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The Functional Equation of Zeta
Distributions Associated With
Non-Euclidean Jordan Algebras

Salem Ben Said

Abstract. This paper is devoted to the study of certain zeta distributions associated with simple non-
Euclidean Jordan algebras. An explicit form of the corresponding functional equation and Bernstein-
type identities is obtained.

1 Introduction

In 1859 B. Riemann published his only paper on number theory which introduces
the use of complex analysis into the subject. Riemann’s main goal was to outline the
eventual proof of the prime number theorem by counting the primes using complex
integration. In doing this, he introduced what is nowadays called the Riemann zeta
function {(s) = Zsil n~*, for Re(s) > —1. Riemann proved that his {-function ex-
tends meromorphically to the entire complex plane and satisfies the functional equa-
tion

w—f/zr(g) C(s) = w“—”/zr(¥) C(1—s).

This is the symmetric form of the functional equation, which represents one of the
fundamental results of zeta function theory.

Since then, there have been many generalizations of {(s), which are also known
as zeta functions. These functions arise naturally in many branches of analytic and
algebraic number theory, and their study has many important applications. Many
of these functions admit an analogue of the functional equation for {(s), and bear
other similarities to ((s). Probably the most important generalization of ((s) is due
to Hecke, where the functional equation of the twisted zeta function of algebraic
number fields was proved. In his celebrated 1950 Ph.D. thesis [20], Tate lifted the
zeta function to a zeta integral defined on an adelic space and reinterpreted Hecke’s
results in terms of Fourier analysis on the adelic object and its quotients, and the right
mixture of their multiplicative and additive structures. Tate’s method is powerful
enough to uniformly reprove the analytic continuation and functional equations of
Hecke’s L-functions.

In the Archimedean case, the general theory of zeta integrals really begins around
1970 when Bernstein and Gel’fand jointly [5], and Atiyah independently [1], proved
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4 S. Ben Said

the fundamental theorem of complex powers. This theorem states that the zeta in-
tegrals have a meromorphic continuation to the whole complex plane with poles in
a finite number of arithmetic progressions of negative rational numbers. Bernstein
later proved the theorem again using his theory of Bernstein polynomials [4].

In 1972, Godment and Jacquet [11] generalized Tate’s results obtaining functional
equation for zeta integrals on the space of square matrices M(#n, IF), where F = R, C,
or H. We mention that the study of zeta integrals and their functional equations in
the setting of prehomogeneous vector spaces has a long and rich history [19, 17, 18,
16, 6, 8]. (Of course, this list of references is not complete.)

The purpose of this paper is to give an explicit expression for the Fourier trans-
form of a new class of zeta integrals associated to a certain class of Lie groups defined
by Jordan algebras. We consider Lie groups which are related to conformal groups of
a non-Euclidean Jordan algebra. See the tables below for a precise list of the groups
under consideration. Bernstein-type identities are also obtained. Our results gen-
eralize the functional equation and the Bernstein polynomials obtained in [3]. The
Euclidean case was treated earlier in [16].

To be more precise, let V be a non-Euclidean Jordan algebra of dimension m and
rank 7, and let L be the structure group of V. According to the tables below, there
exists one and only one open and dense L-orbit O in V (cf. [9]).

Let v be a Cartan involution of V, and set V = v(V). For s = (s, 52, ...,5,) € C",
let V (resp. V) be a type of generalized power function defined on V (resp. V).
For instance, when V is the Jordan algebra of complex symmetric matrices, we have
Vs = V[ |Vo 27" - |V, [~ where Vj is the determinant of a block matrix of
size (n — j+1) x (n— j+1). Let 8(V) be the space of Schwartz functions on V. For
h € 8(V)and f € 8§(V), define the following zeta integrals

Z(h,s) = /o V.OOMX)dX, Z(f,s) = /6 V.(Y)F(Y) Y.

