorphism ¢ : H — (Q°)*, one has W (Ind$;¢) = W (xg/u)> where xg/u is
the nontrivial character of G/H.
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Proof It is enough to prove claim (a) in the case where ¢ is a character of G,
represented by a homomorphism Ty : G - GL4(Q°). In this case, the general result
of [18, Chapter II, Section 4, Corollary] implies that

W(Tr(¢)) = W(¢)W(¢$) = dety(pr(-1)),

where detg is the homomorphism G* — (Q°)* induced by sending each g in G to
det(T4(g)) and pp is the reciprocity map F* — G®. In addition, -1 belongs to O}
and so is sent by pr to an element of the inertia subgroup of G*" of order dividing
2. In particular, since this inertia group has odd order, one has pr(-1) =1 and so
dety(pr(-1)) = 1. This proves claim (a).

To prove part (b), we use the inductivity of local root numbers in degree zero to
compute

W (Indg;¢) = W(Indg (¢ — ¢(1)11)) W (Indg1,)* ")
=W(¢ - 1g) W(Ind§1,)*W

=w(e)ywn)™" [ w(e)®,
0e(G/H)*

where (G/H)* denotes the group of homomorphisms G/H — (Q°)*, and the last
equality is true because Ind 1y is equal to the sum of 8 over (G/H)*. Now, if G/H is
odd (resp. even), then the only real-valued functions in (G/H)* are 1 (resp. 1 and
Xc/u) and all other homomorphisms occur in complex conjugate pairs. The result
of part (b) therefore follows from the above displayed formula after isolating the
conjugate pairs in the product that occurs in the final term, applying the result of part
(a) to each of these pairs, and noting that W(1g) = W(lg) = 1.

To prove part (c), we recall that by a result of Frohlich and Queyrut [16, Section 4,
Theorem 3], one has W(¢) = ¢(p(x)), where py is the reciprocity map L* — H and
xisany element of L\ F with x* € F*. In addition, since ¢ is of dihedral type, it is trivial
on restriction to F* (cf. [16, Section 3, Lemma 1]) and so ¢(pr(x))* = ¢(pr(x?)) =
¢(1) = 1. On the other hand, the order of ¢ is odd (since it divides |H| = |G|/2 which,
under the given hypothesis on |G|, is odd) and so ¢(pr(x))? = limplies ¢(pr (x)) =1
and hence also W(¢) = 1.

This last equality then combines with a straightforward application of the general
result of part (b) to prove the formula in part (c). [ ]

We are now ready to prove Theorem 7.2. At the outset, we note that G is the
semidirect product of its inertia subgroup I by the cyclic quotient group G/I. We
further note that, by assumption, the group I is cyclic of odd order, and hence, in
particular, that G is supersolvable.

Fix y in Symp(G). Then, since y is tamely ramified, one has W (y) € {1} (cf. [14,
Chapter III, Theorem 21(iii)]) and so W(2y) = W(x)? = 1. It is therefore enough for
us to prove that W(y»(y)) =1

Next, we note that, by Lemma 7.3(c)(i), there exists a subgroup J of G that contains I
and a linear character ¢ of ] such that one has y = Ind,G ¢. In particular, since ] contains
I'and G/I is cyclic, there exists a normal subgroup H of G with J 4 H < G and such
that H/J is cyclic of 2-power order and G/H is cyclic of odd order.
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Then one has y =Ind$y’ with y:= Ind? ¢ and we claim that y’ belongs to
Symp(H). To see this, we note that x’ is an irreducible character of H (since y is
irreducible) and so, by the Frobenius-Schur theorem (cf. [9, Theorem (73.13)]), the
sum cg(x') = |H|™ ¥ pen x(h*) belongs to {-1,0,1} and is equal to -1 if and only
if y' is symplectic. In addition, since H is normal in G and of odd index, one has
g* € H <= geHforeach g€ Gandso

c6(x) = ca(Indgx’) =|G™" 3 (Indgix')(g%)
geG
=1G[T Y 2 ()T (h?)
7eT heH

=717 X en (X))

7eT

where T is a set of coset representatives of H in Gand (x")" is the irreducible character
of H that sends each element & to y'(h"). In particular, since both cg(y) = -1 (as x €
Symp(G)) and each cy((x')) belongs to {-1, 0,1}, the displayed equality implies that
ca((x')7) = —1forall 7. Thus, one has cy(y’) = —1and so y’ € Symp(H), as claimed.

