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1. Introduction

A class of algebras si is said to have the strong amalgamation property if for
any indexed set of algebras {A,: i E J} from si, each having an algebra U €E si as
a subalgebra, there exist an algebra B £ si and monomorphisms < :̂ A{ -» B
(for each i £ / ) such that

(i) <j>, \ U = <t>j \ U for all i,j*EJ,

(ii) <£,(A) n <fo(A) = ^'(f7) for atl ''/ e J with '^ i>
where <fr | 1/ denotes the restriction of <p, to U. Omitting condition (ii) gives us
the definition of the weak amalgamation property.

The development and importance of the (weak) amalgamation property in
various branches of algebra are described in Jonsson (1965). In his paper (1975),
Hall proves that the class of inverse semigroups has the strong amalgamation
property. His result gives us strong hope that there may be other classes of
semigroups which have the strong amalgamation property. The purpose of this
paper is to prove that the class of commutative inverse semigroups has the strong
amalgamation property. In Section 2 we prove it by constructing the free product
amalgamating a common inverse subsemigroup, in the variety of commutative
inverse semigroups. In Section 3 we show a simpler proof using the fact that the
class of semilattices has the strong amalgamation property [Hall (1975), Remark
5].

It is clear that in a class of algebras closed under isomorphisms and the
formation of the union of any ascending chain of algebras, the strong amalgama-
tion property follows by transfinite induction from the case in which | /1 = 2.
Hence we shall consider in this paper only the case | /1 = 2.

Let S = U a£iSa be a semigroup which is a semilattice / of subsemigroups
Sa of S. Hereafter "an element xa of S" means "an element xa of So". Let S be
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an inverse semigroup and X be a subset. We let (X) denote the inverse
subsemigroup of S generated by X. The notations and terminologies are those of
Clifford and Preston (1961,1967) and Preston (1973), unless Otherwise St&t̂ L

2. Strong amalgamation property

Let S and T be commutative inverse semigroups with a commom inverse
subsemigroup U. We can assume without loss of generality that S D T = U. Let
E(S), E(T) and E(U) be the sets of idempotents of S, T and U respectively.
Let S(1), Tm and U0) denote the commutative inverse semigroup S U {1}, T U {1}
and U U {1} obtained by adjoining an identity 1 to each of S, T and U (whether
or not they already have identities). It is clear that (S(1)x Tm)\{(l, 1)} is
isomorphic to the free commutative inverse semigroup product S * T, say, of S
and T. Hereafter we let S*T denote (S(1)x r ( 1 > ) \{( l , 1)}. It follows from
Exercise 6 of [Clifford and Preston (1961), Section 1.9] that S(1)= UaeE(S^>)Sa,
T(I )= U .eE(T<'>)T« and Uw= UaEE(u^Ua where Sa, Ta and Ua are maximal
subgroups, with identity a, of S(1), T0 ) and Um respectively. By the uniqueness
of decomposition, Ua = Sa O Ta for each a £ E(U0)).

Define a relation p on S * T as follows:

(1) For any elements (x, y), (*', y') of S * T, denote (x, y)po(x', y') to mean
t h a t (x, y ) = ( a , b ) ( u , 1) a n d ( x ' , y ' ) = ( a , b)(l, u ) f o r s o m e ( a , b ) e S ( 1 ) x T ( 1 ) a n d
u £ [/. Let p, = p0 U po1 U i and p = pi.

Then of course p is the congruence on S * T generated by {((u, 1), (1, u)) u £ U}
[Clifford and Preston (1961), Section 1.5]. Let (x, y)p denote the p-class
containing (x, y) in S * T.

LEMMA 1. If (x, \)p(x', y'), then there exists a £ E(UW) such that cry'E
Um and x = x'(a-y').

PROOF. Let (x, l)p(x', y'). By the definition (1), there exist
(a1,b1),(a2,bi),--;(anbn) in S * T such that (x, 1) = (au b>), (x',y') = (an,bn)
and (a,, &i)Pi(a"+i. h+0 for /' = 1,2, • • •, n - 1.

We use induction on ». For n = 1, (x, 1) = (*', y') = (at, fci) and we take
er= 1. So we assume that the statement is true for n - 1. By the induction
hypothesis, there exists o- in £(t / ( 1 ) ) such that abn-t £ t / 0 ) and x = a n~'(abn ,).