Here O is the open and dense L-orbit in V. The 8’-distributions defined by analytic
continuation of these two integrals are called zeta distributions. The main result of
the paper is to give, in a uniform way, an explicit expression of the functional equa-
tion involving Z and Z for non-Euclidean Jordan algebras. The existence of such a
functional equation can be found in [7]. In order to do so, it is enough to find the
functional equation for a special subclass of functions in S(V). Using a decomposi-
tion theorem proved in [13], we prove that

( sit(etl)+d(n—j)

= -4 __—|s - ) * m
(1 Z(f,8) =7 'm llﬂmz(fﬂf)?—s —;)7

where —s* — 2 = (—sn— B sy =2 s — %), |s| = s +---+s,,and
F(f) is the Fourier transform of f. Here d and e are certain integers which depend
on V. In [6], the authors prove (1) where V is the complexification of a Euclidean
Jordan algebra. Further, in the particular case wheres; = s, = --- = s,,, equation (1)

coincides with the functional equation proved in [3].
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Using (1), we prove certain Bernstein-type identities for Vi, in the sense that

n

Vi@0x)’Vo(X) = [ [ (snmrr +d(5 = 1) (s4—ns1 + (e = 1) +d(k — 1)) Vo (X)

k=l

where s = (s; — 2, ..., Su_rs1 — 2, Su—t42, .- ., 5y) for 1 < £ < n.

2 Preliminary Results

Let V be a simple Jordan algebra. The structure group L of V is the group of linear
transformations g of V for which the polynomial det(X), the determinant of X € V,
is semi-invariant, i.e.,

det(gX) = x(g) det(X),

where  is the R*-valued character of L. Denote by N the group of transformations
nx:v—v+X, forveV,

and let P := L x N. Let j be the rational transformation of V defined by j(X) =
—X~1, the inverse in Jordan algebra sense. The conformal group G, or Kantor—
Koecher-Tits group of V, is the group of rational transformations of V generated
by P and j. It is a Lie group and P is a maximal parabolic subgroup of G, where N is
abelian and isomorphic to V. Hence, the Lie algebra 1 := Lie(IN) has a natural struc-
ture of a Jordan algebra. Next we shall make precise the list of the groups G under
consideration.

For X, Y € V, let L(X)Y := XY, and define 7(X,Y) := tr(L(XY)). Set v to be
a Cartan involution of V, i.e., v is an involutive automorphism of V such that the
bilinear form 7(v(X), Y) is positive definite. The involution

0(g):=vojogojov, g€G

is a Cartan involution for G. By abuse of notation, we also use 6 to indicate its differ-
ential.

Let g = Lie(G) and [ = Lie(L), and let g = ¥ & p be its Cartan decomposition
with respect to 6. The Lie algebra g is called the Kantor—Koecher—Tits algebra of the
Jordan algebra V. Fix a maximal toral subalgebra t in the orthogonal complement of
tNTinf. The rank of V is n := dimg(t). The roots of t¢, the complexification of t, in
g¢ form a root system of type C,,, and we fix a basis {71,72, . - ., Va} of t* such that

A(gc, te) = {0y £77)/2, £}
For the subsystem A(fc, t¢), there are three possibilities
Ap1 ={E(vi —7))/2}, D,={£(yi£~;)/2}, and C,.

The A, case arises when V is a Euclidean Jordan algebra.
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Now we turn our attention to g¢. For the Lie algebra sl,(C), we define

o1 oo v o
*“lo o Y71 o0 "Tlo —1|”

1[i 1 1[—i 1 o 1
XE[I —z}’ Yi[l 1}’ HZ{—l 0}'

The Cayley transform is the automorphism of sl,(C) given by

I |1 4

cX)=x, cY)=y, c(H)=h

It satisfies

For 1 < j < n,let ¥; be the holomorphic homomorphisms
\I/j: SIZ((C) — 4,
such that ¥;(X) spans the root space p,;, and write
Xj :\I/j(X), Xj :\I/j(x), hj :\I/(h),

The Cayley transform of gc is the product
. im
c= l_Ilexp{ad Z(xj +yi)}
-

Thus we obtain an R-split toral subalgebra a defined by
a=c(it) =Rh; & --- & Rh,.

The roots of a in g are

1
A(g,a) = {£e; t€j; £2¢;} where € = 57i° L

S. Ben Said

Let 2d be the multiplicity of the short roots, and let (e + 1) be the multiplicity of
the long roots. If m := dim(V), then m = n((e+ 1) + d(n — 1)). The integers d and e

are listed in the tables below.

