THE CONJUGATE HULL OF AN INVERSE SEMIGROUP
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1. Introduction and summary. There is a large body of literature on inverse
semigroups. This literature contains a considerable amount of information concerning
congruences on these semigroups, which is not surprising in view of the demonstrated fact
that congruences on inverse semigroups play a decisive role in most of the existing
structure theorems. In addition, for an inverse semigroup of known structure, finding its
congruence lattice, or even certain properties of this lattice, often gives information about
these semigroups not apparent in their structure theorems.

Congruences are naturally related to homomorphisms as well as to quotient semi-
groups. A natural offspring of such considerations is the idea of building inverse semi-
groups out of the “kernel” and the quotient, that is out of various kinds of extensions.
Besides the well-known ideal extensions, which are not specific to inverse semigroups, we
have introduced in [6] normal extensions. By definition, a full, self-conjugate inverse
subsemigroup K of an inverse semigroup S is a normal subsemigroup of S, and S is a
normal extension of K. In studying these extensions, we have arrived at the normal hull
®(K) of K which consists of isomorphisms among subsemigroups of K of the form eKe
where e is an idempotent. Normal subsemigroups arise naturally as kernels of
homomorphisms on S.

If we consider self-conjugate inverse subsemigroups K of S, we arrive at the concept
of a conjugate extension S of K. In this study, the analogue of the translational hull Q(K)
for ideal extensions and of the normal hull ®(K) for normal extensions is the conjugate
hull W(K) of K. In fact, ¥(K) consists of all isomorphisms among subsemigroups of K of
the form AKp where (A, p) is an idempotent of the translational hull of K. The conjugate
hull exhibits several properties analogous to those of Q(K) and ®(K) for appropriate
extensions. The purpose of this paper is to explore some of these properties.

The needed notation and terminology is collected in Section 2. The definition of the
conjugate hull and the proof that it is a subsemigroup of the symmetric inverse semigroup
takes up Section 3. This is followed in Section 4 by the introduction of conjugate
extensions, inner and principal parts of the conjugate hull, and the metacenter, and their
relationship is explored. Essential conjugate extensions are briefly considered in Section 5.
The relationship of the conjugate hull and the translational hull is discussed in Section 6.
An embedding of the conjugate hull of a semilattice of groups into its endomorphism
semigroup is effected in Section 7. The next, Section 8, contains a construction of the
conjugate hull of a Brandt semigroup. The paper is concluded in Section 9 with an
example.

2. Notation and terminology. We follow in general the standard notation and
terminology of Clifford and Preston [3] and Petrich [5]. We record, however, the
following notation most frequently used in the paper.
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For any semigroup S, 2(S) denotes the translational hull of S, II(S) the inner part of
Q(S), and 7w:a — w, =(A, p,) the canonical homomorphism of S into Q(S) (or onto
I1(S)). For any set X, $'(X) denotes the semigroup of all one-to-one partial transforma-
tions on X written on the right, da and ra the domain and range of a € #'(X), and ¢y the
identity mapping on X. For an inverse semigroup S, Es denotes the semilattice of all
idempotents of S, and Eg{ the centralizer of Eg in S.

It is useful to keep in mind that we write left translations on the left and right
translations on the right. Hence the notation ASp means {Asp | s € S} where the parenth-
eses in Asp are not needed when S is an inverse semigroup. The restriction of a function ¢
to a subset A of its domain is indicated by ¢ | A.

3. The conjugate hull. Recall that an inverse subsemigroup K of an inverse
semigroup S is self-conjugate if a"'Ka< K for all aeS. In this notation, each ae S
induces a function on K defined by k — a~'ka. This function generally fails to be

one-to-one. However, we will take a suitable restriction a of this function which is
one-to-one. The mapping a — a associates to each a € S a one-to-one partial transforma-

tion on K. We will define below the ““conjugate hull” of K which makes it possible to
prove that a—a is actually a homomorphism. In order to do this, we need some
preparation.

3.1. Notarion. For any inverse semigroup S, let

¥(S)= {d/ef (S) | dnsamsomorphlsmof)\Sp ontoA'Sp'forsome (A, p),(A’, p) € Eqs)}-

We wili have occasion several tlmes to use the following result due to Ault ([1]
Proposition 2.3).

3.2. Lemma. In any inverse semigroup S,
Ae=ep (e€Eg (A p)€Eqg))-
We will use this lemma without specific reference.

3.3. LemMA. Let S be an inverse semigroup. For any (A, p) € Eqs,, define a function o
by

og:a—>Aap (ael). §))
Then o | Es is a right translation and
ao =(aa HNoal(a 'a)o (ae¥). 2

Conversely, if o is a function on S such that o | Eg is a right translation on Eg and (2) holds,
then there exists a unique (A, p)€ Eqs, such that (1) holds.

Proof. First let (A, p)€ Eqs, and define o by (1). Then for any e, f€ E;,
(ef)a = A(ef)p = (Ae)(fp) = (ep)(fp) = e(Afp) = e(fo)
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so that ¢ | Eg € P(Es). Further, for any a €S,

ao =Aap=A[A(aa Yalp=A[(aa " Ypalp
=[A(aa")pNap) = (aa"")ola(a " a)plp = (a"'a)aa[r(a™"a)]p

=(aa Hoa(a 'a)o, .

as required. ) .
Conversely, let o be a function with the properties enunciated in the statement of the
lemma. Define A and p by

Aa=(aa YHoa, ap=ala la)o (ae8l).
Then
(Aa)b=(aa™")oab =[(aa"")a(ab)(ab) *](ab)
=[(ab)(ab) Y(aa "o )(ab) (since (aa™")o € Eg)
=[(ab)(ab) "(aa™")]o(ab)
=[(aa™")(ab)(ab)™']o(ab) = [(ab)(ab) ']a(ab) = A(ab),
symmetrically a(bp) = (ab)p,
a(Ab)=a[(bb~)ab]=al[(a" a)(bb~Y)c]b
=a(a 'a)a(bb~jb = (ap)b,
Ala=A(Aa)=A[(aa " Yoa]= A[(aa Y o)a = (aa )o*(aa Yoa
=[(aa" o Ta=(aa"")oa = Aq,

symmetrically ap?= ap,
Aap =[(aa Y)oalp = (aa Y o(ap)=(aa ")oa(a ' a)o = ao,

which establishes all the assertions of the converse except for uniqueness. If Aep = A'ep’
for some (A, p), (A, p')€ Eqs and all e€ E, then

Aa=Aaa Ha=[Aaa NDpla=[A(aa Hp'la=A"(aa " Ya=\a,
so A =A’, and symmetrically p=p'.

