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KRULL DIMENSION AND TORSION RADICALS

A.K. BOYLE AND R.J. SERVEN

Let Ft tie a ring with Krull dimension a and l e t T be

defined on a module MD by T (M) = {m € M : \mB\ < a} .
n Ot

Equivalent conditions for T to be a torsion radical are given.

The relationship between T -criticals and ot-criticals is also

explored.

1. Introduction and definitions

This paper grew out of numerous discussions on the extension of

results in Krull dimension by means of torsion radicals. If if is a ring

with Krull dimension a , denoted |i?| = a , the natural candidate for a

torsion radical in the Krull dimension setting is T , where T is

defined on the module M by T (M) = {m € M : \mP\ < a] . This is always
H Ot

a preradical, but when a is a limit ordinal, this is not known to be a

radical. This difficulty has been noted in several places (see for example

[/] and [3]). The purpose of this paper is to determine when x is a

torsion radical and when it is, to see how the torsion theoretic extensions

compare to their Krull dimension models.

The torsion theory generated by the cyclics of Krull dimension less

than a is denoted T . Specifically for a right module M ,

T (M) = {m € M : every nonzero factor of mR contains a nonzero submodule

of Krull dimension less than a} .
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When T is a torsion radical, clearly T and T coincide. If the

Krull dimension of R is a , then R satisfies the descending chain

condition on I7 -closed submodules. A submodule J 5 ( f is T -closed in

M if M/N is T -torsionfree. Using this chain condition on R , we

derive equivalent conditions, in the second section, for T to be a

radical, where a = |i?| . When if satisfies a stronger chain condition,

namely when R has a cr i t ical composition series, we show that T is

always a torsion radical.

Unfortunately, even when T is a radical, there are major Krull

dimension concepts which do not match-up with their torsion theoretic

counterparts. In particular, T -critical and a-critical need not

coincide. A nonzero T -torsionfree module is called T -critical if for

0 ;£ N 5 M , M/N is T-torsion. This module is a-critical if, in

addition, M has Krull dimension and \M/N\ < a . When x is a radical,

T - c r i t i ca l and a-cri t ical coincide for cyclic modules but need not

coincide for modules with larger generating sets. In the third section, we

consider when T -cr i t icals which have Krull dimension are cx-critical. Wea

show that this problem is interlaced with the existence of cri t ical

composition series and maximal submodules of Krull dimension less than a .

All rings in this paper are associative with unit and al l modules are

unital. Module will mean right module. A certain familiarity with the

definitions and basic results concerning Krull dimension, as given in [4],

and torsion theory, as given in [7], is assumed. If M is a module with

Krull dimension 3 , we write |Af| = 3 . Unless otherwise noted, the ring

R is always assumed to have Krull dimension a .

2. When xa is a radical

Let M be a right f?-module with Krull dimension a . Then M ± 0

is called a-smooth i f M is T -torsionfree; that i s , if every nonzero

submodule has Krull dimension a . We say that a module M , with

https://doi.org/10.1017/S0004972700011552 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011552


K r u l l d i m e n s i o n a n d t o r s i o n r a d i c a l s 1 3 1

|flf| = a , has enough smooth factors i f for any submodule N of M with

\M/fl\ = a , there exis ts a submodule N' of M containing N such tha t

M/N' i s a-smooth.

LEMMA 2 .1 . Let M be T -critical with Krull dimension. Then M

is a-critical if and only if M has enough smooth factors.

Proof. If M is a-critical and N 2 M with \M/H\ = a , then

N = 0 . Since M is a-smooth, M has enough smooth factors.

Conversely, if M has enough smooth factors, N 2 M and \M/N\ = a ,

then there exists N 2 N' 2 M such that M/N' is a-smooth. Since M is

T -critical, it follows that N' = 0 . Hence M is a-critical.

A collection L of right ideals is said to be cofinally finite if

every element of L contains a finitely generated element of L .

We note that, by [7, 3.U], x is a torsion radical if and only if

Ma = \l 5 RR : \R/l\ < a) is a topology.