Recall that for X, Y € V, L(X)Y = XY. If x is a primitive idempotent element,
then the possible eigenvalues of £(x) are 1,1/2, and 0, and the Peirce decomposition

of V associated to x is given by V = V(x,1) & V(x, 1) & V(x, 0), where

Vix, \) =

{veV|Lkx)v =M} Forl =1,...n, write V"=V := V(x;, + - - - + x,, 1). Each
V=61 ig a Jordan algebra of rank n — £ + 1, and V) ¢ V) C ... ¢ VW =V,

Also, one can define the subalgebras \Vl(z) :=V(x; +---+x4,1) of rank /.
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Let G be the set of conformal transformations defined at 0. Then G is an open
dense set in G and
{g€G|g0)=0} =P,
where P := L x N and N = (N). Moreover, G = NLN, and the map 9: N x
L x N — G is a diffeomorphism. The latter decomposition is called the Gelfand—
Naimark decomposition. One can prove thatif g € G and X € V, then gnx € NLN,
and its Gelfand—Naimark decomposition is given by

gny = ng.xDg(X)7’,

where Dg(X) € L is the differential of the map X — g - X, and 7’ € N (¢f [14,
Proposition 1.2.2]).

Set V := v(V). Observe that the Lie algebra 1 (resp., 1) of N (resp., N) can be
identified with V (resp., V).

Define A¢ := Y, €, and let V"= (resp,, \V(n_m)) be a Jordan algebra in V

(resp., V) of rank n — £ + 1. On open and dense subsets of VO~ and V"~

reSpeCtively, we may deﬁne the funCtiOIlS
A log(Dj X7l
\ 7[( )() : e 4 g( ]( ))’

for X € Vand 1 < ¢ < n, and the functions

Vi(v(X))

ViX) = Viv(X),  VilX) = — = s

for X € Vand 2 < ¢ < n. We mention that our definition of V, and V, is different
from the one in [_6]. (See also Remark 3.7 below.) Using [10, Section I1.3], one can
see that Vy and V, are given in terms of the principal minors associated to V and

V, respectively. See Tables 1-3 for more information. Moreover, V? and’ v; are two
homogeneous polynomials of degree 2(n — ¢ + 1). Thus, both V, and V, extend to

well defined functions on V=D and V"~ respectively.

For a given simple non-Euclidean Jordan algebra, the Kantor—Koecher-Tits group
and algebra are not quite unique. Groups with different centers or fundamental
groups may arise. Below we give the precise list of the Lie groups G under considera-
tion. We shall also use the following notations: for 1 < ¢ < n, we denote by det, the
determinant of the block matrix

Are 0 Uy
Ane - An.n
For X = (Xi,...,X,) € C", we shall write [|X||; = |Xi> — [X2]*> — -+ — |Xu|%

and ||X||; = |Xi| + |Xu|. Further, we will view the quaternionic matrices as complex
matrices of the form

A B

-B A|’
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V G L Ve d e
Sym, (C) Sp,(C) GL,(C) | dety | 1 1
M, (C) SL,,(C) S(GL,(C)*) | det| 2 1
Skew,,, (C) 504,(C) GL,,(C) | Pfaffian, | 4 1
Herms;(0)c  Erc Esc x C* |deg.(4 — £)C — poly.| 8 1
c" SOu1(C)  Ou—y X RT |-l n—2 1

Table 1: Non-Euclidean Jordan algebras of type I: the complex cases

Vv G L \Y d e
Sym,,(C) N M,(H) ~ Sp,,, GL, (H) |dets(A+iB)| 2 2
M, (H) SLo,(H) GL,(H)>  |det((A+iB)| 4 3
R SO Ou_1 xR* |||}/ 0 n—1

Table 2: Non-Euclidean Jordan algebras of type I: the non-complex cases

V G L \Y. d e
M, (R) GLn(R) GLyn(R)? | et/ | 1 0
Skew,,(R) Oznon GL,(R) Pfaffian, 2 0
Herm;(Q;)  E7(7) E¢(6) x R* |deg.(4 — £)R-poly.| 4 0
R X R Opyg, p,g >3 SOp_i1g—1 xR ||+ ||e (p+q—4)/2 0

