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SUMMARY

This paper shows that every lattice group G can be densely embedded in a unique laterally
complete lattice group H (the lateral completion of G). All reasonable structure properties of G
are inherited by H and we have the following relationships between the ideal radical Z-(G), the
distributive radical D(G) and the radical R(G) of G and the corresponding radicals of H.

L(G) U (L(H) nG)cz D(H) nG = D(G) <= R(H) O G = R(G)

1. Introduction

We first recall some definitions. Let G be a lattice group. A positive disjoint
subset of G is a non-empty subset M of G+ ( = { x e G : x ^ O } ) such that
m A « = 0 if m,neM and m ^ n, i.e., the elements of M are pairwise disjoint;
G is laterally complete if every positive disjoint subset of G has a supremum.
Conrad (1969) defines an £C-completion of G as follows. If G is a sublattice group
of H and if, for each positive disjoint subset M of G such that Vc M exists,
then VH M exists and is equal to VG ^> t n e n G is an ^-subgroup of H. If H is
laterally complete, G is an ^f-subgroup of H, and K is the intersection of all
laterally complete ^f-subgroups of H that contain G then K is called an £?-
completion of G or the ^-completion of G in H; K is laterally complete and no
proper jS?-subgroup of K is laterally complete and contains G.

As Conrad points out J§?-completions can be rather pathological. However,
if G is dense in an ^-completion K, i.e., for each non-zero k eK+ there exists
a non-zero geG such that 0 < g ^ k, all the pathology disappears. He is then
led to the following definition. A lateral completion of G is a lattice group
K=> G such that:

(I) G is dense in K;
(II) K is laterally complete;
(III) no proper sublattice group of K contains G and is laterally complete.

(Here we do not distinguish genuine inclusion from embedding.)
263
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The existence of a unique lateral completion for a complete lattice group
goes back to Nakano (1950) and Pinsker (1949). The author (1966) introduced the
concept of an orthocomplete lattice group which is laterally complete and in which
each polar subgroup is a direct summand.

An orthocompletion of G was then defined to be a laterally complete group H
which contains G as a sublattice group and in which every positive element has a
representation in terms of elements of G and polars of subsets of G. It was shown
that a necessary and sufficient condition for the existence of an ortho-
completion of G is that G be representable (see Section 4 for this definition).
This construction was based on methods of Nakano (1950) and Amemiya (1953).

Conrad (1969) gives a much simpler construction for the orthocompletion
using the concept of a direct limit of lattice groups, and uses this to derive the
existence of a unique lateral completion for a representable lattice group. He also
gives a quite different construction of a unique lateral completion (with zero
radical) for lattice groups with zero radical (see Section 5 for definitions). Byrd
and Lloyd (1969) show that Conrad's construction can be applied to lattice groups
whose distributive radical is zero, and gives a unique lateral completion with zero
distributive radical.

Conrad's construction can be summarised as follows. The Holland representa-
tion, Holland (1963), for a lattice group shows the existence of ^-completions (but
not uniqueness). Conrad chooses a suitably constructed ^-completion K for a
lattice group G and defines, for any subset X of K, X to be the sublattice group
of K generated by all elements of the form V M with M a positive disjoint subset
of X. Then, with G(0) = G, for each ordinal [i he defines

G(n) = G(v) if y. = v + 1

G(ji) = U G(v) if n is a limit ordinal.
V</J

The process terminates for some least ordinal X and K = G(A). Results about K
are then largely proved by transfinite induction. In most cases only G(l) needs
to be considered, the remaining steps of the proof being entirely straightforward.

Our construction may now be outlined. In Section 2 we produce an external
extension G of G in which G is dense and every positive disjoint subset of G has
a supremum. The elements of G are equivalence classes in a semigroup manu-
factured from positive disjoint subsets of G, g e G+ corresponds to the equivalence
class of {g} in G, and the equivalence class determined by a positive disjoint subset
of G becomes the supremum of the corresponding subset of G. The equivalence
relation is so chosen that (the image of) G is dense in G. In section 3 we define
G(JJ) = G(v) when fi = v + 1 and for limit ordinals use a simple direct limit in
place of the set-theoretic union of Conrad's construction. This time the fact that
G is dense in each G(ji) puts a limit on the cardinality of positive disjoint subsets
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and enables us to prove that the construction terminates, i.e., that G(jx + 1)
= G(fi), for some ordinal /*. By choosing the least such ordinal, A say, we find
that G(X) is a lateral completion of G. The method of construction enables an
easy proof of uniqueness to be given.

The choice of notation in sections 2, 3 is deliberately intended to parallel
Conrad's notation. This enables us later to use, where applicable, the same
arguments for ^-completions and lateral completions. The only distinguishing
feature is the denseness of G in its lateral completion.

Verification of certain structure properties of the lateral completion, in
section 4, is routine. In section 5 we investigate the relationship between the radicals
of G and those of an .Sf-completion K of G. We extend some of Conrad's results
and get particularly sharp results when K is the lateral completion of G. In sec-
tion 6 we give a very simple proof of one Conrad's results (1969), Theorem 6.1
about the JSf-completion of a lattice group satisfying the condition that each
upper bounded positive disjoint subset is finite.

I am grateful to Paul Conrad for supplying a preprint of Conrad (1969) and
to Richard Byrd for discovering non-trivial errors in the first version of section 2
and in my first efforts at correction. Yet another error, in the proof of Lemma 2.3, was
discovered by the referee of the second revision. Roger Bleier sat through a detailed
seminar presentation of this material. His refusal to be bluffed and his insistence
on following all steps of the proofs led to many improvements in the exposition.

2. The basic extension

Let G be a lattice group and M and JV any non-empty subsets of G. We use
a natural notation and write M + N, M V N, M A N, for the subsets of G
consisting respectively of all elements of G of the form m ± n, my n, m /\ n,
for all m e M, n e N. The natural extension of this notation to the case of finite
index sets A, Bx (a e A) and subsets Mxf) of Gwill be used to define V^xA/feB,-^/?-

Now let 2 denote the collection of all positive disjoint subsets of G. Define
a semigroup JF as follows. The elements of ^f are ordered n-tuples (« = 1,2, •••)
of the form (siMu •••,snMn) where e, = + 1 and M{e2 (i = 1, •••,n). We define

This makes Jf an associative semigroup under addition. Further we define, for
H = (8lMlt - ,enMn)e^r, - H = ( - snMn,.... - e ^ ) and, for HuH
H1-H2=H1+(- H2), - Hj + H2 = ( - Hj) + H2. For each

we define H c G by H = ^M^ + ••• + snMn. Finally let 0 denote the set of all
non-empty finite sets of non-empty finite subsets of ̂ f. In other words a
typical element L of ̂  is of the form L = {{HxP: PeBx}: as A} where A
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and Bx (a e A) are non-empty finite index sets. For such an element L we shall write
Lx = {Hap: p e Bx} (a e A), we may also write L = {{Ha/)}}, supressing index
sets, where no confusion is likely. For each L = {{Hxf : p e Bx} : a e .4} e ^ we
define L = V«x A/irf. # .* <= G.

DEFINITION 2.1. Let L = {La} = {{tfa/i}}, M = {My} = {{if?3}}e^. We
define:

(i) L + M = {{HxP + Hyi:(p,8)eBx x Ay}: (<x,y)eA x F};
(ii) -L = {{-HxfW:oceA}:fe X^ABJ;

(iii) L - M = L + {- M), - L + M = {- L) + M;
(iv) L V M = L u M;
(v) L A M = {La u M y : ( a j ) e i x F}.

In (ii) the Cartesian product X a e ̂  Ba ^s ^ne se* °f choice functions / with
domain A such that / (a ) e Ba (a e A).