3.4. LemmA. Let o, o', T be functions on an inverse semigroup S satisfying the
conditions in Lemma 3.3. Let ¢ be an isomorphism of So onto So’ and assume that
St < Sa. Define a function 7' by

Tix—=>xo'e 're (x€8).
Then 7' satisfies the conditions in Lemma 3.3 and St¢ = S7'.

Proof. First note that 7' is well-defined since So’'=r¢ and St< So=de¢. For any
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e, f € E5, we obtain
(ef) 7' = (ef)o’ o7 1o =[(ea’)(fo ) lo ™ 10
=[(eo’e™)(fo e H]re ={(ec’ o N(fo o7 )]0
= (ea’)(fa' o7 19) = e(fo' o ' 700)
= e(fo' o™ 1¢) = e(fr),

and hence 7’| Es € P(Es). Let (\', p') correspond to ¢’ and (o, 8) to 7 as in Lemma 3.3.
Then for any xe S, we get

!

e 'relx[(x'x)o' e o]

=[(xx"No' e relp'xA [(x ' x)0’ ¢ T 7]
=[(xx"Do'o e ](xa)[(x ' x)0’ 0 T 1]

={{(xx No'e ' 7)(xa’e ™ H(x'x)o'0 1 T}e
={al(xxNo'¢ " Wxa'e N(x"'x)o'¢ " '1B}e
={[(xx"Na'e Jxo' e N(x'x)o’ 0™ T

={[xx" e WxoN(x"x)o e "1

Gx Hr'x(x" %) =[(xx"Ho

=x0'¢ 'to = x1'

and 7' satisfies the conditions in Lemma 3.3. Further, for any x € St, we have
xe7' = (X)o7 10 = X0 10 = x7¢ = X

so that Sto < S1'. Conversely, if x € S7', then

-1

xe lr=xr'o  r=x0"0 Mo Ir=x0"0 'r=(xa"o 1) = xo

which shows that St'< St¢. Consequently St = St

3.5. Lemma. For any inverse semigroup S, W(S) is a subsemigroup of $'(S).

Proof. Let o, ¢ € ¥(S) with
¢ :ASp— A'Sp/, Y:aSB — 'SP’
in the obvious notation. Then d(¢y) = (reo Ndy)e~". Here
ro Ndy=A'Sp'NaSB=A"aSBp’
since (A', p), (@, B) € Eqs)- Hence d(e¢) = (A'aSBp")¢~'. Now letting
o:a—>ANap', o' a— Aap, T:a—> MaaBp' (aeh),

and using ¢!, we deduce from Lemma 3.4 that d(e¢)= S’ for some 7’ satisfying the

conditions in Lemma 3.3. Consequently Lemma 3.3 implies that d(¢y) is of the form &Sn
for some (¢ 1) € Eqs). Similarly r(e¢) = (A'aSBp")¢ has such a form.
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We thus arrive at the following:

3.6. DeriNrTioN. For any inverse semigroup S, the subsemigroup W(S) of £'(S)
consisting of isomorphisms among subsemigroups of S of the form ASp with (A, p) € Ens
is the conjugate hull of S.

In the case when the semigroup S is a semilattice X, ¥(S) coincides with Uy studied
by Reilly [8]. If an inverse semigroup S has an identity element, then every bitranslation
(A, p) is inner, and hence W(S) consists of isomorphisms among subsemigroups of S of the
form eSe with e Eg; hence in this case ¥(S) coincides with ®(S) studied in [6]. If in
addition, §$ = E is a semilattice, ¥(S) coincides with Tg introduced by Munn [4].

Since the definition of ¥(S) is based upon the sets ASp with (A, p)€ Eqs), these sets
deserve at least one more characterization. Recall that a nonempty subset B of a
semigroup S is bi-ideal of S if BsB < B for all s€ S. Let X be a partially ordered set. For
any xe X, the set [x]={ye X |y=x} is the principal ideal generated by x. A nonempty
subset I of X is an (order) ideal of X if x €I implies [x]< I; if, in addition, [x]NI is a
principal ideal for all x € X, then I is a p-ideal. We consider an inverse semigroup S as
partially ordered under s=<t if s =et for some e € Eg.

3.7. THEOREM. Let B be a subset of an inverse semigroup S. Then B = ASp for some
(A, p)€ Eqs, if and only if B is a bi-ideal and an order p-ideal of S with the property: be B
implies bb™', b™'beB.

Proof. Necessity. Let (A, p)€ Eqs),, B=ASp and let x,y, z€ S. Then
(Axp)y(Azp) = A[(xp)y(Az)]pe B
so that B is a bi-ideal of S. If y=<x and x € B, then y = ex for some e € E5 and thus
y = ex = e(Axp) = (ep)(xp) = (Ae)(xp) = A(ex)p = Ayp
and hence y € B. Consequently B is an order ideal of S. Further,
Axp = A[(xxDx(x"'x)]p = [A(xx™H]x[(x"'x)p]=x

since A(xx™"), (x"*x)p € Eg so that [Axp]< B N[x]. Conversely, if ye B and y <x, then
y = ex for some e € Eg, which implies that

y = Ayp = A(ex)p = (Ae)(xp) = (ep)(xp) = e(Axp) = Axp
so that BN[x]=[Axp]. Hence B is a p-ideal of S. If x€ B, then x = Ax = xp and thus
xx P=(Ax)x T=A0x ") =(xx"Yp

so that xx~'e B. By symmetry, also x"'x e B.
Sufficiency. Let B have the requisite properties. We define a function ¢ by the
requirement

[xc]=BN[x] (xe€S).

https://doi.org/10.1017/50017089500004249 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500004249

108 MARIO PETRICH
If e€ E;, then [e]= Ese < Eg and thus eo € Eg. For e, fe Eg, we obtain
Le(fo)]=[ellfo]l=[e](BN[fD) =[e]B N[ef], 1)
[(ef)o]=B N[efl. )
Now let ge[e]B so that g=tb for some t=<e and b e B. Hence
g=tb=(bb ")tb=b(b~'t)bc BSBC B,

which proves that [e]B < B. Conversely, let ge BN[ef]. Then g=ege[e]B so that
B N[e]=[e]B. Relations (1) and (2) now yield o | Es € P(Eg).
Let y <(xx""ox(x"'x)o. Using aEs = Esa for any a € S, we obtain
ye(xx Yox(x"'x)oEs =[(xx ") oEg]x[(x'x)oEs]
= (xx"'Eg ('1B)x(:_c‘1xEs N B)

which implies ye BSB< B and y e EgxEg = xE;. It follows that ye[x]NB =[xc] and
hence y =<xo. We have proved that (xx Dox(x~'x)o < xo.