Now, since G/H is cyclic of odd order, one has W (y,(x)) = W(Ind5(y,(x')) =
W (y2(x")), where the first equality follows from Lemma 7.3(b) and the second from
Proposition 7.4(b). Thus, if necessary after replacing G by H (and y by y’), we can
assume in the sequel that y has 2-power degree.

Next, we note that, since G is supersolvable, an induction theorem of Martinet (cf.
[18, Chapter III, Theorem 5.2]) implies that either y = Tr(IndS;, ¢'), where ¢’ is a linear
character of some subgroup H' of G, or that y is the induction to G of a quaternion
character of a subgroup. In view of Proposition 7.4(a), we can therefore also assume
in the sequel that there exists a subgroup J; of G that has 2-power index, and hence
contains I, and a quaternion character ¢; of J; such that y = Indg ¢1.

This implies that J; has a quotient Q isomorphic to a generalized quaternion group
and that

(7.4) ¢1 = Inf}} (Ind30),

where P is the cyclic subgroup of Q of index 2 and 6 a homomorphism P — (Q°)*. Let

J; denote the inverse image of P under the quotient map J; — Q, and set ¢; := Infg 0
(so ¢ is a linear character of J7). Then the subgroup J; is of index 2 in J;, and (7.4)
implies that

(75) ¢1 = Ind)\g.

Now, as J; has 2-power index in G, it contains I. Thus, since G/I is cyclic,
one has J{ 4 G and G/Jj is cyclic of 2-power order. In particular, since the degree
(v2(¢1))(1) = ¢:1(1) is even, one therefore has

W(y2(x)) = W(y2(Indj ¢1)) = W(Indj; (v2(¢1))) = W(y2(¢1)),

where the second equality follows from Lemma 7.3(¢)(iii) (after taking account of (7.5))
and the third from Proposition 7.4(b).
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In addition, since Q is the Galois group of a tamely ramified extension of p-adic
fields that has odd ramification degree, it is the semidirect product of a cyclic (inertia)
subgroup of odd order by a cyclic group. In particular, since such a group can have no
quotient isomorphic to Hg, the group Q must be isomorphic to Hy,, with m odd. In
view of (7.4), we can therefore apply Lemma 7.3(d) (with T, A, and ¢ taken to be Q, P,
and 0) to deduce that

W (y2(91)) = W(y(Indg6)) = W(IndZ/y (A)) W (xq/p),

where N denotes the center of Q (so N is the unique subgroup of P of order 2) and A
denotes 6, regarded as a homomorphism P/N — (Q°)*.
Finally, since the group Q/N is generalized dihedral with |Q/N| = 2m = 2 modulo

4, and the inertia subgroup of Q/N has odd order, the theorem of Fréhlich and
Queyrut implies (via Proposition 7.4(c)) that W(Indg/g (A)) = W(xq/p)- Upon sub-
stituting this fact into the last two displayed formulas, we deduce that W (y»(y)) =

W(xorp)? =1
This completes the proof of Theorem 7.1.

8 Symplectic Galois-Jacobi sums Il

We retain the notation of the previous two sections. For any real number x, we write
sgn(x) € {1} for the sign of x. In this section, we shall examine sgn(J*(L./L, x)) for
x € Symp(G). This will in turn lead to the definition of J, (F,/F) € CI(ZG) for F a
number field and [7] € H}(F, G).

Recall that for each y € Rg, the adjusted Galois-Gauss sum is defined (in [14,
Chapter IV, Section 1]) by setting

(L, x) = (L, 1) y(L, ) "' 2(L, x),

for suitable roots of unity y(L, y) and z(L, y) in Q°. [14, Chapter IV, Theorem 29(i)]
implies that y(L, y) =1 for all y in Symp(G). One can also check (directly from the
definitions) that z(L, v2(x)) = z(L, x)* and hence that z(L, ) = z(L, y»(x)) =1 for
each y in Symp(G).

Recall that Theorem 7.1 asserts that J(L,/L, y) > 0 whenever y € Symp(G). The
following result is now a direct consequence of the definition of the adjusted Galois—
Jacobi sum J*(L./L, x).

Theorem 8.1 Suppose that x € Symp(G). Then
sgn(J"(La/L, x) = sgn(y(La/L, y2(X)))-
The following Propostion shows that sgn(y(L./L,y2(x))) = —1is possible.