The definitions above make & an associative semigroup under addition
which is also closed under the other operations. Furthermore, given any JS?-
completion of G we have a natural map of (S into the ^-completion which takes
each {{(M)}} (M e 3f) to \J M and reduces the operations in! ^ to ordinary
lattice operations in the ^-completion. We proceed to exploit this.

DEFINITIONS 2.2. Let H = (e1M1, ••• enMn). A negative part of H is any element
(fiiMf .•••,£nM*) of Jf such that Mf is a singleton subset of Mt if Cj = 1 and
M* = Mj if ef = — 1. When ef = 1 we say the negative part of H fixes the single-
ton M* in Afj. A positive part of H is defined dually by fixing a singleton in each
M; such that ef = — 1.

For L = {{Hxp}} e&, a negative (positive) subsystem of L is an element
{{#«/>}} ({{^p}}) of S? such that for each a, & Nxfi is a negative part of Hxfi (PaP is
a positive part of Hxfi).

Next we define three subsets (in fact subsemigroups) of CS.

First, JT~ is the set of all elements L e f such that for any negative sub-
system N = {{#„}} of L,

infiNK = inf ( V A ^ ) + = M (V A #.}) = 0.
x p a fi

(We use 'inf here to denote the infimum in G so as to avoid confusion with our
subset calculus.)

Second, Jf+ is the set of L e ^ such that infF~ = 0 for every positive sys-
tem P of L.

Finally, J f = Jf+ n jf~.
Before starting on the proof of the next lemmas we make three useful obser-

vations :
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(A) I f F = p(Ult •••,Un) is a finite combination of subsets of G using addition,
supremum and infimum, the set of lower bounds and hence the infimum if it
exists, of V are unchanged by replacing any set I/,- by | Uh the set of all finite
infima of elements of [/,-.

(B) Let Uafi (PeBx, aeA) be finitely many non-empty subsets of G and let

ux/seUxll for all a,)?. Since \/aeA A/»6B.««/> = A/ex B,V« ««/-.(«)> it follows
that V* A/3 Uafi C A / Va Utf(ay I f "«/(«) e ^ / (a) f o r e a c n / a n d a w e c a n find

^ e j t f , , tf6Ba,aei) such that »,, g !!«/(„)(/(a) =/Q- Then V« A< »««
= A/ V.»«/(.) ^ A/ V.««/W. .Since inf (V. A / ^ ) = inf (V« A/, j UJ)
(if either exists) it follows that inf V« ApUxp = m f A / y<xUxf(x), if either
infimum exists.

The dual result, inf An V 0 U*p — i°f V/ A a <̂r/(«o is proved similarly.
(C) From infinite distributivity of the lattice operations in G we deduce that

infCl/j V U2) = (inf £70 V (inf C/2) for any subsets Uu U2 of G which have
infima. Asssociativity also gives i n f ^ A U2) = (inf L/j) A (inf l/2).

For Lemmas 2.3, 2.4, 2.5 we assume L = {{tfa/(: /? e Ba} : a e ^ } and
^ = {{#j,a: 5 e A,,}: y e F} are elements of 10.

LEMMA 2.3. (i) If K,LeJf~ then K+LeJf~.
(ii) If K,LeJT+ then K + LeJf+.
(iii) If K,LeJf then K + LeJf.

PROOF, (i) Let Q be a negative system of K + L, then
2 = {{R*T» + S*yf)s • ifi, S)eBxx Ay}: (a, y) e A x T} where each Rayfi,

SxyfS are negative parts of Haf, Hyi. This gives

Q+ = V A (iW
or.? 0,4

By (C) to show inf g + = 0 it is'sufficient to show that for each a, y

inf A (Rw+s^y = 0.

Let r8r f4 e i ^ , saypa e Savfil, then

A(W* + S ^ ) + ^ A (r^p

^ A [ V r*fi + A < J ^ A V rtypi + V A CP>-
p L i t S p a pa

Hence

inf ( A (K,» + Sxyps)
+) ^ inf I" A V Kf + V: A S*fi]

= inf ( A V Kw) + inf ( V A S£/wV
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By(C),

'inf ( V A S?J) = V [inf (/\ £U)] = 0,

since for each ay)?, SayPd is a negative part of HyS and L e X " .
By (B) and (C),

inf ( A V Kes) = inf ( V {A Kt>xu»: / 6 A?"J) •

= y[
since for each a, y, / , Rxypf^) is a negative part of HtP and X e Jf~. We conclude
that inf A 0,i{Rxy^s + Sxyps) + = 0 for each <x,y and hence K + LeJf~.

(ii) Let Q be positive subsystem of K + L, then Q = {{Rxyfs + SayPd}}
with i?a^a, Saypd positive parts of HaP, Hyi. Then, by (B),

infg-= inf A V0^/»+ £,*)-

= inf V (A (Ktr + S^r:(q,r)e X Bx x X Ay).

(for each a, y, q, r, we have written Rxyqr for Rayq(t,y)r(X,y) and similarly
for S a w ) . We require inf Q~ = 0 and, by (C), it is sumcient to show that
inf A « , , ( i W + Sxyqr)~ = 0 for each q, r.

Now, as in (i), we have

inf A (R~ayqr + Sayqry ^ inff A (S~qr + KyV)\-

g inf ( VA S-J) +inf(A V O -

For fixed a, Say9P is a positive part of Hyi.(a,T) and r(a, ) e X v e r A r Because
gives

J ( ) ( V A0 = inf (V A 5UKa>?)J = inf ( A V ^« . , )» ) = inf (

Hence, inf ( V. A. ^ ) = V. inf A, 5"^) = 0.

Similarly,

inf (A V Kv) = inf V A Ktw* = V finf(A ^ ( . J l = 0;
because, q( , / ( )) e XxeA

B^ R*Mqi*.n*m*.n*» i s a positive part of
#«*«/(«» and tfe Jf+._

Thus we have inf g~ = 0 and K + L e X + as required.
(iii) This part follows from (i) and (ii).
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LEMMA 2.4.

(i) If KeJf- then L + K-Letf- and -L + K + LeJf-.
(ii) IfKeJT+ then L + K - LeJf+ and -L + K + LeJf+.
(m)IfKeJf then L + K-LeJT and - L + K + LeJfr.

In particular L - LeJf and - L + Le3f(Le&).

PROOF, (i) Let Q be a negative subsystem of L + K — L, then

2 = {{Riyfpsn + N
Xymv - S*jfl>in : (P>d>n)eBa x Ay x A}:

(a,y,f)eAxT x X Ba;
xeA

with, for each choice of subscripts Rxyfp^ a negative part ofHaP, Nxyfpihl a negative
part of Hyi and Sxyfm a positive part of H

Suppose that

We define finite subsets M'(<x,P), ofM(a,P)t as follows. If eipcj^ = 1, M'(a,P)i
is the union of the set of singletons fixed in M(a, /?)j by the Rxyfpsn as y, f, S, r\ vary.
If e(a, P)i= — 1, M'(tx, fi)i is the union of the set of singletons fixed in Af(a,)?); by
the Sa'yfrill as ix',y, Ji',6 and / vary such that / (a ) = jS.

Define R'xymn by replacing, in Rxymn, each M(a, #)i for which e(a, ̂ )f = - 1
by M'(a,#)f Similarly define S«r//M, by replacing, in Sxyfpiv each M(rj,f(rj))j for
which e{n,f(n))j = 1 by M'(n,f(rf))j- This leads to

e =D v A (4i,//M, + #«,/*, - J « ; W = 2i say-
ay/ PSIJ

It is now sufficient to show that infgjf = 0. We apply (A) to Qx and replace, in
each * . ; „ „ , those £(a, j8);M'(a, j8), for which e(a, /T), = - 1 by | (e(a, /OiAf'(«, ZOO-
Since M'(jx,P)i is finite we then retain only the term / \ (£(a,/?)jM'(a,j?)f) =
= e(a,/J)i V M'(cc,P)i. This leads to IC,,/^,, such that Rxyfp6i, is a singleton, say
ray/03,. Taking account of the sign preceding SxyfpSn we can form S'xymn by re-
placing each M(r,,f(i))j with efa,/O0)y = 1 by { V M\n,f(rj))j}- Then

inf Qt = inf V A (Kffi*n + Kf^ ~ 5JW*
ay/ îi(

Now in R'zyfpsq each singleton subset of M{a.,P)t with e(a,j5)j = 1 is contained in
M'{oL,P)i. It follows that

= 0*/> say.

