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Abstract

In a general equilibrium framework, this paper studies the properties, in terms of labour
market distortions and capital accumulation, of three social security systems: a pay-as-you-
go notional defined contribution (PAYG NDC), a fully funded (FF), and a novel modified
FF (MFF) system, which includes an intragenerational redistributive component to
guarantee minimum living standards to future low-income retirees. We show that while
PAYG NDC depresses labour supply and physical capital accumulation, FF is neutral on
both dimensions. Conversely, MFF slightly increases physical capital accumulation, without
significantly reducing labour supply incentives. Moreover, it reduces the burden of future
intergenerational redistribution, and increases social welfare.
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1 Introduction

Several OECD countries are currently facing a remarkable ageing process, which is
driven by increases in life expectancy and declines in fertility rates (OECD, 2014,
2015). The observed increases in the median age of the population, which is projected
to continue raising over the years ahead, have resulted in an increase in the
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demographic old-age dependency ratio.1 According to OECD (2015), the demo-
graphic old-age dependency ratio, equal to 14 in 1950, reached the value of 28 in
2015, and it is projected to nearly double in 2075, reaching the value of 55.
The increase in the demographic old-age dependency ratio should be seriously

taken into account by governments that are financing public pensions via a
pay-as-you-go (PAYG) system. In a PAYG system, those who are currently occupied
finance the pensions of same-period retirees, based on the promise that they will
receive a similar treatment by future cohorts of workers. Due to this mechanism, a
decline in population growth may jeopardize the financial viability of the system itself,
since it reduces the likelihood that the promise can be maintained in the future.2 In the
short term, OECD countries providing PAYG-financed public pensions will suffer
from the retirement of the Baby Boom generation, a cohort much larger than the
ones that followed in the workforce.3

According to World Bank (2005), traditional strategies adopted in order to make
public pension promises more affordable within a PAYG system, i.e., adjustments
in the pension eligibility age, in indexation arrangements, and in benefits’ accrual
rates, have often been unsatisfactory.
In search for sustainability, some countries (e.g., Italy and Sweden) have introduced

the so-called notional defined contribution (NDC) scheme. By maintaining PAYG,
the NDC plan provides benefits that bear an actuarial relationship to individual life-
time contributions.4 Nevertheless, due to demographic changes, the introduction of
NDC can only partially ease PAYG system’s sustainability tensions.
Therefore, in a context of falling fertility and rising longevity, one should seriously

consider not merely an amendment of the system, but its replacement with a different
and more sustainable one.
The most credited solution to the solvency problem originated by the PAYG system

in an ageing economy is the privatization of social security, i.e., the shift from the
PAYG to the fully funded (FF) system, where each individual builds up her own pen-
sion by contributing to a personal account.5 It is well known that, in an ageing econ-
omy, the FF system boosts higher physical capital accumulation than the PAYG
system, therefore leads to higher economic growth.6 Indeed, an argument often
made in favour of the FF system is that it would accumulate a higher increase in
national savings than the one that would occur within the PAYG system. However,
the adoption of a FF system does not come without disadvantages (such as the

1 The demographic old-age dependency ratio is defined as the number of individuals aged 65 and over per
100 people of working age, defined as those aged between 20 and 64 (OECD, 2015).

2 According to Samuelson (1958), Aaron (1966) and Samuelson (1975), the PAYG system, defined as the
‘social contract’ between generations, is desirable only when each generation maintains positive real rates
of return on contributions, which happens so long as real earnings growth and population growth remain
positive.

3 See also Schwarz et al. (2014) for a discussion about difficulties encountered by current pension systems
in Europe and Central Asia, which are due to recent demographic challenges such as ageing.

4 See, for example, Disney (1999), Holzmann and Palmer (2006), and World Bank (2005).
5 We refer to FF defined contribution schemes where the post-retirement consumption, given life expect-
ancy and the interest rate, is determined only by the amount of contributions paid into the fund. In an
ageing economy, the FF defined benefit scheme, which pre-commits to pay a defined pension benefit no
matter on the value of assets accumulated, runs the solvency risk (OECD, 2014).

6 See, for example, Docquier and Paddison (2003).
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transition cost to the FF system itself7), and for this reason there is no common opin-
ion in the literature on whether PAYG systems should be entirely replaced by FF
systems.8

In addition to the financial viability of the pension system, which has become of a
primary importance, any social welfare programme has to guarantee an adequate
standard of living in retirement (OECD (2014)).9 In this respect, the FF system is
able to improve financial sustainability but, due to its working mechanism and con-
trarily to unfunded schemes, it does not guarantee poverty relief and redistribution,10

which are two of the most important objectives pursued by social security systems.11

While financially unsustainable, the PAYG system is designed to ensure an adequate
income throughout retirement by including different types of redistribution, namely
the intergenerational and the intragenerational one.12 The former redistributes
resources across generations (e.g., a reduction in the contribution rate of current
workers implies an increase in contributions paid by future generations or a decrease
in the amount of their pension benefits). The latter, instead, allocates resources across
different income levels within the same generation (e.g., by guaranteeing a higher
replacement rate to low-income earners). Similarly, the NDC, by maintaining
PAYG, provides intergenerational redistribution and also very slight forms of within-
cohort redistribution, namely the one from men to women, the one achieved through
survivor benefits, and the one obtained through credits for periods spent out of the
paid labour force.13

In the attempt to overcome the solvency problems induced by PAYG, and to pur-
sue the objective of retirement-income adequacy unmet by the FF, we introduce a
modified version of the pure FF, which incorporates an intragenerational redistribu-
tive component. In particular, we study the possible advantages of a funded pension
system that is able to produce an intragenerational redistribution across individuals
with different economic availability.
To analyse the possible advantages of the newly proposed version of FF, which we

call modified FF (MFF), we develop a general equilibrium two-period overlapping

7 For a discussion of this transition cost (which can leave some future generations worse off than they
would have been without the transition), see, for example, Chapter 17 in Heijdra (2003).

8 Among others, see Feldstein (2005), Feldstein and Samwick (1998), Kotlikoff (1996, 1998) and, for a dif-
ferent view, Breyer (1989) and Homburg (1990). Moreover, see Sinn (2000) for a general comparison
between funded and unfunded systems.

9 In connection to this issue, it is worth mentioning that, according to Schwarz et al. (2014), even the earli-
est pension schemes (starting from the seminal Bismarck’s pension scheme adopted in 1889) were
designed to cope with the risk of old-age poverty, at least for certain categories of workers (e.g., industrial
workers with low-to-middle income). However, such models could not ensure full protection against pov-
erty. For this reason, they were later complemented by additional features such as the provision of a min-
imum income to workers who made social security contribution only for short periods and to individuals
who were not able to make contribution while young. In fact, today’s pensions in OECD includes both
basic and minimum pension (OECD, 2015).

10 Blake (2006) argues that even the FF provides slight forms of redistribution. In defined benefit plans
early leavers subsidize long stayers, while in defined contribution schemes poor people subsidize rich peo-
ple, and (if there is a unisex annuity rate) men subsidize women.

11 See Barr and Diamond (2006).
12 See Disney (1996) and Ignacio Conde-Ruiz and Profeta (2007).
13 According to World Bank (2005), the redistribution from men to women arises from the use of unisex

annuity factors even though women tend to live longer. Conversely, the redistribution via survivor ben-
efits occurs because annuity factors do not include the number and age of dependents.

Intragenerational redistribution in a funded pension system 273

https://doi.org/10.1017/S147474721700049X  Published online by Cam
bridge U

niversity Press

https://doi.org/10.1017/S147474721700049X


generations (OLG) model, where individuals decide how much to work and how
much to save for old-age consumption. The returns to private savings and wages
are determined by the profit maximizing behaviour of a firm with standard Cobb–
Douglas production function. Since a representative agent framework does not cap-
ture intragenerational redistribution, we present a model with two productivity
types. Differences in the skill level (and thus in the income level) among workers
translate into differences in the magnitude of capital accumulation and labour supply
distortion.
According to our results, the unfunded system generates labour supply distortions

and depresses physical capital accumulation. More precisely, in the numerical inves-
tigation of the theoretical model we propose, the labour distortion in the PAYG NDC
arises from government’s decision to revaluate workers’ contributions at a rate that is
lower than the market interest rate.14 Therefore, by offering a lower amount of
labour, the individual depresses her income and her savings. At the equilibrium,
this reduction in saving causes the aggregate capital stock to fall. Conversely, the
FF system depresses neither labour supply nor capital accumulation, since individuals
recognize that contributions paid during the entire working career are a form of pri-
vate savings.
We find that the intragenerational redistribution carried out in the MFF system

slightly increases physical capital accumulation with respect to the pure FF case, with-
out significantly reducing labour supply incentives. Moreover, in the range of param-
eter values examined, the MFF increases the social welfare with respect to both
unfunded and pure funded schemes.
Therefore, the proposed MFF system, with its redistribution share aimed at

guaranteeing minimum living standards to low-income individuals, seems to be a
good compromise to pursue the objectives of reducing labour supply distortions,
enhancing physical capital accumulation, and increasing social welfare. For all
these reasons, the MFF is preferable to both the FF and the PAYG NDC schemes.
The paper is organized as follows. The model is presented in Section 2. Section 3

provides the closed economy general equilibrium analysis alongside the main analyt-
ical findings. Section 4 supports the analysis with a numerical investigation, and
Section 5 provides conclusions. Further details are given in the Appendix.