Proposition 8.2 Let M /L be a tamely ramified Galois extension with T := Gal(M /L) ~
Hym, with m odd. Suppose that the inertia subgroup Ty of T is odd. Then, for each y €

Symp(G), we have y(M/L,y,(x)) = -1

Proof For ease of notation, we write, e.g., y(y) rather than y(M/L, x).
To prove the desired result, we shall use Lemma 7.3. Let A be the cyclic subgroup
of T of index 2. Then all irreducible symplectic characters of T can be written in the
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form y = Ind ¢, where ¢ is a linear character of A. It is easy to see that the order of ¢
does not divide 2 (for otherwise Ind} ¢ would be an orthogonal character of T; see [18,
Chapter III, Theorem 3.1]), and that ¢ (and hence also ¢?) is nontrivial on Ty (since
T has odd order).

Let Z denote the center of I', and let xp/, denote the unique nontrivial homomor-
phism I'/A — (Q°)*. Using the formula in Lemma 73(d), one can compute that

y(¥2(x)) = y(y2(Indy¢))
= y(Infr,, (Ind,)7 (%)) - y(Inff 5 (x1/2)) - y(1r) ™

= (-1)%8(™)det,, (o) - (-1 xr/a(0) - (-D1r (o)™
=1-1-(-1) = -1,

where ¢? is regarded as a character of A/Z, ¢ is the Frobenius element in T'/T, lifted

to T, and ng := n(Inf} / Z(Ind?é((/)z))) denotes the unramified part (cf. [14, Chapter

I, equation (5.6)]) of Infi/z (Indi/é

InfT /a(xr/a) and 1r are both linear and unramified. The fourth equality follows
from the fact that ny = 0 (since ¢? is irreducible and ramified, by [14, Chapter III,

Z/é(ﬁbz)) = 0 and therefore ny =0). m

(¢?)). The third equality above holds since clearly

Proposition 1.3(ii)] the unramified part n(Ind

The above discussion motivates the following definition.

Definition 8.3 We define J7, (L./L,~) € Homq,(Rg,J(Q°)) by its values on y €
Irr(G) as follows:

sgn(J*(Lr/L, x)), if x € Symp(G) and v|oo,
1, otherwise.

Joo(La /L X)v = {

We write ]2 (L,/L) for the element of K¢(ZG, Q) represented by the homomor-
phism J5 (L,/L,-). Similarly, we also write J*(L,/L) for the element of K((ZG, Q)
represented by J*(L./L,-).

Theorem 8.4 We have
J(La/L,=) - Jo(Lz/L, =)™ € Det(Q°G),
and so
"(J"(La/L)) = 3° (U (La/L))-

Proof To ease notation, set f = J*(L,/L, =) J& (Ly/L,=)"".

Then, since f € Homgq, (Rg, (Q°)*), the Hasse-Schilling-Maass Norm Theorem
(cf. [8, Theorem (7.48)]) implies that the first equality is equivalent to asserting that
f(x) is a strictly positive real number for every y in Symp(G). This in turn follows at
once from the definition of J% (L,/L,-).

The second equality is now an immediate consequence of the fact that
9°(Det(Q°G)) = 0. |

Suppose now that F is a number field and that [] € H}(F, G). We also recall that
Fry:=F,®pF, ~F, . (see e.g., [19, equation (2.4)]).

https://doi.org/10.4153/50008414X23000019 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000019

Inverse different 31

Definition 8.5 We set
J*(Fz/F) = > J*(Fya,/F) € Ko(ZG,Q)

v4oo

and

];(Fn/F) = Z ];(Fv,nv/Fv) € KO(ZG>Q)'

vioo

(Note that the infinite sums make sense as J% (F,,,/F,) = J*(Fy »,/F,) = 0 for all
places v that are unramified in F,,/F.)
We define J* (F,/F) € CI(ZG) by

8 (FafE) 1= (7 (FafF))s 85 (FafF) i= 3° (T2 (FafF))
(see (2.2)).
Proposition 8.6  Suppose that F is a number field and that [r] € H{(F, G). Then
8° (ExfF) = 32 (Faf F).

Proof This is a direct consequence of Theorem 8.4 and Definition 8.5. [ ]

9 Proof of Theorem 1.5
Let [7] € HX(F, G), and write
C(T[) = [Am OFG;rG] - [Orn OFG§1'G] € KO(OFGy F) c K(](OFG,FC).

For each finite place v of F, we write [, ] for the image of [7] in H}(F,, G).