Similarly, if ^ ^ = {s«,/w,}, we have - s , 7 / ^ g - flf,/(,> where gnm is
defined as above for gxf.
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This gives

inf QX ^ inf

^ inf

= y
= V

ayf

= V

V
ay/

V
ayf

mi

ft,

A

A
t

A

(«)

[_9af(a)

(5aP

(3a/l

(9af(

+ inf

+ 0-

w + J

:«) + i

A ^

- 0fi,

S. J. Bernau

%ffWia~9

,)] = 0-

[8]

(The equality inf y\a N*yffWdai - 0 follows because .KeJf" and for each
a, /, NayffWSa is a negative part of Hyd.)

This shows that L + K-Le Jf~; the proof that - L + K + Le Jf ~ is
entirely similar.

(ii) This time let Q be a positive sybsystem of L + if — L then

6 =
with each i?ay /w, a positive part of HaP, Payfm a positive part of Hyi and
a negative part of HnfM. We require

0 = inf g" = inf [ A V O W , - Paymn - W 1
ayf 05ti

Arguing in much the same way as in part (i) we find elements gafi e G (/? e Ba, a. e .
such that

inf Qr g inf [ A V (*,/(,) + ^T,//M, - ^a/.)+]
ayf pin

S inf [ A V ((V ^,/(,)) + Kyf^ - (A flf^))+].
ayf p»n 1 P

Write hf = V ,ff,/w and ga = Afft*-
Then,

infQ- ^ A inf [ A V (/»/ + ^7//,., - 5a)+]
a/ y /»«»!

= A (hf + inf [ A V V *„";/,*,] - 9a)+-
« / y fiii S

Now, by (B) and (C),

inf [ A V V P^ffi*} = i n f V A V

= V inf [ A V ^.7/,(r)*(rt] = V inf [( V A ^
4,r y I q<r y S
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This last expression is zero since each Payf<Ay)trM 1S a positive part of Hyi

a n d X e J T + . Hence

inf g- ^ A(h,-gy = lA V *„<,)- V A gjl+ = o.
a,f f n a fi

Thus L + K-L, and similarly - L + A: + L, is in Jf +.
(iii) This part is immediate from (i) and (ii).
The arguments above apply if K = 0. This gives the final statement of this

Lemma.

LEMMA 2.5.

(i) IfKeJf + andL + KeJf- orK+LeJf~, thenLeJf-.
(ii)

PROOF. Let R = {{Rxp}} be a negative subsystem of L and N =
a negative subsystem of K; then R + N is a negative subsystem of L +
We verify first that inf(ii + N)+ = 0.

SinceL

0 = inf(K + JV)+ = inf [ V A ( ^ + #y ,)+] .

L e t rxypseRaf, nxy^BNyd a n d p u t r a / ) = AyerAie&y r
Xypd^iKp, n y S =

A a A * E «, »W* e j iV^. Then V«.y A p« (r«, + nya)
 + = ( V . A / ra/> + V , A » nyi)

 +.

By (A),

0 ^ inf (R + N)+ ^ ( V A r « + V A « ^ ) + I V A ( r . T / u + n.y / M)+ e ( ^ T J V ) + .

Hence inf((R + N)+ = 0.
Now suppose # 2̂  0 and j is a lower bound for R+. If ueR, veN,

then(« + t;)+ ^ (u+ - u~ - v~)+ = u+ - u+ A »~ = (u+ - u ~ ) + ^ (^ - u ~ ) +

= 9 — g Av~. It follows that inf{3 — g A v~: veN} = 0, and hence
g = sup {g A v~: ve N},foi every negative subsystem iV of K.

Fix 70 e F and «50 e Ayo and suppose

#yoao = (eiMi»-".et-W*»ei+iMt+1,"-,8i/AfJ,M_;+1,-",Mn) where Mi,—,Aft

are singletons (possibly there are no such terms) and g ± Mr (r = j + I, •••,«)
(again there may be no such terms).

We shall modify K to K* = {{H*s}} and replace # by g* so that: (i) g* > 0
if 0 > 0; (ii) .K*eJf+ ; (iii) g* = sup{#* A W:pe.#*} for every negative
subsystem N* of K*. There are four cases to consider.

CASE 1. Sj = 1, g ± My, take K* = AT and g* = g.

CASE 2. £,• = 1 and there exists m € M} such that j A m / 0. Choose one
such m, put 5* = g A m, M* = M, ~ {m}, H*a = #,,, if (y, <5) ^ (y0. ô)» and
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Hyoso = ({™}>£i(-m + Mj + m), ••-,8J-_1(-m + Af,_! + m), M*, MJ+1,
This defines K* = {{#*$}}. Observe that for any x, u, a, b in a lattice group
such that x ^ 0 and x J- a andx 1 b,

x A (" + a ) " = x A u~ = x A (« + fc)~.

(We have x A (« + a)~ ^ x A (a~ + u~) ^ x A a" + x A u~ = x A «~
= x A (u + a - a)~ ^ x A (( - a ) " + (u + a)-) = x A (u + a)".)

Let P*oSo be a positive part of H*oSo. By fixing the same singletons in the Mr

with 8r = - 1 we have a corresponding positive part Pyo5o of HyoSo. Let p*ePyoSo

then p* = u + m + m' + D with uee^j^ + ••• + eJ^lMJ^1 (the conjugations
cancel), m'eM* and veMj+1-] +Mn. Now, p* = (u + m + v)\J (u + m' + v)
because m A m' = 0. Since every element of Pyolo is either of the form u + m + v
or u + m' + v with m' e M*, every p~ e F~oio exceeds some p*~ e ^y* Jo. Since
H*a = Hyi if (v, 5) ^ (y0, §0) we conclude that if P* is a positive subsystem of
K* and P the corresponding positive subsystem of K,

infP*- ^ i n fP - = 0,

and K*eJf+.
Let N* = {{N*s}} be a negative subsystem of K. Corresponding to N*oSo we

have a negative part Nyodo of Hyolo obtained by fixing m in Mj and the same
singletons in the other Mr with sr = 1. If n e iV,,oio we have n = u + m + v and
n* = u + m + m' + veNyoSo. Since j * l m ' + ii and g* ±v,g*/\n~ = g*/\u~
= g*An*~. Taking JVyiS = JV* if (?, 5) # (y0,6Q) we have g* A N~d = 9* A N*f

for all y, 5 and hence

g* = supg* A (V A Nyi)~ = sup A V 9* A N;3 = sup {g* Av~:ve # * } .
1 i 1 i

This concludes Case 2.

