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ONTARIO MATHEMATICAL MEETINGS 

The four th Onta r io M a t h e m a t i c a l Meet ing was held 
Sa tu rday , M a r c h 25, 1967 at Sidney Smith Bui ld ing, U n i v e r s i t y 
of T o r o n t o . R e s e a r c h p a p e r s w e r e p r e s e n t e d in the m o r n i n g , 
followed by lunch at Sir Dan ie l Wilson R e s i d e n c e , followed by a 
o n e - h o u r a d d r e s s by P r o f e s s o r I rving Kap lansky (Un ive r s i t y of 
Chicago) en t i t l ed : Q u a d r a t i c F o r m s . A b s t r a c t s of r e s e a r c h 
p a p e r s which w e r e p r e s e n t e d a r e a s fo l lows: 

6 7 . 7 J . B r e n n e r and L. B e a s l e y (Unive r s i ty of B r i t i s h Columbia) 
Bounds for C e r t a i n P e r m a n e n t s and D e t e r m i n a n t s . 

If a m a t r i x has dominan t m a i n d iagonal , a bound can be 
given for the p e r m a n e n t of the m a t r i x in t e r m s of the ab 
so lu te va lues of i t s e l e m e n t s . The r e s u l t i s s i m i l a r to 
tha t of P r i c e ( P r o c . A m e r . Ma th . Soc. 2 (1951), 497 -
502), but the proof i s d i f ferent ; r e l a t i o n s among the p e r 
m a n e n t s of the v a r i o u s m i n o r s of the m a t r i x m u s t be used 
( see Duke J . , 1959). F o r a m a t r i x b lock d iagona l ly d o m i 
nant , (definit ion g iven in P r o c . Nat . Acad . Sci . 40 (1954) , 
452-454) , bounds for the d e t e r m i n a n t and in s o m e c a s e s 
a l s o for the p e r m a n e n t can be g iven. 

6 7 . 8 D. K l a r n e r ( M c M a s t e r Un ive r s i t y ) 
The Number of N o n - I s o m o r p h i c K - C o l o u r e d G r a p h s . 

A k- co loured g r a p h of type (n. , . . . , n ) i s a s e t of 
— ^ ^ 

1 k 
co loured nodes N I I . . . M N , w h e r e 

n ^ n 
1 k 

g 
N = { (s , j) : j = l , . . . , r } , and an edge se t E conta ined 

r 
in the c o m p l e t e edge se t f 
{ { c J M c ' . j ' D i f c J l e N 0 , ( c \ j ' ) e N C ' , l < c < c ' < k } ; V 
t h e c o m p l e t e k- co loured g raph G(n , . . . , n ) of type 

1 K. 

(n , . . . , n ) has the comple t e edge se t as i t s edge s e t . 
J. K 
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Let S denote the s y m m e t r i c g roup on N = { 1 , . . . , n ) . 
n n J 

Two k - c o l o u r e d g r a p h s X and Y of type (n , . . . , n ) 
J. K. 

a r e i s o m o r p h i c if t h e r e i s a TT e S, such tha t k 

n. = n . , i = 1, . . . , k , and if t h e r e a r e w . e S , . . . , <p. eS 
l TTI 1 n l k n 

1 k 
such tha t 

(1) ( T T : ^ , . . . , <pj*: {(c , j ) , ( c \ j»)} - { ( K , ^ j ) , (TTC», ^ . j ' ) } 

t r a n s f o r m s the edge se t of X into tha t of Y . 

The cyc le index of a p e r m u t a t i o n 9 of d e g r e e n w r i t t e n 

as the p r o d u c t of d i s jo in t c y c l e s i s Z(0:x) = x x , . . . , 

w h e r e 0 has exac t ly i c y c l e s of length t . The cyc le 

index of a p e r m u t a t i o n g roup G of d e g r e e n i s 

| G | " 1 Z ( G : x ) = | G | _ 1 2 Z ( 0 : X ) , 0 E G . 

Le t r ' G(n , . . . , n ) denote the p e r m u t a t i o n group of 
1 k 

edge a u t o m o r p h i s m s (as defined a s in (1)) of the c o m p l e t e 
k - c o l o u r e d g r a p h of type (n , . . . , n ) . Acco rd ing to 

P o l y a ' s t h e o r e m , the n u m b e r of n o n - i s o m o r p h i e k - c o l o u r e d 
g r a p h s of type (n , . . . , n ) with exac t ly e edges i s the 

coeff ic ient of x in the p o l y n o m i a l 

| r * G ( n , , . . . , n ) | _ 1 Z ( r * G ( n . . . , n ) : x + l | X
2 + l , . . . ) . 

