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1. Introduction. The eigenvalues of a second order 
self-adjoint elliptic differential operator on Riemannian 
n-space R will be considered. Our purpose is to obtain 
asymptotic variational formulae for the eigenvalues under 
the topological deformations of (i) removing an z -cel l {and 
adjoining an additional boundary condition on the boundary 
component thereby introduced); and (ii) attaching an z -handle, 
valid on a half-open interval 0 < z < z . In par t icular the 

— o 
formulae will exhibit the non-analytic nature of the variation. 
Similar variational problems for singular ordinary differential 
opera tors have been considered by the wr i te r in [3] and [4]. 

The variation of harmonic Green1 s functions and other 
domain functionals on finite Riemann 2-surfaces has been 
considered at length by M, Schiffer and D. C. Spencer in their 
book [7]. This elegant theory depends on analytic function 
theory and most of the resul ts are written in complex form. 
Our t reatment depends on the theory of elliptic differential 
equations [2] and functional analysis , and has the advantage 
that the resul ts a re obtained for n > 2 and for differential 
equations more general than Laplace1 s equation. Even in the 
case of the Laplacian operator on finite 2-surfaces , our resul ts 
a re not readily available in the l i te ra ture . 

The first theorem gives a general asymptotic variational 
formula, which in par t icular can be applied to deformations of 
the type (i) and (ii) above. This formula is in effect a 
reformulation of Green1 s symmetric identity. To apply it 
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to the c a s e s (i) and (ii) we sha l l u s e s o m e u n i f o r m a s y m p t o t i c 
e s t i m a t e s for e igenfunc t ions which w e r e ob ta ined in [ l ] . The 
m a i n r e s u l t s a r e given in t h e o r e m s 3 and 5. 

2. P r e l i m i n a r i e s . Le t M be an open , c o n n e c t e d 
d o m a i n wi th c o m p a c t c l o s u r e in R whose b o u n d a r y B c o n s i s t s 
of s m o o t h ( n - l ) - d i m e n s i o n a l c l o s e d m a n i f o l d s . The l a t t e r a r e 
supposed to be h o m e o m o r p h i c i m a g e s of the unit ( n - 1 ) - s p h e r e 
in E u c l i d e a n s p a c e , wi th con t inuous unit n o r m a l v e c t o r s . We 
do not exc lude the p o s s i b i l i t y tha t M i s a c l o s e d R i e m a n n i a n 
s p a c e , tha t i s , B i s vo id . Le t A denote the L a p l a c i a n 
o p e r a t o r on M and let a: p -> a(p) denote a con t i nuous , 
p o s i t i v e - v a l u e d funct ion on M. E igenva lue p r o b l e m s wi l l be 
c o n s i d e r e d for the f o r m a l l y se l f -ad jo in t e l l i p t i c d i f f e r en t i a l 
o p e r a t o r L defined by 

(Lf)(p) - -(Af)(p) + a(p)f(p), p e M , f e C 2 [ M ] . 

The b a s i c d o m a i n D i s defined to be the se t of a l l 
c o m p l e x - v a l u e d funct ions on M which a r e of c l a s s C^[M], 
con t inuous on M, and z e r o on B5 ( the l a s t condi t ion be ing 
de l e t ed in the c a s e tha t B i s vo id) . The b a s i c e igenva lue 
p r o b l e m for L i s 

(2. 1) L x = \ x , x e D . 

Our p u r p o s e i s to d e r i v e a s y m p t o t i c v a r i a t i o n a l f o r m u l a e 
for the e i g e n v a l u e s \ of L when the d o m a i n D i s p e r t u r b e d 
to a " s l i gh t ly d i f f e r e n t " d o m a i n D (o r D '') by the d é f o r m a -

£ £ 

t ion of r e m o v i n g an £ - c e l l ( o r a t t a ch ing an £ - h a n d l e ) to M. 

Le t s(p, q) deno te the g e o d e s i c d i s t a n c e in M f r o m 
p to q , un iquely d e t e r m i n e d for q in s o m e n e i g h b o u r h o o d 
of p [2] . Le t q. ( j - 1, 2, . . . J) be fixed but a r b i t r a r y 

po in t s in M. The spec i f ic £ - c e l l s to be c o n s i d e r e d a r e the 
open b a l l s N . def ined by 

N g . = { p e R: s(p, q.) < £ } , 0 < £ < £ ; j = l , 2, . . . J . 