Table 3: Non-Euclidean Jordan algebras of type II

3 The Functional Equation

Next, we turn our attention to the functional equation. For that we need to introduce
some notation for the Fourier transform. Recall that 7(X,Y) = tr(L(XY)), and v
is an involution of V such that 7(v(X),Y) is positive definite. We consider the inner
product on V defined by

(2) (X,Y) = %T(X,Y).
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The Functional Equation of Zeta Distributions 9

The corresponding norms are
1X]]* == (v(X),X) forX eV, and [Y|?*:=(v(Y),Y) forY eV.

These norms determine the Lebesgue measure dX on V and dY on V, in a standard
way.
Recall that g denotes the Lie algebra of the conformal group G. Set

(- Dg=7-B(-, )

to be the non-degenerate pairing between 1 22 V and 1 22 V. Here B is the Killing
form of g.

Lemma3.1 Let\V'"Y CV be a smaller Jordan algebra of rank £ < n. If g, denotes the
Lie algebra of the conformal group Gy associated to V''*), then the restriction of (-, - )4
10 gy X O coincides with (-, - ))g,-

Proof Since gy is simpleand (( -, - ))4 is g/-invariant, there exists a nonzero constant
csuchthat (-, - ))g = c((-, - g, 0n §¢ X g¢. To see that c = 1, compute

(Hy, H))y = tr(ad(H,)?) = ﬁS(d(ﬂ D 4(e+ 1) =2,

and, if m; = dim(V®), then

(Hy, H )y, = tr(ad(H)}, ) = 4%68(51(5 “ 1)t (e+1) =2 n

The significance of the above lemma is that when we pass from V to a smaller
Jordan algebra V) in the induction argument below, the pairing (2) is unchanged.

Set Og’) to be the open L-orbit of the element Z;’zl &jx; in a simple Jordan algebra
V, where §; = £1. If V is a Euclidean Jordan algebra, then §; = 1 for 1 < j < p and
§; = —1for p+1 < j < nand thereare n + 1 open L-orbits. If V is a Jordan algebra
of type I or of type II, and for the choices of G we work with, we have {; = 1 for all
1 < j < n(cf [9]). Denote by OY’) the orbit of the element Z?:l xj, which is open
and dense in V, and is a semisimple symmetric space.

Fors = (s1,$2,...,5,) € C", define

Vi(X) i= Vi(X)" Vo (X)? 77 -+ V(X)) 71, forX €V,

and o o - o
V(Y) =V (Y)'V, (V)25 ...V, (Y)"9-1 forY e V.

Denote by 8(V) and §(V) the spaces of Schwartz functions on V and V, respec-
tively. For f € 8(V) and h € 8§(V), define

Z(f,s) == /_Uf(Yﬁs(Y)dY, Z(h,s) ;:/ h(X)V(X) dX.
o/ o

(n)
3
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For the case when V is a Euclidean Jordan algebra, a functional equation involving
Z(-,s)and Z( - ,s) was proved in [16, Theorem 1]. Thus, we shall restrict our atten-
tion to the cases where V is of type I and type II.

In the set s € C" for which V and V; are absolutely convergent on V and V,
respectively, the integrals Z( f, s) and Z(h, s) are complex meromorphic functions of
s € (C". Next, we will show that there is a meromorphic continuation to all of C",
and a functional equation relating the two integrals, via the Fourier transform, holds.
A general reason for the existence of the functional equation and the meromorphic
continuation can be found in [7]. Since Og") is dense in V, we may rewrite Z(f,s)
and Z(h, s) as integrals over V and V, respectively.

For p,q € {0, £1}, let

a(p,g;0) = {X € g |ad(hy + - +h)X = gx,ad(hZH +ooet )X = gx}.

