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ANISOTROPIC RANDOM WALKS ON FREE PRODUCTS OF
CYCLIC GROUPS, IRREDUCIBLE REPRESENTATIONS AND
IDEMPOTENTS OF CX.(G)

GABRIELLA KUHN

Introduction

Let G = Zpsr % Znsr %+~ % Zoyy = {ay, s, . . . g1 | @) = e Y j) be the
free product of ¢ + 1 copies of Zy,+;, and let 9 denote its Cayley graph (with
respect to a@;, 1 <j< ¢+ 1). We may think of G as a group acting on the
“homogeneous space” 9, This point of view is inspired by the case of SL,(R)
acting on the hyperbolic disk and is developed in [FT-P] [I-P] [FT-S] [S] (but see
also [C]).

Since G is a group we may investigate some classical topics: the full (reduc-
tive) C* algebra, its dual space, the regular Von Neumann algebra and so on. See
[B] [P] [L] [V] and also [H]. These approaches give results pointing up the analogy
between harmonic analysis on these groups and harmonic analysis on more clas-
sical objects.

On the other hand, since G is not type I, its representation theory cannot be
completely analogous to that of SL,(R) and indeed will never be completely under
control. Nevertheless, the probabilistic approach, as in [FT-S] and [S] provides an
important instrument of investigation.

In order to understand this, recall that 9 is a connected graph with the prop-
erty that at each vertex V there meet exactly ¢ + 1 polygons #;(V)) G =1,...,
g+ 1) each with # + 1 sides. Identify the vertices of ¥ with the elements of G.
Then, if V corresponds to g € G, the polygon %;(V) is given by the coset
g (Zn+1); where (Zn+1); is the j'th copy of Zus1 in the free product expression
for G.

g+1
Choose ¢ + 1 positive numbers pgr1 < py < -+ < py with 25 p;=1.

=1
Consider the random walk where the transition probability p(V'— V) of
moving from a vertex V' to a vertex Vis p;/m if V' € #;(V) and V' # V. Fix the
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vertex V, corresponding to the identity ¢ of G and let u(x) =p(Vo—x - Vo)
where x- V, denotes the element of 9 corresponding to x. Consider the (bounded)
operator M from [2(G) to I*(G) given by right convolution with ¢#. We know that
we can realize the spectral decomposition of M using the Green function associ-
ated to the above random walk.

This technique is carried out in [I-P] (with Dr=ps= """ =P = ;I—_}_—l)

and in [S] (with # + 1 = 2 and pg+1 < pg < - -+ < py) to obtain a decomposition of
the left regular representation into a direct integral of representations acting on
(generalized) eigenspaces of . The decomposition is into irreducibles exactly when
there are no true eigenspaces of . We know that the decomposition is into irre-
ducibles in the case n + 1 = 2.

The aim of this paper is to investigate the case # + 1 > 2. In this case the
shape of the spectrum of M depends on the pair (g, #) as well as on the choice of
the p;. (In contrast with the case # + 1 = 2, the dependence on the p; is quite
complicated). The discrete part of the spectrum corresponds to eigenspaces of g,
and hence to G-invariant subspaces of [2(G). Such subspaces are always reduci-
ble representations (see [C-FT]).

The continuous part always gives rise to irreducible representations in gener-
alized eigenspaces. We shall see that such a discrete part occurs if and only if
g < n (independently of the p;). We shall also see that, if the p; are close enough,
the continuous spectrum consists only of one interval, but, if the p; are far enough
apart, then the continuous spectrum splits into many pieces. Since every connected
component of the spectrum defines a nontrivial idempotent in Cig(G), we cannot
get an arbitrary number of pieces. We shall see that it is possible to choose the p;
in such a way that the number of pieces is the largest possible, consistent with the
K-theory.

The resolvent of M has also been considered in [C-S] and [T,]. In particular
the case ¢ + 1 = 2 is completely described in the above two papers.

Here we shall give a complete description of the spectrum of g in several
cases. Qur main reference is [S] and the reader should refer to it in order to verify
the theorems which are not proved here (see Section 4). The final version of this
paper was written while the author was visiting the University of Chicago.

In particular we thank Tim Steger who spent a great amount of time in help-
ful conversations; providing suggestions, examples and references on the subject
of this paper.
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§ 1. Notation

Let G = {ay, as,...,ag | @7 = ¢ ¥j>. Each xin G, x # e, may be written
uniquely, as a reduced word, as x = a® a?? - - a? where 1 £ h, < n for each L
The Cayley graph of G with respect to the generators (a,)? *1is the graph 9 de-
scribed in the introduction. The Cayley graph, 9’, of 4, with respect to the gener-

}"“ %-1is more closely adapted to this problem.

ators {a]

One obtain 9 from 9% by connecting two vertices whenever they belong to a
common polygon. The group G acts on % (or on %’) by left multiplication. The dis-
tance between any two vertices Vi and Vs of 9, is defined as the minimum number
of polygons you must cross in order to go from V; to V. The corresponding length
on G is the block length, given by | r| = m when a} al? - - a7 is the reduced
word for z. Then dist(x, ) = ly~*x|. Observe that this distance on ¥ is ordin-
ary path length on 9. For each 7 (j = 1,...,¢ + 1) consider the probability mea-
sure g, which is equidistributed on the set (Z,.1);\{e}. Let ¢ be a convex linear
combination of g, so that

q+1 q+1 =
ﬂ(l‘) = Z p]ﬂ](x) - Z Z ?;’l a;
1=1 j=1 k=1

where 0, denotes the Kronecker delta at x. Arrange the p, so that 0 < pge1 < Py
< -+« £ py. The transition matrix {R (z, y)} of the random walk described in the
introduction is defined by the law R(x, y) = prob(r— y) = pulx*y). Let M :
12(G) —1*(G) be the operator of right convolution with g Since g commutes with
left convolution, we know that the spectral decomposition of M leads to a decom-
position of the left regular representation of G. Let us denote by sp(u) (respec-
tively res(u)) the spectrum (respectively the resolvent) of the operator M. The
functional calculus says that

(1.1) 0.2) = g [ = w @y

where C is a smooth curve containing sp(x¢) inside and, letting C shrink around
the spectrum of 4.