CASE 3. sy = - 1, glMj. Take g* = g, H*s = HyiS ((y, <5) / (y0, 50)),
< J o = {e1M1,-,ej.lMj+l,Mj.1,-,Mn)andK* = {{H%}}. Clearly X*eX+,
(positive parts of X* and K correspond, one to many depending on the choice
in Mjx and, in any corresponding positive parts P*, P of HyoSn the elements of P*
are greater than the corresponding elements of P). Let N*o3o, Nyoio be cor-
responding negative parts of HyoSo and u + v, with ueslM1 + ••• + Bj^iMj-^
and v e Mj+ ! + •••+ Mn, an element of ^Vy*ao. Because g Iv and g±Mj,
g A (u + v)~ =gAu~=gA(u — m + v)~ (meMj). As in Case 2 we can

conclude that

g* = 0 = sup {g A v~: v e N*}

for every negative subsystem of K*.
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CASE 4. Sj = — 1 and there exists m e M} such that g A m 4= 0. Choose
such an m, put g* = g A m, H% = Hy3 ((7, 5) # (y0, <50)) and / / y^0

= (-{m},E1(m + M1-m),--;ej-1(m + Mj-1-m),Mj+i,--;Mtt). A positive
part P* of H*oio corresponds, in the usual way, to a positive part P ofHyoio where
we fix m in Mj and we have, taking conjugations into account, F* = P. It follows
tha t** = {{//£}} e J f + .

If N*oao is a negative part of Hy*5o and NyoSo the corresponding negative part
of HyoSo we have N*odo c NyoSo, while if x e NyoSo ~ Ny*So, x = u - m ' + v with

m'eAfj-vjm}, ueEjMi + ••• + Sj-iMy.!, »eMy + 1 • )—+ Mn. Since vlg*
and m' ± 5* we have g* f\ (u — m' + v)~ = g* /\ u~ ^ g* /\ {u — m)~
= g* A(u — m + v)~. Since u — m + veN*oSo we can conclude that

g* = sup {g Av-:v~e N*}

for every negative subsystem N* of K*.
Repeating this argument a finite number of times we see that we can modify

g and HyoSo so that g remains positive or zero as the initial case may be, and so
that

with Mu ••;Mk all singletons. Continuing we can assume that all the other Hyl

also have this form.
It follows that each Hyi is its own unique positive part and K is its own

unique positive subsystem. If hyi e Hyi there is a negative part Nyi of Hyi such
that {hyd} = Ny}. Define a negative subsystem N of K by N = {{Nyi}}. Then
# = { V V AsKi} and g = sup{# A v~:veN}, which means g^(Vy Ashyi)~.
Thus g is a lower bound for R~. Since K is a positive part of KeX"+,
g ^ inf£~ = 0. Since our modification procedure never reduced g to zero,
unless it was already zero, we conclude that L e 3f~ as required.

The proof for K + L e Jf~ is similar so we omit it.
(ii) This part can be proved in the same way as part (i). The following ar-

gument is rather easier. From L + KeJT* and KeJf~ we have, by Lemma
2.4 (ii) L + K — LeJtT~ so, by part (i) above, — L e X ~ . This follows similarly

Now, let P = {{^p}} be a positive subsystem of L, then, by (B),

i n f P - = i n f [ A V (--P«P)+]

= inf[ V A (--P«/(«))+]

= 0,

because { { - Pxf(x):aeA}:feXBx} is a negative subsystem of - L e Jf ~. Thus
+ as required.
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COROLLARY 2.6. Any element of3f+ {respectively Jf~,Jf)can be cancelled
from a sum of elements of 'S which is inJf~ (respectively Jf+,Jf) and the
resulting sum is in 3C~ (respectively Jf+,Jf).

PROOF. Lemma 2.5 applies directly to sums of the form K + L, L + K.
Suppose KeJt~+ and L + K + MeJf~, we must show L + Me3f~. We have,
by Lemma 2.4 (i),

)-M) -LeJf~;

also, by Lemmas 2.3, 2.4,

M-M-L = L + (K + (M - AQ) -

Hence, by Lemma 2.5 (i), L + Me Jf~.
The case KeJf~ and L + K + MeJf+ is similar and the results for Jf

are clear.

The next step is to construct an equivalence relation on 'S. We define

Using Lemmas 2.3, 2.4 and Corollary 2.6 we have: (i) (L,L)eJf (Le<&);
(ii) if L i - L z e ^ T , (L2 - Ly) + (Lt-L2) = L2 + ( - Lx + Lj) -L2eX~ and
hence L2 - Lx e JT; (iii) if Lx - L2 edf, L2-L3eJT then Lx + ( - L2 + L2)
— L 3 e JT and hence Lt — L3e JT. It follows that St is an equivalence relation.

Let G denote the set of ^-equivalence classes of 'S and, for L e ^ , let <L>
denote the ^-equivalence class determined by L. If g e G we abbreviate
<{{({0+}> -{<T})}}> to <</>•

(The next two lemmas are identical in content with Theorems 3.2, 3.4 in my
paper Free non-Abelian lattice groups, Math. Ann. 186 (1970), 249-262. They are
proved here for completeness and because this paper was written first.)

LEMMA 2.7. With the natural definition <LX> + <L2> =-<-Lj-+ L2>, G is
an additive group.

PROOF. Suppose L\ e <L,>, i*2 e <L2>, and .put U = Lt+L2- (L\ + L*2).
We have

L * - L 2 - L 1 = L1+(L2-l-(-(L*+L*)-l-L*+Ll)-L2)-L16Jr.

Cancelling L*2 — L2 and then L* — Lt we have [/ e JT. Thus addition in G is well
defined. Associativity now follows from associativity in ^, <0> is the zero element
(henceforth written 0) and Lemma 2.4 provides additive inverses.

Before our next definition we note that if L e Jf+ (Jf~) and L* e <L>, then
L* + (- L + L) = (L* - L) + LeJf+ and by Corollary 2.6, L* e Jf+. Now
define <LX> ^ <L2> in G to mean Lx — L2e Jf+. It is clear that this definition
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is independent of our choice of representatives from <Lj>, <L2> and is equivalent
to any of - L2 + L^Jf*, <Lt - L2> c Jf+, < - L2 + Lt> c JT+.

LEMMA 2.8. 77ie relation S: defined above is a partial ordering on G
under which G is a partially ordered group.

PROOF. Reflexivity, antisymmetry and transitivity are immediate. If <L>
^ <L*> and M, N e @ we have

<M + L + N - (M + L* + N)> = <M + L + N - N - L* - M)

The ordering of G is therefore translation invariant. This completes the proof.

THEOREM 2.9. G is a lattice group in which, for

L = {{Hall:PeBa}:<xeA}e& we have

<L> = V A <{{#*}}>,

and hence

<LX> V <L2} = <L4 V ^ X O - i ) A <L2> = <Lj A L2y{LuL2e9).

PROOF. Suppose Llf L2 e &, then

(Lj V L2) -L, = (Lj - Lx) V (Li - L J .

Hence a positive subsystem Q ofLx V L2 — Lt can be written Ry S with
S positive subsystems of Lx — Lu L2 — Lt respectively. Because Lx — L
c X+, A j3" = A (^ V 5)- ^ A i l" = 0. Thus, <LX V L2> ^ <Lt> and
similarly <LX V -L2> ^ <-̂ 2>- Now suppose <M> ^ <L!>, <M> ^ <L2>.
Considering Lx V L2 — M we see that any negative subsystem Q is of the form
Q = R v S with .R, S negative subsystems of Lx — M, L2 — M. Hence

AQ+ = A(RV S)+ =(AR+)v (AS+) = 0.

It follows that <LX V £2> = <Li> V
Note that in this next part of the proof index sets are not omitted, thus {Haf}

is a singleton as is {{Hxf}}. Taking L as given we have, using <LX V L2y
V

A <{{H,fi}}> = - A <
feB. /(e B.

Hence,

V A
evi / IEH
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THEOREM 2.10. The natural map g ->• <gr> of G into G is a group and
order isomorphism of G onto a dense sublattice group of G. All suprema and
inffima in G are preserved in G and if Me Si, {<#>: g eM} is a positive disjoint
subset of G with supremum <{{(M)}}>.

PROOF. It is easy to check that

<9i + 02> = <0i> + <02> (0i, 92 e G)

and that <fir> ^ 0 (in G) if and only if g ^ 0 (in G). This verifies the group and
order isomorphism property.