2 The model

We present a two-period OLG model à la Diamond (1965) with endogenous labour
supply to study the impact of different pension schemes.15 We consider a PAYG
NDC in opposition to a MFF scheme, i.e., a funded system that embodies a redis-
tributive component. We consider a closed economy, where firms produce a single

14 Even though the capital stock in the balanced growth path of the Diamond (1965) model may exceed the
golden-rule level, implying a dynamically inefficient economy, the realistic parameter values we chose in
our numerical simulation ensure that the interest rate is always greater than the PAYG NDC returns,
implying a dynamically efficient economy.

15 See also Breyer and Straub (1993) and Sommacal (2006).
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homogenous good which can be used for both consumption and investment.
Moreover, capital and labour are used as inputs in a constant returns Cobb–
Douglas technology. Finally, individuals differ in their skill level.
In Section 2.1, we present individuals’ optimal saving and labour supply decisions,

and in Section 2.2, we illustrate the production function of the economy. Lastly, in
Section 2.3, we analyse the public budget constraint under the two aforementioned
pension systems.

2.1 Households decisions

In our OLG setting, peoplework in the first period of their life and retire in the second. As
usual, the population growth rate is equal toNt+1/Nt= 1 + ρt+1 with ρt+1 >− 1, whereNt

denotes the population at time t. Moreover, by assuming that generations are non-
altruistic we rule out bequests. Individuals differ in their productivity level hi which can
be either high or low,16 i.e., i= {H, L}. In particular, we assume that a fixed fraction
λL∈ (0, 1) of the total population belongs to the low-skilled class, while the other fixed
fraction λH= 1− λL belongs to the high-skilled class. The income level of an individual
i in her working period t (yi,t) is equal to wt hi li,t, where wt is the wage rate per efficient
unit of labour, and li,t is the labour supply provided in the sameworking period by an indi-
vidual of type i. In our analysis, it is assumed that 0 < hL < hH. Both types of individuals
contribute to the pension system when young, and receive pension benefits when retired.
The pension contribution rate is exogenous, and equal to τ, where 0 < τ < 1.
We formulate the individual maximization problem in the following form, taking a

convenient and quite standard specification of the utility function to get a closed-form
optimal solution:

max
li,t,si,t,ci,t,ci,t+1

Ui,t = ln ci,t −
l2i,t
2

( )
+ β ln ci,t+1, (1)

s.t. ci,t + si,t = (1− τ)wthili,t, (2)
s.t. ci,t+1 = Rt+1si,t + pi,t+1. (3)

In the first period, the young working generations allocate their after tax wage income
(1− τ)wt hi li,t between consumption ci,t and savings si,t. The old retired generation
receives their previous savings si,t plus the return rt+1, where Rt+1 = 1 + rt+1, and a retire-
ment benefit pi,t+1, which depends on the pension system in force. The parameter β∈
[0, 1] represents the preference for future consumption for each type of individuals.
We assume that in the first period, when individuals make labour supply and saving

decisions, the variables Rt+1 and wt are perfectly known to consumers. Conversely, as
it will be clear in Section 2.3, the dependence of pi,t+1 on the decision variable li,t varies
according to the existing pension system.
Concluding, given the own specific productivity level hi, each individual chooses si,t,

li,t, ci,t, ci,t+1 to maximize her life-cycle utility expressed by equation (1) under the

16 It is worth mentioning that Galor and Weil (1996) consider an OLG model with two types of workers
with different abilities. Specifically they take into account male and female workers with the same abil-
ities in mental labour but different ones in physical labour.
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constraints given by equations (2) and (3). The optimal solution to this optimization
problem is:

si,t =
β(1− τ)wthili,t − (βl2i,t/2) − ( pi,t+1/Rt+1)

1+ β
, (4)

li,t = (1− τ)wthi + ∂pi,t+1/∂li,t
Rt+1

. (5)

Notice that both the decisions for savings si,t and for labour supply li,t depend on the
pension system in force (i.e., through the terms pi,t+1 and ∂pi,t+1/∂li,t, which will be dis-
cussed in detail in Section 2.3).

2.2 Production

Firms produce a single homogeneous good, according to a Cobb–Douglas technology
exhibiting constant returns to scale. Therefore, the production function F(K, L) is:

F (K, L) = AKαL1−α, (6)
where K is the aggregate capital stock, L is the aggregate labour input, and α∈ (0, 1).
Output and factor markets are competitive, which implies that at each time t, firms

hire physical capital and labour until gross factor prices equal marginal products:

wt = A(1− α)kαt , (7)
Rt = (1+ rt) = Aαkα−1

t , (8)
where wt is the wage rate at time t.
The labour market clearing condition yields:

Lt = Nt(λLhLlL,t + λHhHlH,t). (9)

We denote by kt =Kt/Lt the capital per efficiency unit at time t, which we can
express as:

kt = Kt

Lt
= Kt

Nt(λLhLlL,t + λHhHlH,t) . (10)

Finally, we define the capital per worker as:

Kt

Nt
= kt(λLhLlL,t + λHhHlH,t). (11)

2.3 Pension systems and government budget constraint

We compare, in terms of labour market distortions and physical capital accumula-
tion, a PAYG NDC17 and a funded system that embodies an intragenerational com-
ponent, i.e., the proposed MFF scheme.

17 A preliminary version of the PAYG NDC system described in this work appeared in the previous
conference paper Wen et al. (2015).
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2.3.1 PAYG NDC system

In PAYG NDC, pensions are paid out of contributions of current workers. Therefore,
since the State can directly tax the working population to finance the pensions of the
retired generation, there is no need to accumulate assets in anticipation of future pen-
sion claims.
Consequently, the government budget constraint is balanced when the following

equality holds:

λLpPAYG NDC
L,t+1 + λHpPAYG NDC

H,t+1 = τwPAYG NDC
t+1 (λLhLlPAYG NDC

L,t+1 + λHhHlPAYG NDC
H,t+1 )

× (1+ ρt+1). (12)

Regarding the link between contributions and benefits, the key characteristics of a
PAYG NDC system are the payment of a pension whose present value depends
entirely on the individual’s contribution history, and the application of an interest
rate set by government rules. As a result, the pension payments rule for low-skilled
and high-skilled workers becomes:

pPAYG NDC
L,t+1

pPAYG NDC
H,t+1

= hLlPAYG NDC
L,t

hHlPAYG NDC
H,t

. (13)

Accordingly, combining equations (12) and (13), the pension benefits for a type i
agent under this pension system are expressed as follows:

pPAYG NDC
i,t+1 = τwPAYG NDC

t hilPAYG NDC
i,t (1+ ρt+1)ΩPAYG NDC

t+1 , (14)
where ΩPAYG NDC

t+1 denotes the growth factor of the economy’s per capita income at
time t+ 1, which is defined as:

ΩPAYG NDC
t+1 = wPAYG NDC

t+1 (λLhLlPAYG NDC
L,t+1 + λHhHlPAYG NDC

H,t+1 )
wPAYG NDC
t (λLhLlPAYG NDC

L,t + λHhHlPAYG NDC
H,t ) . (15)

2.3.2 FF and MFF systems

Differently from PAYG NDC, in FF, pensions are paid out of a fund built over a per-
iod of years from its members’ contributions. Contributions are invested in financial or
real assets, the return on which is credited to the fund. The main feature of this funded
system is that it does not allow for redistribution across generations, since the position
of each cohort is determined by its own past savings. Moreover, without any provision
for within-cohort redistribution, at retirement each individual obtains no more than her
first-period savings and her past contributions, together with the return yielded by the
fund. Summing up, in a FF system, the government’s budget is balanced when:

λLpFFL,t+1 + λHpFFH,t+1 = RFF
t+1τw

FF
t (λLhLlFFL,t + λHhHlFFH,t). (16)
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Moreover, the pension payments rule for the low-skilled and high-skilled workers is
similar to (13), and is expressed as:

pFFL,t+1

pFFH,t+1

= hLlFFL,t
hHlFFH,t

. (17)

Accordingly, by combining equations (16) and (17), the pension benefits for a type i
agent under this system are expressed as follows:

pFFi,t+1 = τwFF
t hilFFi,t R

FF
t+1. (18)

The absence of redistribution across individuals, and thus the difficulties in pursu-
ing poverty relief during retirement, give us room for proposing a modified version of
the classical well-known FF system. The refinement of the original version that we
introduce has the purpose to improve the living conditions for the low-skilled retirees,
who may not save enough or accumulate enough in their fund for the retirement
period.
Our MFF system works as the FF, but in addition disposes a withdrawal from

every individuals’ account before the beginning of the retirement period. The
resources collected in this way are invested in a parallel fund that is used for redistri-
bution once the same individuals become eligible for qualifying themselves as retirees.
Therefore, given b∈ [0, 1], at the time of retirement every individual receives a pen-

sion which is made of two components:

pMFF
i,t+1 = (1− b)pFFi,t+1 + bpRi,t+1. (19)

The first part of the pension obtained in the MFF system, namely (1− b)pFFi,t+1, is
the usual FF pension from which the withdrawal bpFFi,t+1 is taken away, while the
second part corresponding to bpRi,t+1, where the superscript ‘R’ stands for redistribu-
tion, represents the additional benefit given to every individual irrespective of the
skill/income level, i.e., the benefit needed to carry on intragenerational redistribution.
Therefore, by definition, the redistributive component of pMFF

i,t+1 obeys the rule:18

pRL,t+1 = pRH,t+1, (20)
which simply expresses the fact that the resources in the aforementioned parallel fund
are spread equally among the whole population irrespective of the income class and
thus irrespective of the contributions one made when young.
Concluding, the two components of pMFF

i,t+1 satisfy:

pFFi,t+1 = RMFF
t+1 τwMFF

t hilMFF
i,t , (21)

and

pRi,t+1 = RMFF
t+1

∑
i=L,H

λiτwMFF
t hilMFF

i,t . (22)

18 Notice that the other component of equation (19) satisfies equation (17). Clearly, when b= 0 there is no
withdrawal and the system becomes a pure FF.
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3 General equilibrium

The following definition introduces the general equilibrium within different social
security systems.

Definition 1. Given the state of agents distribution in the economy and the product-
ivity levels of low-skilled and high-skilled individuals, a general equilibrium is a
sequence of individuals’ decisions, a sequence of factor prices, and a sequence of pen-
sion payments so that:

(i) individuals choose si,t, li,t, ci,t, ci,t+1 to solve the maximization problem described
by equations (1)–(3), taking the factor prices as given;

(ii) the factor markets clearing condition holds: the factor prices are equal to their
marginal products, see equations (7) and (8);

(iii) the government budget constraint is satisfied, i.e., equations (14) and (15) are
satisfied in the PAYG NDC system, while equations (19)–(22) are satisfied in
the MFF system.

In particular, in an unfunded system the supply of capital in period t+ 1 is determined
by the saving decision of the young in period t. Hence, the physical capitalKPAYG NDC

t+1

in period t+ 1 is the sum of the aggregate previous period private savings:

KPAYG NDC
t+1 =

∑
i=L,H

NtλisPAYG NDC
i,t , (23)

where si,t is provided by equation (4).
On the other hand, in a funded system, the aggregate physical capital consists both

of private and public savings of the former period. Accordingly, the aggregate capital
in the MFF case is:

KMFF
t+1 =

∑
i=L,H

(NtλisMFF
i,t +NtλiτwMFF

t hilMFF
i,t ). (24)

3.1 General equilibrium in the PAYG NDC system

We find the general equilibrium for the PAYG NDC system and summarize the result
in Proposition 1 (details of derivation are provided in the Appendix). In part (i), we
provide the labour supply choice lPAYG NDC

i,t of both high- and low-skilled workers,
which holds at any time t. In part (ii), we express, for each time t, the just-mentioned
optimal labour supply as a function of the capital per efficiency unit kPAYG NDC

t . In
part (iii), we provide a recursive way to compute k PAYG NDC

t+1 knowing kPAYG NDC
t .

Finally, in part (iv), we show that, when the population growth rate is constant
and equal to 1 + ρ, one obtains a unique non-trivial steady-state solution (one charac-
terized by non-zero values of individual labour supply choices, of capital per efficiency
unit, of capital per worker and of pensions). Moreover, for both high- and low-skilled
workers, we provide the general expression of the PAYG NDC pension and its non-
trivial steady-state value pPAYG NDC

i . In particular, for α∈ (0, (1/3)), the pension
decreases as the population growth rate reduces (all the other parameters being
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fixed). This is a case of interest, since the values of α in this range are often encoun-
tered in the literature (see Bouzahzah et al. (2002)).

Proposition 1 [PAYG NDC]. The following holds for the general equilibrium of the
PAYG NDC system with the specification (1) of the utility function.

(i) Relationship between individual labour supply choice and capital per efficiency
unit:

lPAYG NDC
i,t =[βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)](1− α)(1− τ)A hi

2α(1+ β) + τ(1− α)(2+ β)
(kPAYG NDC

t )α.
(25)

(ii) Relationship between labour supply choices of high- and low-skilled individuals:

lPAYG NDC
H,t = hH

hL
lPAYG NDC
L,t . (26)

(iii) Recursive formula for the capital per efficiency unit:

kPAYG NDC
t+1 = Aαβ(1− α)(1− τ)

[2α(1+ β) + τ(1− α)(2+ β)](1+ ρt+1)
[ ]1/1+α

(kPAYG NDC
t )2α/1+α.

(27)
(iv) Unique non-trivial steady-state solution (ρt = ρ for all t):

kPAYG NDC = Aαβ(1− α)(1− τ)
[2α(1+ β) + τ(1− α)(2+ β)](1+ ρ)

[ ]1/1−α

, (28)

KPAYG NDC
t

Nt
= (λLh2L + λHh2H)(1− τ)A(1− α)

× βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)
2α(1+ β) + τ(1− α)(2+ β)

× Aαβ(1− α)(1− τ)
[2α(1+ β) + τ(1− α)(2+ β)](1+ ρ)

[ ]1+α/1−α

,

(29)

lPAYG NDC
i = (1− τ)A(1− α) βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)

2α(1+ β) + τ(1− α)(2+ β)

× Aαβ(1− α)(1− τ)
[2α(1+ β) + τ(1− α)(2+ β)](1+ ρ)

[ ]α/1−α

hi,

(30)

pPAYG NDC
i = τ(1− τ)A2(1− α)2 βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)

2α(1+ β) + τ(1− α)(2+ β)

× Aαβ(1− α)(1− τ)
[2α(1+ β) + τ(1− α)(2+ β)]

[ ]2α/1−α

h2i (1+ ρ)1−3α/1−α.

(31)

It is worth noting that according to equation (26), the labour supply choice of the
high-skilled is always larger than the one of the low-skilled. Moreover, from
Proposition 1, one can derive closed-form expressions also for other quantities of
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interest, such as the optimal consumption for each type of worker (cPAYG NDC
i,young and

cPAYG NDC
i,old in the first and second periods, respectively, not reported here due to
space limitations), and the associated utility, which is defined as

UPAYG NDC
i = ln cPAYG NDC

i,young − (lPAYG NDC
i )2

2

( )
+ β ln cPAYG NDC

i,old , (32)

its average over the population

UPAYG NDC = λLUPAYG NDC
L + λHUPAYG NDC

H , (33)
and the (average) pension per worker, represented by

pPAYG NDC = λLpPAYG NDC
L + λHpPAYG NDC

H . (34)

Closed-form expressions for the partial derivatives of equations (28)–(34) with
respect to the parameters are obtained by automatic differentiation. Since the result-
ing expressions are quite lengthy,19 we perform a numerical investigation to analyse
how the results are affected by changes in the values of the parameters (see Section
4). Additionally, in the Appendix we report the signs of the partial derivatives of sev-
eral quantities of interest at the non-trivial PAYG NDC steady state.

3.2 General equilibrium in the MFF system

Proposition 2 summarizes the general equilibrium in a MFF system (details of deriv-
ation are provided in the Appendix). For this proposition, one can make comments
similar to those stated before Proposition 1. Additionally, in part (iv), we provide,
for both high- and low-skilled workers, the steady-state expression of the MFF pen-
sion divided in its two components: (1− b)pFFi andbpRi . In particular for α∈ (0, (1/3)),
both components decrease as the population growth rate reduces (all the other para-
meters being fixed).