(1.2) 0@ =1 [ Img@ds + 2P @)
4 oz 7 J oy 1M &o(2)do ]:lj;r
where

Imgs(z) = lim {0 +ie — W) — (6 —1e — W@}

£—0%

and p,(x) are mutually orthogonal projections into the /% eigenspaces of ¢ (corres-
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ponding to the poles of the analytic function (y — ¢#)~*(x)). We shall denote by
dm (o) the positive measure obtained by letting x = ¢ in 1.2. Hence

dm(c) = — “Im go(e)do + Z {Res (y — 1)~ (e)} 0y,
1=1 =7
We shall see in Section 4 that, for almost all o, — —Im gs(x) is a positive

definite two sided elgenfunctlon of w. Hence we may use the Gelfand-Raikov con-
struction to decompose [2(G) into generalized eigenspaces of y.
The next section is devoted to the computation of (y — )~

§ 2. Computation of (y — g) 7%

Our goal is to describe (y — #)™'(x) = g.(x) in terms of ¢ + 2 complex
functions of 7. It is well known (see [A-K], [C-S], [M-L], [S], [W], [V]) that g,(x)
may be written as a scalar multiple of function 4,(x) satisfying

(2.1) h(e) =1
ho(xy) = h,(x), h,(y) whenever |zy| =|z| +|yl.

As pointed out in [S], the above description depends, basically, on the following
property of the graph %: any path, in 9, from e to a? a® - - - a’ must pass
through af. Let us recall the method. An m-path P from x to y is a sequence
of (m+ 1) elements of G, P = (Tpm, Tm-1, . . . ,Lo) € G™, such that z, = e
and X, =y. An m-path stops at y if x; ¥y for 0=<7<m—1 and x, = y.
We denote by 7, (y, x) the set of all m paths from x to y and by mn(y, x, {y})
the subset of mw(y, x) consisting of all m-paths which stop at y. Define the
evaluation of a function f along a path P= (Zn .. .X) to be E(P,f) =
It f (it 1), Set also
Enly, z, )= 2 E(@P,p
Perm(y.x)

where the above sum is extended to all possible m-paths P from x to y. It is well
known that

(22) =07 @ =77 | 2 Eate, e, ).

Suppose now that £ = af a’? - -+ a”, so that the first syllable of x is a®. If P =
(T, . . .,x0) is any m-path from e to x, then a! occurs at least once in the sequ-
ence T . ..x. We may therefore think of P as a “product” of two paths, say P,
and P, where P; stops at @ and P; starts at all. Since P, stops at a?' this de-
composition is unique. We recall that our random walk is invariant with respect
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to the G action on 9, namely we have:
(2) plx—y) =plgr—gy) Vr,y,8€G

Repeated applications of the above argument allow us to conclude that

(23) (=07 @) = g @) = g (@)

where 21172 = (y — ) e), h,(x) satisfies 2.1 and
(2.4) h.(a}) = E((a}, e; taf}; w'r)

where the right hand side of 2.4 means the evaluation of /7 along all paths from
e to a¥ which stops at af. We obseve that the probability of reaching a point V =
ata - - - at starting from V, = e depends only on the polygons you cross and
not on the particular point you choose in every polygon, hence p*”(ala’ - - -
a’¥) does not depend on the choice of the N-ple (hy,...,hAy) (this fact can also be
easily proved by induction). Observe that, for large values of 7, say v > 1, one has

_ o 1 (af
hia)) = Qw)-(y — ) Ha) = 2 ”L% ).
m=0 e
By analytic continuation, we can see that the quantities k(@) (k=1,...,n) do

not depend on k. Let us denote by & = &;(y), their common value. Recalling that
gk (r— ) = (yr— ) * g = 0, we can get the relations between 7, w and the
&

q+1

(2.5) 1) 7= 2w+ 2 pi&;
=1

i p(s - te) = (") h - 2w
T .

i) &= % where z,= 2w — p, (%=-1)

Again, by analytic continuation, we may think that 2.3 and 2.5 hold for every 7 in
C\sp(y) that satisfy the condition g;(e) # 0. We want to investigate now the
case gr(e) = 0. We first need to estimate the /% norm of g,(x). The estimation is
essentially given in [S].

Leavia 2,10 Let h: G— C satisty 2.1. Suppose also that h(a¥) = h(a;) is
independent of k (1 < k < m). Then h belongs to I*(G) if and only if
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& nlha) ]

< 1.
=11 +nlha)l

(2.6)

Moveover, one has
q+1

_ _ n| ha) | -t
o inlg = {1 - & 2hart )

Proof. The proof is based on the fact that the same statements are true when
n=1 (see [S]). For 1 <k <, let h(a}) = h; and let h (x) be the function
defined on Zyk Zy% -+ % Z, = (A, As,. .., Agr1 | A2 = ¢ ¥ ) by the condition

h~(AuAi2' ) .Aij) = hilhiz' ) 'At)' ’ h~(e) =1.

For every x in G, with x = al! af? -+ - a¥, let & be the element of Z, % Zy % - - - %
Z, defined by letting T = A;,A;,° - - A,;. Then

Slh@P=n Z[h@]

lxl=k lxl=k
where the length of £ in the right hand side of the above equality is the block
length in Z, % Z,% -+ - % Z,.

