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Abstract. In this paper first we prove the uniqueness theorem for an integral transform
whose kernel is /7-function. Later on we establish a new and interesting theorem concerning
this transform and a generalized Laplace transform whose kernel is Meijer's G-function.

1. Introduction

This paper is sequel to a recent paper [3] in this journal. There we had denned
the .//-function transform by the integral equation:

<Ks) = H{f(t); (a,, a i ) , • • -, (ap, ap); (b,, pt), • • ; (bq, pq); s}

Jo L (Oi>Pi)> • ••,(bq,pq

where the /f-function is denned and represented as follows:

zjm.n fY

(1.2) =U-\ \ -fl2m L nn w j j ) n n j j )
j=m+l j=n+l

The conditions satisfied by the parameters of the //-function, its asymptotic
expansion and some of its important properties have already been given in the
paper referred to above.

The following notations will be used throughout this paper:
1) (df+b, <Xi)m>n (n > m) will stand for n-m + l pairs (am + b,a.m),

(<*m+i + b, am + 1), • • •, (an + b, aB). Thus (at, at)Un will stand for n pairs (at, a j ,
• • •, (an, an) and so on.

2) f(x) e A(oc, p, y) would mean that

f{x) = O(x") for small x,
Ve-"*) for large x.
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The results given below will be required later on [5, p. 401; 4, p. 50; 6, p. 374]

y. * \ x

L 5 y
t + y/2-5/2 + 1)

where A (a, S) stands for quantities a/S, (a+\)/S, • • •, (a+S-l)/S.

(I 4) Hm-
(1.4) «„
where the function on the right denotes Meijer's G-function [1, p. 207]

where c > 0.
If one of (a;, af) (i = 1, • • •, n), is equal to one of (bj, Pj) (j — m+1, • • •, q)

[or one of the (&(,/?;) (« = 1, •••, m) is equal to one of the {aj,a.j) (j =
n + \, • • •,/>)], then the //-function reduces to one of the lower order, that is/?, q
and n (or m) decreases by unity; we give below one such reduction formula:

Other reduction formulae are similar.

_
- swhere

> 0
< 0

(A = 1, • • •, /»; i = 1, • • •, A;),

(j = 1, • • • , / ; i = 1, • • •, n),

n + l

1 /+1 1 i+1

|argz| < \An, |argj | < ^B
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To prove the uniqueness of theorem for the //-function transform we prove
the following lemma:

LEMMA. If

then

(2.2) f(t) = 0,

provided thatf{t) is continuous in t > O,f(t) e A(a, jS, y), R(y) > 0,
n p m q

* = E (*;) ~ E («;) + E 08J) - I (ft) > 0, larg 5| < \kn,
1 n+l 1 m+1

R(p + a + bjlPj+l) > 0 (7 = 1, • • •, w),
R(bJP, + (l -bj)/Pj) > 0 (7 = m+1, • • •, q; i = 1, • • •, m)

R((ai-\)lai-ajla.}) < 0 (/ = 1, • • -,n;j = n+ l , • • •,/>).

PROOF. Multiplying (2.1) by

(A)
z>Nc

c (0, JV), ( i ,

where ciV > A, |argz| < in(l-(A/JVc)), R(ji + (bjlPj)) > 0 (y = 1, • • -,/n), and
integrating it with respect to s between the limits 0 to oo we get

;;;;;;]

where the parameters of one of the /f-function shown by are same as
given in (A).

On interchanging the order of integration in (2.3), which is justified on
account of absolute convergence of the integrals under the conditions imposed,
and evaluating the J-integral therein with the help of (1.7) we get by virtue of (1.6)

(2 .4) J"V/(OH&.°C [ Q W C l- ( 0 , N), ( I , tf),-.., (( £ = 1 dt = 0
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Now the //-function in (2.4) reduces to Meijer's G-function [1, p. 207] with
the help of (1.4) and (1.5) its value being equal to

(B)
N

Also the expression given by (B) reduces to the following expression with the
help of (1.3):

i

(C) — c~*(27r)*(e~1)Gj'0[z<~1/Nc|0],
N

but the G-function involved in (C) is equal to

Therefore (2.4) reduces to

|"V/(0exp(-zr1/We)dt = 0
Jo

|"VWc-1-"Wc/(r"re)exp(-z0dt
Jo

or

(2.5) | rArc-1-^/-(rNc)exp(-z0d( = 0

On applying Lerch's theorem [2, p. 339] to (2.5), we get

(2.6) f(rNc) EE 0.

