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The Convolution Sum
∑

m<n/16 σ(m)σ(n − 16m)

Ayşe Alaca, Şaban Alaca, and Kenneth S. Williams

Abstract. The convolution sum
P

m<n/16 σ(m)σ(n− 16m) is evaluated for all n ∈ N. This evaluation

is used to determine the number of representations of n by the quadratic form x2
1 + x2

2 + x2
3 + x2

4 + 4x2
5 +

4x2
6 + 4x2

7 + 4x2
8 .

1 Introduction

Let N denote the set of natural numbers and let N0 = N ∪ {0}. Let Z denote the set

of all integers. For n ∈ N and k ∈ N we set

σk(n) =

∑

d|n

dk,

where d runs through the positive integers dividing n. If n /∈ N, we set σk(n) = 0.

We write σ(n) for σ1(n). Let R and C denote the fields of real and complex numbers

respectively. In [10] the third author showed that

(1.1)
∑

m<n/8

σ(m)σ(n − 8m) =
1

192
σ3(n) +

1

64
σ3

( n

2

)

+
1

16
σ3

( n

4

)

+
1

3
σ3

( n

8

)

+
( 1

24
− n

32

)

σ(n) +
( 1

24
− n

4

)

σ
( n

8

)

− 1

64
c8(n),

where c8(n) (n ∈ N) are integers defined by

(1.2) q

∞
∏

n=1

(

1 − q2n
)4(

1 − q4n
)4

:=

∞
∑

n=1

c8(n)qn, q ∈ C, |q| < 1.

We note that c8(1) = 1 and c8(2n) = 0, n ∈ N. In this paper we evaluate the

convolution sum
∑

m<n/16

σ(m)σ(n − 16m)
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for all n ∈ N. In order to do this, it is convenient to define, for k ∈ {1, 2, 3, 4, 5, 6, 7}
and q ∈ C, |q| < 1,

(1.3) Ak(q) :=

∞
∏

n=1

(1 + qn)24−4k(1 − qn)8(1 − q4n−2)
16−2k

.

It is easy to show that

(1.4) Ak(−q) = A8−k(q).

Next we define rational numbers c16(n) (n ∈ N) by

(1.5)

∞
∑

n=1

c16(n)qn :=
1

32
A1(q) +

3

112
A2(q) +

1

224
A3(q)

− 1

32
A5(q) − 3

112
A6(q) − 1

224
A7(q),

so that c16(1) = 1, c16(2) = 12/7, c16(3) = 4/7, c16(4) = 0, c16(5) = −2, c16(6) =

−48/7, etc. In Section 2 we show that

(1.6) 7c16(n) ∈ Z, n ∈ N,

and prove the following result.

Theorem 1.1 For all n ∈ N we have

∑

m<n/16

σ(m)σ(n − 16m) =
1

768
σ3(n) +

1

256
σ3

( n

2

)

+
1

64
σ3

( n

4

)

+
1

16
σ3

( n

8

)

+
1

3
σ3

( n

16

)

+
( 1

24
− n

64

)

σ(n) +
( 1

24
− n

4

)

σ
( n

16

)

− 7

256
c16(n).

As an application of Theorem 1.1, we prove the following result in Section 3.

Theorem 1.2 For all n ∈ N the number N(n) of (x1, . . . , x8) ∈ Z
8 such that

n = x2
1 + x2

2 + x2
3 + x2

4 + 4x2
5 + 4x2

6 + 4x2
7 + 4x2

8

is given by

N(n) = σ3(n) + 3σ3

( n

2

)

− 68σ3

( n

4

)

+ 48σ3

( n

8

)

+ 256σ3

( n

16

)

+ 7c16(n).
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2 Proof of Theorem 1.1

For z ∈ C with |z| < 1 we set

(2.1) w(z) = 2F1

( 1

2
,

1

2
; 1; z

)

=

∞
∑

n=0

(

1
2

)

n

(

1
2

)

n

(1)n

zn

n!
,

where 2F1 is the Gaussian hypergeometric function and (a)n is the Pochhammer sym-

bol, see for example [4, p. 247], [8, p. 45]. Clearly w(0) = 1. The infinite series (2.1)

diverges at z = 1 [4, p. 249], so that w(1) = +∞. For x ∈ R with 0 ≤ x < 1, we have

w(x) = 1 +

∞
∑

n=1

2n!2

n!424n
xn ≥ 1,

so that

(2.2) w(x) 6= 0, 0 ≤ x < 1.