I k I k 

Our r e s u l t i s an a l g o r i t h m for comput ing the cyc le index 
of r ^ G(n , . . . , n ) in t e r m s of the cyc le i n d i c e s of c e r t a i n 

s y m m e t r i c g r o u p s . We have ca l cu la t ed t h e s e cyc le in 
d i c e s for a l l t r i c o l o u r e d g r a p h s of type (n , n , n ) , 

w h e r e (n , n , n ) i s a p a r t i t i o n of n , 3 <_ n <£ 9 . 

( H a r a r y , On the N u m b e r of B i - C o l o u r e d G r a p h s , P a c i f i c 
J . of M a t h . 8 (1958), 7 4 3 - 7 5 5 , d e s c r i b e d an a l g o r i t h m 
for comput ing the r e l e v a n t cyc le i nd i ce s for two co loured 
g r a p h s ) . 
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67.9 S.M. Fakhruddin (Queen1 s University) 
Generalized length of a module. 

Let R be a commutative ring with unity, C(R) the 

category of all left R-modules. Let r be a positively 

fully ordered semigroup with zero which is sup-complete. 

Definition: - A generalised length function on R is a 

"mapping" L: C(R) -* I\|{ oo } s. t 

(1) L(0) = 0 Ô€d(R) 

(2) 0 -* E1 -> E -> E" -> 0 exact ==> L(E) = L(E') + L(E") 

(3) L(E) = sup {L(X)|X C E , X a finitely generated 

module } . 

This generalises the concept introduced by D.G. Northcott 
and M. Reufel (A generalisation of the concept of length, 
Quart. Jour, of Math. Oxford, Vol. 16 (1965), 297-321). 
We determine all the generalised length functions on a 
valuation ring R with valuation v , and extend some of 
their main theorems. 

Sample theorems. 

THEOREM 1. Let R be an integral domain, L a length 
function on R to F with 0 < L(R) < oo . Then for every 
E € <t (R) , L(E) = Rank E . L(R). 

THEOREM 2. Let (R, v, T) be a valuation ring, L a 
length function on R to r such that 

{a\ at R , L(- | -) =00} = (0) and {a\ae R , L(" | " )>0} 
aR J o>R J 

is the maximal ideal of R . Then there exists a map 
+ — R 

<p : T -* T s. t (<pc v)( a) = L(-— ) and (po v is an equivalent 
aR 

valuation to v . Further, for every ideal A in R , 

v A ; ae A aR 

THEOREM 3. Let (R, v, r) be a valuation ring where r 

is a totally ordered group. Let (T )* =F be the com
pletion of the positive part of T . Then there exists a 
length function on R to T such that for every R-ideal 

_ . R . inf , . 
A at A 

301 

https://doi.org/10.1017/S000843950002796X Published online by Cambridge University Press

https://doi.org/10.1017/S000843950002796X


67.10 R.A. Smith (University of Toronto) 
The Circle Problem in an Arithmetic P rog re s s ion . 

2/3 
We p r o v e tha t if k i s odd and 0(X ) , then 

2 r (n) = ~ H k ( B ) | + 0 (X2 / 3 k" ± /Z à^ (k)) 
K n < X 

n=b (mod k) 

^(x^^V^^^W'Vtk)), 
3' 

for 0< (3 < 1/2 , w h e r e 

H (b) = S ^ - C (b) , 
k h q q 

q | k 

X(q) i s the n o n - p r i n c i p a l c h a r a c t e r m o d u l o 4 , C (b) i s 

the R a m a n u j a n s u m and d (k) i s the n u m b e r of r e p r e s e n 

t a t ions of k as a p r o d u c t of t h r e e f a c t o r s . A s i m i l a r 

r e s u l t ho lds for k e v e n . A d i r e c t c o n s e q u e n c e of th is i s 

tha t for (b, k) = 1 , t h e r e e x i s t s a so lu t ion to 
2 2 _ 

x + y = b(mod k) 
3 /4 

such tha t x, y = 0(k ) , p r o v i d e d k has a bounded 
n u m b e r of f a c t o r s . 