Hence the p-norm of % can be regarded as the p-norm of the function (Vn)''

h(x) defined on Z,* Z, % * - - % Z, and the theorem follows since the same formu-
las are true for n = 1.

Remark. Formula 2.7 also appears in [Ty]. Since our proof is very short we
decided to include it, for the reader’s convenience.

Suppose now that gy,(¢) = 0. Then the function w(y) has a pole at v = 7.
Because of 2.5 i) at least one of the &;(y) must have pole too. Since, for complex
T, & belongs to [2(G), one can see that exactly one of the &, say &, has a pole at
7 = 7o. Suppose that £k # 1. Then

2 L 4DE
) . . 2 + 4 " + 2y,
(2.8) lim | && | = lim Ln

— 400 w— o0 2
o P /zf+4%+zl

Let £ = al*al* al*al? - - - a¥* als with | £| = 2s. Then 2.8 implies that, for every
element & of this form, 25 2 5=2s | & (&) |2 = + 0 in a neighbourhood of 7 =
7o, which is a contradiction. So that the only possibility is that & has a pole at 7.
But g% (r — u) (@) = 0 implies

- D
npy”

Il

(29) r= ("5 s

n

bl 5
PPN
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Again since g, belongs to I*(G) for complex 7, we see that, letting y— 70, the
quantity | &&] G # 1) must be bounded. Since | & |— 4+ o 2.9 implies that

To= " “pr. A limit argument also shows that, if g-(e) = 0 for some 7 in

res(u), then

2.10 s /o

O 51 11 (7}) it = al’ (af! af*) (@i} al’) -~ (@i} at*™)

gilz) = with |z =2, +1
0 otherwise.

Since, for such 7, we have

” gf”z =

we see that 7 € res(y) and g7(e) = 0, implies
g+l
pi> 2 pi
1=2
On the other hand, a quick check shows that, when p? > 224f1 p? the function

defined by 2.10 satisfies the equation (p < ******* i) - /1) * g-= d. so that 7=

i < ””””” —1 > belongs to res{u). We may summarize with the following

LenMA 2.2, Let 7 be a complex number inres(u). If g.(e) # O then there exists
a choice of signs in the equation 2.51i1) such that g,(x) has the form given in 2.3
with hy satisfyving 2.1 and 2.4, v and &, as in 2.5.

If g.(e) =0 theny= p1<ﬂ;1) and p? > 294 p2.
Moreover, if p? > 22951 p? then v = p1<~~—«1«> belongs to res(y) and g,(e) = 0.

In order to give a general description of sp(y¢) we recall a fundamental rela-
tion beween the [? norm of g, and the functions 7(w) described in 2.5 i).

Suppose that 7 and 7" are large and real and let & = &@), § = &),
g,(e) = w, gr(e) = w'. Then, arguing as in [S], we get

. 1 1 -7 _ e I
2.11
(21 2w —w ZZ‘ 1+ n&é

and, letting w” — w, we hav
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dr _ 51 _n&§

(2.12) =1 e

DOf

In particular, if ¥ € R\{sp(,u) ] { 1(”—;1)” there exists a choice of signs in

2.5 1ii) such that y can be expressed as a function of w according with 2.51).
Moreover, since for such a 7 g,(e) is real, we have

Tdr _ g nlgl

(2.13) 5 g § TR = g |2

We may summarize with the following

n—1

THEOREM 2.1. Let 70 € R\ [sp(u) U [pl( >}} . Then there exists a

choice of signs for the functions & in 2.5 iii) such that v can be expressed as a function

of g,(e) = L according with 2.51). Moreover we have % >0 where 2wy =

Wy

2z l(e) Conversely, suppose theve exists a choice of signs in 2.5 iii) and a w, € R\{0}
70

such that the function v = y(w) of 2.51) has positive derivative at w = W, then
7o = 7 (wo) belongs to res(u).

q+1 n— 1
Ifpi > X p? then v = 1)1<T> belongs to res(y).
2

1), g,(e) cannot be zero, so that p, (”T—l>

q+1 —
152 < S 0} then, for 7 = pu("=
2

belongs to res(() iff there exists a choice of signs i 2.5 iil) such that the correspon-

ding 7(w) has positive devivative at wy, with v (w) = pl(” ; 1>.

We conclude this section with the description of the discrete part of sp(u).
The isolated points of sp(u) correspond to the poles of g,(¢), that is, to the zeros
of w = w(y). Since the case ¢ = 1 has been completely described in [C-S] (see
also [T;]) we shall confine our attention to g > 1. Suppose that w = 0. Since for
complex values of ¥ = 7(w) g,(x) belongs to I*(G) we must have

¢ n|&(0) P
2.1 1— > 0.
2.14) Zf 1+ nl|&@©) 2

Now | &) | =1 or % according with the choice “+” or “—" in 2.5 iii).
Suppose that # of the & have been chosen with the sign + and (g + 1 — #») with

the sign —. Since IzTﬁ > 1 in our case, we can see that no more than 1 sign
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n
1+n

- nJ-i-T = 0 again, since we are dealing with the case ¢ > 1 this is impossible.

“4 7 is allowed for the &;. On the other hand, for » = 1, we have 1 —

3

So that all the signs in 2.5 iii) must be “—7". Again, we see that 2.14 is possible
only if ¢ < . In particular, when ¢ > %, g,(x) has no poles. Suppose now g < #.

Let N consist of all complex valued functions f, defined on 9, which have zero
average over each polygon. It is easy to verify that N is an eigenspace for the

operator induced on 9 by right convolution with g. If fis such a function we have
fdpu=— %f. Of course we identify functions defined on 9 with functions

defined on G.

Let Nz = N N [2(G). Then N, # {0} if and only if ¢ < % This fact can be
deduced by the behaviour of an isotropic random walk on G and can also be de-
duced by [Ti]. For the reader’s convenience we shall give a simple proof.