THEOREM 2.2. Let R be a ring with Krull dimension a . The

following statements are equivalent:

(1) Ta is a radical;

(2) every cyclic module with Krull dimension a has enough

smooth factors;

(3) every cyclic module with Krull dimension a has an

a-critical factor module;

(U) M is cofinally finite.

Proof. (1) =» (2) . I t suffices to show tha t every cyclic module with

Krull dimension a has a smooth factor module. I f M = mR has Krull

dimension a , then m \ \ (M) . Thus M/x (M) t 0 . By ( l ) , Mix (M) is

a-smooth.

(2) =» (3). Let \R/l\ = a for I a right ideal of R . Then by

(2), there exists I 5 N 2 RR such that R/N is a-smooth. By [6, l.U],

R has the ascending chain condition on T -closed submodules. Thus there
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ex i s t s a maximal proper T -closed r ight ideal N' containing N . Then

R/N' i s T - c r i t i c a l and, hence, a - c r i t i c a l by Lemma 2 . 1 .

(3) =» (1) . Since Ta(A/) S Ta(M) for any r ight fl-module M , i t

suff ices to show that i f m € T (M) , then |mff| < a . If not , then mR

has an a - c r i t i c a l factor module, by (3 ) , which i s necessarily a nonzero

a-smooth factor module. This contradicts the fact tha t mR i s

T - t o r s i o n .

(1) =* (U). By [6, l . U ] , R has the ascending chain condition on

T -c losed submodules. The re su l t now follows from [S, 1.2 and 1.5L

(U) =* (1) . Since T i s always a preradica l , i t suffices to show

t h a t Ta(M/Ta(A/)) = 0 for a l l right ^-modules M . Let m € T ^ ^

Then there exists I € M such that ml 5 T (M) . By (̂ t) we may assume

tha t I i s f in i t e ly generated. Then ml is f in i te ly generated and

|mj| < a . Furthermore J € M implies that | i? / j | < ot and hence that

\mR/ml\ < a . By [4 , l . l ] , |mff| < a . Thus m € T (M) and rh = 0 .

The following coro l la r ies provide specific s i tuat ions in which T i s

a r ad i ca l .

COROLLARY 2 .3 . Let R be a ring with Krull dimension a .

(1) If R is right noetherian, then T is a radical.

(2) If a. is a nonlimit ordinal, then T is a radical.

Proof. (1) This i s a direct consequence of Theorem 2.2 (k).

(2) Let M be a cyclic module with Krull dimension a . By [4,

1+.2], M has a maximal submodule N of Krull dimension less than or equal

to a - 1 . Clearly M/N i s a-smooth. The resul t now follows from

Theorem 2.2 (2) .

Let R be a r ing with Krull dimension a and l e t N denote the

prime radical of R . Then N i s said to be right weakly ideal invariant

i f |iy/I7/| < a for any I £ M . Beachy [ I ] observed that for rings tha t

https://doi.org/10.1017/S0004972700011552 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011552


K r u l l d i m e n s i o n a n d t o r s i o n r a d i c a l s 1 3 3

have this property, T is a radical.

COROLLARY 2.4. Let R be a ring with Krull dimension a . If the

prime radical of R is weakly ideal invariant, then x is a radical.

Proof. By [5 , Corollary 5 ] , i f i" € M then there ex is t s cR < I

such tha t cR € M . Thus M i s cofinally f i n i t e . Apply Theorem 2.2

(h).

Let M "be a module with Krull dimension. Then M has a critical

composition series i f there ex is t s a f i n i t e chain

with K./K. a . - c r i t i c a l for a l l i , 1 5 i 5 n and

an- V l " ••• - a i •

PROPOSITION 2.5. Let M be a module with a critical composition

series. If N 5 M such that M/N is T&-torsion, where 6 = \M\ , then

\M/N\ < e .