Recall that
HomQF(R(;,]f(F“))
Kyo(OfrG,F) ~ .
o(0¢G. F) T, e Det(Of, G)*
A representing homomorphism in Homg, (Rg, J(F)) of ¢(n) is f = (f,), defined
by

£ (x) = in/Z(x)—ZX’Sv)c

using the notation of Corollary 5.6. Let Ram(7) denote the set of finite places of F at
which F,/F is ramified. If v ¢ Ram(7), thens, =1andso f, = 1.

Definition 9.1 Suppose that v € Ram(7). Then we define ¢(75;v) € Ko(OfG, F) to be
the element represented by f(*) = (fvsv) )w € Homgq, (Rg, J¢(F¢)) given by

Fi(x) = @2W072sde iy, -y
1, otherwise.

() = {
Lemma 9.2 We have

(9.1) c(m)= > o(mv).

veRam(m)
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Proof It follows from the definitions that

f= s,

veRam(7)
and this implies the result. ]
We can now prove Theorem L.5.
Theorem 9.3  Suppose that [r] € HY(F, G) and that A, is defined. Then
9’ (Ngjq(e(m)) - 3% (F-/F)™" =0,
and so there is an equality
(Ax) = (On) = 35 (Fx/F),
i.e., (see(1.1))
(Az) = W(Fx/F) = 35 (Fx/F),
in CI(ZG).
Proof Lemma 9.2 implies that in order to show that
9" (Ngjq(e(m)) - 35 (Fx/F) ™ = 0,
it suffices to show that
" (Nejq(e(m5v)) 3% (Fum, JE,) " =0
for each v € Ram( 7). Theorem 8.4 implies that this is equivalent to showing that
0" (Ngq(e(mv)) 3" (Fy,m, [F,) ' = 0

for each v € Ram(r).
We see from the description of CI(ZG) given in Theorem 2.1(a) that this last
equality will in turn follow if, for each v € Ram( ), we show that

]*(Fv,m/Fv’_)_l : (NF/Q(f(V))) € I:IDC'[(ZIG)X.

To show this last inclusion, we first observe that Proposition 6.6(a) implies that the
inclusion holds at all rational primes I not lying below v.

For each rational prime [ that lies below v, we fix an embedding Loc; : Q° —
Q{ and use it to identify Irr(T) with Irr;(T'). We recall in particular that such an
isomorphism Rg — Rg,; in turn induces an isomorphism Homgq,(Rg, (Q°)}) —
Homg, (Rg,1,(Qf)*) (cf. [14, Chapter II, Lemma 2.1]). Then, reasoning analogously
to the proof of [14, Theorem 19, pp. 114-116], one can deduce from Proposition 6.6(b)
that

Nrjq, (fy) - Loci(Nejq(F*)) ™ € Det(Z,G).

This establishes the desired inclusion at rational primes lying below v and completes
the proof of the desired result. [ ]
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Remark 9.4 Letus make some remarks concerning Theorem 9.3 when F, /F islocally
abelian.

Suppose that v € Ram(7). Set s, := (0, ), and write H,, := (s, ). Proposition 5.2(d)
with G = H, and Proposition 5.3(b) imply that for each y € Ry, , we have

06 s, = Qo s, = (d(s) ),
= (¥2(X) — x> sv)m,.-
Now, suppose also that F, contains a primitive |s, |th root of unity. This implies
in particular that the extension F}/F, is abelian. Let b(m;v) € Ko(FH,, F) be the
element represented by p(*) = (psvv))w € Homg, (Ry,, Jf(F¢)) defined by

P (x) = {

Observe that without the hypothesis concerning the number of roots of unity
in F,, we would only have that p(*) ¢ Hom(Rp,,Jf(F¢)) rather than P e
Homgq, (Ry,,Jf(F¢)). We also see from the definitions of ¢(7;v) and b(m;v) (see
also (2.7) and (2.9)) that ¢(m;v) = Ind§j b(m;v).

Hence, if for every v € Ram(n), F, contains a primitive |s, |th root of unity—which
is precisely what happens if F,,/F is locally abelian—then we have

(9.2) «(mr)= > Indf b(mv),

veRam( )

o), _ (Diw(x)*x,sv)ﬂv) ifw=v,

v
1, otherwise.

and so (using (2.10))
(c(n))= 3. 9°(Indf b(mv))

veRam ()
S Indg 3°(b(mv))
veRam(7)

=0.