It wi l l be supposed tha t the p o s i t i v e n u m b e r £ h a s b e e n 
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selected so that (i) N C M , and (ii) the boundary v of 

N is a smooth homeomorphic image of the unit (n-1)- sphere 

in Euclidean space, whenever 0 < e < e (j = 1, Z, . . . J) . 
— o 

The pa ramete r e measu re s the smallness of N , and as 
£ -* 0 , N shrinks to the point q . 

ej J 

The notations 

Y = ^ v , N = v ^ N , M = M — N 
£ j = i E J £ j = i e j 

o 
will be used. The domain D is defined to be the set of all 

2 complex-valued functions on M which are of c lass C [M ], 
£ £ 

continuous on M , and zero on B u N . The notations ( , ) 
£ £ 

and |j | | will designate the inner product and norm in the 
2 

Hilbert space L. [M]. 

The following lemma is an easy consequence of Green1 s 
symmetr ic identity for L on M [2]. The unit positive 

£ 

normal n to 7 is supposed to point toward the outside of 

Y (inside of M ). 

LEMMA. If u€ D ° , v € D° , then 
— £ £ 

1 
(Z. 2) (u, Liv) - (L.u,v) = I [u, v], where 

I [u, v] = f (uVv - vVu) ' n dS 

\ 

3. The-main variational formula. The asymptotic 
variat ional formula (3. 1) below is to be applied in the sequel 

1 A ba r over a lower case le t ter denotes the complex conjugate. 
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to the non-analytic surface deformations refer red to in the 
introduction. The form of (3. 1) is somewhat s imi lar to 
Hadamard' s c lass ica l formula [7, p. 274]. The la t ter is 
essential ly an analytic formula, however, and is not pertinent 
to situations in which the basic and perturbed regions a r e of 
different topological types. 

THEOREM 1. Let X be an eigenvalue of the basic 
problem and let x be an a rb i t r a ry eigenfunction associated 
with \ . Let JJL be a complex number such that there exists 

a non- zero y € D satisfying Ly = jj.y and 

where 0 < 6 < 6 < 1 . Then — o 

y < 6 x 

(3.1) ÏT- \ = | | x | f I [x,y][l + 0(0)] . 

Proof. Let u be the function with support M that 
£ 

coincides with x on M Since x e D, it follows that 

u € D . We can then apply the lemma to u and y to obtain 

jx(u,y) - \(vi,y) = (u, Ly) - (Lu,y) = I [u,y] . 

However, ( u , y ) = ( x , y ) and u(p) = x(p) for p £ y . Then 

( 3 . 2 ) (PT- \) (x,y) = I [x,y] . 

By hypothesis, | (y,x) - (x, x ) | = | (y-x, x) | < 6 | | x | | , and 

| ( y , x ) | > | | x | | 2 - | (y-x, x ) | > | | x | | 2 - 6 j | x | | 2 = ( l - ô ) | | x | | 2 . 

Hence (3'. 2) yields 

- 2 
[ ( j i -X) - | | x | r I [ x , y ] | = 

(y , x) - (x, x) 
( y , x ) ( x , x) e I [x,y] 

< Ï T g l I x i r 2 | l £ [ x , y ] | 

4. Asymptotic variat ion under cell removal . In this 
section N will be specialized to a single open ball N with 

centre q e M and boundary y . We define the perturbed 
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d o m a i n D to be the se t of a l l f € D which v a n i s h on v , and 
e £ l £ 

c o n s i d e r the p e r t u r b e d e igenva lue p r o b l e m 

(4. 1) Ly = |iy, y e D . 

The e i g e n v a l u e s wil l be denoted by JJL. (0 < \± < JJL < . . . ) and 

a c o r r e s p o n d i n g o r t h o n o r m a l set of e igenfunct ions by y. 