Proposition 2 [MFF]. The following holds for the general equilibrium of the MFF sys-
tem with the specification (1) of the utility function.

(i) Relationship between individual labour supply choice and capital per efficiency
unit:

lMFF
i,t = (1− bτ(1− λi))A(1− α)hi(kMFF

t )α. (35)

(ii) Relationship between labour supply choices of high- and low-skilled individuals:

lMFF
H,t = (1− bτλL)hH

(1− bτλH)hL l
MFF
L,t . (36)

19 See the Appendix of Wen et al. (2015) for some of these expressions.
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(iii) Recursive formula for the capital per efficiency unit:

kMFF
t+1 = Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H )λLλH ](1− α)

2(1+ β)(1+ ρt+1)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH]
[ ]1/1+α

(kMFF
t )2α/1+α.

(37)
(iv) Unique non-trivial steady-state solution (ρt = ρ for all t):

kMFF = Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H)λLλH](1− α)
2(1+ β)(1+ ρ)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH]

[ ]1/1−α

, (38)

KMFF
t

Nt
= [λLh2L + λHh2H − bτλLλH (h2L + h2H)]

× A(1− α) Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H)λLλH](1− α)
2(1+ β)(1+ ρ)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH]

[ ]1+α/1−α

,

(39)
lMFF
i = (1− bτ(1− λi))A(1− α)

× Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H )λLλH ](1− α)
2(1+ β)(1+ ρ)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH]

[ ]α/1−α

hi, (40)

(1− b)pFFi = τ(1− bτ(1− λi))(1− b)A3(1− α)2α

× Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H)λLλH](1− α)
2(1+ β)[λLh2L + λHh2H − bτ(h2L + h2H )λLλH]

[ ]3α−1/1−α

× h2i (1+ ρ)1−3α/1−α,

(41)

bpRi = τA3b(1− α)2α Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H)λLλH](1− α)
2(1+ β)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH]

[ ]3α−1/1−α

× λL(1− bτ(1− λL))h2L + λH(1− bτ(1− λH))h2H
[ ](1+ ρ)1−3α/1−α.

(42)

According to equation (36), for λL= λH = 1/2, the labour supply choice of the high-
skilled is always larger than the one of the low-skilled. The same occurs for λL≠ λH
and for b= 0. The opposite occurs when λL > λH and b is sufficiently large.
Additionally, likewise in Section 3.1, from Proposition 2 one can derive closed-form
expressions for the optimal consumption for each type of worker (cMFF

i,young and cMFF
i,old in

the first and second periods, respectively, not reported here due to space limitations),
and the associated utility, which is defined as

UMFF
i = ln cMFF

i,young −
(lMFF
i )2
2

( )
+ β ln cMFF

i,old , (43)

its average over the population

UMFF = λLUMFF
L + λHUMFF

H , (44)
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the pension for each type of the worker, which is

pMFF
i = (1− b)pFFi + bpRi , (45)

and the (average) pension per worker, which has the expression

pMFF = λLpMFF
L + λHpMFF

H . (46)
Again, closed-form expressions for the partial derivatives of equations (38)–(46)

with respect to the parameters are obtained by automatic differentiation but are
not reported here due to space limitations. In the Appendix, we report the signs of
the partial derivatives of several quantities of interest at the non-trivial MFF (and
FF) steady state.

3.3 Main findings

As we have just seen, equation (30) displays the agents’ steady-state labour supply
under the unfunded NDC system. By assuming a dynamically efficient economy,
where the return on PAYG NDC is lower than the market interest rate, high- and
low-skilled workers tend to reduce the amount of labour supplied since they realize
the missed opportunity of investing their contributions in stocks, bonds, or anything
else. Conversely, equation (40) shows the agents’ steady-state labour supply under the
MFF system. If we take a step back, and thus if we set the individual fund’s with-
drawal to be equal to zero (i.e., b = 0), we get the original version of the funded sys-
tem. In a pure FF scheme, a variation in the contribution rate has no effect on
individual labour supply, irrespective of whether the worker is high- or low-skilled.
This is a clear-cut result since, in a pure FF, individuals are aware that the payment
of contributions into their own account is simply another form of private savings.
Conversely, the introduction of a redistributive component in the funded pension
(b> 0) creates labour supply distortions for both high- and low-skilled workers. In
a MFF system, in fact, the former know that they will ‘lose’, while the latter know
that they will ‘gain’ with respect to the pure FF. By looking at equation (35), we
can see that the larger are the withdrawal b, the contribution rate τ, and the percentage
of high-skilled individuals in the population, the smaller is the incentive to work of
low-skilled agents.20 Conversely, when the economy is mainly composed of low-
skilled individuals, high levels of both b and τ will create a disincentive to work for
the high-skilled.
Regarding the capital accumulation, which is expressed by equations (28) and (38),

we find that in both PAYG NDC and pure FF (b = 0), the level of capital per
efficiency unit does not depend on the sizes of more productive/less-productive
groups. Conversely, as it will be clearer in the next section, in a MFF system with
b≠ 0, the composition of the population matters since individuals adjust their choices
over consumption and saving according to the utility they receive from redistribution.

20 The higher is the withdrawal from each individual’s account, the higher is the weight of the redistribu-
tion. For b= 1, we have a system where individuals receive the same benefit no matter of their product-
ivity type.
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Finally, both Propositions 1 and 2 support that the individual’s labour supply at the
steady state is higher in an ageing economy (i.e., when − 1 < ρt+1 < 0) with respect to
the case in which the population is increasing from time t to time t+ 1 (i.e., when
ρt+1 > 0).
A deeper analysis of the changes in the individuals’ labour supply and saving deci-

sion under both PAYG NDC and MFF is provided in Section 4, where we comple-
ment the steady-state analysis with a numerical investigation for realistic values of the
parameters.

4 Numerical results

The following subsections, namely Sections 4.1–4.3, show for the different pension
systems and for both high- and low-skilled workers, the non-trivial steady-state values
of labour supply choice, capital accumulation, pension, and utility, expressed as func-
tions of the parameter τ, for fixed values of the other parameters α, β,A, hL, hH, λL,
and ρ. Therefore, the equations we have to focus on are equations (25)–(46). In
particular, we choose the values α = 0.29 and A = 8 following Bouzahzah et al.
(2002). Moreover, we set β= 0.96, hL= 0.5, hH = 1, λL= 0.3, λL = 0.7, and ρ = 0.21

Additionally, in the Appendix, we investigate how the individual labour supply deci-
sion reacts to changes in ρ when the contribution rate is equal to 0.1 and 0.4, provided
the other variables are set at the aforementioned values.

4.1 Labour supply

In a dynamically efficient economy with a PAYG NDC system, irrespective of the
proportion of high- and low-skilled workers, an increase of the contribution rate τ
will always decrease the labour supply of both high- and low-skilled workers (see
Figure 1). Since the contributions paid by individuals during the entire working career
are used to finance pensions of current period retirees, each worker’s claim for a pen-
sion is only based on the promise that future generations will be responsible for pro-
viding the benefit. Therefore, since the worker sees that the contributions she is paying
now are revaluated at a lower interest rate than the market return, she will be more
willing to supply less amount of labour.
In a pure FF system (b= 0), irrespective of the proportion of high- and low-skilled

workers in the economy, the labour supply of high- and low-skilled workers is not
related to the level of the contribution rate τ. The worker is fully aware that the con-
tribution that she is paying during the working career is accumulated in a personal
account to which she will have access at the time of retirement.
In order to illustrate the MFF system, we chose for simplicity a redistribution com-

ponent b equal to 0.3. From the plots in Figure 1, it is easy to see that when the pro-
portion of high-skilled individuals prevails, i.e., when λL= 0.3, while the labour
supply distortion for high-skilled workers is the smallest, the labour supply distortion
for low-skilled workers is the highest. When the composition of the population is the

21 We use λL = 0.3 to describe an economy mainly composed of high-skilled workers. Conversely, we use
λL= 0.7 to represent an economy where the majority of people belongs to the low-skilled class.
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one just mentioned, high-skilled individuals realize that the amount that they receive
back with redistribution will be not much different from the fraction b that was pre-
viously taken from each individual account. For the same reason, low-skilled workers
are more inclined to work less since they know, due to the presence of a majority of
high-skilled individuals in the economy, that they will attain a higher than expected
pension from redistribution.