Let (L}eG, and suppose <L> ^ 0, <L> ^ 0, then LeJf+ and L$3f-.
Hence, there exists a negative subsystem N of L and g e G such that g ^ 0,
0 ^ 0 and # ^ n+ (neN). Consider Q = L - {{({g})}}. If K is a positive sub-
system of Q then R = S — {{({#})}} for some positive subsystem S of L and
R = S-g. Because L6 Jf+, infii" ^ g + inf S~ = fir.

Let H = (s1M1,'",e,IMI1)e.?f and let Hx be a positive and H2 a negative
part of H. Since Hx fixes singleton subsets of the M, with £f = — 1 and H2 fixes
singleton subsets of the Mt with £,• = 1, there is a unique element ueHx (~\ H2.
It follows that there exists a unique element veS C\ N. Then # g u+ and (v - g)~
^ v~. Hence

infR~ ^ A » " ^ D + A » - = 0.

It follows that <L> - <g> ^ 0. Because g k 0 and g ^ 0, <gf> # 0 and <g> k 0.
Thus the image of G is dense in G as required.

By [2, Lemma 10] or [7, Lemma 2.3] g -> <#> preserves all suprema and
infima in G. In particular the image of G is a sublattice group of G.

Now let M e S>. By the density property just proved {<#>: # e M} is a positive
disjoint subset of G. It is easy to check that <{{(M)}}> ^ <#> (jeAf). Suppose
L = {{Hal>: JS e BJ : a 6 ^ } , and <L> ^ <g> (g e M).

If S is a positive subsystem o f i - {{(M)}}, then S = {{RaP - {(gj)} :i?eBa}:
<x.eA} with J?a/J a positive part of HaP and gxPeM (f}eB,,oce A~). Observe that if
Mj = {gaP: PeBa,a.eA} then Mt is a finite subset of M and S is a positive part
of T = L - {{(Mi)}}. Since <L> ^ <&•> (geM) <L> ^ <VMt> and 7\ = L
-{{({VM1})}}eJT+, Consider tf = {{({VM,})}} - {{(M,)}} = {{((VMJ),
— Mj)}}e^. We see that K is its own unique negative subsystem and that
K = (V Mx) - M!. Hence A £ + = A (V ̂ i - Mx)+ = (V Mt - V Mt)

+ = 0.
A positive subsystem of K is the form.R = {{{{\/ Mv), - {m})}} with
Clearly R = {\/ M^-m) and iT = {0}. Thus Ke X. By Lemma 2.3,

L - {{({V Mj})}} + {{({V Mt})}} - {{(Mx)}} = Tx + Ke 3T+

and by Lemma 2.4 and Corollary 2.6 we may cancel the two middle terms to get
T = L — {{(Mi)}}e JT+. This gives infS~ = 0 for any positive subsystem of
L - {{(M)}} so that <L> ^ <{{(M)}}> which completes our proof.
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3. The lateral completion of a lattice group

The construction of Section 2 provides a lattice group G containing a dense
copy of G and suprema for every positive disjoint subset of G and is, in fact,
generated by these suprema. We continue by transfinite induction as follows.

Define G(0) = G, G(l) = G(0) and n(l,0) to be the embedding G(0) -• G(1)
defined by g -* <#>. Suppose that for all ordinals fi, v such that fi ^ v < X we
have constructed lattice groups G(ji) and lattice group isomorphisms n(y,fi) of
GQi) into G(v) such that

(i) n(fi,fi) is the identity on G(fi);
(ii) n(v,fi)n(ji,T) = n(v,x) if (T ^ fi ^ v);
(iii) G(ji + 1) = G(ji) and n(ji + l.fi) is the associated natural embedding if

y. + 1 < X.
Then, if A = v + 1 for some v, take G(A) = G(v), n(X, v) the associated

natural embedding, n(X,X) the identity on G(X) and, for /* < v put n{X,fi)
n(X,v)n(v,fi).

If A is a limit ordinal we take G(X) to be the direct limit of the GQi) with
fi < A. We may represent G(X) as follows (Conrad (1969)). G{X) is the subset of the
large cardinal product Tlfl<x(fi) consisting of elements g such that g = 0 or if fi
is the least ordinal such that g(fi) ± 0 then g(fi) $ (J v</1m(/i,v)G(v) and g(y) =
n(y,fi)g(fi) if fi ^ v < A. Any non-zero component of # completely determines
g, g ^ 0 if g — 0 or if g has a positive component, and the sum of two elements g
and h is found by taking an ordinal /i such that g(fi) ^ 0, h(fi) =£ 0 and determi-
ning g + h by (g + h)(fi) = g{y) + h([i). We determine g\/ h and # A h similarly.
By Conrad (1969), Theorem 3.1, G(A) is a lattice group. We take 7r(A,A) to be the
identity on G{X) and determine each 7r(A, fi) by

(n(X,n)g)(ji) = g (ge G(n), \i < A).

Condition (ii) is easily verified from the representation of G(X) and (iii) is vacuous.

THEOREM 3.1. For ordinals X,n such that n < X, n(X, [i)G(ji) is a dense sub-
lattice group ofG(X) and, if M is a positive disjoint subset of G(ji), then n(X,n)M
has a supremum in G(X).

PROOF. For the first result we use transfinite induction. For A = v + l > v ^ / i

we have G(X) = G(v) and n(y,fi)G(ji) is dense in G(v). Because n(y + l,v)G(v)

is dense in G(v) we have

7t(v + l,v)n(y,n)G(ji) = n(X, /i)G(fi)

is dense in G(X). If A is a limit ordinal, g e G(X) and g > 0 then #(v) > 0 for some v
such that fi ^ v < A. By the inductive hypothesis n(v,fi)G{fi) is dense in G(v)
so there exist h e G(ji) such that 0 < n(y,fi)h ^ #(v). It follows that 0 < n{X, fi)h ^ g.
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For the second result we have, by construction, that n(ji + l,n)M has a
supremum, say m, in G(ji + 1) and, by Theorem 2.10, n(X,n + l)m is the sup-
remum, in G(A), of n(X,fx + l)n(jj. + l,/i)M = n(X,fi)M.

COROLLARY 3.2. We have n(X + 1,A)G(A) = G(X +1), if and only if
G(X) is laterally complete.

PROOF. By Theorem 3.1, if M is a positive disjoint subset of G(A) then
n(X+ 1,X)M has a supremum, say m x , in G{X + 1). By hypothesis mx = n(X +
1, X)m for some m e G{X). It follows that m is the supremum of M in G(X).

The converse follows from Theorem 2.10 and density of n(X + 1, A) G{X) in
G(A + 1).

THEOREM 3.3. For any lattice group G there exists an ordinal A such
that G(X) is laterally complete.

PROOF. Let B be the cardinal of G (considered as a set); note that B is infinite
(except in the trivial case G = {0}); and let A be the least ordinal with cardinal
strictly greater than B. We show that G(X) is laterally complete.

Suppose M = {gx: a e A}) is a positive disjoint subset of G(X). For each a e A
there exists ha<=G such that 0 < n(X,0)ha g ga. It follows that ha ± hf if a ^ p
and hence that A has cardinal at most B. Note that A is a limit ordinal and for
each a6/4 let fix be the least ordinal such that gxen(X,n)G(ji). Then U = {iia:a.eA}
is a set of ordinals of cardinal B, at most, and bounded above by A. Because
Ha < A, na has cardinal B at most and hence, if v is the supremum of U, v has
cardinal at most B x B = B. Thus v < A. Hence, for each aeA, there exists
a unique kaeG(y) such that #„ = n(X,v)ka. It follows that K = {fea: a e ^ } is a
positive disjoint subset of G(v) and, by Theorem 3.1, M = 7i(A, v)£ has a supremum
in G(A). Thus G{k) is laterally complete.