6 7 . 1 1 Rudolf Wille ( M c M a s t e r U n i v e r s i t y ) 
Affine C o o r d i n a t i z a t i o n of A b s t r a c t G e o m e t r i e s . 

An a b s t r a c t g e o m e t r y i s an o r d e r p a i r (S, C) c o n s i s t i n g 
of a s e t S and an a l g e b r a i c c l o s u r e o p e r a t o r C on the 
p o w e r s e t of S u n d e r which the empty s e t and s i n g l e t o n s 
a r e c losed (B . J o n s s o n , L a t t i c e - t h e o r e t i c a p p r o a c h to 
p r o j e c t i v e and affine g e o m e t r y , S y m p o s i u m on the A x i o m 
a t ic Method (1959), 188 -203) . (S, C) i s said to be affine 
c o o r d i n a t i z a b l e if and only if the l a t t i c e of a l l s u b s p a c e s 
( i . e . a l l X C S with C(X) = X) is i s o m o r p h i c to the 
l a t t i c e of a l l c o n g r u e n c e c l a s s e s of an u n i v e r s a l a l g e b r a , 
which i s t h e r e f o r e ca l led an affine c o o r d i n a t i z a t i o n a l g e b r a . 

T H E O R E M 1. E v e r y u n i v e r s a l a l g e b r a i s an affine 
c o o r d i n a t i z a t i o n a l g e b r a . 

F o r c h a r a c t e r i z a t i o n of the affine c o o r d i n a t i z a b l e geo-
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m e t r i e s we g e n e r a l i z e the concep t s which a r e used to 
c o o r d i n a t i z e affine g e o m e t r i e s (E . Ar t in , G e o m e t r i c 
a l g e b r a , 1957). A weak p a r a l l e l i s m on an a b s t r a c t geo
m e t r y (S, C) i s a r e f l ex ive b i n a r y r e l a t i o n on the s e t of 
a l l s u b s p a c e s , the doma in of which is the se t of a l l l ines 
( i . e . a l l C(p, q) with p ^ q in S) , f u r t h e r m o r e : 
(i) If L n P , P D M and M n Q , then t h e r e i s an RD Q 

with L n R . 
(ii) If L n P and p e P , then P c C ( p , L ) . 
(iii) F o r L and p t h e r e is a t m o s t one P with L n P 

and p e P . 
A n - d i l a t a t i o n is a mapp ing ô f r o m S into i t se l f such tha t 
pô i qô i m p l i e s t h e r e i s a P with C(p, q)TTP and pô , qô e P . 

THEOREM 2 . An a b s t r a c t g e o m e t r y (S, C) i s affine 
c o o r d i n a t i z a b l e if and only if (S, C) s a t i s f i e s the following 
two cond i t ions : 
(i) C(p, q, r ) C X wheneve r p , q, r € X i m p l i e s C(X) = X . 
(ii) T h e r e e x i s t s a weak p a r a l l e l i s m n such that 

p e C(q, r , s) i m p l i e s t h e r e a r e n - d i l a t a t i o n s Ô , . . . , Ô 
: ^ n 

with qe {q, r , s}6 , {q, r , s}6. fl{q» r , s}6 7^0 for 

i =1, . . . , n - 1 and p e { q , r , s ) ô 
J n 

T H E O R E M 3 . An affine g e o m e t r y (S, C) i s affine c o 
o r d i n a t i z a b l e if and only if the d i l a t a t ion g roup g e n e r a t e d 
by a l l d i l a t a t ions ô with pô = q is t r a n s i t i v e on C(p, q) . 

THEOREM 4 . A p r o j e c t i v e g e o m e t r y (S, C) i s affine 
c o o r d i n a t i z a b l e if and only if S i s a l ine o r e v e r y l ine 
c o n s i s t s of exac t ly two p o i n t s . 

T h e o r e m 4 s t a t e s that the l a t t i ce of a l l cong ruence c l a s s e s 
of a n o n - s i m p l e u n i v e r s a l a l g e b r a is m o d u l a r if and only 
if i t is d i s t r i b u t i v e . 