Suppose that f € N, and f# 0. We may always suppose that f(e) # 0. We
may take the average of fon each set E, = {x :| 2| = k} to obtain a new func-
tion ¢y, which is constant on Ej.

By Swartz inequality ¢, belongs to I2(G) (see [M] for a detailed description of
this average operator). Necessarily ¢y is given by

0 — k
(215) or= (6. + £ 5D £

where x, denotes the characteristic function of E;. The above function ¢, cannot
be in I? unless ¢ < n.

On the other hand, if ¢ < #, then the function (p_% defined in 2.15 by letting
fle) = (1 - %) is an idempotent in CX4(G) and N, is nothing but the

corresponding subspace. (See [T3] to see that p-1 is an idempotent of Ci£q(G) and
Section 4 for a more detailed description of N,) Using [D-S)(X 3.3) we may

conclude that the spectral measure of [— %} is nonzero for ¢ < », hence g, has a
- _1
pole at ¥ = "

Finally suppose that ¢ = n. We shall see in Section. 3 that — % is a branch
point for the analytic function gy(e) and

(2.16) lim hg_%ﬂ,(e) =0.
h—0

. . . . 1) .
Since g,(e) has a Puisseux expansion in fractional powers powers of (7 + ;) in
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a neighbourhood of — % 2.16 also implies that

(2.17) lim ieg_%m e) =0
=0

that is, dm(o) {— %} = 0 and g has no(nontrivial) eigenspaces.

§ 3. Description of sp ()

We shall now investigate sp(x) in detail. It is clear from the above argu-
ments that the point spectrum depends only on ¢ and # and not the p;. On the
other hand, the continuous spectrum may or may not break up into many pieces
depending on the p;. We shall first state some results which are true in general, no
matter what ¢, »# or p, are. After we shall make more assumptions on ¢, #, and p;
get the exact number of pieces of the continuous part of sp(g).

-1 —1 —1
Let us define Le = (= <2, s (")) 1= [0 ("557) 2o (257
for k=2, .. .,+1 and I, = [1 <n2—;11> ,+°°) . Since 7'(w) =
+2,
Zf+l~—;z’— — (¢ — 1) we can see that, if at least two terms in the above

2
/z,-2+4%

summation are negative, 7’ (w) will be negative. So that we have to consider first;:

g+1 2
T1:2w+%2</212+4%—2j> when w € I,
1

111+1 ) JZ
Tq+2:2w_§§< ij4n+Z/) whenwEIq+z

k=1 2 +1 2
7k=2w—%2</z,2+4&+zj>+lq2</z,-2+4&—z]> when w € I
1 n 25 n

It is clear that, when w € I, (k =1, ¢ + 2), the corresponding 7 is the best
possible choice in order to have 7' (w) positive. So that, whenever 7y is negative in
I;, no other curve can give a resolvent set for w in I;. On the other hand, when 7
is positive, other curves have to be considered in the corresponding I; namely we

also check:
+1 2 2
rl,h=2w+%?§z</zf+4% —z) =5 ([ +4P +2,)
j

i=1
for w € 11
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7=1 1=k
1#h
2
+%< z,z,+4‘%'l—zh) forw € Land h L k—1
1 k=1 2 1 4! 2
T = 2w = 5 % (/o + bl + ) +32 (v/z,z +abl )+
j#l
Y
—%(\/2?4—4‘%4—21) forw € I, and [ = &k

q+1 2 2

Tq+z,h=2w—%' h(/z,z+4% +zj> +%</z£+4‘%” —zh> for w € I4a.
#
=1

Let sp.(xt) denote the continuous part sp(g). We have the following

THEOREM 3.1. 71 and Ye+2 ave vespectively convex and concave fumctions of w. 11
has a positive minimum, say P1, and Ye+z has a maximum, say Oqv2, Which is certainly
negative when q = n. sp.(u) is always contained in the mterval [0442, 1. For w €
I, the only curve which can give a resolvent set is 711. When p? > 2755 p? spe(p) con-
sists of at least two parts. When p? < 22953 p2 and g = n no curve Yosau can give a re-

solvent set in Iis.

Proof. The behaviour of 7 is very easy to check: 7{ is positive while lIMy-+e
ri(w) = + oo 7(0) is negative and 71 (w) is positive for positive w. Also the be-

haviour of 742 is easy to check, being liMy—ie 7g+1(w) = — % and 7/ (w) <0,
The last thing about 7,442 is the sign of its maximum QOg4z. Since 7,42(0) = —%; and

, n— . .
Te+2(0) = 2 vﬁv—l——% we can see that, for ¢ = #, the maximum occurs for a negative

value of w and hence is negative.
When g = # 7442(0) = 0. This means that the curve 7,42 gives the resolvent

set for ¥ < % but not for y > — “}; In other words, 7 is not a good parameter for
the Riemann surface associated to gy(e) in a neighborhood of y = — % so that
- ;1,; is a branch point for g,(e). For ¢ < n the sign of pg+2 is not, a priori, clear.

It is obvious that res(u) D (— 0, p442) U (b, + o) when ¢ = n while res(u)
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D (— o, — ;) U (— %, pq+2) U (01 + %) when ¢ < n. we shall now analyze

the curves 71, (B # 1) for w € I,. It is now convenient to introduce the following

/ 2 / 2
+ zf+4%—z,— — Z}Z+4%_Zj
and & = .

zpl ZPJ’

notation. Let

(3.1) & =

So that
q+1
7ie = 2w + 22 p;&" + pabi.
J#h
=1
Since

2
/z,%+4f;—" + 2

&gl = b

h 2
J2 + 42 + 4,
and z, > z; we have

2 bi
+4 + z
(3.2) & & | > b >l 1
/zf+4A+z1

Hence, for the values of 7 corresponding to 71,,, we have

2
> L .
nZS

n.

g < ah a a .allczs—l al}:zs)
If we consider now the subgroup Gy, generated by @; and @,, it is obvious that

Igr(x) ‘2 + oo,

ZEGLA

Hence none of the curves 71, give a resolvent set.
Consider now 73,;. Observe that

T = ‘g::l);&f — piéi + Pl(n ; 1).