Let A now be the least ordinal such that G{X) is laterally complete. If, for
each v g A we identify G(v) with 7t(A, v) G(v) we have inclusions

G = G(0) c ••• <= G{X)

with each inclusion strict, G(v + 1) the sub lattice group of G(A) generated by
the suprema of all positive disjoint subsets of G(v) and G(v) = U^yGOO when v
is a limit ordinal. If AT is a laterally complete sub lattice group of G(X) such that
G ^ K it follows by transfinite induction that G(v) <= K (v ^ A) and hence that
AT = G(X). Thus G(A) is a lateral completion of G.

LEMMA 3.4. Let G be a lattice group, K a laterally complete lattice group
and i:G -> K a lattice group isomorphism. If iG is dense in K, then i can be
lifted to a lattice group isomorphism of G into K.
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PROOF. Suppose L = {{Hafi: peBa}: ueA} e rS wua

Haf = (e(a, p)tM(cc, P)u~ •, £(a, A ,

Because iG is dense in K and K is laterally complete, iM(a, /?); is a positive disjoint
subset of K and V K «M(a, £),- exists. Define fc^e*: by ha/r = e{a.,P)i. \/KiM(ix,P)1

+ -+e(a,jS)B(a/,) VK«Af(«,/D.(«w and putfl<L> = V . A* *«*stf. To verify
that 0 is well defined it is sufficient to show that if Le^f, Va A> V = °- F o r

this, suppose N = {{Naf}} is a negative subsystem of L. Define nafi eK by analogy
with the definition of hxf above. Then,

and, if ̂ "ap denotes the set of all negative parts of Hafl,

Write ./f for the set of all negative subsystems of L, then

V A KP = V A WK {A K {ig:gsN^y.Na^jr^}
up up

= supK{infK(V A iN^): {{Nal)}}e^} = supK{infKiN: Ne JT).
a f

Hence,
(V A KpY = supK{infKiiV+:iVe^}.

« ?

Because iG is dense in K and L e Jf~,

infK ift+ = i infK JV+ = 0.

Thus \Jx/\0hxll^O. Similarly we have V* A / A / J ^ °- T h i s s h o w s t h a t e i s

well defined.
It is routine now to check that 9: G-*K is a lattice group homomorphism

which lifts i. That 0 is an isomorphism follows because G is dense in G and 0 is
1-1 on G.

THEOREM 3.5. / / K is a lateral completion of G then G(X) is iso-
morphic to K.

PROOF. Suppose for each ordinal n < vwe have a lattice group isomorphism
i,, of Giii) into K which lifts the identity map i of G into K and also If its each y ,
with n' < ft. If v = # + 1 we use Lemma 3.4 to lift i,, to G(v). If v is a limit ordinal
and g e G(v) we pick a non-zero component g(n) of g and take iv g = iMg(At).
It is easily checked that this provides a lattice group homomorphism of G(v)
into K and the one to one property follows because G is dense in K. That i,.
lifts 1^ if ji < v is clear.
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This induction provides an embedding of G(A) into K with G a dense sub
lattice group of G(X). It follows that suprema in G(X) agree with those in K so
that G(A) contains G and is a laterally complete sub lattice group of K. Because K
is a lateral completion of G we have the image of G(A) equal to K. This proves the
theorem.

We summarise the results of this section in

THEOREM 3.6. Every lattice group has a unique lateral completion.

4. Structure of the lateral completion

In this section we shall look into properties of the lateral completion of G
which are inherited from G. The method of proof is usually by induction up the

C h a i D G = G(0) <= ..- c= G(A)

where G(A) is the lateral completion.
First, if G is abelian it is obvious from the construction of G in section 2

that G is abelian. The direct limit construction of G(v) for limit ordinals also
preserves the abelian property so we have verified the first part of the following.

THEOREM 4.1. (Conrad (1969), Theorem 2.5). / / G is abelian, then so its
lateral completion. Ij G is also divisible, then so is its lateral completion.

PROOF. We have already shown that G(A) is abelian. The proof of divisibility
follows exactly as in Conrad (1969).

Recall that in a lattice group G a polar subgroup is a subgroup of the form

M'= {x:\x\A\m\ = 0 (roeM)}

for some non-empty subset M of G. All the material we need about polar subgroups
can be found in Bernau (1965). We also recall that a lattice group G is said to be
representable if for all a, x e G, a A ( - x + a + x) = 0 implies a = 0. This concept
precedes, see for example Lorenzen (1969), and is equivalent to orthocommuta-
tivity which was defined in Bernau (1965) to mean that all polar subgroups of G
are normal (suppose a A b = 0, put u = a A(x + b—x) and consider
w A(-x + u + x).

Our next result is due to Conrad (1969), Theorem 2.8. The proof gives a
considerable simplification of Conrad's and also contains his Lemmas 2.6, 2.7.

THEOREM 4.2. If G is representable, then so is the lateral completion ofG.

PROOF. We begin with the observation, valid in any lattice group, that

^ ( - x + c + x) V ( - y + c + y),
and similarly,
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x\/y + c — x\/yiS,(x + c — c — x) \/ (y + c — y).

Hence (compare Conrad's Lemma 2.6), if fc A ( — x + c + x) = 0 and b A ( — y +
c + y) = 0, then

To prove the lateral completion representable it is sufficient to show that
G(l) is representable. By our remarks above it is sufficient to show that if b, c e G(l)
and b Ac = 0 then b A ( - h + c + h) = 0 for all he G(l) of the form
h — eiMi + "• + enun where for each i, s; = + 1 and ut = VMt for a positive
disjoint subset Mt of G. For this it is clearly sufficient to consider n = 1 and
h = +VM. Now

bA(\/M + c- \/M) = V (& A(m + c

and

Thus it is sufficient to show that if b, ce G(l), m e G and b A c = 0, then
b A (m + c - m) = 0.

Suppose g e G and g^bA(rn + c — m), then gr A ( — m + g + m)
^ fc A c = 0. Because G is representable, # ^ 0 and, because G is dense in
G(l), b A ijn + c — m) = 0 (me G). This completes the proof.

Suppose temporarily that G is archimedean. Then, G is abelian and certainly
representable. In Bernau (1966) we constructed an orthocompletion for a repre-
sentable lattice group which, among other things, is laterally complete and con-
tains a densely embedded copy of G. It follows from Lemma 3.4, as in the proof
of Theorem 3.5, that the lateral completion, G(X), can be embedded in the ortho-
completion. Because G is archimedean so is the orthocompletion Bernau (1966),
page 125, Remark 1 and hence the lateral completion of an archimedean lattice
group is archimedean. In fact for archimedean lattice groups the lateral completion
is the orthocompletion, this is proved by Veksler and Geiler (1972). Conrad (1969),
Theorem 3.5 constructs the lateral completion of a representable lattice group
and shows, as a corollary, that the Archimedean property is preserved. We give
yet another proof based on our construction.

THEOREM 4.3. The lateral completion of an archimedean lattice group G
is archimedean.

PROOF. It is again sufficient to consider G(l). Suppose that ht, h2 e G(l) and

and that ht > 0. By construction of G(l) there exists a finite collection Mt, •••,Mk

of positive disjoint subsets of G such that, in G(l)
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h2 g \/Mt + — + V Mk.

Because G is dense in G(l) and hj, > 0 there exists geG such that 0 < g < ht.
Thus we have

0 < n ^ V M 1 + - + V M * (ii = 1,2,-).

We show that this is impossible using induction on k.

If k = 1 and m e M = Mx we have m A ( V M - m ) = 0 and hence

n(g A m) A (V M - m) = 0 so that

0 ^ nfg A m) g m (n = l,2, —)•
Because G is archimedean g A m = 0 (m e M) and g = V (0 A »i) = 0-

Now suppose the result true for 1 ^ fc < p and suppose

0 < B ^ V ^ I + - + VW, (ii = 1,2,-).