The derivative with respect to x of the function

y(x) := π
w(1 − x)

w(x)
, 0 < x < 1,

is [1, p. 87]

(2.3) y ′(x) =
−1

x(1 − x)w(x)2
, 0 < x < 1.

Thus, by (2.2) and (2.3), we have y ′(x) < 0, 0 < x < 1. Hence, as x increases from

0 to 1, y(x) strictly decreases from y(0) = π w(1)
w(0)

= +∞ to y(1) = π w(0)
w(1)

= 0. Now

restrict q so that q ∈ R and 0 < q < 1. Thus 0 < − log q < +∞. Hence there is

a unique value of x between 0 and 1 such that y(x) = − log q. The Eisenstein series

L(q) and M(q) are defined by

L(q) := 1 − 24

∞
∑

n=1

σ(n)qn,(2.4)

M(q) := 1 + 240

∞
∑

n=1

σ3(n)qn.(2.5)

The discriminant function ∆(q) is defined by

∆(q) := q

∞
∏

n=1

(1 − qn)24.
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It is proved in [2] that

L(q) = (1 − 5x)w2 + 12x(1 − x)w
dw

dx
,(2.6)

M(q) = (1 + 14x + x2)w4,(2.7)

∆(q) =
x(1 − x)4w12

24
.(2.8)

Applying the duplication principle [2, p. 125],

q → q2, x →
( 1 −

√
1 − x

1 +
√

1 − x

) 2

, w →
( 1 +

√
1 − x

2

)

w,

to (2.6), (2.7) and (2.8), we obtain

L(q2) = (1 − 2x)w2 + 6x(1 − x)w
dw

dx
,(2.9)

M(q2) = (1 − x + x2)w4,(2.10)

∆(q2) =
x2(1 − x)2w12

28
.(2.11)

Formulae (2.9) and (2.10) are given in [2, p. 122, p. 126]. Applying the duplication

principle to (2.9), (2.10) and (2.11), we obtain

L(q4) =

(

1 − 5

4
x
)

w2 + 3x(1 − x)w
dw

dx
,(2.12)

M(q4) =

(

1 − x +
1

16
x2

)

w4,(2.13)

∆(q4) =
x4(1 − x)w12

216
.(2.14)

Applying the duplication principle to (2.12) and (2.13), we have

L(q8) =

( 5

8
− 11

16
x +

3

8

√
1 − x

)

w2 +
3

2
x(1 − x)w

dw

dx
,(2.15)

M(q8) =

( 17

32
− 17

32
x +

1

256
x2 +

15

32

√
1 − x − 15

64
x
√

1 − x
)

w4.(2.16)

Applying the duplication principle again, this time to (2.15) and (2.16), we obtain

L(q16) =

( 11

32
− 23

64
x +

9

32

√
1 − x +

3

16
(1 − x)1/4

+
3

16
(1 − x)3/4

)

w2 +
3

4
x(1 − x)w

dw

dx
,

(2.17)
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M(q16) =

( 137

512
− 137

512
x +

1

4096
x2 +

135

512

√
1 − x

− 135

1024
x
√

1 − x +
15

64
(1 − x)1/4 − 105

512
x(1 − x)1/4

+
15

64
(1 − x)3/4 − 15

512
x(1 − x)3/4

)

w4.

(2.18)

From (2.7), (2.10) and (2.13) we obtain

w4
=

1

15
M(q) − 2

15
M(q2) +

16

15
M(q4),(2.19)

xw4
=

1

15
M(q) − 1

15
M(q2),(2.20)

x2w4
=

16

15
M(q2) − 16

15
M(q4).(2.21)

Next, for k ∈ {1, 2, 3, 4, 5, 6, 7}, we see from (2.8), (2.11) and (2.14) that

∆(q)
k−4

6 ∆(q2)
20−3k

12 ∆(q4)
k−8

12 = (1 − x)k/4w4
= Akw4,

where for convenience we have set

(2.22) A = (1 − x)1/4.

Note that x = 1 − A4. Further

∆(q)
k−4

6 ∆(q2)
20−3k

12 ∆(q4)
k−8

12

=

∞
∏

n=1

(1 − qn)4k−16(1 − q2n)40−6k(1 − q4n)2k−16

=

∞
∏

n=1

(1 − qn)4k−16(1 − q2n)24−4k(1 − q4n−2)16−2k

=

∞
∏

n=1

(1 − qn)4k−16(1 − qn)24−4k(1 + qn)24−4k(1 − q4n−2)16−2k

=

∞
∏

n=1

(1 + qn)24−4k(1 − qn)8(1 − q4n−2)16−2k.