First we assume (an-,, fcn-i)p0(an, *n); then there exist (c, d ) £ S 0 ) x T(1) and
M £ t/(1) such that (an_,, fcn_,) = (c, d)(«> 1) and (a»» M = (c, d)(l , M). NOW M £ t/T

for some T £ E(Um) and then

T<r/)n = ro-du = (<Tbn^)u £ t / ("

since a-fcn-!, M £ Um. Then because both belong to S(1), we can consider the
product of an and T(rba in S(1), and
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an{r(rbn)= c(abn ,)u = an i(crftn_,) = x.

Similarly we may prove the statement in the case (an-u bn-,)po' U i(an, bn). We
obtain the lemma.

We define mappings <£,: S^>(S * T)/p and <f>2: T-^(S* T)/p as follows:

0 , (x)=(x , l)p for all x E S ,

<fc(y) = ( l ,y)p for all y e T.

LEMMA 2. (i) <f>t and <f>2 are monomorphisms such that the following
conditions are satisfied:

<t»(s)n <t>2(T) = M
(ii) (S * T)/p is the free product S * VT, say, of S and T amalgamating U in

the variety of commutative inverse semigroups.

PROOF. It is clear that </>i is a homomorphism.
Let </>i(x) = <t>\(x') where x and x' are elements of S. Then x E Sa, x' £ Sfi

for some a, /3 £ E(S), and (x, l)p(x', 1). By Lemma 1, there exist <r and T in
E([ / 0 ) )such that x = x'o- and x' = XT. Then a = /3 g err and x = x'. Hence </>, is
a monomorphism. Similarly 4>2 is a monomorphism.

Since («, 1 ) P ( 1 , M ) for any M in U, it is immediate that 4>i\U = <f>2\ U.
Let </>i(x)= <#>2(y) where x and y are elements of S and T respectively.

Then (x, l )p(l , y). By Lemma 1 and its dual, there exist a, r in £([/ ( 1 )) such that
x = 1 • (cry) G Um and y = 1 • (TX) £ Uw. Let x £ Sa, y £ T3 where a £ £ (S )
and /3 £ E{T). Since t/, = {1}, a, p £ £(C7), a = 0 =S (TT and x = y £ U. Hence

C <£,(£/). H is trivial that <£,(S)n <t>i(T)D 4>,(t/). Thus
=</>,([/), and (i) follows.

Part (ii) is of course obvious.
Now we have the following theorem, as an immediate consequence of

Lemma 2(i).

THEOREM 1. The class of commutative inverse semigroups has the strong
amalgamation property.

Since the direct product of two semilattices and its homomorphic images are
semilattices, we have the following corollary, due to [Hall (1975), Remark 5].

COROLLARY 1. The class of semilattices has the strong amalgamation
property.

The following corollaries are easy to prove directly or by using [Jonsson
(1965), Theorems 3.4, 3.5].
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COROLLARY 2. Let Sit Tt and A be commutative inverse semigroups such
that Si is a subsemigroup of T: and <j>{ is a monomorphism of S, into A, where i
ranges over an index set I. Then there exists a commutative inverse semigroup B
such that A is a subsemigroup of B and each <£, extends ot a monomorphism of T(

into B.

COROLLARY 3. For any commutative inverse semigroup S, there exists a
commutative inverse semigroup T such that S is a subsemigroup of T and any
isomorphism between inverse subsemigroups ofS extends to an automorphism of T.

3. Another proof

In this section, we assume [Hall (1975), Remark 5], that is, the class of
semilattices has the strong amalgamation property. Let S and T be commutative
inverse semigroups with a common inverse subsemigroup U. As we said in
Section 2, we assume without loss of generality that S C\ T = U. By the
assumption above there exists a semilattice L such that E(S) and E(T) are
embedded in L and £(S) f l E{T) = E(U) in L. Then L(1) contains E(SW) and
E(TW) and E(S0)) D E(T0)) = E(Um) in L°\ We define a relation 0, depending
on L, on S * T ( = (S(1)x T(1))\{(1,1)}) as follows:

(2) (xa, yp)0(x'y, y«) if and only if a/3 = y5 (in L(I)) and there exists ua G L/(1)

such that o- i= a/3 (in L(1)) and («„, «„•)(*«, yP) = (<r, a)(x;, y i) (in S(1) x T(1)).

It is routine to show that 0 is a congruence on S * T. Thus (S*T)/9 is a
commutative inverse semigroup. Let (x,y)0 be the 0-class containing (x,y).