Then, there exists a positive integer n^ such that

Hence there exists gteG such that

For each positive integer n

0 < n0! ^ (nn^ - n V

By our inductive hypothesis this is impossible. It follows that G(l) is archimedean.

5. The radicals of the lateral completion

Let us now recall some definitions as given, say, in Conrad (1964), (1969),
or Byrd and Lloyd (1967). Let M be a solid subgroup of a lattice group G.
We say that M is prime, closed, a value of g (respectively) if a A b = 0 implies
aeM or beM, P<=M+ and \/P exists in G implies \JPsM, M is
maximal with respect to not containing g (respectively). Further we call M
regular if M is a value of some element geG. and essential if M is regular
and for some heG, M > Rh where Rh is the subgroup of G generated by all
the values of h. It is easily seen that regular subgroups are prime. The analogous
concepts for /-ideals (solid normal subgroups) of G are also defined, but note
that regular /-ideals need not be prime.

Three types of radicals have been defined for a lattice group. These are: the
radical (Conrad (1964)),i?(G) = f| {Rg'9

eG^9 + °}>where Rg is the subgroup
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generated by all values of g; the distributive radical, Byrd and Lloyd (1967), D(G)
equal to the intersection of all closed prime subgroups of G; and the ideal radical,
Conrad (1964), L(G) = f) {(Lg: 9^G, g ^0} where Lg is the /-ideal generated by
all ideal values of g. It is known that each of these radicals is an /-ideal of G, that

L(G) a D(G) c R(G),

that G is completely distributive if and only if D(G) = {0}, and that R(G)(L(G)) is
the intersection of all essential subgroups (/-ideals) of G. By a result of Byrd
(1969), Proposition 4.1, essential subgroups are closed so it follows that R(G) is
closed (this is obvious for D(G)).

We now quote two results of Conrad (1969) in a strengthened form due
to Byrd and Lloyd (1969), Lemmas 1 and 2. As foreshadowed in § 1 we now
use the G(ji) notation interchangeably for ^-completions of G and for the lateral
completion of G.

LEMMA 5.1. Let G be a latttice group, H = G(A) an ^-completion of G
and suppose that C is a solid subgroup of G(l) <=. H such that:

(1) C (~\G is prime in G;
(2) if M is a positive disjoint subset of C n G, then \J MeC.
Then (i) C + G = G(l), and (ii) C is prime in G(l).
Now suppose B is a solid subgroup of G and let C be the solid subgroup

of G(l) generated by all elements of the form V M where M is a positive disjoint
subset of B. We shall use the notation C = V c(i)(V M) (Me0(B)) .

LEMMA 5.2. / / B is a closed prime subgroup of G and C = \J G(i)(V * 0
(MeS(B)), then:

(i) if xeC and x > 0, then x ^ \JMt+ ••• + \JMn where Mte^(B)
(i = 1,2, •••,ri) and hence x g \JP for some subset P of B+;

(ii) C C\G = B;
(iii) C + G = G(l) and C is prime in G(l);
(iv) C is closed in G(l);
(v) if in addition, geG,g>0 and B is a value of g in G, then C is a value

ofg in G(l).
We shall extend these results a little further (compare Byrd and Lloyd (1969),

parts of the proof of Theorem 1). Take B a closed prime subgroup of G, H = G(A)
an .Sf-completion of G, and define subgroups C(ji) of G(ji) for each ordinal p-^k
by induction as follows,

C(0) = B

C(fi + l)= V C(w+n (V

and, for limit ordinals v gj X,

C(v) =
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LEMMA 5.3. With B and CQS) defined as above we have, for each ordinal
H ̂  A:

(i) if xeC(j£) and x > 0 then x = V { x A g:geB+};
(ii) C(n)nG = B;
(iii) C(n) +G = G(n) and C(ji) is prime in G(ji);
(iv) C(ji) is closed in G(ji);
(v) if in addition g e G, g > 0 and B is a value of g, then C(ji) is a value

of g in G(ji).

PROOF. We preceed by induction on (x. Suppose the result is valid for all
ordinals v < ft. If ft = v + 1 then Lemma 5.2 proves (ii), (iii), (iv) and (v) while
(i) follows from Lemma 5.2 (i) since we have, for non-zero xeC(/t)+, x ^ \J P
for some subset of P of C(v)+. Thus

x = \/{x Ap:peP} = \/ {x A V {? A g: g eB+}: peP}

= V{* AP /\g:geB+, peP} ^ \J {x Ag:geB+} ^ x.

If (i is a limit ordinal we have C(ji) = \Jv<llC(v) and G(ji) = U,<MG(v).
Parts (i) and (ii) follow immediately as does the equality C(jx) + G = G(ji).
If a, be G(ji), a A b = 0 and a $ C{p) then a, be G(v) for some v < /* and hence,
b e C(v) c= C(ji). This proves (iii).

To prove (iv) suppose that P a C(ji)+ and c = V P exists in G(ji). By (iii) we
have c = x + g with x e C(ji), geG. Because c ^ O w e have x 5: — g and hence,
g~ e C(n). Thus we may assume g ^ 0. Then we have fif = fif\/O = (— x + c ) V 0
= V {(-x+ p)+:peP}. Writing Q = ( - x + P)+ we have QeC(ji)+ and
^ = V QeG- Thus g = \f {g Aq:qeQ}.By(i) we have

fir = W{g A V{4 A 0 * : 0 * e B + } : g e Q } g \/{g Ag*:g*eB+} g fir.

Because B is solid # A g*eB+ (g*eB+) and, because B is closed, geB. Thus
c = x + g e C(pi) and C(ju) is closed.

For (v) suppose h e G(ji), h $ C(ji), then, by (iii) h = x + k with x e C(ji),
keG and fc£G n CQ/) = B. Hence, if a solid subgroup M of G(/x) properly
contains C(p) it contains an element of G not in B. If B is a value of g in G it
follows that geM. Thus C(JJ) is a value of # in G(ji).

COROLLARY 5.4. With the hypotheses of Lemma 5.2 if B is also a normal
subgroup of G, then C(ji) is a normal subgroup of G(ji)for each ju ^ A.

PROOF. It is sufficient to show that C = C(l) is normal in G(l). If h e G(l)
then h = x + g with xeC, geG. Thus -h + C + h = -g + C + g. If M is a
positive disjoint subset of B, — g + M + g is a positive disjoint subset of G and is
contained in B because B is normal in G. The result follows.

THEOREM 5.5. If H is an ^-completion of G, then D(H) r* G <= D(G);
ifH is the lateral completion of G then D(H) O G = D(G).
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PROOF. If g $ D(G) there is a closed prime subgroup B of G such that g $ B.
Take C(A) as in Lemma 5.3. Then C(A) is a closed prime subgroup of H and
C{X) f]G = B. Thus g $ D(H) n G.

If H is the lateral completion of G, g e G and # £ D(#) there is a closed prime
subgroup C of H such that # ̂  C. Let B = G n C , then B is a prime subgroup
of G. If L cz B and #0 = V G ^ m G, then #0 = \ / H ^ because G is dense in H.
This gives goeC r\G = B, because C is closed in H. Thus 5 is a closed prime
subgroup of G, g £ B ^ D(G). This proves our theorem.

COROLLARY 5.6. / / G is completely distributive so is its lateral completion.

PROOF. Because G is dense in its lateral completion H, D(G) = {0} implies
Dili) = {0}. The result follows.

This reverifies Byrd and Lloyd's Theorem 2 (1969) without the need to con-
sider invariant sets of closed prime subgroups.

We turn now to the radical of an ^-completion of G. We recall Proposition
4.1 of Byrd (1967) in which it is shown that an essential subgroup of a lattice
group is closed.