( i = l , 2, . . . ) • 

An L - m e a s u r e for M with r e s p e c t to the boundary 

c o m p o n e n t s B and y i s defined to be the u n i q u e l y - d e t e r m i n e d 

solut ion h of the D i r i c h l e t p r o b l e m [2] 

(4 .2 ) ( L h ) ( p ) = 0 , P € M ; h(p) = 0, p s B ; h ( p ) = l , p c y . 
e £ 

Let ç be the p o s i t i v e - v a l u e d function on 0 < e < e defined 
a s fol lows: 

cp(e ) = - 1 / l o g £ if n = 2 

n ~ 2 
= £ if n > 3 

Excep t for a m u l t i p l i c a t i v e cons t an t , cp i s the r e c i p r o c a l of the 
p a r a m e t r i x [2]. E s t i m a t e s of the type s ta ted in the following 
t h e o r e m w e r e obta ined in [ l ] . 

T H E O R E M 2. C o r r e s p o n d i n g to each e igenva lue \ of the 
b a s i c p r o b l e m (2. 1), of mu l t i p l i c i t y m , t h e r e a r e pos i t ive 
c o n s t a n t s e and c ( independent of £ ) such tha t exac t ly 

m e i g e n v a l u e s JJL. of (4. 1) l ie in the i n t e r v a l [\, \+c<p(£ )] 

p rov ided $<£<£.- I | y , > Yj> • • • a r e o r t h o n o r m a l e igen -

funct ions a s s o c i a t e d with JJL , JJL , . . . , t h e r e e x i s t s an o r t h o -

n o r m a l se t x , x . . . . , x in the e i g e n s p a c e of \ such tha t 
— 1 2 m -2 '• 
the un i fo rm e s t i m a t e s 

(4-3) y.(p) = x.(p) - x.(q )h(p)+ 0(i|>) 
1 1 1 1 

p e M , 0 < e < £ . i = 1, 2, . . . , m 
e — 1 
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are valid where \\t(z ) = <p(z ) if n = 2 and v|j(e ) = E if n > 3. 

It is not our purpose to reproduce the entire proof here. 
To indicate some of the arguments, we shall deduce the first 
part of the theorem in the cases n = 2, 3 rather directly from 
some spectral estimation theory given by the writer in [6]. 
Let A, A be the linear integral operators whose kernels 

are the respective Green1 s functions G(p,q), G (p, q) 

associated with M, M . The eigenvalues a, a are known 
s £ 

to be reciprocals of X, ix respectively. Let X be the eigen-
a. 

space corresponding to the m-fold degenerate eigenvalue a, 
and let X = P X where P is the projection mapping 

2 2 
from L [M] onto L [M ] . Clearly 6 can be chosen so that 
dim X = dim X for 0 < e < e . 

az a —• o 
For u € X , the function f = A u - cm is a solution of 

az z 

Li = 0 in M satisfying f = - cm on y . Let functions g and 

F be defined in M by the equations 

g(p) =<ù<p(z )G(p,q ), F(p) = [2max | f | ]g (p) - f(p) 
1 \ 

where w = 2TT or 4TT according as n = 2 or 3. There is no losi 
of generality in supposing e has been selected so that 

o 
g(p) > 1/2 for all p e v whenever 0 < e < z , because of 

— e — o 
the singularity of G(p, q.) at p = q.. 

1 1 
Since LF = 0 in M , F = 0 on B, and F > 0 on v , 

E — *£ 

it follows from the maximum principle for elliptic differential 
equations [2, p. 102] that F(p) > 0 throughout M . Then 

— £ 

*(p) < 2fmax|f |]g(p). A lower bound for f(p) i s established 

" V 

similarly, and we then obtain |f(p)| < 2a[max| ul ]g(p), p c M 

Then | |A U - au\\ = | | f || < cp(e ) | | u | | for all ue X . Since 
o """" QtZ 
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A is a symmetric and completely continuous l inear t r a n s 

formation on JL [M ], a known spectral estimation theorem 

[6, p . 35] shows that at least m eigenvalues a . of A lie 
£ 1 £ 

in the interval [a - C<P{E ), a ] . It is well-known from the 
minimum-maximum principle for eigenvalues that M CM 
implies a > a {n = 1, 2, . . . ). Then an easy induction proof 

n — £n 
establ ishes that there are exactly m eigenvalues in 
[a - c<p{z ), a]* This is equivalent to the first statement of 
theorem 2. The arguments used to prove the second part a re 
s imi lar to those used in [5] and will not be given he re . 

Theorem 2 will now be used to obtain the following special 
case of theorem 1. 