By [13], we have V = \Vl(g) @ g(l,—1;¢) ® \Vﬁ”‘i). Fix ¢. For the smaller Jordan

algebras \Vlw) and V{"~%, we will denote the analogs of V; by V| ; and V, ;. Similarly,

. = = (e =t
we write Vy ; and V. ; for \Vl( "and \VE” g

Ifh € LY(V,dX) and f € LY(V,dY), then by [13] we have

3) / h(X)dX = / / / h(exp(u)(X + X)) Vi, (X)2" =0 axdX’ du,
A% g(1,—150) SV Sy
and

(4) f)dy = / / / F(expM)(Y +Y")) Yoy (Y dyay’dy,
v a(1,—1,0) JV"0 SO :

(see [3] for the proof). Here we give the subspaces g(1, —1;£),\\/{‘”,\\/§"*”>,\fo’, and

ot . -
\Vin  the Lebesgue measures determined by the restriction of (-, -) to each sub-

space, and we normalize them in the same way as the measure dX on'V and dY on V.
Remark 3.2 (i) Foru € g(1,—1;¢)
ad(): VI — g(1,1;0), ad(w): g(1,150) — VO ad(uw): V"9 — 0.

Hence Ad(exp(u)) = I + ad(u) + 1 ad(u)? on \Vl(é), and ad(u)?: \Vl(é) — V=0,
(ii) For u € g(1,—1;¢) and X in a compact set in \VI(Z), such that V;(X) # 0,
there exist two constants C and C’ such that C||u|| < || ad(u)(X)|| < C'||u]|.

For f € 8(V) and h € 8(V), define the Fourier transforms by
F(HX) = /_ F)e N ay, F(h)(Y) = / h(X)e 20D g,
v v

We normalize the Lebesgue measures on V and V by

FH(HX) = f(=X) and F*(h)(Y) = h(-Y).
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(=0

Further, we define Tf €G> (\Vl(é) xV, and Ty € @00(\\/1“) x V=0 by

Tf(Y7 Y = / flexp(u)(Y +Y")) du,
o(1,—1;¢)

T(X, X)) = / h(exp(v)(X + X)) dv.
a(1,—1;0)

The functions T and Tj, are not defined everywhere. For example the integral defin-
ing Ty(0, 0) is not convergent when h(0,0) # 0. However, among other things, we
can show that Ty and Tj, are defined almost everywhere for the Schwartz functions f
and h.

Henceforth we fix ¢ = 1. For \Vl(l), set

O = {X e VIV | V}1(X) # 0}.
The orbit 01(1) is open and dense in \\/1(1).

Lemma 3.3 Leth e 8(V)and f € §(V).

(i)  For fixed X' € V"=V (resp.,, Y € \\71(1)), the integral defining Ty, (X, X’) (resp.,
Tf(Y, Y")) is finite when V11(X) # 0 (resp., Vr,l(Y’) #0), i.e., Ty and Tf are
defined almost everywhere.

(ii)  For a compact X in Ol(l) and an integer N, there exists a constant C such that

T(X, Xy <Cc+|X'|)7N, forXeX.

Further, for X € oW, Th(X, -) € §(VI=D),

Proof (i) Recall that Ad(exp(u)) = I+ad(u)+% ad(u)? on \Vl(l). Since his a Schwartz
function in each variable, then for an integer N, there exists a constant C such that

’h(exp(u)(X+X/)) ’ = ‘h(X—i— ad(w)X + X' + %ad(u)z(X)) ’
<C(1+] ad(u)XH)_N
<C'(1+ [lup~r.

Now if N is big enough, then (1 + ||u||)™ is an L'-function on g(1,—1;1). The
corresponding statement for T s follows in a similar way.

(ii) Again, since h is a Schwartz function in each variable, then for M,N € N,
there exists a constant C such that

|h(exp(uw)(X + X)) | <C(1+][IX"+ % ad((X)[) " (1+ [[ad(wx]) .

Using Remark 3.2 and the fact that

1+ || X7]]
1+ ||X’ + %ad(u)2(X)H

)

<1+ %ad(u)z(X)
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we can see that for X € K, T;(X, X") < C’'(1+]|X’|))~N. Thelast claim in (ii) follows
by using the same method applied to the derivatives of h with respect to the variable
in V=D, |

Let O := { X € V| Proj(X) € 01(1)} where Proj: V — \Vl(l) is the orthogonal pro-
jection. For an arbitrary domain =, we denote by D(Z) the set of smooth functions
having compact support in =.