We now deduce from Theorem 9.3 that % (F,/F) = 0.

A comparison of (9.2) and (9.1) highlights the crucial difference between the locally
abelian case and the general case. In both cases, the class ¢(7r) may be decomposed
into a sum over the places v € Ram(7) of classes ¢(7;v) € Ko(OfG, F¢). However, in
the locally abelian case, these classes ¢(7;v) are induced from cyclic subgroups of G,
whereas in the general case, they are not. This is why Theorem 9.3 may be proved in the
locally abelian case using abelian Jacobi sums, thereby showing that in this situation
d% (F,/F) = 0), which is what is done in [4].

10 Proof of Theorem 1.7

Let F be any imaginary quadratic field such that Cl(OF) contains an element of order
4. In this section, we shall construct infinitely many counterexamples to Conjecture
1.4 by showing that if £ is any sufficiently large prime with ¢ = 3 (mod 4) and G is the
generalized quaternion group Hyy, then there are infinitely many tame G-extensions
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F/F of fields such that A, exists and J% (F,/F) # 0. Hence, for these extensions,
(Or) # (Az) in CI(ZG). This will prove Theorem 1.7.

In what follows, we fix an imaginary quadratic field F such that C1(OF) contains an
element of order 4. To prove Theorem 1.7, it will suffice to prove the following result,
which we shall derive as a consequence of works of Frohlich (see [11]).

Lemma 10.1 Suppose that { is a sufficiently large prime and that G ~ Hy,. Then there
exists a G-extension F [F of fields such that:

(@) F,/F is ramified at only a single prime p of F with p + £.
(b) The prime p does not split in F,, [F.
(c) The ramification index of p is equal to ¢.

Before we prove this result, we shall first show that Lemma 10.1 implies
Theorem 1.7.

Proof of Theorem 1.7  First, we note that the decomposition subgroup of G at p is
equal to Hyy. We also recall that for an odd prime ¢, the generalized quaternion group
Hyy has a single, irreducible, nontrivial symplectic character y, say.

If q is unramified in F,/F, then one has sgn(y(Fx,q/Fq> ¥2(x))) = 1. On the other
hand, Theorem 8.1 and Proposition 8.2 imply that

sgn(J* (Fa,p/Fp> X)) = sgn(y(Frp/Fp, v2(x))) = -1

In particular, if we now assume in addition that £ = 3 (mod 4), then it follows from [14,
Chapter II, Proposition 4.4] that the element J (F,;/F) € CI(ZG) (see Definitions 8.3
and 8.5 and Proposition 8.6) is nontrivial. (We remark in passing that if instead ¢ = 1
(mod 4), then the same argument shows that J% (F,/F) = 0.) |

The remainder of this section will be devoted to the construction of the extensions
described in Lemma 10.1.

Let L be an unramified, cyclic extension of F of degree 4. We write E/F for the
quadratic subextension of L/F and write ¢/ for the quadratic character of E/F on
ideals of F. We also view this as an idele class character of F. If w denotes the idele class
character of E that cuts out the extension L/E, then w is of quaternion type (i.e., the
restriction of w to J(F) is equal to ¢/p—see [11, p. 405].)

For each prime /, the symbol 7, will denote a primitive /th root of unity. Then,
following [11, Theorem 4], we consider the following conditions on primes.

Property10.2 Let £ be an odd prime such that:
(a) [F(ne) : F]is even.

(b) E ¢ F(ne +m3").
(c) The class number of E is not divisible by ¢.

We remark that these properties are satisfied for all sufficiently large £. (We observe,
in particular, that in our case, Property 10.2(b) is automatically satisfied for sufficiently
large ¢ since E/F is unramified.)

Henceforth, we therefore fix a prime ¢ satisfying Property 10.2 and abbreviate #,
to 77. We then write Z_ for the set of primes p of F satisfying the following properties
(see [11, equation (8.5)]).
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Property10.3 Let p be a finite prime of F such that:

(a) The prime p is inert in E/F (ie. 95 p(p) = -1).
(b) Ngjq =-1(mod 7).

In what follows, if p € X_, we write pg for the unique prime of E lying above p.