In order to prove the opposite inclusion, we first let ye[xx ']x[x 'x]N B. Then
y = uxv where u =exx™" and v =x"'xf for some e, fe E,. Hence y = exf and

yy = (exf)(exf) ' =exfx 'ee[xx"']NB,
y 1y = (exf) '(exf) = fx 'exfe[x*x]N B,
(exfx'e)x(fx'exf) = exf(x 'x)(x 'ex)f=exf=y,
which shows that y € ([xx™']N B)x([x"'x]N B). Using this, we obtain
[xo]=[xINB=[(xx"Yx(x"'x)]NB
=[xx""x[x"'x]JNB c ([xx*]NB)x([x"*x]NB)
=[x Yolx[(x"'x)o]=[(xx")ox(x"x)o]
which implies xo < (xx Yox(x"x)o.

We have proved that the conditions in Lemma 3.3 are satisfied, which gives that
B = ASp for some (A, p) € Eqs).
\

4, Conjugate extensions. We introduce here a number of new concepts and study
their relationship.

4.1. DerFiniTION. An inverse semigroup S is a conjugate extension of an inverse
semigroup K if K is a self-conjugate subsemigroup of S.

The relationship between a conjugate extension and the conjugate hull is provided by
the following result.

4.2, THEOREM. Let an inverse semigroup S be a conjugate extension of an inverse
semigroup K. Define a function 9§ = 6(S:K) by

0:a—> 0% (aehl)
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where 8¢ is defined by
0°:k—>a'ka (keaKa™).
Then 6 is a homomorphism of S into V(S).
Proof. Let a€ S. Define a function o by
o:k—aa‘kaa ! (keK).

It follows immediately that o satisfies the conditions in Lemma 3.3 and Ko = aKa™'. Now
a~'(aKa™")a =a""'Ka also has the property that Ko’ = a~'Ka for some ¢ satisfying the
conditions in Lemma 3.3. Let x,ycaKa™' and assume that a 'xa=a"'ya. Then
aa~'xaa”'=aa"'yaa™', which yields x =y, since x, y € aKa™". Further,

(x0%)(y08%) = (a*xa)(a 'ya)=a"'x(aa"")ya = a 'xya = (xy)0°*

since x = x(aa™"). Consequently 6* € ¥(K).
Now let a, be S. Then

d(9°6°) = (r6* Nd6*)(6*) ' =a(a '*KaNbKb Ya!
=aa"'Kaa *NabKb *a~'=(ab)K(ab) ' =do*
and for any x €d8°®, we have
x0°6° = (a"*xa)0° = b=*(a"'xa)b = (ab) *x(ab) = x6*.
Consequently °6° = §°* and 6 is a homomorphism.

The notation 6(S: K) introduced in the above theorem will be used throughout the
remainder of this paper. Recall that for a congruence p on an inverse semigroup S, the
kernel of p is defined as

kerp={aeS|ape for some e Eg}.

Leét the kernel of a homomorphism of S mean the kernel of the induced congruence. For
0 = 6(S:S), we have introduced in [6] the notation:

0(S)={6°|acS}, M(S)=ker 6.

Call ©(S) the inner part of ¥(S) and M(S) the metacenter of S. It follows from ([6],
Proposition 1) that

M(S)={aeS|aa"'xa=axa'a for all xe S}.

By the same reference, we have that 6 is idempotent separating so that M(S) = E; if and
only if 6 is one-to-one (and thus an isomorphism of S onto ©(S)). After some prepara-
tion, we will prove that ¥(S) is a conjugate extension of ©(S).

4.3. LEMMA. Let S be an inverse semigroup, ac S and (A, p)e Eqs),. Then Aa™'p=
(Aap)~'.
Proof. Indeed, it was proved in [7] that (Aa)™'=a"'p~" and (ap)~* = A"'a"* whence
(Aap)~'=(ap)'p"'=A""a"p = ra"p.
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4.4. LemMA. Let S be an inverse semigroup, acS and yeW(S) with dy=ASp
((/\, p)E En(s)). Then ll’_leal[l = grapr)v

Proof. For x ed(yy~0%), we obtain

x(Aap)y[(Aap)y] ™' = [(xv~")(Aap)(Aap) ' Tvs
= [(x¢™"p)(ap)(rap) "Iy
=[(x¢")(ap)(Aap)'1¢ (since xy~' e AKp)
=[(xp~")(ap)(Aa"'p)l¢ (by Lemma 4.3)
=[(x¢™Na(Aa™'p)]¢ (since (A, p)€ Eqs))
={ala *(x¢ Nalp(a 'p)}¢¥ (since xy 'ecaSa™")
=[aa Y (x¢y YVala *p)JY (since a ' (xp~ae ASp)
=[xy Yaa YHply (since xy 'eaSa™?)
={[(x¢"Yaa "o}y
=(x¢ oY =xp~ Y =1,

and an analogous argument shows that (Aap)y[(Aap)¢] *x = x. Consequently x € d§***¥,
Conversely, let x € d§®** so that

x = (Aap)y[(Aap)yT ' x(Aap)y[(Aap)y] .