So that, for w— + ©°, 71,1 approaches p1<n 1). A quick calculation shows that,

n
. n—1Y) .

for large w, 71, is less than py (T) if p7 > 2725 p? while it is greater than

p1< ) if p? < 2295 p% Since 71,(0) is negative, we may conclude that, for

P2 > 245 b3 711 has a minimum, say o1, which is less than p (ﬂ—;—l> Since
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1

"= 1) + (1 — 2py), it is clear that, if p» = 91 T has only one

n

1) = p (

minimum.
When p: <% we need some more conditions on the p, to understand the

behaviour of 71;. Let us consider now the curves 7g424 Suppose first k& # 1.

Remember that 7gezx = 2w + 2920 .. pi& + puéi and consider d_cjvl Er EF .

2
A quick calculation shows that I&‘ s decreasing for 2w < by ;p" ;/(L;gn+—li)'

In particular, for negative w, we have
- — 1
(3.3) [&r & 2 & O &) | =
Again, by considering the subgroup generated by a; and a;, we can see that
To+2. (W) cannot give a resolvent set for negative w. For positive of w is no longer

true that 7g+2,x does not give a resolvent set (see Theorem 3.3).

Let now 74421 = 2w + Z?:Zl p]EJ_ + b = Zﬁlpi&_ —h &+ pl<n ; 1)A

n—1

We can see that 7,421 tends to p1< ) for w— — o, A quick computation

shows that 7442, is greater than p1<n - 1) when p? > 23 p? while 7442, is less

than p, (L—*l> when p? < 2247 p?. Again, by considering jciﬂ £ Ef | we see

n
bt (nt1)?

—er . . .
that | & & | is an increasing function of w for 2w 2 an—1)

Suppose now p} < 24! p2 Consider the subset A of G consisting of all
words Z of the form

Z=atatral,a - atal (x| =2s).

Since liMy——w | & & | = %%, for 2w € I;12, we have
Ll q+1 S
(3.4 Sle@k=Sn(Slget) =+
A 5=0 1=2

since the ratio of the geometric series on right hand side of 3.4 is greater than 1.
Let now consider any w in I;4; and let 7 be the corresponding value of 7g421(w).
We have

(3.5) lg g = ~ZA~| &@P=+ o0

and 74+2,1 does not give a resolvent set.
On the other hand, when p? > 2 p?, 7,421 is increasing for w sufficiently
small. Suppose now that for some w, € I 45 7s+21(wo) is negative and consider
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wy, > wo. Let 7o = Toz1(Wo) and 71 = Jer21(wy). Observe that | & | is increasing,
as well as | & &, and g,,(x) is nothing but the product of ?1,;’ & and & In

computing the [ norm of g, (r) we may of course restrict our attention to the
words x which do not end with a power of a;, let us denote by A; this subset
of G. We have

(3.6) lenlt= (g0) [1+ il &1+ D) 2 ) 2]

27/01

but the right hand side of 3.6 is infinite, since g,, does not belong to I*(G). This
argument proves that, for w in I,42, 74421 can only behave in two ways: either it is
everywhere increasing, or it increases up to a maximum, Say Qg+z1 Which is

n—

1
greater than p1< ) and after decreases. To ensure that 0,42, Occurs, observe

that 7o421(w) is negative w = p,,H(n 1). We may conclude that, when

n
q+1

P% > ijz , Spc(#) c [pq+z 01,1] U [pq+2,1, 01]-
j=2

In the above theorem we didn't investigate the curves 7% (and 7 7ew) in I,
Their behaviour depends of course on the p;, but the general law seems to be very
complicated. We shall now exibit three “extreme” cases: in the first one they are
all decreasing while in the two others every 7, gives a resolvent set.

THEOREM 3.2. Suppose that pr < 2pge1, § 2 0, and, if p1 F pa, suppose that at

least one of the following conditions hold,
q+1

1) 2 pi > np}
n=2
or

i) (L;@) (m)z <y andn > 4.

n—1/ =
Then sp(u) = [pg+2, 01].

Proof. We must check the curves 7y in I first.
We have

+

-

k=1

2 +Z - Z <

2 - 2
[g+aBL 7 a4 B

)

(3.6) 7nn=—(q—1+

j=

Bl
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w (G m(” 21
+
j=k /(Pk 1~ pi)? ) + 4&2

<—(@—-1

Since pr—1 — P, < pp — p; < p; for 7 = k while p; — pr < pj for § < k we get

@1 ri<—@-D+ @+ (251) =220 <0 sinceg 2.

)

Of course none of the curves 7% or i can give a resolvent set, since 7, < 0

everywhere. The last curve we must check is 71,1, It is obvious that this problem
disappears when p1 = pq, of course we shall choose & = &, = &". Recall that

q+1
711 = 2w+ 2 pEF + il
2

Suppose now that i) holds and consider | & & |.

We have: -
| & |"W</zf+4%%+zl)'(/z,?+4gni—z;)

and, since w is greater than ﬁl(%)‘

2
b, /z}"+4%—z,>
npr | 2 -
' z%+4‘%’~-—zl

P G it et
onpy 2p, ’
Vn

(3.8) |&r&fl>

Again, since py — p; < p,, we have
& & | > Ligd
D
and hence

S(Ewlget)=+o

which implies that 7;,; cannot give a resolvent set.
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Of course condition i) is quite unsatisfactory for large values of #. Suppose
now that # is large enough (at least # = 4) to ensure that condition ii) holds.