THEOREM 3. I £ \ , JJL. a re eigenvalues of (2. 1), (4. 1) 

and x., y. a re corresponding normalized eigenfunctions, as 

described in theorem 2, then the following asymptotic va r i a 
tional formulae a re valid: 

(4.4) u . - \ = [ - | x i ( q i ) | 2 + 0(V|J)] / V h - n d S 

\ 

as £ -*• 0, i = 1, 2, . . . , m. 

Proof. Since the L-measure has the property | | h | j =0(4^), 
it follows from (4. 3) that | |y . - x. | | < 6(E ) | |x . | | , where ô(£ ) = 

c\\i(e ), 0 < £ < £ . Theorem 1 can then be applied provided £ 

is on a positive interval (0,£ 1 such that 0 < 6(£ ) < 6 < 1 . 
o — o 

Since u. is real and y. vanishes on v , (3. 1) reduces to 

(4.5) p.. - X = f x . v y / n d S [ l + 0(I|J)} 
l J l l — 

We apply (2. Z\ to h, y. and h, x. in turn to obtain 

(4. 6) M h , y . ) = f V y / n d S , 
l l J l — 
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(4 .7 ) X(h,x.) = f ( h y x . - x . v h ) - n dS 
l • ' . i l — 

\ 

U s e of (4. 3) , ( 4 . 6 ) , and (4 . 7) y i e l d s 

/ V ^ . - n d S = [ \ + 0(^) ] [ (h ,x . ) - ( h , h ) x i ( q i ) + (h,l)0(i | i )] 

\ 
= \(h, x.) + 0(i|> ) 

(4 .8 ) = - x . ( q j [ l + 0(e)] f V h* n dS + Oflj ) . 
i l j — 

\ 

The r e s u l t (4. 4) t hen fol lows f r o m (4. 5) and (4. 8) . 

As an e x a m p l e , c o n s i d e r the e l l i p t i c o p e r a t o r L = I - A , 
w h e r e I i s the iden t i ty o p e r a t o r , on the unit 2 - s p h e r e . The 

2 2 2 2 
m e t r i c i s ds = d0 + sin 0 dcp , w h e r e 0 , (p a r e the u s u a l 
s p h e r i c a l p o l a r a n g l e s . We se l ec t for q the n o r t h pole 0 = 0 . 

Then v i s the c l o s e d c u r v e 0 = e , 0 < <p < 2TT about q, . 
e — "~ ^ 1 

2 
The e i g e n v a l u e s of the b a s i c p r o b l e m (2. 1) a r e X. = m - m + 1, • 

rn 
m - 1, 2, . . . , which a r e ( 2 m - l ) - d e g e n e r a t e . The c o r r e s p o n d i n g 

i - 1 i -1 
n o r m a l i z e d e igenfunc t ions a r e x . = S /11S t II, w h e r e 

m i m - 1 m - 1 
i -1 

S a r e the s p h e r i c a l h a r m o n i c s . It wi l l be suff icient to 
m - 1 2 

c o n s i d e r the v a l u e s i = 1, 2, . . . , m . T h u s x .(q ) = 
m i 1 

( 2 m - 1 ) 6 . /4TT f r o m the p r o p e r t i e s of L e g e n d r e func t ions , 

w h e r e ô i s the K r o n e c k e r symbo l , and (4 .4 ) y i e l d s 

/ r 1 

2 1 1 I 
u . = m - m + 1 + —(2m-1)6 . t log — -f 0 

mi 2 il ] e ' 

log -

If i = 2, 3, . . . , m , the l ead ing v a r i a t i o n a l t e r m v a n i s h e s 
(i . e. x . h a s a z e r o a t q ). The v a r i a b l e s in the p a r t i a l 

mi 1 

d i f f e r en t i a l equa t ion a r e s e p a r a b l e in t h i s e x a m p l e , and 
c o n s i d e r a t i o n of the a s s o c i a t e d L e g e n d r e o r d i n a r y d i f f e ren t i a l 
equa t ion by the m e t h o d s of [3] o r [4] l e a d s to an a s y m p t o t i c 
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2 i -2 
v a r i a t i o n of o r d e r e if i > 2. It is left a s an open ques t ion 
to dec ide if t h i s i s the g e n e r a l s i tua t ion when x has a z e r o of 
o r d e r i -1 at q . 