Since (Aap)yery, it follows that x ery. Further,

xy~' = (Aap)(Aap) ' (x¢ ) = [A(aa"")Nap)(Aap)(x¢p ")
= (aa™")p(ap)(Aap) ' (x¢™") = aa ' (Aap)(Aap) ' (x¢™") = aa~ (x¢™"),

and symmetrically x¢ ™' = (x¢ ")aa"", so that x¢ '€ aKa™"'. Finally,

Ala™'(x¢)al= (Aa"")(Aap)(Aap)'aa (x¢ ™ )a
= Ala"'(Aap)(Aap)tala” (x¢y)a
=a"'(Aap)(Aap) H(ap)a~'(x~a
=a [(Aap)(Aa"'p)(Aap)la ' (x¢y"")a (by Lemma 4.3)
=a"'(Aap)a ' (xy"")a, (by Lemma 4.3)
=a '(Aap)(Aa™H[A(xy™H]a
=a"'(Aap)(Aa”'p)(x¢y Ma
= a '[(Aap)(Aap) '(xy H]a (by Lemma 4.3)
=a '(x¢)a,

and symmetrically [a™'(x¢ Valp=a"'(x¢ ") a, so that x ed(y9%).
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We have proved that d(y"0%) =d8***"_ For any x in this set, we get
x(@710%¢) =[a" (xy~ aly ={Ma ' [A(xy~plap}d
=[(Aa™"p)(xy ) (Aap) Iy = [(Aap) ™' (xp™")(Aap) ]y
=[(Aap)¢] 'x[(rap)y] = x0P,
which completes the proof.
4.5. CoroLLARY. For any inverse semigroup S, W(S) is a conjugate extension of 6(S).

We have introduced in [6] the following concepts. A self-conjugate, full (i.e. Eg < K)
inverse subsemigroup K of an inverse semigroup S is a normal subsemigroup of S, and S is
a normal extension of K. The subsemigroup

®(S) = {Y e ¥(S) | dy = eSe, ryy = fSf for some e, f € Eg}
of ¥(S) is the normal hull of S. It seems natural to call ®(S) the principal part of ¥(S).
Note that @(S) = P(S) and that ¢ e ¥(S) and dy = eSe for e € Eg implies ¢ € B(S).

4.6. DerFINITION. Let an inverse semigroup S be a conjugate extension of an inverse
semigroup K. The greatest inverse subsemigroup of S containing K as a full subsemigroup
is the full closure of K in S.

It is easy to verify that if Ex is an ideal of Eg, the full closure of K in S is the inverse
semigroup

{seS|ss7!, s7lse K}
Note that this is also the greatest normal extension of K in S.

4.7. ProposITION. Let S be an inverse semigroup. Then ®(S) is the full closure of ©(S)
in W(S), and is self-conjugate in W(S).

Proof. Let ¢ € Eq, With d¢ =r¢ = eSe where e € Eg. Then ¢ = 1,5, = 6° which shows
that @(S) is full in ®(S). Conversely, let ¢y € ¥(S) be such that Yo' = 0° and ¢ ‘¢ = 6f
for some e, f € Eg. Then

dy =d(Yap ") =do° = eSe
and thus s e &(S). Hence ®(S) is the full closure of B(S) in W(S).
Let ye¥(S), ¢€®(S), dyy=ASp where (A, p)€ Eqs), do =eSe, re =fSf where

e, f € Es. We know by Theorem 3.7 that ASp is a p-ideal. Thus € and f can be defined by
the requirements

[el=[eINASp,  [f1=[f1NASp.
Then & € ASp and hence also é(fo~")e ASp since ASp is an order ideal. We will show that,
for g =[&(fo "),
d(y " ey) =[g] (1)

which suffices to prove the second part of the proposition.
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First let xed(y o). Then xery, xy 'ede and x¢y ‘opcdy. Hence xyy e
[e]NASp =[¢] so that xy—* <é&. Further, x¢ ‘¢ €[f]NASp =[f] which implies xy ‘o =<f
and hence xy~' =< fp~'. Consequently xyy~' <&(fo~') which yields x<[e(fo )y =g¢.

Conversely, gy '=é(fo )<écASp so gy 'edy; also gy '=fo 'edo; finally
x¢ o sf which implies that x¢y '@ edy. It follows that g e d(y'¢y), which establishes
(1).

5. Essential conjugate extensions. We adapt first a universal-algebraic concept to
the present situation as follows.

5.1. DerFInrTION. Let S be a conjugate extension of an inverse semigroup K. Then S
is an essential conjugate extension of K if the only congruence on S whose restriction to. K
is the equality relation on K is the equality relation on S. Essential conjugate extensions
of K are partially ordered by inclusion.

Note that essential conjugate extensions correspond to essential normal extensions
defined in [6] and to dense extensions for ideal“extensions, see e.g. [5]. We start with a
simple result.

5.2. ProrosiTioN. Let S be a conjugate extension of an inverse semigroup K. Then
0(S: K) is one-to-one if and only if the metacenter of K is idempotent and S is an essential
conjugate extension of K.

Proof. The argument here is identical to that in [6, Proposition 2].

We now come to one of the cardinal properties of the conjugate hull.

5.3. THEOREM. Let S be an inverse semigroup with idempotent metacenter. Then ¥(S)
is a maximal essential conjugate extension of ®(S). Every inverse subsemigroup of ¥(S)
containing O(S) is an essential conjugate éxtension of O(S). Every essential conjugate
extension of S is isomorphic to a subsemigroup of ¥(S) containing 0(S).

Proof. The argument here goes along the same lines as in the proof of the corres-
ponding statement for normal extensions in [6, Théoréme 1], with slight modifications
which are left to the reader.

As we just mentioned the corresponding result is valid for normal extensions using
®(S) instead of ¥(S) under the same hypothesis that the metacenter of S be idempotent.
The same type of result is valid for dense (ideal) extensions with {(S) taking the place of
¥(S) under the hypothesis that S be weakly reductive. See [5]. Inspired by this latter
example, and the corresponding case in groups and their automorphisms, we propose the
following:

5.4. Consecturk. If an inverse semigroup S has a maximal essential conjugate exten-
sion, then S has idempotent metacenter.
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6. Relationship to the translational hull. Not only is the very definition of the
conjugate hull based on the idempotents of the translational hull, but, as we will see in
this section, there are many interesting relations between these two hulls. It seems useful
to introduce the following concepts.

6.1. DerinrTion. For any inverse semigroup S, the elements of

(i) W(S) are local automorphisms of S,
(ii) ®(S) are principal local automorphisms of S,
(iii) O(S) are inner local automorphisms of S.

Furthermore, if K is an inverse subsemigroup of S, and € W¥(S), then K is invariant
under ¢ if (dyNK)Yyc K.