D +P/‘> (n+1)°

One can see that diwl & &' | is positive whenever 2w > ( 2

nn—1)"
Condition ii) ensures that, for every j and for every w in I, | &7 & | is increasing.
Suppose now that 71,(w;) > 0 for some w, > p, (%) At w= w, we
must have
+oo /g+1 s
(£l & & ) < + e
§=0 ‘j=2
and hence
q+1
(3.9) n22 | &7 (wn) & (wn) 2 < 1
j=2
but 3.9 implies that, for w; = p1< o )
S 1 )
n? ;l & (wy) | <L
j=2

Again, since (b, — p;) < p;. we have | & (wy) | = -17; hence % < ZHonl| & (wy) |?

< 1 which is a contradiction if ¢ = #.

Remark. In general we cannot ensure that 71,5 does not give a resolvent set,

even if pf < Z‘”Z‘p, Consider in fact G = Z3 % Zs % Z;. Set p3 = p» = 7z + 7

and p, = \/~ Then 7’116): <@)> is positive even if 71, <0 for w <

41 _+_ \/—) < ) and also 71, < 0 for w— + oo,

THEOREM 3.2.  Fix q and choose pi,. . .,pq+1 SO that
(310) plz (j+1)pf+1 f07’ j:17~-';q
Suppose now that n is bigger than q, and is also large enough to ensure that

p_2/n
poi i—1) 1
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Then sp. (1) consists of exactly ¢ + 1 pieces.

Proof. Observe first that, since g < #n, —;1; belongs to sp(u) and corres-
ponds to an eigenspace of g, or to a subrepresentation, say m-1, of the left regular
representation of G. We shall see in Section 4 that the orthogonal projection onto
this subspace is given by right convolution with a function ¢, whose value at the

identity is A—-F% We can think of ¢ as representing an element of the K-theory

) ) . . on—
of CE¢(G), and we can also see that the continuous dimension of -1 is %ﬁ

(see [KS] for the definition of the continuous dimension and [L] for more informa-
tions on the K-theory of Cfy(G)). We also know from [L] that any other subrep-
resentation of the regular representation which corresponds to a projection in

CX.(G) has continuous dimension equal to an integral multiple of 71-_-}_7

Suppose we know that sp.(x) breaks up into at least ¢ + 1 pieces. In corres-
pondence to any of these pieces we have a subrepresentation of the regular which
also corresponds to a projection in Creg(G). The continuous dimension of T-1lis

79 and the regular representation itself has continuous dimension 1 so we
n+1
may conclude that sp.(g) consists of exactly ¢ + 1 pieces.

Hence all we have to prove is that sp.(u) consists of at least ¢ + 1 pieces.
Define, for 2 < k < ¢ + 1.

* — pa(”_ L)
(3.11) =—@—1+ Z -
o - po(n ) +
b — oo (1)

+ 5 2

=i (p:("50)) = 7t (0 (55)

and check the sign of As. Since p; = G+ Dpjs1 and pr — p; = G — 1)p; for
72k + 1, one has:
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(1
Akz —(q—]_) +k1 (pl P1+1)( n )

1=1 n— 1)2 212_+
‘/a,«—p,-ﬂ)"‘( n ) T4y

I I D" )
S ol ) o
n—1

k+1 Jbi+1 ( n

—(@— D+
=T n—1\2 P sk 2 4nm
/JZP;‘ZH( n > +4n ] + (n — 1)2
S + k+1 J + Z": ]
(¢— 1D vt /]2 + 4n <L>Z 1=k 72+ __4n
(n — 1)% \Pas1 (n—1)*
S —(g—1) + a xdx
€=+, /xz + A ()
(n —_ 1)2 Pq+1
hence
o _dn (PN, (b _Wn
(3.12) Ay, > —(q 1+ /qz + (n—1)2 (qu) 2<Pq11-1) (n—1)

and, under our hypothesis, the above quantity is positive.

Observe that, for each k, 2 < k < ¢ + 1, 74 gives rise to a piece of the resol-
vent set which is contained in [pg+2, p1]. Since two different 74 cannot give rise to
overlapping pieces of the resolvent set, we may conclude that sp.(x¢) breaks up
into at least ¢ + 1 (hence exactly ¢ + 1) pieces.

The next question is: suppose that ¢ = #. Since no information on the dimension
of m-1 is available, what is the largest possible number for the connected compo-
nents of sp(u)? First of all, according with the K-theory of G. we cannot get more
than (# + 1) components. If we look at the quantities Ay, it is not hard to show

that Ay is negative until k is bigger or equal to 1 + [n D) 1]. Nevertheless it is

still possible to obtain exactly (z + 1) pieces for sp(u) by letting the p; be far
enough from each other.
We thank Tim Steger for suggesting us the following
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TueOREM 3.3.  Suppose that q = n. Then theve exists a choice of the p;’s in such
a way that sp(g) = sp.(y) consists of exactly n + 1 intervals.

Proof. Suppose that pg41 < pg < -+ < puyr are given, we shall construct
Pn» . . .,p1. In this construction we shall drop the hypothesis 2¢*' p, = 1 which is
really not needed in order to check the sign of the derivative of 7¢. At the end we
shall get curves 7» kK =mn + 1,...,2, which have positive derivative at some point

of I} = [pk (%) s Pr-1 <n2-71>] and we shall renormalize the p; to get the

right probabilities.
Let us denote by ¢, the derivative of p;&" namely

= J] =1,...q+1

¢ = 2 7=
[ + 4B

+1 k-1
n=—(—1 +q2k¢j+ =~ ¢
7= j=

so that

Let us construct p, from p,+1. Choose € in such a way that

2(1—#)—(q+1)5>0.

n—1
2n

¢n+1(pn+!f) >1-—e
Also, for £ > n+ 1 and w in L,+1, we have ¢p(w) > @Pus1(w) hence

Since liMy— 4w Puie1 = 1 there exists f > such that

(313) ¢k(pn+1f) >1—c fOI"an"i‘l.