LEMMA 5.7. Let H = G{X) be an ££?-completion of G and let B be an
essential subgroup of G. If C = C(A) is constructed from B as in Lemma 5.3,
then C is an essential subgroup of H,

PROOF. We consider two cases.

CASE 1. There exists a non-zero heB+ such that Rh <= B. Let P be a solid
subgroup of H such that h£P and take peP+. By Lemma 5.3 (iii) p = c + g
with ceC, geG; then

p = p+ = c+ - c+ A g~ - c" A g+ + g+.

Thus, to show that peC it is sufficient to show that if geG+, ceC+ and
0 ^ -c + geP, then g e B.

Suppose under these circumstances that g$B. If 0 ^ k < g and k e B, then
— k + g$B. Because Rk<= B and heB no value of h contains ( — k + g — h)+.
It follows that h -^ n( — k + g — h)+ for some positive integer n. Hence
0^(-k + g-h)~ ^ h ^n(-k + g-h)+ and (-k + g - h)~ = 0 . In other
words k g g - h (and, in particular, h < g). By Lemma 5.3 (i), c = \/ {c A g*-
g*eB+} and, because c < g and g A 9* ^ g - h (g*eB+),

c= \/{c Ag* Ag:g*eB+} £g-h.

Thus 0 < f t ^ — c+geP which contradicts our assumption that h$P. It
follows that g eB, P <=. C, every value of h in H is contained in C and, by Lemma
5.3 (v), C is an essential subgroup of H.
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CASE 2. For every heG+ such that h > 0 and Rh<z B, h$B. Choose one
such h and observe that Rh — B and B is the unique value of h in G. If g eB+

and g A h # 0, i?9A/l <=• Rh = B and # /\ heB. This is impossible so # A /i = 0
and B is the polar of h in G (so far we are repeating part of the proof of Byrd (1967),
Proposition 4.1, Case 2, the rest is new). By Lemma 5.3 (v), C is a value of h in H
and hence contains the polar of h in H. However, by Lemma 5.3 (i) if ueC,
h A | u | = 0, so C is precisely the polar of h in H. If Q is any value of h in if then
Q contains the polar of h in if, that is Q => C. Because C is a value of /i, g = C.
Thus C is the unique value of h in H so again C is an essential subgroup of H.

THEOREM. 5.8 / / H is an ^-completion of G then R(H) n G c R(G) and
ifH is the lateral completion of G, R(H) n G = R(G).

PROOF. If g e G ~ R{G) there is an essential subgroup B of G such that
g $ B. Take C as in Lemma 5.7, then C is an essential subgroup of H and g $ C.
Thus R(H) n G c £(G).

Conversely, when H is the lateral completion, if g e G ~ J?(if) there is an
essential subgroup C of H such that #£C. Take «eif+ such that u # 0 and
/?„ n C. Because G is dense in H, there is /i e G such that 0 < h S "• Clearly,
in G, i?t c G n C. Hence, G n C is an essential subgroup of G and g$G n C.
It follows that R(H) nG = R(G).

COROLLARY 5.9. IfH is the lateral completion of G and R(G) = {0}, then
R(H) = {0}.

PROOF. This follows because G is dense in H.
Whether L(H) n G is comparable with i(G) remains an open problem even

when if is a lateral completion of G. The inclusion L(ff) O G ^ L(G) would
follow, for the lateral completion, if we could prove that if M is an /-ideal of G
the solid hull of M in H (or even in G(l)) is again an /-ideal. We summarise our
results as follows.

THEOREM 5.10. If H is the lateral completion of G, then

L(G) U (L(if) n G) c: D(H) nG = D(G) c R(H) O G = R(G).

6. Lattice groups which satisfy condition (F)

This section is chiefly concerned with providing a simplified proof of Theorem
6.1 in Conrad (1969). We refer to sections 5, 6 of Conrad (1969) for terminology,
references and proofs not given here. An element s of a lattice grnup G is called
basic if s > 0 and {xe G: 0 S x ^ s} is totally ordered. A positive disjoint subset
S of G is a basis of G if S is a maximal positive disjoint subset of G and every
element of S is basic. If G has a basis S, and H is the lateral completion of G it is
easily verified that S is also a basis for H.
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Suppose now that G is a lattice group which satisfies the condition (F) that
each positive element of G exceeds at most a finite number of disjoint elements;
i.e. each upper bounded positive disjoint subset is finite. In particular, G has a
basis, Conrad (1969), Theorem 5.2, each element of G+ has only a finite number
of values and can be expressed as the supremum of a finite number of disjoint
special elements, Conrad (1969), Theorem 2.5, 3.7. If g e G, g is special if g has
precisely one value. Note that if m, n are positive special elements of G and
m A n # 0 then the values of m and n are comparable and there exists a positive
integer p such that m | j>n or n g pm.

We now attack Conrad's Theorem.

THEOREM 6.1. (Conrad (1969), Theorem 6.1). / / G is a lattice group which
satisfies condition (F) and H is an ^-completion of G then, H = G(l),

H+ = (VM: Me®},

and hence H is the lateral completion of G.
(Recall that 2 is the set of positive disjoint subsets of G.)

PROOF. Let P = {\J M:Me®} and suppose x = \JM, y=\/N w i t h

M, Ne®.

(1) (x-y)+eP and (-y + x)+eP.

We have (x — y)+ = V {m — m A y: me M}. Now, m A y = V (m A «:
neN} and {m A n: n e N} is a disjoint subset of G every element of which is
less than or equal to m. By condition (F) at most a finite number of the m A n
(neN) are non-zero. Hence m f\ yeG and {m — m A y'• meM}e2. Thus
(x - y)+ e P and similarly ( - y + x)+ e P.

(2) x + yeP.
Without loss of generality we may assume that all elements of M and N are

special. We partition M and N as follows:
Mo = {meM: m A y = 0},
Mi = {m eM: for some n eiV and some integer p, pm ^ n},
M2 = M ~ (Mo U MJ,

JV0 = {neN:n Ax = 0},
JV2 = {neN: for some meM and some integer /», pm ^ n},
Nt = AT ~ (No U A72).

It is readily checked that the suprema of these six sets are pairwise disjoint except
for the pairs V Mi, V N2 and V M2, V -^i- Hence

and it is sufficient to show that \/M1+ V N2 e P and V Af2 +
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For each meM^ let N2m = {neN2 : m A » ¥" 0}. Then, by condition (F)

each JV2m is finite and, by definition, JV2 = UmeM,N2m. Let nm = \J N2m

(rneMx), then nmeG and nm ^ pm for some integer p. It follows that nm A nm, = 0

if m,m'eMt and m # m'.

Thus, m + nm. = m\/nm.^(m + nm) V (m' + nm/); and (m + n j A (m' + nm,)

= 0 (m,mreMum # m'). Hence,

V M j + V-^2 = V {»i + nm-: m,m'£jtf} = \J {m + nm:meM}eP.

It follows similarly that V M2 + V NteP and hence x + y e P.

(3) If [P] = {x -y: x,yeP}, then [P] = G(l).

Suppose u, v e [P], then

(« + v)+ = (u+ - «+ A u~) + ( - " " A» + + v+).

By (1), u+, u~, v+, v~ eP, then,

M+ - M+ A v~ = (u+ - v~)+ eP,

- u " A i ) + + t + = ( - u " + u+)+ eP,

so, by (2), (u + v)+ eP. Similarly (u + v)~ eP so [P] is a subgroup of H and,

because P generates G(l), [P] c: G(l).

Also if u e [P], u+ eP, as above, so that P is a sub lattice group of G(l) and

hence P = G(l).

It is clear from the proof of (3) that P = G(l)+. It follows that G(l) is

laterally complete and, hence, that H = G(l) is the lateral completion of G.
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