It is easy to verify that an inverse subsemigroup K of S is invariant under all inner
local automorphisms if and only if it is self-conjugate in S. Letting S be an inverse
semigroup with the semilattice of idempotents E, we recall the following notation:

E{={seS|se=es for all ecE},
E{{={seS|sx=xs for all xe E{},

Ew={seS|se=e for some ec E}.

Recall also that a congruence p on S is idempotent separating if e p f with e, f € E implies
e = f. Observe that E{ is the centralizer of idempotents and E{ = ker p, where u = g is the
greatest idempotent separating congruence on S. Further, E{{ is the second centralizer of
idempotents of S. Finally, Ew = ker o, where ¢ = g5 is the least group congruence on S.
Note that

EcM(S)c E{{=Z(E[)< E{,

where Z(T) is the center of any semigroup T.

6.2. ProrosiTION. For any inverse semigroup S with the semilattice E of idempotents,
E, M(S), E¢¢, EL and Ew are invariant under all local automorphisms.

Proof. Let y€W¥(S) with ¢:ASp— aSB where (A, p), (a, B) € Eq). The assertion is
trivial for E. Let ae M(S)NASp and s€ S. Then

(ay)(ad)~'s(ap) = (a)[(a~"¢)Bls[a(ay)] = (ap)(a™ ) (asB)(ap)
=[aa" (esB)y " aly =[alasB)y " a " aly
= (ay)(asB)(a™'¢)(ay) = [(ay)Bls[a(ay) ' 1(ay)
= (ay)s(ay) ™ (ay)

which shows that ayre M(S).

2
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Next let a € ELNASp. Then for any e € E, we get

(ap)e = [(ap)Ble = (ay)(ae) =[a(ae)y™ "Iy =[(ae)y ™ aly
= (ae)(ay) = (eB)(ay) = e[a(ad)] = e(ay),
so that ay € E¢.

Now let a€ E{{NASp. Then for any xeE{ it follows from [5, V. 6.4] that
ax = axf3 = xf since E{ is a semilattice of groups. Using this, the same argument which
gave (ay)e = e(ay) now yields (ay)x = x(ays). Consequently ay € ELL.

Finally, let a € Eo N ASp. Then ae = e for some e E and thus

(Ae)y = [M(ae)ly = [(Aap)ely = [a(re)]y = (ap)(Ae)y
where (Ae)y e E. Hence ay € Ew.

The next lemma makes it possible to single out a particular subsemigroup of ¥(S)
using the elements of ((S).

6.3. LEMMA. Let S be an inverse semigroup. For any (A, p) € Q(S), define a function
80 DY

B X—=>A7'xp if xe€dby,=ASp7.
Then 8 € ¥(S).
Proof. First note that

d3, ., =ASp™" = A\ "'Spp~!
with (ALY, pp™') € Eqs); analogously 8, ,,=A"*ASp™'p with (A"!A, p~*p)€ Eqys,. For
any x, y€dd, ), we obtain

(x80r.0)(¥80r.0) = (A xp)(A " yp) = A" (xpp™")(yp)
=27 (xy)p = (xy)8r o).

This shows that 8, ,, is a homomorphism; it is clear that §, ,, is one-to-one and maps
ASp~! onto A7'Sp. Consequently 8, ,,€ ¥(S).

6.4. Noration. For any semigroup S, let

Q(S)= {800 | (\,p) €U}

It is easy to verify that 8:(A, p) = 8, ,, is actually a homomorphism of ((S) onto
Q'(S) so that the latter is actually an inverse subsemigroup of ¥(S). However, this will
follow easily from the next result. Also note that for any s€ S, 8., = 6° where 6 = 6(S:S).
Recall that 7:S — Q(S) is defined by m:s— m, = (A, p;) With A, x =sx, xp, = xs for all
x€S.

6.5. THEOREM. Let K be an inverse subsemigroup of an inverse semigroup S. Then K is
invariant under all ¢ in QV'(S) if and only if K is self-conjugate in Q(S). If this is the case,
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then the diagram

a(QX(S):Km)

AS) ———— ¥(Kw)

ﬂ[ [v
8(S:K)

S — > ¥(K)

is commutative, where v is the isomorphism of ¥(K) onto W(K) induced by 7 | K. If K is
also full in S, then both 0(S:K) and 0(SU(S): Km) are idempotent separating.

Proof. For any (A, p)e€ )(S), we obtain
A8y NK)Spy=AT"ASP' NK)p=A"'Kpc K
& (A, p) H(Km)(A, p) < K,

which proves the first assertion.
Note that for any s € ¥(S),

d(yv) = (dy)m, Yvis— st lyr if sed(dw).
Assume that K is self-conjugate in Q(S). Let 6, =6(K:S) and 6,= 6(Q(S): K=). Then
for any a € S, we get

L 91.7 T
a—— 1, — 03,

el v
a—> 92— 9%y,

where

d07-= m (Km)w; ' = (aKa™ V)7 = d(6%v),

and for any k € aKa™’,

[ SR -1 — — — a
‘"IkOZ‘l FTWa MTa = Ma-tka™ Tre,s = kolv,

which establishes the commutativity of the above diagram.

Now suppose that K is full in S. First let e, fe Eg be such that 65=6{. Then
eKe = fKf which implies that e = ef since e € Eg < K, and analogously f = fe, so that e =f.
Consequently 0, = 6(S: K) is idempotent separating.

Next let (A, p), (@, B)€ Eq) be such that 652 =65®. Hence (A, p)(Km)(A, p)=
(o, B)(Km)(a, B) so that AKp = aKB. For e € Eg, there exists k € K such that Aep = akp. It
follows that Ae = aAe, and since this holds for an arbitrary idempotent of S, we obtain
A = aA. By symmetry, @ = Aa and hence A =a, and by symmetry p = . Hence (A, p) =
(a, B) and 6, = 68(Q(S): Km) is idempotent separating.

6.6. THEOREM. For any inverse semigroup S, the function

) :()\, P) - 8(/\,0) ((As p) € Q(S))
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is an idempotent separating homomorphism of (US) onto (V' (S) with the kernel M(X(S)).