1 

5. A s y m p t o t i c v a r i a t i o n unde r handle a t t a c h m e n t . In t h i s 
sec t ion , N wi l l be s p e c i a l i z e d to two open b a l l s N , N , 

£ e 1 e 2 
with c e n t r e s q € M, q € M and b o u n d a r i e s v , v 

1 2 e 1 £ 2 
r e s p e c t i v e l y . F o r a fixed h o m e o m o r p h i s m h of v into 

£ 1 
y , let po in t s p c v Â and p^ e v be ident i f ied w h e n e v e r 

£ 2 l £ l 2 £ 2 
p = h ( p ). The c o r r e s p o n d i n g p e r t u r b e d reg ion M c o n s i s t s 
of a l l po in t s in M = M — N with the b o u n d a r i e s v , v 

£ £ *£ 1 *e 2 
ident i f ied a c c o r d i n g to the ru le p^ = h(p ). We a s s u m e that h 

2 1 
i s an o r i e n t a t i o n - p r e s e r v i n g h o m e o m o r p h i s m . Thus M is 

£ 

o r i e n t a b l e a long with M, and v > "Y ^ a r e oppos i t e ly 
£ 1 £ 2 

o r i e n t e d with r e s p e c t to the c o m m o n domain M . 
£ 

The p e r t u r b e d domain D i s defined to be the se t of a l l 
£ 

cont inuous c o m p l e x - v a l u e d funct ions on the c l o s u r e of M 
2 * 

which a r e of c l a s s C [M ] and z e r o on B . The p e r t u r b e d 

e igenva lue p r o b l e m for t h i s domain i s 

(5 . 1) Ly = uy, y 6 D . 

In s t ead of (4. 2), the L - m e a s u r e h to be used in th i s sec t ion 
i s the solut ion of the D i r i c h l e t p r o b l e m 

(5 .2 ) ( L h ) ( p ) = 0 , p e M ; h(p) = 0, p € B ; 
£ 

h ( p ) = ( - l ) j , p c v . (j = 1 , 2). 

The following ana logue of t h e o r e m 2 h a s b e e n obta ined by the 
w r i t e r by a proof s i m i l a r to tha t in [ l ] . 

T H E O R E M 4. The a s s e r t i o n s of t h e o r e m 2 r e m a i n va l id 
if (4. 1) i s r e p l a c e d by (5. 1) and (4. 3) i s r e p l a c e d by 
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(5. 3) y.(p) = x.(p) - -kx.(q ) - x.(q )]h(p) + O(̂ ) . 
X 1 Ld X ù IX 

The following is then obtained as the analogue of theorem 3. 

THEOREM 5. If_ X, JJL. are eigenvalues of (2. 1), (5. 1) 

and x., y. are corresponding normalized eigenfunctions, as 

described in theorem 4, then 

(5.4) ji. - X =[~jx.(q ) - x.(q ) | 2 + 0(^)] / V h" n dS 
x 2 x 2 x 1 J — 

\ i 

as e -> 0, i = 1, 2, . . . , m . 

Proof. With (5. 1) instead of (4. 1), (4. 5) is replaced by 

pu. - X = J (xyy. - y .vx j 'n dS [l + 0(I|J)] . 

Hence 

ji. - X = [xi(q1) + 0(4J)] / v y . ' n dS 

^ e i 

n-1. 
+ [x.(q ) + 0(^8 / v y . ' n d S + 0(e " ). 

X Ù J X — 

\z 

The result (5.4) would follow if we knew that the order relation 
(5. 3) could be differentiated. The actual proof of (5.4) is 
similar to that of theorem 3 and will be omitted. 

In the example at the end of section 4, if we take q and 
1 

q to be the north and south poles respectively, then 

X L ( q i ) = ( 2 m " 1 ) / 4 i r > X ml ( q 2 ) = { ' 1 ) m " 4 x ml ( q i ) * a n d ( 5 - 4 > 
gives in particular 

1 
log-J +0 

1 . . lr . . . .m,_ .. L 1 
[x = m - m + 1 + -[1 + (-1) ](2m-l) 
ml 2 U J 

m =1, 2, . . . . 

, M"2 

l o g " 
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