Lemma3.4 Ifh € D(0), then T, € D(O x VD).

Proof The change of coordinates (X, u, X’) — exp(u)(X + X’) is a smooth one-
to-one map \\/1(1) x g(1,—1;1) x \Vﬁ”_l) — V, and is a diffeomorphism from Ol(l) X
g(1,—1;1) x V"= onto O, with Jacobian V;(X)?*¥"~1) as proved in [3, Lemma
3.14]. Then h(exp(u)(X + X')) = h(X + ad(u)X + X’ + %ad(u)zX) is smooth and

has a compact support contained in 01(1) x §(1,—1;1) x V"=, Hence, the lemma
holds. -

Let Vi := {X € V | V{(X)--- V,(X) # 0} € O (recall that O!" is the open
dense L-orbit in V). For the zeta distributions Z and Z, we shall use the subscript ¢
to indicate the rank. Further, observe that the integers d and e for a Jordan algebra
V® c Vofrank ¢ < n are the same as for V, unless £ = 1 where d = 0 for VU,

Proposition 3.5 Leth € D(ON V. Ifs = (s1;8) where§ := (sp, ... ,5syn), then
(1) Zu—1(Tw(X, -),8) is a smooth function with compact support in the X-variable.

(ii) Asmeromorphic functions of s
Z(h,s) = Z\ (Vi1 (- )24z (Th,8), 1)
Proof (i) Notice that if exp(u)(X + X’) € O N'V%, then

vr,S(X/) = Vr.l()(/)Szvr,Z()C/)sg_sz e vr,nfl(AX/)Sn_S”i1 7é 0.

Thus
Zy((Th(X, -),8) :/ Th(X, X" )V, 5(X") dX’
=1 '

forall X € \Vl(l) and § € "L, By differentiating inside the integral, we can see that
Zy—1(Th(X, -),8) is smooth and, by the previous lemma, has compact support.
(ii) Start with s such that V is absolutely convergent. Using the fact that

VilX+X") =V (X)V(X)
ViX+X') =V (X), 2<€<n,
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forX e \Vl(l) and X' € \Vﬁ”_l), and the integral formula (3), we obtain

Z(h,s) = | h(X)V(X)dX
v

- / / Ty(X, X" ) V(X + XYV 1 (X)* =D ax’dx
\Vl(l) \Vl('n_l)

= / / T(X, X"V, s(X") V11 ()" Vi (X)* D dX'dX
\VI(U \\’5"71) :

- / Zu 1 (Tu(X, ),8) 0, (OO (X% dX
v
=Z1 (Vi (- 4= 7 (Th,8),51).
Now, by meromorphic continuation, the statement holds for general s. |

Notice that if 11, denotes the dimension of a smaller Jordan algebra of rank ¢ < #,
then % = 7t + d(n — {). The dimension of a Jordan algebra of rank 1 is (e + 1).

Theorem 3.6 Lets € C"and f € 8(V). As meromorphic functions

" ( J <e+1>2+d<n—j>)
Z(f,s)=m im —~Z(F(f),t(s))
s ™ :]I;[ F( _5j—(;l(71—]))

where

m m m
ZL(s): TSy T Ty TSn—1 T e TSI
n n n

and |s| = s; + - - - +s,. Here " denotes the Euler gamma function.

Proof We shall proceed by induction on the rank # of V. For n = 1, the Jordan
algebra V.=V = R™. Let s € C be such that —m < Re(s) < 0. For s in this range,
both |x|* and |x|~*~"™ are locally £'-functions on R™. Since f and e~™!"I" fort > 0
are absolutely convergent, then

lx?

et Te " dx= / F(f)(y)e ™V dy.
Rm Rm

Multiplying both sides by = ~! and integrating over ¢ > 0, we get

(5) / /t%—lf(x)e—”‘%dxdt:/ /t%—lﬁ(f)(y)e—“‘ylzdydt.
0 Rm 0 Rm
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To evaluate the right-hand side of (5), we switch the order of integration, and us-
ing the substitution v = mt|y|* instead of ¢, we obtain the right-hand side of the

functional equation. For the left-hand side of (5), we again use the Fubini—Tonelli

2
theorem to switch the order of integration and use the change of variable u = mll

instead of . Then we obtain the left-hand side of the functional equation.