Proof. Let M = K > K > ... > Kn = 0 denote a c r i t i c a ln n-1 0

composition ser ies for M and l e t j denote the la rges t integer such that

\K.\ < 6 • Then \M/N\ = sup{ | Ml [N+K .) | , \[N+K.)/N\] . Since
3 J* J"

I (N+K.)/N\ = \K./[N n K.) | < 6 , i t s u f f i c e s t o show t h a t \M/[N+K.)\ < & .
3 3 3 3

Hence we can consider the case when N => K . and work in the smooth module
3

M/K . . Without loss of generality, we will assume that K. = 0 and,
3 3

hence, that M is 3-smooth.

The proof is by induction on the length of the critical composition

series for M . If M is B-critical and M/N is T_-torsion, then

N ? 0 . Thus \M/N\ < 6 . Assume that n > 1 and that the result holds

for modules which have a 8-critlcal composition series of length n - 1

or less. If N > /^ , then N/K < M/K and [M/K^ I {N/K ) S M/N is

Tg-torsion. Then \M/N\ < & since M/K has a 6-critical composition

series of length n - 1 . Thus we may assume that ti r> K < x. if
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N n K * 0 , then \K / [N n K ) \ < 6 , since K i s 3 - c r i t i c a l . Thus

| {N+K^/Nl < 6 • Since N < N+K , M/[N+K ) i s I1 - tors ion and hence

|M/ (iV+X ) | < B by induction. Therefore, \M/N\ < & • Thus we may assume

t h a t N <"» K - 0 . However, then there ex is t s an inject ion of

K = [N+KA/N in to M/N . This is a contradict ion since M/N i s

TR- tors ion and 0 ± K i s 6-smooth. Hence \M/N\ < 3 •

COROLLARY 2.6. Let R be a ring with a critical composition series

and \R\ = a . Then T is a radical.

Proof. I t suffices to show that i f TAR/I) = R/I , where I S Rn ,

then |/?/-r| < o. . The r e s u l t now follows from Proposition 2 .5 .

3. x -crit icals and ct-criticals

When R is cx-smooth, the converses of Proposition 2.5 and Corollary

2.6 are tempting since by [2, 1.2] and [6, l.U] every a-smooth module has

a descending chain in which the factors are T -c r i t i ca l , that i s , a

T -composition series. Regrettably, this need not be a cr i t ical

composition series since a T -cr i t ical is not necessarily a-cri t ical .

See, for example, [3]. The major impediment is the inability to construct

maximal submodules of Krull dimension less than a . In this section we

discuss the relationship between these concepts.

PROPOSITION 3 . 1 . A module M with Krull dimension a has a maximal

submodule of Krull dimension less than a if and only if every submodule

with Krull dimension a has an a-smooth factor.

Proof. Let T denote the maximal submodule of Krull dimension less

than a . Then MlT i s a-smooth. I f N 2 M has |tf| = a , then

N/(N n T) =s (N+T)/T < M/T i s a-smooth. Note that \N\ = a implies

N/{N " T) * 0 .

Conversely, le t T denote the intersection of al l T -closed

submodules of M . Then M/T is a-smooth. If \T\ = a , then by

hypothesis, T has a submodule W with T/W a-smooth. This implies that

https://doi.org/10.1017/S0004972700011552 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011552


K r u l l d i m e n s i o n a n d t o r s i o n r a d i c a l s 1 3 5

M/W is a-smooth and hence W is ^-closed. Then T 5 W , so T/W = 0 ,

a contradiction. Thus | T | < a and T is the maximal submodule of Krull

dimension less than a .

The existence of maximal submodules of Krull dimension less than a

in factors of M enables us to construct a cr i t ica l composition series for

THEOREM 3.2. Let R be a ring with \R\ = a and let M be a right

R-module with \M\ = a . The following statements are equivalent:

(1) M/T (W) has a critical composition series and |x (Af)| < a ;

(2) every factor module of M has a maximal submodule of Krull

dimension less than a .

Proof. (1) =» ( 2 ) . Let N 5 M . I f \M/N\ < a , we a re done.

Suppose \M/N\ = a and l e t S/N = TQ(W/ff) . I f S = M , then 5 > Ta(M) .