We define mappings <£,: S -»• (S * T)/0 and <£>2: T ^ (S * T)/0 as follows:

<^,(JC) = (X, 1)0 where x G S,

<fr2(y) = ( l ,y)0 where y G T.

LEMMA 3. (i) </>i and <£2 fl^ monomorphisms such that the following
donditions are satisfied:

(ii) / / L is the free product E(S)*E(U)E(T), say, of E(S) and E(T)
amalgamating E(U) in the variety of semilattices, then E((S * T)/0)= L and
(S * T)/0 is the free product of S and T amalgamating U in the variety of
commutative inverse semigroups.

PROOF. It is easy to see that </>, is a homomorphism. We assume that
<t>i(xa) = <t>2(x'f,) where xa and xj are elements of S. Then (xa, l)0(xp, 1). By the
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definition (2), a = /3 and there exists ua E Uw such that a^ a (in L(l)) and
{um uJXx^ 1) = (o-, <r)(x'a, 1) (in S(1) x T(1)). Then «„ = a and xa = xi. Hence </>,
is a monomorphism. Similarly <£2 is a monomorphism.

Let ua be an element of 17. Since (u ;',«„)(«„, 1) = (a, a )(1, «„),

= (Ua, 1)0 = (1, U«)0 = <t>2(ua).

Thus 4>, | U = <p21 I/.
Let <£,(*„)= Wy^) where i . £ S and y3 E T. Then (xa, 1)0(1, yp). By the

definition (2), a = /3 and there exists ua £ l/(1) such that cr^ a (in L(1)) and
(Ur,u-l)(xa,l) = (o;cr)(l,ya) (in S(1)xT0)). Then cr = a and xa = ya =
w; 'e l / ( 1 )nS = [/. Hence <f>,(S)n <£2(T)C <*>,([/). It is trivial that
4>,(S) n 02(T) D <^i(t/). Thus 4>,(S) n </>2(T) = «/»,((/), and we have proved (i).

Let ii: £(S)—»L and «,1:H(T)—»L be inclusion mappings. Since L =
E(S)*EiU)E(T), there exists the unique homomorphism g: L-* E((S *T)/6)
such that &; = </>, for i = 1,2. Note that E((S * T)/8) = {(a,/3)0:(a,/3)G
£(S*T)} from [Clifford and Preston (1967), Lemma 7.34]. Let
T) : E((S * T)/0)-» L be a mapping defined by

tj((a, p)0) = a/3, for all (a, 0) e (£(S(1)) x £(T(1)))\{(1,1)}.

It is routine to show that 17 is well-defined and is a homomorphism and that £17 is
the identity mapping on £((S * T)/6). Since TJ£ maps £ ( S ) and £ ( T ) identically
and L = <£(S) U £(T)) , TJ£ is the identity mapping on L. Thus £ is an
isomorphism and L = £ ( (S * T)/0).

Let W be any commutative inverse semigroup and let ijj,:S—*W and
i/>2: T-» W be homomorphisms such that ipx\U = ip2\U. Let i/r{": S < ! ) ^ W(1) and
^<D. j(i>_* ^<D 5 e extensions of i/r, and i/r2 respectively. Let /A : (S * T)/d^> W
be a mapping defined by /J.((X, y)0) = ^{I)(x)«/'2

1)(y). In order to prove the latter
part of (ii), it is sufficient to show that fi is well-defined. Let (xa, yp)0(xT, y6)
where (xa, ys) and (JCT, y6) are elements of S * T. By the definition (2), a/3 = -yS
(in La )) and there exists ua £ [/(1) such that d-g a/3 (in Lo>) and
(uOT M ; 1 ) ^ , yP) = (^, o-)(xT, y») (in S a ) x Tw). If o- = 1, then (xa, yp) = (xw ys) and
jLi((xQ, y p )0)= jn((x,,, yg)0). Let us assume o-^ 1. Since ^: L - * £ ( ( S * T)/0) is a
homomorhpism, (a, o-)0 s (a, /3)0 = (y, 5)0. Then

Thus /x is well-defined and we obtain the lemma.
From Lemma 3(i), Theorem 1 follows immediately, so the proof of Lemma

3(i) is our second, simpler proof that the class of commutative inverse semig-
roups has the strong amalgamation property.
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REMARK. If L is not the free product of E(S) and E(T) amalgamating
E(U) in the variety of semilattices, then E((S * T)/0) is not necessarily
isomorphic to L.
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