Proof. All assertions except the last one follow from Theorem 6.5 by observing that
8 = 6(US):TI(S))v~".
Let w= (A, p)e (S). Then
weker§&3,=5, for some ¢&=(q, B)eEgg
O ASp~'=eSe and A'ap=a if aeceSe
©a=M"tapp”! implies A 'ap=a. 4}
Assume that the (equivalent) conditions in (1) hold. Since & is idempotent separating, we
have ker 8 € Eq,{ which implies that wo™' =0 'w since Eqs{ is a semilattice of

groups. Hence for any a€ S, first b= AA"'app~' has the property b= AA""bpp~"' so that
A7 1bp = b. It follows that

AT (A tapp™Yp = A "app™!
which implies that A""ap = AA"'app~'. Consequently,
AA'a)p=A%A"tapp ' = A" happ = Alap™)p.

In Q(S), this can be written as ww™ 'm0 = om0 ' for all acS. Now let 7€ Q(S) and
a€S. Then

(wo™'rw)m, = vo to(w ' w) T, 1T, = v TeT 0 o,

= (ww_lﬂ-—rwaa"m"w)ﬂ.a = (w‘n'-rwaa"w"w_lw)wa

= WT(WTaa 10 ' W)™, = oT(wo ™' T, 0)e T,

= wrwe (T, 1w )T, = wtew ™ 7, = (wTe ™ w) T,
which implies that (ww '1w)a =(wtw '®w)a, and analogously a(ww™ '1w)= a(wte 'w).
This means that wo™ 11w = wte v so that w e M(Q(S)).
Conversely, let @ € M(XS)). Then for any a€ S, we have A(A™'a)p=A(ap™")p and
'= w0 ' since M(QUS)) < Eq)¢- For any a €S such that a=AA""app™!, we get

Alap=A""[A(A " a)p]= A7 [A(ap™Hpl= AA"appT = q,

which in view of (1) yields w e ker 8.

6.7. CorOLLARY. For any inverse semigroup S, 6(Q(S):Q(S)) and 8(X(S):II(S)) in-
duce the same congruence on §)(S). Moreover, M(Q}(S)) NII(S) = M(II(S)).

Proof. The first statement follows from the theorem since

ww~

ker 6(Q(S): Q(S)) = M(Q(S)) (by definition)
ker 8()(S):TI(S))=ker 8 (since v is an isomorphism),

so the two homomorphisms have the same kernel. Since they are both idempotent
separating, the induced congruences must coincide.
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For any a € S, we obtain
7, € M(QS)) © m o, = mwm,m, for all e XS)
Sala 'pla=a(da Ha for all (A, p)Q(S)
S aa'sa=asa'a forall seS
& ae M(S).
If a e M(S), then a € Eg{ so that aa™' = a™'a, which for any (A, p) € Q(S) gives
a(a 'pla=aa [a(a 'p)al=aa[a(Aa YHa]=a(ra Va.
In view of the above, this establishes the equivalence
. € M(QUS)) & ae M(S)
which proves the last assertion of the corollary.
6.8. CoroLLARY. For any inverse semigroup S, M(S)= Eg if and only if M(X(S))=

Eqs)-

Proof. If M(S)=Eg, then M(II(S))= Ep, which by the theorem and the above
corollary implies that & | II(S) is one-to-one. Since €(S) is a dense extension of I1(S) (see
[S, III. 5]), 8 must be one-to-one, so M(X(S)) = Eqs). The converse follows directly from
the above corollary. ‘

The next result essentially coincides with [8, Theorem 4.4]; we provide here a
different setting for it as well as a different proof.

6.9. THEOREM. For any inverse semigroup S, £ = 6(Q(S): Es))v ™" is a homomorphism
of QU(S) into W(Eg) which induces the greatest idempotent separating congruence on (S).

Proof. Theorem 6.5 gives that £ is an idempotent separating homomorphism of (S)
into W(Es). Let w=(A, p)€ Eqs){. Then we=¢w for all e e Eqs, and, in “particular,
wm, = 7o for all e € Eq. The latter is equivalent to Ae = ep for all e € E. It follows that for
any ec Eg, o ' . ' - '

A le=(ep) '=(Ae) t=¢pl.
Now £:w — &, where d¢, = AEp~! and
E.ce—>Atep (e€AEp™Y).

Using what we just proved, we get d&, = AA"'E and £,:e — AA"'e if e € AA7'Eg, which
evidently implies that £, is the identity mapping on its domain. Hence £, € Ey s, which
yields that Eq ¢ < ker & Since £ is idempotent separating and Eqs,{ is the kernel of the
greatest idempotent separating congruence on {)(S), we must have Eq,{ =ker &

It follows from Theorem 6.5 that w¢:S — W(Es) is the usual representation of S
by its idempotents.
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6.10. ProrosrrioN. With the notation of Theorem 6.9, we have TI(S) = ®(Eg)¢™!.

Proof. For any a€S, we get d¢, =aEsa™"' and ré, =a 'Ea which shows that

£, € P(Es). Conversely, let w=(A, p)e(S) be such that &, eP(Eg). Then d¢, =

AEsp™' = eEg and ré, = A" 'Egp = fE; for some e, f € Eg. In particular, A" 'ep = f whence
ep=epp 'p=A(A""ep)=Af=a.

For any x € S, we obtain

xp = x[(x"*x)pp ™ Jp = x[AA "' (x"'x)]p
= (xp)[A"H(x 7 x)plf = x[AA T (x 7 x)]of
= x[(x""x)pp ™ Ipof = (xp)f = x(Af) = xa

and analogously Ax = ax, which gives w = =, e II(S).

6.11. ProrosiTioN. For any inverse semigroup S,
P(S) N (S) = 6O(S).

Proof. Let w=(A, p)eUS) be such that §, eP(S). Then d8,6 =ASp~' =eSe and
rd, = A"'Se = fSf for some e, f € Es. Letting a = ep, we obtain

aa™' = (ep)(ep) ' = (ep)(A"'e) = (epp™ e =epp ' =,
a~'a=(ep) '(ep)=(A""e)(ep)=A"'ep=f
since e € ASp~! implies e = epp™!; and for x € eSe,
x8, =A " xp=A"(exe)p=(A"'e)x(ep) = (ep) 'x(ep) = a lea.

Consequently §, = 0° € ©(S). This proves that ®(S) N Q'(S) = O(S); the opposite inclusion
is obvious.