4.2 Capital accumulation

In order to understand the behaviour of the steady-state capital per worker Kt/Nt,
which is illustrated in Figure 2, we first present separately in Figures 3(a) and (b)
the capital per high-skilled and low-skilled individuals.
By looking at Figures 3(a) and (b), we see that in a PAYG NDC system, when the

contribution rate increases, both the capital per high-skilled and low-skilled worker
tend to decrease, irrespective of the proportion of high- and low-skilled workers in
the economy. This depends on the fact that, for such system, it can be shown that,
when the contribution rate increases, the disposable income in the first period
decreases and so do the savings (see the Appendix). Obviously, for a given level of
τ, the level of capital per worker for the high-skilled is higher than the one for the
low-skilled.
Similarly, in a pure FF, for both high- and low-skilled workers, as τ increases the

disposable income in the first period decreases and so do the savings. However,
when the contribution rate increases, the resources accumulated in each worker’s indi-
vidual account rise. Overall, since the worker’s future pension is generated by her per-
sonal first-period savings and paid contribution, the capital per high- and low-skilled
worker is independent on the level of τ. Needless to say that, for a specific level of the
tax rate, the capital per worker for the high-skilled is higher than the one for the
low-skilled.

Figure 1. Labour supply of high- and low-skilled workers. Source: Authors’
calculations.
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In MFF, the analysis becomes more complex. In order to make the discussion as
clear as possible, we present the behaviour of the high-skilled followed by the one
of the low-skilled, i.e., we discuss Figure 3(a) and then Figure 3(b).
For the high-skilled workers, it can be shown from the formulas used to prove

Proposition 2 (see the Appendix) that:

1. first-period savings are higher than in the case of pure FF (b= 0);
2. first-period savings are the highest when the proportion of low-skilled individual

prevails, i.e., when λL= 0.7;
3. the amount of resources invested in the individual account is lower than in the pure

FF (b= 0);
4. the amount of resources invested in the individual account is the lowest when the

proportion of low-skilled individual prevails, i.e., when λL= 0.7.

Since high-skilled workers know that a fraction b of their individual account will be
withdrawn for redistribution purposes, as τ increases, they will be more prone to
increase their personal savings in the first period, and to accumulate a lower amount
of capital on their personal fund.22 Actually, by expanding the savings in the first per-
iod and by reducing the accumulation of resources in their account, high-skilled indi-
viduals preserve themselves from the large withdrawal associated to a richer fund. In a
world where low-skilled individuals are the majority, if high-skilled individuals do not
modify their choices on consumption and savings accordingly, as τ increases the
amount that they get back once redistribution has occurred will be much lower
than what they gave in first place.
As can be seen from Figure 3(a), as τ increases, in the MFF, the choices of high-

skilled workers are distorted with respect to the pure FF case: they save more and

Figure 2. Capital per worker. Source: Authors’ calculations.

22 More precisely, the reduction of both periods consumption experienced in MFF by high-skilled workers
is higher than in a pure FF case, and is the highest when the proportion of low-skilled individual prevails,
i.e., when λL = 0.7.
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consume less. More precisely, the overall effect on the capital accumulation per high-
skilled worker is positive with respect to the original FF system.
Conversely, for low-skilled workers it can be shown that:

1. first-period savings are lower than in the case of pure FF (when b = 0);
2. first-period savings are the lowest when the proportion of high-skilled individual

prevails, i.e., when λL= 0.3;
3. the amount of resources invested in the individual account is the lowest when the

proportion of high-skilled individuals prevails, i.e., when λL= 0.3.

One can easily see that, since low-skilled individuals know that there will be a redis-
tribution, as τ increases, they will distort their choices over savings and consumption
in both periods.23 With respect to the pure FF case, as τ increases, if the high-skilled
group is the largest one, in addition to a reduction in the first-period savings, low-
skilled workers tend to reduce the capital accumulation in their account.
Conversely, when high-skilled workers are the minority and τ rises, in addition to
the decrease of first-period savings, low-skilled workers are likely to increase the
resources accumulated in the personal fund (they know that the gains obtained
from the redistribution are not so high).
Therefore, from Figure 3(b) we see that, as τ increases, the choices of low-skilled

workers diverge from the pure FF case: they save less and consume more. In particu-
lar, in a MFF scheme, the overall effect on the capital accumulation per low-skilled
worker is negative, as compared with the original FF.
We can now move to the interpretation of Figure 2. From the analysis conducted

above, we have seen that while in a PAYG NDC a rise in the contribution rate τ
depresses the level of capital per worker, in a pure FF system, the same variation

Figure 3. Capital per high- and low-skilled workers. Source: Authors’ calculations.

23 It can be shown that in an MFF there is an increase of both periods consumption experienced by low-
skilled workers. Such increase is higher than in a pure FF, and is the highest when the proportion of high-
skilled individual prevails, i.e., when λL= 0.3.
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in τ has no effect on capital accumulation. Conversely, in a MFF, as τ increases, the
rise in savings experienced by high-skilled workers prevails on the reduction of the
same driven by the behaviour of low-skilled individuals. Consequently, the introduc-
tion of a redistributive component in a pure funded system induces an increase in the
accumulation of capital per worker.
As regards the behaviour of capital per efficiency unit under PAYG NDC, FF, and

MFF, we find the result reported in Figure 4, from which we can infer that the capital
per efficiency unit is the highest when the pension system is a MFF, and when the
population is largely composed by low-skilled workers.
By recalling equation (11) and the results presented in Figure 1 above, we conclude

that in the MFF scheme, provided the existence of a reduction in the labour supply by
both groups of individuals (high- and low-skilled workers), labour supply contraction
is higher when the proportion of low-skilled individuals prevails. More precisely, the
negative impact that a redistributive component has on the labour offer of high-skilled
workers is as much higher as the fraction of low-skilled workers in the economy.
Obviously, it follows that the lower is the amount of labour supplied, the higher is k.

4.3 Pension and utility per worker

In this subsection, we provide for each type of worker, the steady-state value of the
pension under different pension schemes. In particular, Figure 5 illustrates the pension
as a function of τ with all other parameters being fixed at the values reported at the
beginning of this section. Furthermore, Figure 6 represents the (average) pension
per worker in different systems.
From Figure 5, one can see that in both FF and MFF systems, the pension for each

type of worker is much higher than in the PAYG NDC scheme. As expected, for the
low-skilled workers, the pension increases when moving from the FF to the MFF sys-
tem (the increase is larger when the low-skilled are the minority). Conversely, for the

Figure 4. Capital per efficiency unit. Source: Authors’ calculations.
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high-skilled workers, the pension decreases when shifting from the FF to the MFF
scheme (the decrease is smaller when the high-skilled are the majority).
Similarly, Figure 6 shows that the pension per worker is higher in the FF and MFF

systems than in the PAYG NDC. The figure also shows that the average pension
increases when increasing the percentage of the high-skilled in the economy.
Moreover, the average pension (slightly) decreases when moving from the FF to
the MFF system. Nevertheless, this is compensated by its beneficial effect on the pen-
sion per low-skilled and on the average utility per worker, which is examined in the
following paragraphs.
Figures 7 and 8 illustrate, respectively, the utility for each type of worker and the

(average) utility per worker. They refer to equations (32) and (33) for the PAYG

Figure 5. Pension per high- and low-skilled workers. Source: Authors’ calculations.

Figure 6. Pension per worker. Source: Authors’ calculations.
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NDC, and to equations (43) and (44) for the MFF. Similarly to Figure 5, Figure 7
shows that in both FF and MFF systems, the utility for each type of worker is
much higher than in the PAYG NDC. For low-skilled workers, the utility increases
when moving from the FF to the MFF system (the lower the share of the low-skilled,
the larger the increase). Differently, for high-skilled workers, the utility decreases
when moving from the FF to the MFF system (the larger the share of the high-skilled,
the smaller the decrease). Interestingly, in the range of parameter values examined, the
reduction of utility of the high-skilled is much smaller than the increase of utility of
the low-skilled. As a result, as shown in Figure 8, the utility per worker increases
when moving from the pure FF to the MFF system. In contrast, the PAYG NDC
is characterized by much smaller values of the utility per worker.

Figure 7. Utility per high- and low-skilled workers. Source: Authors’ calculations.

Figure 8. Utility per worker. Source: Authors’ calculations.
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Hence, if one adopts the utility per worker as a social welfare function,24 from a
social welfare perspective, in the range of parameter values examined, the MFF pen-
sion system is preferable to both the FF and the PAYG NDC schemes.