S. Golab (Un ive r s i t y of Water loo) 
On Inner P r o d u c t of Two V e c t o r s . 

Suppose tha t in a v e c t o r space the n o r m ÇL (x) of the 
v e c t o r x fulfil ls only the a x i o m s : 
(1) _ f t ( x ) > 0 , 

(2) Jl(x) = 0 <—> x = 6 (9 deno tes the z e r o v e c t o r ) 
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(3) Sl(\ x) = \ft(x) for \ > 0 . 

We set 

<p{x, y) = 7 {Q. 2(x) + £ 2(y) - SI 2(y-x)} , $ (x) = ft 2(x) 

T h e q u e s t i o n : ' w h e n d o e s <p(x+y, z) - cp(x, z ) + <p(y, z ) ? ! leads 

to the functional equation: <£(x+y) + cj>(z) - §(z-x-y) = 

$(x) + $(z) - $(z-x) + <£(y) + $(z) - <£(z-y). We show that 

because of the non-negativity of ^ , all solutions of the 

above equation determine the euclidean metric in our 

vector space (we use a result of J. Aczél; the theorem 

of Jordan and von Neumann cannot be applied here). 

67.13 F.V. Atkinson (University of Toronto) 

Sums of powers of complex numbers. 

The problem of determining 

n 
M = min { max E z ) for all z J , . . . , z 

n , a v J 1 n 
K k < n r = l 

with max | z | •= 1 

was raised by P. Turân who conjectured that M -*• 1 as 
n 

n -> oo . 

I showed (On sums of powers of complex numbers, Acta. 

Math. Acad. Sci. Hung. 12 (1961), 185-188) that 

M > 1/6 , and subsequently (On sums of powers of com

plex numbers; an improved estimate, Math. Research 

Center, Technical Summary Report ^428, Madison, 
December 1963) that M > 1/3 . In the present investiga-

n 
tion the method of these papers is pushed to its natural 
limit, to give the Theorem. For large n , M exceeds 

the root, lying between 1/3 and TT/8 , of the equation 

^ / " l e x p Z s r/Z l ^ - l d x - H 2 ! / 0 0 i Ç d u | 2
d „ = 1 

0 0 <p 
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6 7 . 1 4 K. M u r a s u g i (Un ive r s i t y of Toronto) 
I n t e r c h a n g e a b i l i t y of L i n k s . 

A link Jt cons i s t ing of two knots K and L in 3 - s p h e r e 
3 

S is said to be i n t e r c h a n g e a b l e if t h e r e e x i s t s an au to -
3 

h o m e o m o r p h i s m of S that m a p s K onto L and L 
onto K . If i is i n t e r c h a n g e a b l e then K and L m u s t 
be of the s a m e type . This i s obvious ly a n e c e s s a r y but 
insuff ic ient condi t ion . 

T H E O R E M . Suppose that a link Jt = K U L is i n t e r 
c h a n g e a b l e . A s s u m e that K is a" t r iv ia l knot and tha t 
the l inking n u m b e r of K and L i s not z e r o . Then 
n e c e s s a r i l y the Alexande r p o l y n o m i a l of I i s s y m m e t r i c , 
i . e . A (x, y) = A (y, x) . 

6 7 . 1 5 T . M . Vi swana than (Queen ' s Un ive r s i t y ) 
o - T e n s o r P r o d u c t s . 

Le t A be an o r d e r e d r ing and M A , AN o r d e r e d m o d u l e s 
s A A 

over the o r d e r e d r ing A . We c o n s t r u c t an o r d e r e d 
o 

abe l i an group M Q9 N , cal led the o - t e n s o r p r o d u c t 
A A A 

of the o r d e r e d m o d u l e s M and N , as the so lu t ion of a 
u n i v e r s a l p r o b l e m . An e x a m p l e is g iven to show that 

o 
M Qy N m a y not co inc ide (as an abe l i an group) with 

A 

M Q$ N . We d e t e r m i n e a se t of suff icient condi t ions for 
A 
o 

M <g> N and M (g) N to co inc ide and deduce t h e r e b y tha t 
the o - t e n s o r p r o d u c t of two s e m i - c l o s e d abe l i an g roups 
co inc ides with the u sua l t e n s o r p r o d u c t . We p r o v e tha t 

o 
M Q9 N sa t i s f i e s p r o p e r t i e s ana logous to those of 

A 
o 

M 0 N - for example B A 0 A i s an o r d e r e d 
A A 

B - m o d u l e in a n a t u r a l way, when B i s a d i r e c t e d r i n g . 
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