Hence

(2.23) Ak(q) = Akw4
= ∆(q)

k−4
6 ∆(q2)

20−3k
12 ∆(q4)

k−8
12 .

From (2.6) and (2.17) we obtain

(2.24) L(q) − 16L(q16) =

(

−9

2
+

3

4
x − 3A − 9

2
A2 − 3A3

)

w2.
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Squaring (2.24), we obtain

(2.25) (L(q) − 16L(q16))2
=

117

2
w4 − 45xw4 +

9

16
x2w4 +

45

2
Aw4

+
171

4
A2w4 +

99

2
A3w4 +

63

2
A5w4 +

63

4
A6w4 +

9

2
A7w4.

Appealing to (2.19), (2.20), (2.21) and (2.25), we obtain

(2.26) (L(q) − 16L(q16))2
=

9

10
M(q) − 21

5
M(q2) +

309

5
M(q4) +

45

2
Aw4

+
171

4
A2w4 +

99

2
A3w4 +

63

2
A5w4 +

63

4
A6w4 +

9

2
A7w4.

From (2.16), (2.19), (2.20), (2.21) and (2.22), we deduce

(2.27) M(q8) = − 1

32
M(q2) +

9

16
M(q4) +

15

64
A2w4 +

15

64
A6w4.

From (2.18), (2.19), (2.20), (2.21), (2.22), (2.23) we obtain

(2.28) M(q16) = − 9

512
M(q2) +

73

256
M(q4) +

15

512
Aw4 +

135

1024
A2w4

+
105

512
A3w4 +

105

512
A5w4 +

135

1024
A6w4 +

15

512
A7w4.

From (1.5) and (2.23) we have

(2.29)

∞
∑

n=1

c16(n)qn
=

1

32
Aw4 +

3

112
A2w4 +

1

224
A3w4

− 1

32
A5w4 − 3

112
A6w4 − 1

224
A7w4.

Then, from (2.27), (2.28) and (2.29), we deduce

(2.30)
24

5
M(q8) − 1152

5
M(q16) − 504

∞
∑

n=1

c16(n)qn

=
45

2
Aw4 +

171

4
A2w4 +

99

2
A3w4 +

63

2
A5w4 +

63

4
A6w4 +

9

2
A7w4.

We see from (2.26) and (2.30) that

(2.31)
(

L(q) − 16L(q16)
) 2

=
9

10
M(q) − 21

5
M(q2) +

309

5
M(q4)

+
24

5
M(q8) − 1152

5
M(q16) − 504

∞
∑

n=1

c16(n)qn.

https://doi.org/10.4153/CMB-2008-001-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2008-001-1


The Convolution Sum 9

Then

576

∞
∑

n=1

∑

m<n/16

σ(m)σ(n − 16m)qn
=

(

24

∞
∑

l=1

σ(l)ql
)(

24

∞
∑

m=1

σ(m)q16m
)

= 1 − L(q) − L(q16) + L(q)L(q16),

so that

(2.32)

∞
∑

n=1

∑

m<n/16

σ(m)σ(n − 16m)qn
=

1

576
− 1

576
L(q) − 1

576
L(q16)

+
1

18432
L(q)2 +

1

72
L(q16)

2 − 1

18432

(

L(q) − 16L(q16)
)2

.

The following result is classical

(2.33) L(q)2
= 1 +

∞
∑

n=1

(240σ3(n) − 288nσ(n))qn,

see for example [5, 6]. Letting q → q16 in (2.4) and (2.33), we obtain

L(q16) = 1 − 24

∞
∑

n=1

σ
( n

16

)

qn,(2.34)

L(q16)
2
= 1 +

∞
∑

n=1

(

240σ3

( n

16

)

− 18nσ
( n

16

))

qn.(2.35)

Putting (2.4), (2.31), (2.33) and (2.34) into (2.32), we obtain, on equating the coeffi-

cients of qn, the asserted formula of Theorem 1.1.

By Theorem 1.1 we have

7c16(n) =
1

3
σ3(n) + σ3

( n

2

)

+ 4σ3

( n

4

)

+ 16σ3

( n

8

)

+
256

3
σ3

( n

16

)

+
( 32

3
− 4n

)

σ(n) +
( 32

3
− 64n

)

σ
( n

16

)

− 256
∑

m<n/16

σ(m)σ(n − 16m)

≡ 1

3
σ3(n) − 1

3
σ(n) +

1

3
σ3

( n

16

)

− 1

3
σ
( n

16

)

(mod 1).