5 Conclusion

Ageing population and declining fertility rates require reforms that could help in cre-
ating more financially sustainable pension systems. The most credited solution, which
consists in the privatization of social security, defined as the shift from unfunded
PAYG schemes to funded systems, does not come without disadvantages. In fact,
while it allows overcoming the solvency problems of unfunded schemes, it is not
designed to address poverty relief and redistribution.
In a general equilibrium framework, this paper studies the properties, in terms of

labour market distortions and capital accumulation, of different social security systems.
Keeping in mind the solvency problems induced by declining fertility and rising longev-
ity, we focus on three pension systems: the unfunded PAYG NDC, the FF, and the
MFF system, which is a modified version of the FF system incorporating an intra cohort
redistributive component. According to our results, while the PAYG NDC scheme
depresses labour supply and physical capital accumulation, the FF system discourages
neither of the two. Furthermore, in the newly proposed MFF, where the redistributive
component takes the form of a withdrawal from each individual’s account, while high-
skilled workers consume less and increase their private savings in order to own a scarse
account, low-skilled individuals, who know they will gain from redistribution, increase
consumption and reduce savings. Overall, MFF slightly increases physical capital accu-
mulation with respect to the original FF system without significantly reducing labour
supply incentives. Moreover, in the range of parameter values examined, MFF increases
the social welfare with respect to both unfunded and pure funded schemes. For all these
reasons, the MFF is preferable to both the FF and PAYG NDC schemes.
From a broader perspective, the introduction of MFF may help to reduce the bur-

den of intragenerational redistribution. Collecting and investing a share of each work-
er’s contribution in a State-managed fund, and at the time of retirement redistributing
such resources equally among the corresponding population, helps to create a ‘safety
net’ for low-income pensioners contributing to alleviate the taxation burden on future
cohorts of workers.
It is worthwhile to mention that, in order to reduce the distortionary effect on labour

supply arising when funded systems embody an intragenerational redistributive com-
ponent, it could be useful to introduce a minimum number of hours worked, or a min-
imum level of effort, in order for the individual to be eligible for the redistribution.
Moreover, given the above discussion, even if the proposed MFF is able to reallo-

cate resources among individuals, we are still in need of ensuring people against
investment risk. If assets in which resources are invested perform poorly in fact, indi-
viduals face the risk of collecting inadequate pension benefits. In particular, in order

24 This kind of social welfare function is in accordance with the model of social welfare function considered
in Chapter 17 of Heijdra (2003).

Intragenerational redistribution in a funded pension system 291

https://doi.org/10.1017/S147474721700049X  Published online by Cam
bridge U

niversity Press

https://doi.org/10.1017/S147474721700049X


to provide insurance against income uncertainty, the establishment of a proper regu-
lation that imposes a banner on risky investments becomes of relevant importance.
Actually, one can think, as it is happening in Chile, to create a Legal System that
allows governments to provide transfers (up to a limit) to individuals who are not
able to cover a minimum pension due, e.g., to poor investments performance.
To conclude, our model is complex enough to provide insights on the issues of

intragenerational redistribution and intergenerational efficiency in a funded system
where redistribution across individuals is possible, the labour supply is endogenous,
and the workers differ in their productivity level, and at the same time, it is simple
enough to be solvable in closed form.
Obviously, several extensions of this model are possible: some examples comprise

dealing with uncertainty, introducing labour supply choices over multiple periods,
including intertemporal non-separabilities in preferences, inserting endogeneity of
health and human capital investments, and dealing with the potential unobservability
of types and the resulting incentive compatibility. Nonetheless, for each of them, a
separate study would be needed in order to show the possibility (or the impossibility)
of obtaining a closed-form solution.
In the authors’ opinion, a closed-form solution may be still obtained for two pos-

sible extensions. The first option is to introduce a third type of worker, unskilled,
characterized by hU< hL< hH, or even by hU= 0 in order to simplify the analysis.
The second is to extend the model to a ‘small’ open economy for which some para-
meters become exogenously determined (Blanchard and Fischer, 1989). Conversely,
a major change in the form of the utility function in equation (1) would likely
imply the impossibility of obtaining a closed-form solution (a numerical approach
could be used to find an approximate solution).
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Appendix

Proof of Proposition 1 [PAYG NDC]. Using equation (15), one obtains

ΩPAYG NDC
t+1 = wPAYG NDC

t+1 LPAYG NDC
t+1

wPAYG NDC
t (1+ ρt+1)LPAYG NDC

t
. (A.1)
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This, combined with equations (7) and (8), provides:

ΩPAYG NDC
t+1

RPAYG NDC
t+1

= (1− α)LPAYG NDC
t+1 kPAYG NDC

t+1

wPAYG NDC
t (1+ ρt+1)αLPAYG NDC

t
. (A.2)

Then, using equations (5) and (14), one obtains:

lPAYG NDC
i,t = (1− τ)wPAYG NDC

t hi +
(1− α)τhikPAYG NDC

t+1

α

(1+ ρt+1)
λLhLlPAYG NDC

L,t+1 + λHhHlPAYG NDC
H,t+1

λLhLlPAYG NDC
L,t + λHhHlPAYG NDC

H,t

.

(A.3)

Hence, when i =L, H, one has, respectively:

lPAYG NDC
L,t = (1− τ)wPAYG NDC

t hL + (1− α)τhLkPAYG NDC
t+1

α

(1+ ρt+1)
λLhLlPAYG NDC

L,t+1 + λHhHlPAYG NDC
H,t+1

λLhLlPAYG NDC
L,t + λHhHlPAYG NDC

H,t

,

(A.4)

lPAYG NDC
H,t = (1− τ)wPAYG NDC

t hH + (1− α)τhHkPAYG NDC
t+1

α

(1+ ρt+1)
λLhLlPAYG NDC

L,t+1 + λHhHlPAYG NDC
H,t+1

λLhLlPAYG NDC
L,t + λHhHlPAYG NDC

H,t

.

(A.5)

Multiplying equations (A.4) and (A.5) by hH and hL, respectively, and taking the
difference, one obtains:

lPAYG NDC
L,t hH − lPAYG NDC

H,t hL = 0, (A.6)
so

lPAYG NDC
H,t = hH

hL
lPAYG NDC
L,t , (A.7)

lPAYG NDC
H,t+1 = hH

hL
lPAYG NDC
L,t+1 . (A.8)

Hence, equation (A.4) simplifies to:

lPAYG NDC
L,t = (1− α)(1− τ)AhL(kPAYG NDC

t )α + (1− α)τhLkPAYG NDC
t+1

α

× (1+ ρt+1)
lPAYG NDC
L,t+1

lPAYG NDC
L,t

.

(A.9)

Multiplying the two sides of equation (A.9) by lPAYG NDC
L,t , one obtains:

(lPAYG NDC
L,t )2 − (1− α)(1− τ)AhL(kPAYG NDC

t )αlPAYG NDC
L,t − (1− α)τhLkPAYG NDC

t+1

α
(1+ ρt+1)lPAYG NDC

L,t+1 = 0.

(A.10)
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This is a second-order algebraic equation with discriminant Δ≥ 0, whose only non-
negative solution is:3

lPAYG NDC
L,t =(1− α)(1− τ)AhL(kPAYG NDC

t )α
2

+

�����������������������������������������������������������
(1− α)2(1− τ)2A2h2L(kPAYG NDC

t )2α

+ (4τ(1− α)(1+ ρt+1)hL/α)kPAYG NDC
t+1 lPAYG NDC

L,t+1

√√√√
2

.

(A.11)

In the following, we also determine another recurrence satisfied by the capital
per efficiency unit. To this aim, first we have to find expressions for the savings
sPAYG NDC
i,t . Using equations (A.2) and (A.7), we can simplify the expression of

ΩPAYG NDC
t+1 /RPAYG NDC

t+1 and determine the expression ofpPAYG NDC
i,t+1 /RPAYG NDC

t+1 as follows.

ΩPAYG NDC
t+1

RPAYG NDC
t+1

= kPAYG NDC
t+1 lPAYG NDC

L,t+1

Aα(kPAYG NDC
t )αlPAYG NDC

L,t

, (A.12)

pPAYG NDC
i,t+1

RPAYG NDC
t+1

= τ(1− α)(1+ ρt+1)hili,t
kPAYG NDC
t+1 lPAYG NDC

L,t+1

αlPAYG NDC
L,t

. (A.13)

Hence, using equations (4), (A.7), and (A.9), one gets the following expressions for
sPAYG NDC
L,t and sPAYG NDC

H,t :

sPAYG NDC
L,t = β(1− τ)2A2(1− α)2(kPAYG NDC

t )2αh2L
2(1+ β)

− β

2(1+ β)
(1− α)2τ2h2L(kPAYG NDC

t+1 )2
α2

(1+ ρt+1)2
lPAYG NDC
L,t+1

lPAYG NDC
L,t

( )2

− τ(1− α)(1+ ρt+1)hLlPAYG NDC
L,t

1+ β

kPAYG NDC
t+1

α

lPAYG NDC
L,t+1

lPAYG NDC
L,t

,

(A.14)

sPAYG NDC
H,t = β(1− τ)2A2(1− α)2(kPAYG NDC

t )2αh2H
2(1+ β)

− β

2(1+ β)
(1− α)2τ2h2H(kPAYG NDC

t+1 )2
α2

(1+ ρt+1)2
lPAYG NDC
L,t+1

lPAYG NDC
L,t

( )2

− τ(1− α)(1+ ρt+1)h2HlPAYG NDC
L,t

hL(1+ β)
kPAYG NDC
t+1

α

lPAYG NDC
L,t+1

lPAYG NDC
L,t

.