7. The conjugate hull of a semilattice of groups. The only result here is that the
conjugate hull of a semilattice of groups is embeddable into the endomorphism semigroup
of the latter. We have introduced the full closure for inverse semigroups in Definition 4.6;
we now extend this concept as follows.

7.1. DerINITION. Let A be a subsemigroup of a semigroup S. If there exists a
subsemigroup B of S containing A such that E; = E, and B is the greatest subsemigroup of S
with this property, then B is the full closure of A in S. ‘

It is well-known that a semigroup S which is a semilattice of groups can be given by a
system of homomorphisms among these groups, and we use the notation S =[Y; G,, ¢agl.
See e.g. [§]. We denote by Z(S), P(S), A(S) the semigroups of all endomorphisms, all right
translations, and all inner right translations of any semigroup S. For a semilattice Y, we
write [¢]={B€ Y| B =<a} for any a € Y, and call an ideal I of Y a retract ideal if I N\[a]is
a principal ideal of Y for all « € Y. Denote by Ry the set of all retract ideals of Y under
intersection. For these concepts, consult [5, V.6).
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7.2. THEOREM. Let S =[Y; G,, ¢, 3] be a semilattice of groups. Define a function x by
x:y—=pp (Ye¥(S)

where dyy = ASp, (A, p)€ Eqs). Then x is an isomorphism of ¥(S) into €(S) such that
W(S)x is the full closure of Ep,, ®(S)x is the full closure of E,s), and

X:0% > p,.-10° (ael).
Proof. Let ¢ W(S) and (A, p) € Eqs, be such that dgr = ASp. It follows from [5, V.6]
that for some retract ideal I of Y,
Xp=xp,5 If x€eG,, [a]l=IN[a]
For any x€ G,, y € G, we obtain
(x)(yP) = (x¢a a)(y0p.3) = (X0 0 28)(YP ap 25)
= [(X¢0 a,a8) (Y0 5.a8) [P 38 = (XY) @ 0n a8
= (xy)p

so that p € &(S). It is now clear that pyr e (S).

Also let ' e W(S) with dy' = A'Sp’, (A, p') € Eqs), and let I' be the retract ideal of Y
associated with p’ as above. Let J and J' be the retract ideals of Y associated with r{ and
ry/’, respectively, and let

[@a]l=TN[a] (xeY).
The functions p, ¥, p’, ¢' induce on Y the following functions:
pria— @&, plia—a,
Ypia—B if ap=b with a€G,beG g,
and ¢, is defined analogously. It is clear that p,, pj € P(Y) and y, 3 € ¥(Y), etc. For any
a, Be Y, we obtain
B=apYnp 11 BT, BT =ap ynpl
& peld, B T =apin, By el
& Bed, BY ' =ap,, By el
&pel, B '=a, By 'el,  BYilel
& B =ar, Bel, BYel, B el
& B=an, .

where d(yn)') = oS, (0, 7)€ Eq(sy and 7 induces 7, as above. It follows that p,y,p\¢i =
T, Let K = Yr,.

We return now to S. Since ¢ is an isomorphism of [I; G,, ¢4s) onto [J; G,, ¢4l
according to [2] there exists a system of isomorphisms

Do ey, Ga = Goy,
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such that
‘ aY=aw, .y, if a€Ggael
and all the diagrams

Saal

are commutative for a =g, ae€l The same type of statement is valid for ¢' with
isomorphisms w/ qy;-
Let aeY. Since K<, we get ar,=ap,. We have seen above that aryn¢) =

ap ¢ p1¥}; but ar @) = ar gy pi @) and thus ar ¢, p ¥ = ap ¥y piYy. This implies that
at i p) = ap, ¢, p;. We have the following scheme of mappings.

«a
ap——apys

aTy——> QT

l

aT ) = ap i pidy — aminp) = apydhpl
Now substituting G, for each element § in this diagram, and using the properties of w, g
and ), g, we get for any ae G,,
app’y’ = a‘pa,ao‘waox,ao‘w"Pao‘w\.amw\o"w;p\w\m.amdnohﬂ
= acpC!,GD\<p(101,cl‘r‘wa1'1.a‘nllll(pa1'|dn,aflllllp;w'ot‘rld“p'l.a‘rlllll\ll{
= AQ o 0r, O ary,ar iy Qoer iy aryin ]

= arfnalf

since at,y; €I, so that ar i, = ar ,p;. We have proved that x is a homomorphism.
With the same notation, assume that pyr = p'yf'. Let a € I. Then ap, = ap,p} = (ap})py
since the idempotents of {}(S) commute, and hence ap) €I It follows that

P = O‘P'ldfllml = (apl)p’ll’/ldj;l = (00'1)(914’1)'1’;1
= (aP'l)(p'ﬂ//'l)llf;l = O‘(Pld’l)d’;l =ap =

and hence ael'. Consequently IcI' and by symmetry also I'c I Now the equation
oY= p'Y’ yields ¢ = ¢'. Hence yx is one-to-one.

Clearly idempotents of ¥(S)x coincide with the right translations of S. Let C be an
inverse subsemigroup of &(S) with the set of idempotents Ep,, and let ¢ée€ C. Then
aa~'=p and a 'a=p' for some p, p'e Eps). Let ¢=£| Sp. If x, y € Sp and x¢ = yy, then
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x§ =y so
x=xp=xt =y =yp=y

and ¢ is one-to-one. Further, dyy=Sp and rfs =S¢ =Sp' which shows that ¢ e ¥(S).
Finally py = ¢ which proves that £ e ¥(S)x. Consequently C < ¥(S)x which establishes the
maximality of W(S)y.

Substituting p, and p; for p and p’, respectively, in this argument shows that &(S)x is
the full closure of E,(,. The last assertion of the theorem is trivial.

§irjajev [9] made the elements of an inverse semigroup S act on the entire semilattice
Eg by: e — aea™, and on ‘the basis of this developed a theory of fundamental inverse
semigroups. He also established the existence of the full closure of E s, in €(S). The link
with the usual treatment of fundamental inverse semigroups through Tg = ®(Es) is
provided by the preceding theorem applied to Eg.

8. The conjugate hull of a Brandt éemigroup. We construct below a semigroup T
and a homomorphism of T onto the conjugate hull of a Brandt semigroup and characterize
the induced congruence.