As σ3(k) ≡ σ(k) (mod 3), k ∈ N, we deduce (1.6). Replacing n by 2n in Theo-

rem 1.1, and making use of the elementary identities

σ(2k) = 3σ(k) − 2σ
( k

2

)

, k ∈ N,(2.36)

σ3(2k) = 9σ3(k) − 8σ3

( k

2

)

, k ∈ N,(2.37)
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we obtain

∑

m<n/8

σ(m)σ(2n − 16m)

=
9

768
σ3(n) − 5

768
σ3

( n

2

)

+
1

64
σ3

( n

4

)

+
1

16
σ3

( n

8

)

+
1

3
σ3

( n

16

)

+
( 1

8
− 3n

32

)

σ(n)

−
( 1

12
− n

16

)

σ
( n

2

)

+
( 1

24
− n

2

)

σ
( n

8

)

− 7

256
c16(2n).

(2.38)

Next, by (2.36) we have

∑

m<n/8

σ(m)σ(2n − 16m) = 3
∑

m<n/8

σ(m)σ(n − 8m) − 2
∑

m<n/8

σ(m)σ
( n

2
− 4m

)

.

By [7, Theorem 4], we have

(2.39)
∑

m<n/4

σ(m)σ(n − 4m) =
1

48
σ3(n) +

( 1

24
− n

16

)

σ(n)

+
1

16
σ3

( n

2

)

+
1

3
σ3

( n

4

)

+
( 1

24
− n

4

)

σ
( n

4

)

.

Appealing to (1.1), (1.2), and (2.39) with n replaced by n/2, we obtain

∑

m<n/8

σ(m)σ(2n − 16m) =
1

64
σ3(n) +

1

192
σ3

( n

2

)

+
1

16
σ3

( n

4

)

+
1

3
σ3

( n

8

)

+
( 1

8
− 3

32
n
)

σ(n) −
( 1

12
− n

16

)

σ
( n

2

)

+
( 1

24
− n

2

)

σ
( n

8

)

− 3

64
c8(n).

(2.40)

Equating (2.38) and (2.40), we obtain

Corollary 2.1 c16(2n) =
12
7

c8(n), n ∈ N.

By Corollary 2.1, we see that c16(4n) =
12
7

c8(2n) = 0, n ∈ N. Appealing to (1.4)
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and (1.5), we obtain

∞
∑

n=1

c16(2n)q2n
=

1

2

(

∞
∑

n=1

c16(n)qn +

∞
∑

n=1

c16(n)(−q)n
)

=
1

2

( 1

32
A1(q) +

3

112
A2(q) +

1

224
A3(q)

− 1

32
A5(q) − 3

112
A6(q) − 1

224
A7(q)

+
1

32
A7(q) +

3

112
A6(q) +

1

224
A5(q)

− 1

32
A3(q) − 3

112
A2(q) − 1

224
A1(q)

)

=
3

224
(A1(q) − A3(q) − A5(q) + A7(q)).

Hence, by Corollary 2.1, we have

(2.41) A1(q) − A3(q) − A5(q) + A7(q) = 128

∞
∑

n=1

c8(n)q2n.

Using (1.2) and (1.3) in (2.41), we obtain the following identity.

Corollary 2.2

∞
∏

n=1

(1 + qn)20(1 − qn)8(1 − q4n−2)
14 −

∞
∏

n=1

(1 + qn)12(1 − qn)8(1 − q4n−2)
10

−
∞
∏

n=1

(1 + qn)4(1 − qn)8(1 − q4n−2)
6

+

∞
∏

n=1

(1 + qn)−4(1 − qn)8(1 − q4n−2)
2

= 128q2

∞
∏

n=1

(1 − q4n)
4
(1 − q8n)

4
.

From [7, Lemma] we have

∑

m<n/16

σ(m)σ(n − 16m) = − 1

24
σ3(n) +

1

4
σ3

( n

16

)

+
1

24
σ(n) − n

4
σ
( n

16

)

+
1

4

∑

(a,b,x,y)∈N
4

ax+by=n
x≡−y (mod 16)

ab +
1

4

∑

(a,b,x,y)∈N
4

ax+by=n
x≡y (mod 16)

ab.
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Combining this result with Theorem 1.1, we obtain the following finite formula

for c16(n) (n ∈ N).