(A.15)
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Combining equations (A.14) and (A.15), one gets:

KPAYG NDC
t+1 = Nt

1+ β
β(1− τ)2A2(1− α)2(kPAYG NDC

t )2α λLh
2
L + λHh2H

2

[

− β

2
(1− α)2τ2(kPAYG NDC

t+1 )2
α2

(1+ ρt+1)2
lPAYG NDC
L,t+1

lPAYG NDC
L,t

( )2

(λLh2L + λHh2H )

−τ(1− α)(1+ ρt+1)
kPAYG NDC
t+1

α
lPAYG NDC
L,t+1

λLh2L + λHh2H
hL

]
.

(A.16)

Then, one obtains:

LPAYG NDC
t+1 = Nt (1+ ρt+1)

λLh2L + λHh2H
hL

lPAYG NDC
L,t+1 , (A.17)

kPAYG NDC
t+1 = 1

2(1+ β)(1+ ρt+1)lPAYG NDC
L,t+1

[
A2β(1− α)2(1− τ)2hL(kPAYG NDC

t )2α.

− βτ2(1− α)2(1+ ρt+1)2hL
α2

lPAYG NDC
L,t+1

lPAYG NDC
L,t

( )2

(k PAYG NDC
t+1 )2

− 2τ(1− α)(1+ ρt+1)kPAYG NDC
t+1

α
lPAYG NDC
L,t+1

]
.

(A.18)

In the following, we also show how one can express KPAYG NDC
t+1 as a function of

kPAYG NDC
t . Starting from equation (A.10), one gets:

lPAYG NDC
L,t+1 = lPAYG NDC

L,t (lPAYG NDC
L,t − (1− α)(1− τ)AhL(kPAYG NDC

t )α)
((1− α)τhLkPAYG NDC

t+1 /α)(1+ ρt+1)
, (A.19)

which requires:

lPAYG NDC
L,t ≥ (1− α)(1− τ)AhL(kPAYG NDC

t )α (A.20)

to guarantee the non-negativity of lPAYG NDC
L,t+1 . Then, using also equation (A.18), one
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obtains:

2(1+ β)(1+ ρt+1)kPAYG NDC
t+1

lPAYG NDC
L,t (lPAYG NDC

L,t − (1− α)(1− τ)AhL(kPAYG NDC
t )α)

((1− α)τhLkPAYG NDC
t+1 /α)(1+ ρt+1)

= A2β(1− α)2(1− τ)2hL(kPAYG NDC
t )2α

− βτ2(1− α)2(1+ ρt+1)2hL
α2

×

(lPAYG NDC
L,t )2 (lPAYG NDC

L,t − (1− α)(1− τ)AhL(kPAYG NDC
t )α)2

((1− α)2τ2h2L(kPAYG NDC
t+1 )2/α2)(1+ ρt+1)2
(l PAYG NDC
L,t )2 (kPAYG NDC

t+1 )2

− 2τ(1− α)(1+ ρt+1)k PAYG NDC
t+1

α

× lPAYG NDC
L,t (lPAYG NDC

L,t − (1− α)(1− τ)AhL(kPAYG NDC
t )α)

((1− α)τhLkPAYG NDC
t+1 /α)(1+ ρt+1)

.

(A.21)

Hence,

2α(1+ β)lPAYG NDC
L,t (lPAYG NDC

L,t − (1− α)(1− τ)AhL(kPAYG NDC
t )α)

(1− α)τhL
= A2β(1− α)2(1− τ)2hL(k PAYG NDC

t )2α

− β(lPAYG NDC
L,t − (1− α)(1− τ)AhL(kPAYG NDC

t )α)2
hL

− 2 lPAYG NDC
L,t (lPAYG NDC

L,t − (1− α)(1− τ)AhL(kPAYG NDC
t )α)

hL
.

(A.22)

After some simplifications, (A.22) reduces to:

2α(1+ β) + τ(1− α)(2+ β)
(1− α)τ = β

(1− α)(1− τ)AhL(kPAYG NDC
t )α

lPAYG NDC
L,t − (1− α)(1− τ)AhL(k PAYG NDC

t )α .

(A.23)

Concluding, one can express lPAYG NDC
L,t as a function of k PAYG NDC

t as follows:

lPAYG NDC
L,t = [βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)](1− α)(1− τ)A hL

2α(1+ β) + τ(1− α)(2+ β) (kPAYG NDC
t )α,

(A.24)

which also satisfies equation (A.20). Then, using equation (A.7), one obtains:

lPAYG NDC
H,t = [βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)](1− α)(1− τ)A hH

2α(1+ β) + τ(1− α)(2+ β) (k PAYG NDC
t )α.

(A.25)
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From equation (A.24), one gets:

lPAYG NDC
L,t+1

lPAYG NDC
L,t

= (kPAYG NDC
t+1 )α

(kPAYG NDC
t )α , (A.26)

which, combined with (A.9) and (A.24), provides:

[βτ(1− α) + 2α(1+ β) + τ(1− α)(2+ β)](1− α)(1− τ)A hL
2α(1+ β) + τ(1− α)(2+ β) (kPAYG NDC

t )α

= (1− α)(1− τ)AhL(k PAYG NDC
t )α + (1− α)τhLkPAYG NDC

t+1

α
(1+ ρt+1)

(k PAYG NDC
t+1 )α

(kPAYG NDC
t )α .

(A.27)

Then, after some simplifications, one obtains:

kPAYG NDC
t+1 = Aαβ(1− α)(1− τ)

[2α(1+ β) + τ(1− α)(2+ β)(1+ ρt+1)
[ ]1/1+α

(kPAYG NDC
t )2α/1+α,

(A.28)

which is the desired recursive formula.
When ρt = ρ for all t, the steady-state expression of the capital per efficiency unit is

trivially obtained equating k PAYG NDC
t+1 and k PAYG NDC

t , whereas the steady-state
expressions for the individual labour supply choices, for the pension, and for the cap-
ital per person are obtained using (A.24), (A.7), (14), (15), (7), and (11).
Summarizing the analysis above, for the PAYG NDC case one obtains equations

(25)–(30).

Proof of Proposition 2 [MFF]. For simplicity, we start reporting the steps required for
the case λL= λH = 1/2. Combining equations (5) and (19)–(22), one obtains:

lMFF
i,t = 1− bτ

2

( )
wMFF
t hi, (A.29)

which implies:

lMFF
H,t = hH

hL
lMFF
L,t . (A.30)

Now, using equation (A.29), we notice that:

(1− b)τwMFF
t hLlMFF

L,t +
∑
i=L,H

bτwMFF
t hilMFF

i,t

2

= τ 1− b
2

( )
h2L + b

2
h2H

[ ]
1− bτ

2

( )
(wMFF

t )2,
(A.31)
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and similarly,

(1− b)τwMFF
t hHlMFF

H,t +
∑
i=L,H

bτwMFF
t hilMFF

i,t

2

= τ 1− b
2

( )
h2H + b

2
h2L

[ ]
1− bτ

2

( )
(wMFF

t )2.
(A.32)

These, combined with equations (4) and (5), provide:

sMFF
L,t = 1− (bτ/2)

1+ β

2β + bτ 2+ β
( )
4

− τ(1+ β)
( )

h2L − bτ
2
h2H

[ ]
(wMFF

t )2, (A.33)

and

sMFF
H,t = 1− (bτ/2)

1+ β

2β + bτ(2+ β)
4

− τ(1+ β)
( )

h2H − bτ
2
h2L

[ ]
(wMFF

t )2. (A.34)

Then, using equation (24) and the equations above, one gets:

KMFF
t+1 = Ntβ(1− (bτ/2))(1+ (bτ/2))

4(1+ β) (h2L + h2H) (wMFF
t )2, (A.35)