I f S t M , then M/S i s a-smooth which implies tha t 5 > T (M) . I f

S = T
a(M) , then \s\ < a and S/N i s the desired submodule. Thus we may

assume 5 > T (M) . Since M/i (M) has a c r i t i c a l composition s e r i e s ,

every submodule has one and so, in p a r t i c u l a r , S/T (M) has a c r i t i c a l

composition s e r i e s . Now S/[N+T (M)j i s T - to r s ion and, hence,

Proposition 2.5 applied to S/T (M) gives \S/[N+T (M))\ < a . Since

= |Ta(M)/(Ta(M) n s)\ < |xa(M)| < a , then |s/ff| < a . Thus

S/N i s the desired submodule of M/N .

(2) =» ( l ) . By hypothesis Af has a maximal submodule N of Krull

dimension less than a . Necessari ly, N = T (W) . Then M/T (M) i s

a-smooth. By [6 , l .U] and [2 , 1 .2] , M/T (M) has a T -composition

se r i e s . Let M = K > K > ... > K = T (M) denote such a s e r i e s . I fn n-1 0 a

N/K. < K./K. such tha t \K./N\ = a , then M/N has a maximal

submodule S/N of Krull dimension less than a . By Proposition 3 . 1 ,

K./N has an a-smooth factor. Hence K./K. has enough smooth factors .

Thus K./K- •> i s a - c r i t i c a l by Lemma 2 . 1 .
If 1r~A-
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In particular, for a ring with Krull dimension a , R/~t (R) has a

critical composition series and |T (fl)| < a if and only if every cyclic

module has a maximal submodule of Krull dimension less than a . In this

case, every cyclic module with Krull dimension a has enough smooth

factors. By Theorem 2.2 (2), we have the following.

COROLLARY 3.3. Let R be a ring with Krull dimension a . If

|T (i?)| < a and R/i (R) has a critical composition series, then x is

a radical.

If a is not a limit ordinal, then by [4, l(.l] every module with

Krull dimension a has a maximal submodule of Krull dimension less than

a . Thus, by Theorem 3.2, if \M\ = a , then M/T (M) has a cr i t ical

composition series. Furthermore, as the next result shows, every

T - c r i t i c a l which has Krull dimension is a-cr i t ical .

COROLLARY 3.4. Let M be a right R-module with \M\ = a . If

M/i (M) has a critical composition series and |T (M) | < a , then every

T -critical which is contained in a factor of M is a-critical.

Proof. If C/N is a T -c r i t ica l submodule of M/N , then C/N can

be embedded in (M/N)/T (M/N) . Thus we may assume that M/N is

a-smooth.

Every factor module of M has a maximal submodule of Krull dimension

less than a by Theorem 3-2. Hence the same is true of M/N . By Theorem

3.2, M/N has a c r i t ica l composition series and this implies that C/N

has a c r i t ica l composition series. The result now follows from Proposition

2.5-

COROLLARY 3.5. Let R be a ring with Krull dimension a and let M

be an a-smooth module with Krull dimension. The following are equivalent:

(1) M has a critical composition series;

(2) every factor of M has a maximal submodule of Krull

dimension less than a ,-

(3) every T -critical submodule of a factor of M is

https://doi.org/10.1017/S0004972700011552 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700011552


K r u l l d i m e n s i o n a n d t o r s i o n r a d i c a l s 137

a-critical.

COROLLARY 3.6. Let R be a ring with Krull dimension a .

(1) If every module with Krull dimension a has a maximal submodule

of Krull dimension less than a , then every T -critical module which has

Krull dimension is a-critical.

(2) Every T -critical module with Krull dimension is a-critical if

and only if every a-smooth module with Krull dimension has a critical

composition series.

REMARK I. I t would seem appropriate to include an example of a ring

with Krull dimension a for which T is not a torsion radical.

Unfortunately", the authors know of no such example. The above results grew

out of attempts to construct such an example and demonstrate the

difficulties which one encounters.

REMARK 2. Although there are examples of T -c r i t ica l /?-modules

with Krull dimension which are not a -cr i t ica l , the ring R does not have

Krull dimension. I t would be interesting to know an example where R has

Krull dimension.
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