From (2.6) it follows that/(f) = 0. The uniqueness theorem for the //-function
transform follows as direct consequence of the above lemma.

The uniqueness theorem

If_/i (f) and/2(<) are continuous in / ^ 0 and

(2.7) r^L \ a"^'AM
i)l,q

both integrals converging, then

(2-8) Mt)=f2(t).

In this section we shall establish a theorem concerning the transform given
by (1.1) and the following transform introduced by Bhise [8, p. 1]

(3.1) G{f(x);cl,--;cr;d1,--;d,,Z;s}
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(3.1) itself is a very general transform and reduces to well known integral
transforms as pointed out in the paper referred above.

THEOREM 1. If

(3.2) <Ks) = H{h(x); (at, a,),.,; (*>„&),,,; s},

then

(3.3) s'+ = G ; c i , • • •, cr, dx, • • -, dr; {;

(3.4) F(t,x) - Hp+r,q+r
+l

provided that h(x) e A(u, p, y), R(y) > 0, R{a(bjpn)-p +1} > max R{-£, -d,}
(i = 1, • • •, r), <r > 0, i?(5) > 0, A-ff > 0, (A = £"i a j - 2 ; + 1 a7.+^T Pj-
2L+ 1 j87), i?(a+1 + (£„//?„)) > 0 (A = 1, • • •, m), J?(/J +1) < min *((1 -ay)/a,),

dl + ci — p)/<r) (j = 1, • • • , « ; i = 1, • • •, r ) ara</ ?Ae G-function transform of

> \XF{t, x)h(x)dx
Jo

exists.

\XS

PROOF. Interpreting (3.2) with the help of (1.1), we have

<Ks) = sf"flj.-;\sx
JO L

therefore

(3.5) s"+^(s-') = s" f " f l j ; ; \X
Jo L

Also from (1.7) it follows that

c ; + d l ' ? + / 2 ' " • •'Cr+dr]Jo '

Now on substituting the value of

from (3.6) in (3.5), inverting the order of integration therein (which is justified on
account of the absolute convergence of the integrals involved under the conditions
stated), we get the result by virtue of (3.1).
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Since the integral transforms involved in the above theorem are most general,
it can yield deep and useful results. A number of theorems involving Laplace
transform, Hankel transform, hypergeometric transform, etc and their various
generalizations follow as special cases of the above theorem. For lack of space,
however, we shall cite here only two cases.

(a) If we replace m by m +1, n by 0, p by m, q by m +1 in the above theorem,
put a's and jS's equal to unity, take at = J^-hA, • • -,am = nm + 8m; bt =tjlt-- ;
bm = *1m> bm+1 = n and a = N/S where N and S are +ve integers, F(t, x) given
by (3.4) degenerates into Meijer's (/-function [7, p. 40] and we get an important
theorem recently given by Bhise [8, p. 2].

(b) Again if we put m = 1, n = p = 0, q = 2, bt = v, px = 1, b2 = —A + /xv
and /?2 = f- m 0-l)> it reduces to the following theorem involving generalized
Hankel transform introduced by Ram Kumar and referred to by the authors in
their previous paper [3].

THEOREM 2. If

= s r
Jo

then

where

F(t,x) = Hl;r
r
+3

under the conditions obtainable directly from the theorem 1.

On taking dt = 0 (i = 1, • • •, r), t, = 0 in theorem 2, we get the following
interesting relationship between Laplace transform and generalized Hankel trans-
form under the conditions obtainable from theorem 1.

COROLLARY. If

<f>(s) = s ! (sxyj'lx(sx)h(x)dx,
Jo

then

where

|(v, 1), (-A + jiv, fi), (p, a)]dxj ; s }
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