Our argument relies on the following result of Frohlich (see [11, pp. 432-434]). We
state the result and then describe an outline of the proof. We refer the reader to [11]
for complete details.

Theorem 10.4 There are infinitely many primes in Z_ (in fact, a subset of positive
Chebotarev density) for which the following statement is true: there exists a nontrivial
idele class character 0 of E of order ¢, and of dihedral type (i.e., the restriction of 6 to
J(F) is trivial) which is ramified at pg and which is unramified at all other finite places

of E.

Proof We remark that necessary conditions for such a 6 to exist are given in [11,
Section 8, Lemma 5]. The existence of 8 is demonstrated on pages 433 and 434 of loc.
cit. via the following argument.

Recall that 7 is a primitive /th root of unity, and set

M = E(n).

(Note that this field is denoted by L in [11, p. 433, 1. 9], which is an unfortunate clash
of notation with the field L defined earlier in loc. cit. (see [11, p. 407]).
Write M for the extension of M obtained by adjoining the elements

{7/ |y 05}

It is shown in loc. cit. that for each prime p of F satisfying the following Frobenius
conditions, there exists an idele class character 0 of E satisfying the properties we seek.

Property 10.5 For every prime 3 of M lying above p, the Frobenius element & =
(B, M/F) satisfies:

(F1) 6% =1
(F2) 4| is nontrivial (so p does not split in E/F).
(F3) & |p(y) is nontrivial (so p satisfies Property 10.3(b)). u

The set of primes p of F satisfying Property 10.5 has positive Chebotarev density,
and all such primes liein X_.

Let 6 be an idele class character of E as constructed in Theorem 10.4, and let N/E
denote the extension cut out by 6. Then N/E is cyclic of order ¢, ramified (necessarily
totally) at pg, and at no other primes of E. As 8 is of dihedral type, the extension N/F
is dihedral of order 2¢.

Set v := wf. Then vy is an idele class character of E of quaternion type, and we
deduce that F,(,y := NL is an Hy extension of F. (Note that the field that we call F(,
is denoted by the symbol Fy, in [11].) The extension Fy(y /F is ramified only at p, with
ramification index ¢. We have the following diagram of fields and corresponding idele
class characters (where we write ¢ for ¢z /r):
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Fagy) =

/\
\ T

E—— M=E(y)

‘P

F

To complete the proof of Lemma 10.1, it suffices to show that in Theorem 10.4, there
are infinitely many choices of p (and so of 8) such that the decomposition group of
p in Fy(y)/F is not abelian. This is equivalent to imposing an additional Frobenius
condition on p. In order to do this, we require the following lemma.

Lemma10.6 The extensions M/E and L/E are linearly disjoint. Hence, [ML : M] = 2.

Proof The extension M/E has a unique quadratic subextension, viz. the unique
quadratic subextension of M/E (recall that M = E(#)). This extension is ramified at
places above p, and so cannot be equal to the unramified quadratic extension L/E. =

We now fix an element 8; € Gal(ML/F) which maps under the obvious quotient
map onto the element 8 € Gal(M/F) constructed in the proof of Theorem 10.4 (see
(10.5)), and we consider the set of primes p of F satisfying the following Frobenius
condition.

Property 10.7  For every prime 9 of ML lying above p,
(F4) the Frobenius element (£, ML/F) lies in the conjugacy class of &;.

The set of primes p satistying (10.7) has positive Chebotarev density, and plainly if
p satisfies (10.7), then it also satisfies (10.5).

Suppose that p satisfies (10.7). Then the corresponding extension Fy,)/F con-
structed above is an Hys-extension unramified outside p, in which p is nonsplit
and ramified, with ramification index /. Hence, F,(y)/F an extension satisfying the
conditions of Lemma 10.1.

This completes the proof of Lemma 10.1.

Remark 10.8 It is shown in [11, Theorem 4] that for the extensions Fy(y) /F con-
structed above satisfying the conditions of Lemma 10.1, we have

W(Fry)/F) = @g/p(p) = -

This implies that (O, ) # 0 (see (1.1)), and so, since 2, (Fr(y)/F) # 0, it follows from
Theorem 1.5 that (A,(y)) = 0.

Remark 10.9 Dominik Bullach has explained to us how explicit counterexamples
to Conjecture 1.4 can also be derived from Theorem 1.5 by using general results of
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Neukirch on the embedding problem (see [21]) rather than the explicit computations
of Fréhlich in [11].
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