On the other hand one has
n—1

. . p"( ; >_2p”“f n—1
. - n) (pn+1f) = =
e e e

n

so that it is also possible to choose p, in such a way that

1_
1

n—
n+

€.

- ¢n(pn+lf) >

Again, since — ¢;(w) = — ¢Pu(w) for j < mand w = [),,H(nz—nl), we get
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(3.15) — ¢, (pusrf) > -Z—%% — ¢ forevery j < m.

So that, starting from p,+1, it is possible to choose p, large enough in such a way
that pn+1f < pn and 3.15 holds. Hence, for w = p,41f € I[,41 one has:

Feauif) = =@ =D+ 5 0uaf) + 5 = gpuf) 2

22(1—n_’f_1)—e(q+1)>o

Suppose now that P41, .. .,p; are given (J = # + 1) and let us find p;—;. Choose &
in such a way that

_ J_—_l) _

(3.16) 2(1 pr e(gq+1)>0

(observe that 3.16 cannot be satisfied when j = n + 2!). Since limy—+e ¢; =1
we can find f; such that fip; > p; and ¢;(p;f) > 1 —e Also, since
limp; e — Qi1 (Pif;) = %, P,-1 can be chosen in such a way that p;,_, > pif;

and — ¢;-1(pyf) =

Z ; i — &. Again, for w = p;f; we have

nonH z2-20 D — g+ >0
If we consider now the probabilities p; which are obtained by normalizing the p;,
we can see that each of the corresponding 7r (k =n -+ 1,...,2) has positive de-
rivative in a suitable point of 1. Arguing as in the proof of Theorem 3.2 we may
conclude that sp(u) consists of exactly # + 1 intervals.

4. The irreducible representations

This section is devoted to the description of the measure dm(a), of the posi-
tive definite functions {@,(x)} s and of the unitary irreducible representations.
The construction is essentially the one given in [S]. We shall not give the proof of
the statements which can be deduced arguing exactly as in [S].

In order to produce {¢y(Z)}sespw We need to know the following

LemMMA 4.1, Letq > nand 6 € sp(u). Then gosio(x) F © and gsxi0 is a con-

tinuous function of 0. Moveover, if €sr10(€) = Zo-w(e) then 0 is a branch point for the
analytic function g,(e).
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Proof. As noted in Section 2 (2.14) w(y) cannot be zero unless ¢ < #n. So if
Zox0(X) = o0 for some x, we must have &;(0 = 10) = oo for same j. The same
argument used in Section 2 (2.8) shows that gs+j0(x) has the form given in 2.10.
In particular, gs+,0(x) is finite. To see that g,+,0(x) is continuous, fix any point dy
€ sp(y). Since gy(x) is analytic in the upper half-plane and gs4io(x) F ©, we
are sure that, at ¥ = 0o, g, has a Pouisseux expansion without negative powers,
hence gs+10 is a continuous function of ¢ in a neighborhood of 0,. Keeping these
facts in mind, the arguments used in [S] apply to show the last statement.

Let us consider now the case ¢ < #. In Section 2 we saw that the only
possible value of ¢ for which gss0(x) = © is — % On the other hand, when
Zo1io(x) is finite, one can argue as in Lemma 4.1 to get similar results for
Zo+io(x). Hence we have a sort of complementary result for ¢ < .

Lemma 2. Let ¢ < n. Then, if 0 F —%, all the statements of Lemma 1 ave true.
If o= —% then dm (o) = -Z—}% and the corresponding positive definite function is
the function -1 given in 2.15 with ¢-1(e) = n-4

n n n+1
When q = n the point ¢ = —% is a branch point for g,(e) and g_%i;o(e) is

mfinite. For all the others values of 0 Zo+io(X) 1s a continuous function of 0.

Proof. Suppose that ¢ < n. As we said before, we may restrict our attention

to 0= —%. As noted in Theorem 3.1 the function 7.42(w) gives the (real)
resolvent set in a (real) neighborhood of w = 0. Hence, in a (real) neighborhood

=_1 -1 (- l)
T . we have gy(e) D12 (7) " We may now compute dm 2] In fact

one has:
1\ _ .. 1 .
(4.1) dm{— =) =lim|(— =+ 1ig)g_1,;.(e)
n g—-0* n n
But the above limit can be computed on the real axis, so that we get

(4.2) am(— 1) :%(%) L) _nog

T2\ dw n+1
As we said in Section 2. when ¢ < #, ¢ has an eigenspace B which contains the

-1
="

subspace N; of I? functions having zero average over each polygon. The projection
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onto N, is given by right convolution with the function
— (1= m> ( -3 <_ l>’” )
(43 ot = (1271 (0.~ = (=) xm)-

Let us now consider B. The functional calculus says that the orthogonal projection
F onto B is given by

_ 1 1
(4.4) F= szc ; +lE(au)

n

where E is the resolution of the identity for M and C is a sufficiently small circle
about — % Since F belongs to Cg(G) we have F(f) = h * f for a suitable

positive definite f. On the other hand, one has

F @30, 3> = flo) = dm(— 1) = 224 = g 1(0).

Hence f = ¢ (and B = N,).
Let now ¢ = n. Again, by considering 7,42 as in Theorem 3.1, we see that

= _% is a branch point for g;(e). We remark that, since Qg‘;}ﬂ =0,

w=0

dm(- %) is zero.