8.1. NoraTion. For a nonempty set I and a group G, denote by G’ the set of all
functions mapping the subsets of I (including the empty subset) into G with the
multiplication ¢ . ¢ where

i(e. ) =(ip)y) forall ied(e.y)=deNdy.

Denote by #(G) the group of automorphisms of a group G and, for ge G, let ¢, denote
the inner automorphism x— g7 'xg (x€ G) of G.

8.2. THEOREM. Let S=M°(I, G, I; A) be a Brandt semigroup. Then
T={(¢ o, n)eS' (DxA(G)xG" |dé=dn}U0
with the multiplication: O acts as the zero and
(& @, )&, @', 1) = (&8, o', nw’ . &)
is a semigroup. Define a function x on T by

X : (gy w, 7?) _)[g, O), n]
where : :
dl¢ o, n]={(,g )eS|ijedeU0
(£ w,m]:G, g ) = (& (in) " '(gw)(jn), j£), 0—0. (1)
Then x is a homomorphism of T onto ¥(S) and
[&on]=[f, o, n]e =8+, o=0's, in= ¢ X(in')
if ied¢ for some ceG, or é=¢&=0. (2)

Proof. The associativity of the multiplication in T follows by -a straightforward
verification and is omitted.
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Let (¢, w, n)e T. Define mappings A and p on S by
N (i, g7) if ijed
A ¢ 2 = > bl = { .

(,8)=3gipe 0 otherwise (3)
and A0 =0p =0. It follows directly from [5, V.5] that (A, p) € Eqs, and clearly d[{, w, n]=
ASp. Similarly, using r&, we can define (A', p) € Eqs, such that r{¢, w, n]=A'Sp’. A simple
verification shows that [§ w,n] is an isomorphism of ASp onto A’Sp’. Consequently
[£ o, n]eW(S).

Let (§ @, m), (£, 0',n)eT. If i,jed(éf), then

(i, 8 D& @, m]E, @', v']= (& (in) " (gw)(jn), jE)E', ', ']
= (ig¢', (ién) " (i) (gww")(jne')(jén'), €€
= (i€, [(inw')(i&n")] " (gww )[(jnw)(j€n")], j€€)
=(i, & ¢, ww', nw'. &n'},
and if i, je d(££') does not hold, then

(i, & & o, €, o', n']1=0=(, g, )[¢, wo', nw'. &n'].

Consequently x is a homomorphism.

Now let e W(S) with dyy=ASp, r¢y = A'Sp’ where (A, p), (A, p)eQ(S). It follows
from [5, V.5] that A and p are of the form (3) with d¢ substituted by some subset A of I,
and analogously for A’ and p’. In view of [3, Theorem 3.11], specialized to Brandt
semigroups, we deduce that ¢ can be represented as in (1) for appropriate £, @ and n. It
follows that ¢ =[£, w, n] which proves that y maps T onto W(S).

Let (¢ w,m), (¢, 0',m)e T where £€#@ and &' # (). Then

& w,n]=[¢, 0", 7]

&3, 8 Nt w,n]=0 8¢, 0, 1] ifi jedé=d¢

©¢=¢ and (in) '(gw)(jm)=(in")"(gw")(jn") if i, jedé
Let this be the case. Then letting g be the identity of G, we get (in)~'(jn) = (in")"'(in")
which implies that (in")(in)™" = (7n")(jn)~". In the last equation, the left hand side depends
only upon i and the right hand side only upon j, so both are equal to a constant ¢ in G. It
follows that

gw = (in)(in") ' (gw")(jin")(jin) ™' = c T (gw')c = gw'e,

and hence w = w'e,. Furthermore, (in')(in)~! = ¢ implies in = ¢~!(in’). We have proved the
direct implication in (2); the opposite implication can be verified without difficulty.

9. It is instructive to compute the complete inverse images of @(S), ®(S) and Q'(S)
under x in the above theorem. For this we need some notation. For any set X, let |X|
denote its cardinality. If £€.$'(I) has domain {i} and range {j}, write ¢ = £;. Denote by
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#(G) the group of inner automorphisms of G (g,:x — g 'xg for all xe G). For any
subset A of I, denote by ¢ the function which maps A onto the identity of G.

Let (i, g, j)€ S. Then a simple argument shows that
dots) = {(i, h, i} | he G}U0,
r6%® ={(j, h, j)| h e G}UO,

042D : (i, h, i) — (j, he,, j) (heG),

which imply that
[tfi,-, Eq L] = e(i.g.i)’
OS)x ' ={(& w, MeT||dé|=1, we $(G)}

=M1, $(G), I; A}.
It now follows without difficulty that
D(S)x ' ={(¢ w, ) e T|ldg|= =ML, #(G), I; A).
Now let (A, p)e Q(S). According to [5, V.3 and V.5), there exists g€ $'(I) and a

function ¢ :dp — G such that
L B~ (iB g, ) ifierB,
Mgy ={ 0GB
0 otherwise,
. i, g (i), j if jedp,
(t,g,f)p={( 8 Uy ]‘.3) jedp
0 otherwise,

whence, by a straightforward argument, we get
dS(A,p):—{(ia g3 ])ES | l’]edB}UO
8oy 1 (i 8 )= (B, (W) 'g(j), jB) it i, jedB
which implies that

h [3, LG, l//] = S(A.p)’
AS)x'={¢ w,m)eT|wcs(G)}

9.1. ExampLE. Let Y ={a, b, c} be a semilattice with ab = c. Then with the following
notation and multiplication we obtain ¥(Y):

_(a c‘) _(b c) =(c)
€ = a ¢ ’ Ep = b ¢ 5 €. c >

G ooe=Co)

(abc) _(abc)
b ) ybac’

o

™
I
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€, | & || |B| v | €

€, Eq | Ec |Ec | | & | @ | &

€p Ec € | Ec | & B B Ep

L2 Ec €| & | & L2 € €

a e |a|e (g | ] & | @

B B E.| & [ & E. €p ﬂ

Y| B|ale|e |ea] €)Y

€|le|ep|&|a |B| vl e

O(Y) = {&,, & &},
O(Y)=0(Y)U{q, B},
Q'(Y)=0(Y)U{e},
Y(Y)=0(Y)U{a, B, v, €}.
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