Corollary 2.3

c16(n) =
11

7
σ3(n) +

1

7
σ3

( n

2

)

+
4

7
σ3

( n

4

)

+
16

7
σ3

( n

8

)

+
64

21
σ3

( n

16

)

− 4

7
nσ(n) +

32

21
σ
( n

16

)

− 64

7

∑

(a,b,x,y)∈N
4

ax+by=n
x≡−y (mod 16)

ab − 64

7

∑

(a,b,x,y)∈N
4

ax+by=n
x≡y (mod 16)

ab.

3 Proof of Theorem 1.2

For l ∈ N0 we set r4(l) = card{(x1, x2, x3, x4) ∈ Z
4 | x2

1 + x2
2 + x2

3 + x2
4 = l}, so that

r4(0) = 1. It is a classical result of Jacobi (see for example [9]) that

(3.1) r4(n) = 8
∑

d|n
4∤d

d = 8σ(n) − 32σ
( n

4

)

, n ∈ N.

Then the number N(n) of representations of n ∈ N by the quadratic form

x2
1 + x2

2 + x2
3 + x2

4 + 4x2
5 + 4x2

6 + 4x2
7 + 4x2

8

is given by

N(n) =

∑

l,m∈N0

l+4m=n

r4(l)r4(m) = r4(n) + r4

( n

4

)

+
∑

l,m∈N

m<n/4

r4(m)r4(n − 4m).

Appealing to (3.1), we obtain

N(n) = 8σ(n) − 32σ
( n

4

)

+ 8σ
( n

4

)

− 32σ
( n

16

)

+
∑

m<n/4

(

8σ(m) − 32σ
( m

4

))(

8σ(n − 4m) − 32σ
( n

4
− m

))

.

Thus

N(n)−
(

8σ(n) − 24σ
( n

4

)

− 32σ
( n

16

))

= 64
∑

m<n/4

σ(m)σ(n − 4m) − 256
∑

m<n/4

σ
( m

4

)

σ(n − 4m)

− 256
∑

m<n/4

σ(m)σ
( n

4
− m

)

+ 1024
∑

m<n/4

σ
( m

4

)

σ
( n

4
− m

)

.
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The Convolution Sum 13

The value of the first sum is given in (2.39). The second sum is

∑

m<n/4

σ
( m

4

)

σ(n − 4m) =

∑

m<n/16

σ(m)σ(n − 16m),

whose value is given in Theorem 1.1. The third sum is

∑

m<n/4

σ(m)σ
( n

4
− m

)

=
5

12
σ3

( n

4

)

+
( 1

12
− n

8

)

σ
( n

4

)

,

see [3, 7]. The fourth sum is (by (2.39))

∑

m<n/4

σ
( m

4

)

σ
( n

4
− m

)

=

∑

m<n/16

σ(m)σ
( n

4
− 4m

)

=
1

48
σ3

( n

4

)

+
1

16
σ3

( n

8

)

+
1

3
σ3

( n

16

)

+
( 1

24
− n

64

)

σ
( n

4

)

+
( 1

24
− n

16

)

σ
( n

16

)

.

Putting these results together we obtain the assertion of Theorem 1.2.

The values of N(n) for n = 1, 2, . . . , 20 are given in the following table.

n N(n) σ3(n) c16(n) σ3(n) + 3σ3(n/2) − 68σ3(n/4)

+48σ3(n/8) + 256σ3(n/16) + 7c16(n)

1 8 1 1 8

2 24 9 12/7 24

3 32 28 4/7 32

4 32 73 0 32

5 112 126 −2 112

6 288 252 −48/7 288

7 320 344 −24/7 320

8 240 585 0 240

9 680 757 −11 680

10 1488 1134 −24/7 1488

11 1376 1332 44/7 1376

12 896 2044 0 896

13 2352 2198 22 2352

14 4416 3096 288/7 4416

15 3520 3528 −8/7 3520

16 2160 4681 0 2160

17 5264 4914 50 5264

18 8952 6813 −132/7 8952

19 6816 6860 −44/7 6816

20 4032 9198 0 4032

We conclude by remarking that the table suggests that c16(4k + 1) ∈ Z for k ∈ N0.

We have verified this for 0 ≤ k ≤ 100.
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14 A. Alaca, Ş. Alaca, and K. S. Williams

References

[1] B. C. Berndt, Ramanujan’s Notebooks. Part II. Springer-Verlag, New York, 1989.
[2] , Ramanujan’s Notebooks. Part III. Springer-Verlag, New York, 1991.
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