LMFF
t+1 = Nt+1

2
1− bτ

2

( )
wMFF
t+1 (h2L + h2H) (A.36)

kMFF
t+1 = β(1+ (bτ/2))A(1− α)

2(1+ β)(1+ ρt+1)
[ ]1/1+α

(kMFF
t )2α/1+α, (A.37)

which is the desired recursive formula.
When ρt = ρ for all t, the steady-state expression for the capital per efficiency unit is

trivially obtained equating kMFF
t+1 and kMFF

t , whereas the steady-state expressions for
the individual labour supply choices, for the two components of the pension, and
for the capital per worker are obtained using (A.29), (7), (21), (22), (8), and (11).
Summarizing the analysis above, for the MFF case with λL= λH = 1/2 one obtains

equations (35)–(42) specialized to this case.
In the general case λL≠ λH≠ 1/2, equations (A.29), (A.30), (A.35), (A.36), (A.37)

above are modified as follows:

lMFF
i,t = (1− bτ(1− λi))hi. (A.29′)

lMFF
H,t = (1− bτλL)hH

(1− bτλH)hL l
MFF
L,t . (A.30′)

KMFF
t+1 =Nt[λLh2L + λHh2H − b2τ2(λLh2L + λHh2H)λLλH]

2(1+ β)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH]
λLh2L

+ λHh2H − bτλLλH(h2L + h2H)(wMFF
t+1 )2,

(A.35′)

LMFF
t+1 = Nt+1 [λLh2L + λHh2H − bτλLλH(h2L + h2H )]wMFF

t+1 , (A.36′)

kMFF
t+1 = Aβ[λLh2L + λHh2H − b2τ2(λHh2L + λLh2H)λLλH](1− α)

2(1+ β)(1+ ρt+1)[λLh2L + λHh2H − bτ(h2L + h2H)λLλH ]
[ ]1/1+α

(kMFF
t )2α/1+α.

(A.37′)
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Summarizing, for the MFF case with λL≠ λH≠ 1/2 one obtains equations (35)–(42)
expressed for this general case.

Labour supply (extension of Section 4.1 to ρ ≠ 0)

In this part of the Appendix, we remove the assumption of a non-growing population,
i.e., we allow ρ to be different from zero. For simplicity, we refer only to its effect on
the labour supply choice. Keeping in mind the negative effect on labour supply
induced by the presence of a tax on labour in both PAYG NDC and MFF, we
now conduct a brief analysis on the effect of an increase in the tax rate τ when the
population is either increasing or ageing.
In Figure A1, we present the labour supply distortion suffered by high-skilled work-

ers as a result of an increase in the tax rate τ when ρ is allowed to vary.25 Moreover,
since a variation in the tax rate does not affect the individual’s behaviour in a pure FF
system, we present the PAYG NDC and the MFF cases only.
As one might expect, in a PAYG NDC system, irrespective of the proportion of

high- and low-skilled workers in the economy, when taxes are higher, individuals
are more willing to work less. Provided that, the amount of labour supplied by the
single individual is higher in an ageing economy. As ρ decreases in fact, the capital
per efficiency unit increases and so does the worker’s wage. From higher labour earn-
ings, it follows a higher incentive to work.
When analysing the possible reduction in labour supply coming from an increase in

τ in a context where ρ is different from zero, we have to take into account that the
composition of population matters. From Section 4.1, in fact we notice that the dis-
tortion of labour supply for high-skilled workers is higher when the fraction of low-

Figure A1. Labour supply distortion for high- and low-skilled workers when ρ≠0.
Source: Authors’ calculations.

25 The first part of the Appendix has shown that the behaviour of low-skilled workers is similar to the one
of high-skilled individuals.
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skilled individuals is the largest. Other than that, we can follow the reasoning applied
for the PAYG NDC case. Even in a MFF, as ρ decreases, there exists a higher incen-
tive to work.

Partial derivatives at the non-trivial steady states

In this final part of the Appendix, we report, for each of the three pension systems, the
signs of the partial derivatives (with respect to the most significant parameters) of sev-
eral quantities of interest at the respective non-trivial steady state of the pension sys-
tem. Tables A1–A3 refer, respectively, to the PAYG NDC, FF, and MFF systems. As
an example, to construct Table A3, first we have fixed the parameters α, β, A, hH to
α = 0.29, β= 0.29, A = 8, and hH = 0.9, then we have varied the other parameters b, τ,
ρ, λL, hL in the following ranges: b∈ [0, 0.3], τ∈ [0.22, 0.36], ρ∈ [− 0.2, 0.2], λL ∈ [0,
0.99], and hL∈ [0.1 hH, 0.9hH]. Finally, partial derivatives with respect to these last
five parameters have been evaluated numerically on a uniform grid defined on the
five-dimensional set [0, 0.3] × [0.22, 0.36] × [− 0.2, 0.2] × [0, 0.99] × [0.1hH, 0.9hH],
and containing a total of 65 = 7,776 points. A similar construction (with four-
dimensional sets, being the parameter b missing) has been used to construct Tables
A1 and A2. The three tables report, in each entry, the sign of the partial derivative
of the function associated with its row with respect to the variable associated with

Table A1. Signs of the partial derivatives of several functions at the non-trivial PAYG
NDC steady state

Function

Sign of the partial derivative with respect to the parameter

τ ρ λL hL

kPAYG NDC − 0 0 −
KPAYG NDC

t /Nt − 0 − ±
lPAYG NDC
L − 0 0 +
lPAYG NDC
H − 0 0 −
wPAYG NDC − 0 0 −
RPAYG NDC + 0 0 +
pPAYG NDC
L ± 0 0 +
pPAYG NDC
H ± 0 0 +
pPAYG NDC ± 0 − +
sPAYG NDC
L − 0 0 +
sPAYG NDC
H − 0 0 −
cPAYG NDC
L,young − 0 0 +
cPAYG NDC
L,old − 0 0 +
cPAYG NDC
H,young − 0 0 −
cPAYG NDC
H,old − 0 0 +
UPAYG NDC

L − 0 0 +
UPAYG NDC

H − 0 0 −
UPAYG NDC − 0 − ±

Source: Authors’ calculations.
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Table A2. Signs of the partial derivatives of several functions at the non-trivial FF
steady state

Function

Sign of the partial derivative with respect to the parameter

τ ρ λL hL

kFF 0 − 0 0
KFF

t /Nt 0 − − ≥ 0
lFFL 0 − 0 +
lFFH 0 − 0 0
wFF 0 − 0 0
RFF 0 + 0 0
pFFL + + 0 +
pFFH + + 0 0
pFF + + − ≥ 0
sFFL − ± 0 ±
sFFH − ± 0 0
cFFL,young 0 − 0 +
cFFL,old ± + 0 +
cFFH,young 0 − 0 0
cFFH,old ± + 0 0
UFF

L ± − 0 +
UFF

H ± − 0 0
UFF ± − − ≥ 0

Source: Authors’ calculations.

Table A3. Signs of the partial derivatives of several functions at the non-trivial MFF
steady state

Function

Sign of the partial derivative with respect to the parameter

b τ ρ λL hL

kMFF ≥ 0 ≥ 0 − ± ±
KMFF

t /Nt ≥ 0 ≥ 0 − ± ≥ 0
lMFF
L ± ± − ± +
lMFF
H ≤ 0 ≤ 0 − ≤ 0 ±
wMFF ≥ 0 ≥ 0 − ± ±
RMFF ≤ 0 ≤ 0 + ± ±
pMFF
L ± + + ± +
pMFF
H ≤ 0 + + ± ≥ 0
pMFF ≤ 0 + + ± ≥ 0
sMFF
L ± − ± ± ±
sMFF
H ≥ 0 − ± ± ±
cMFF
L,young + ≥ 0 − ± +
cMFF
L,old ± ± + ± +
cMFF
H,young ± ± − ± ±
cMFF
H,old ± ± + ± ≥ 0
UMFF

L + ± − ± +
UMFF

H ± ± − ± ±
UMFF ≥ 0 ± + ± ≥ 0

Source: Authors’ calculations.
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its column. The symbol reported in each entry is, respectively, +, −, ≥ 0, ≤ 0, or 0 if
that partial derivative is, respectively, positive, negative, non-negative, non-positive,
or zero on the whole uniform grid, otherwise it is ± if the partial derivative changes
sign on that grid. It is worth noting from Table A3 that, for the MFF pension system,
the partial derivative of the utility per worker UMFF with respect to the parameter b
turns out to be non-negative on the whole grid, which is coherent with what reported
at the end of Section 4.3 about the social welfare-improving effect of the proposed
MFF pension system.
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