Let S denote the set of branch points of g,(e). Since g,(e) is an algebraic
function, S is finite. For any o € sp.(g)\S define

gaﬂ'o(x) - ga—io(x)

(pa(l') - ga+:o(€) - go—io(e)
and
dm(6) = = % (gorio(©) = go-i(©))do
Then the functional calculus says that
(4.3) O0.(x) = f @s(x)dm(o) whengqg=mn
sp(u)
(4.4) d.(x) = @_1(x) + f @s(x)dm(c) when q¢ < n.
n spolw)

In fact, all the functions ¢, involved, are two sided eigenfunctions of yg (with
eigenvalue o) and the sum in 4.4 is an orthogonal sum. Using the functional

calculus one can argue as in [S] to see that — %{gﬁm(x) — go—w(x)} is positive
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definite for ¢ € sp.(y), hence @s(x) is positive definite for o € sp.(¢)\S. Corres-
ponding to any ¢, (0 € sp.(#) \S) we may associate a continuous unitary repre-
sentation of G, say 7.

When o = ,[— %} then the corresponding representation in {2(G) and hence
is reducible (see [FTC]).
When o # {— %} then the corresponding 7, is realized in a standard Hilbert

space #,, which can be thought to be the completion of the space of left translates
of ¢,. For any finitely supported functions f and g we have:

f'_’fa:f*fpa, 71'0(1')](0: (5z*f)a
(fo, 8o = (f* s, &)

(,) denotes the inner production {2(G) and (, ), the one in Hj.
Also, because of 4.3 and 4.4, we have

(f, g = fsm) (f% @5 g)dm(o) = j;p w (fs, 8o)odm(c) when g =n
and

(f,0) = (*o-b @)+ [ (o g)sdm(@) wheng <n.

Let 0 € sp(u)\[— %} and let g-(x) be equal to (y — w) () at v = 0 + ie, so
that g,(e) = Ewl(T In [S] it is proved that if lime—os+ w(7) F liMe—o- w(y) #F 0 F ©
then the corresponding representation 7, is irreducible. The same arguments used
in [S] also apply to our case. (Observe that when ¢ = ‘“;1; we have liMeoos w(7)

= (). Namely, we have the following.

THEOREM 4.1.  Suppose that o € sp(u)\{S U {—%” Then the corresponding

representation o on Hy is 1rreducible.
Sketch of the Proof.
1) Let Qo) = {¢ € Hy: m,() ) = o¢} . Observe that @, belongs to @ (0)

and recall that, if @ (o) is one dimensional, then 7, is irreducible.
2) Let @, be the orthogonal projection onto H,, the functional calculus says
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that
Qs = lim ie(o + ie — m (1))~
e—0+
3) Observe that @, can be computed for large values of ¢ and then take the
analytic continuation. Let ¢’ = ¢ + i¢ and g» = (0 + ie — p)~%. Then for large
values of € we have

lo+ e — m (W] =nm{(0+ te — )~}
hence
(4.5) (Qa(az* (00);51/*(/)0)0 = lim iE(ﬂg{(O" - ﬂ)-l} [52* QDJ], 5y*(pa)o

e—~0+

= lim ¢ (go’ * 51 * Do, 514) .

e—0+
In order to compute the above limit observe that the right hand side of 4.5 is
given by ie 2,ec 8o (x2) @s(2y). Since go a multiplicative function of (xz) we can
use this property providing that |z| > ||+ 2. Hence we shall estimate
2212 a1+ lui+3 8o (22) 0o (2Y) .

. ga+i0(x) - ga—io(x)
) Write o o(@) = go—nole)

for @s(x) and compute first

lim 1e(gy % 0x % @g_y0, 0,). Define vectors u(x) = (u,(x),...,u41(x))

e—0+
v(x) = (1(x),...,0+1(x)) as follows
u;(x) 22 g (k2™ go—ro(t™)
t
where the sum is taken over all elements ¢ € G such that | | =] x| 4+ 1 and the

first letter of £ is not a power of a,.
0;(x) 22 8o-10(s™'Y) 8o (S)
S
where the sum is taken over all s in G such that | s| = |y| + 1 and the last letter

; -1 _
of s is not a power of @, Recall that g, (zx) = 2w () ho (X)), &o-io(x) =
1
2w (o — 10)
A™ by the rule A = 22\j=n ho () ho—io(t) where the sum is taken over all ele-
ments ! of length # such that the first letter is a power of @; and the last is a pow-

ho-(x) and define, for # =1,2,... (g + 1) by (¢ + 1) matrices

er of ay. Define also a transition matrix 7T letting

0 ifj=k

Tie=1 _ . A
g, HjFk k=1, .,9+1
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where & = &(w (o)) and & = &(w(c — i0)). Since A™*Y = TA™ one can
prove that

(4.6) (8o % 02 % go-io, 0y) = b 8o (tr ™) gomro (t™1y)

lel<3+lzl+1yl

8

+ 2 o) (T*AY) u(x).

n

5) In order to compute the limit in 4, observe that the first term in the
above equality remains bounded as € — 0%, while the second term is nothing but
vy — T)'A" u(x).

The caracteristic polynomial P.(a) of T is given by

g+1 , q+1 n&]’a
Pa) = (Tl @+ ngg)-(1 - £ 155 ),

7=1 i=1 (X + ME}E;
Therefore, as ¢ — 0% P, tends to a polynomial which has 1 as a simple root and
this implies that, as e — 07, limit 4.6 is a product of the form C(x) " @s(y).

As for the limit of 1€(go+4se * 0z * o410, Oy) repeat the same reasoning, finding

a matrix T which, as ¢ — 0%, converges to a matrix which does not have the eigen-
value one. This implies that im & (gss.e % O % Zorio, 0,) = O.

=0+
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