Next, we assume that the statement holds for every non-Euclidean Jordan algebra
of rank less than n.

By [7], there exists a constant c(¢(s)) such that Z(F(f),t(s)) = c(t(s))Z(f,s),
for f € S(V). To explicitly compute the constant c(¢(s)), it is enough to consider a
subclass of functions f in S(V). Assume that Re(s;) < Re(s;) < -+ - < Re(s,) < 0,

. (1 —(n—1
so the integrals stated below converge. For Y € \\/1( "andY' € \Vin ), we have

VY +Y) =V (V)V(Y'), for1<{<n-—1,
V(Y +Y') = Vi,(Y).

Using the integral formula (4), Lemma 3.3, and Lemma 3.4, we obtain

ZIF (), 1(9)) = | FHEOVie)(X) dX
v

[ [ aepmecx)
VSV Ja1,-151)
Vs (X + X/)er(X/)Zd dudX'dX

= /_ /_ T (X, X )V, 1 (X)) (X) 770
\vl(l) \vl(’nfl)
vr,l(X/)75"7%+dvr’2(X/)snisn_l .. -vm(X/)%*Sz dX/dX

= /_ . /_ o Trn X XDV (XN () 7177 Ve (X) dXdX
v IV

where

1) = (—sn -

My—1 My—1 mn71>
> " Si—1— 7 .
n—1

Using Proposition 3.5 and the following fact (¢f. [13])

T XNV (X)) = Fy (Vi () VF, (1)) (X, X)),

where F) (resp., F,,_1) is the Fourier transform on \\_/fl) (resp., \Vin_l)), we conclude
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that
Z(F (). (s)) = / (Vi (g, (1))
v SV
X (X, X )V11(X) ™5 Vi (X) dX'dX

- /— F1 (Vi () VZ oy (Far (T7),£6)) Via(X) 7~ dX
\\l

Z(F1 (Vi () VZ, ((F 1 (Tp), 1)), —s1 —d(n— 1) — (e + 1))

—s (n—1)

7r_(e+1)(2n71)_ din=1)n— z)ﬂ__‘t(g)‘ﬂ_ Cail st 1)+ (es) F(lf)
si+d(n—1)+(e+1)
O

il —s—dini—1—j)
D=5 a1 .
X HF(5j+1+d(n—1—j)+(e+1) Zi(Via ()" VZ, i(Ty,8), 51+ d(n — 1)
L1 p (gt 1= )HerD

2 )
. —51 d(n— ]))
sl H mzl (Zu1(Ty,8), 51 + 2d(n — 1))

—s, d(n J))

77 —|t(s)
| | H s]+d n— ])+ e+1)) Z(f S)

Now the theorem follows by meromorphic continuation. Notice that #(¢(s)) = s.
|

Remark 3.7 In [6], the authors consider the case of complex Jordan algebras where
they also prove the functional equation. Our definitions of V, and V, on V and V,
correspond to their definitions of |A|'/2 and |V}|'/? on V and V, respectively. The
fact that these definitions are reversed explains the shift between the constants in [6]
and our constants.

4 Bernstein Identities for V,

Recall that Py(X) := V(X)? and P;(Y) := V,(Y)? are two homogeneous polynomi-
als of degree 2(n—{¢+1). Then, define the constant coefficient operators characterized
by

Py(0x)e™ ™) =Py(Y)e™™) and Py(0y)e’™") = Py(X)e"* ).

Theorem 4.1  There exists a polynomial by(s) on s so that
Py(0y)Vs(Y) = by(s) Vo (Y),

where
l
) = (Sl _2752 _23"'a5n7€+1 _235n7€+27" .,Sn)
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and

be(s) = [ [Gnnr + d(k — 1)(su—psr + (e = 1) +d(k — 1)).
r={

The polynomials by are the so-called Bernstein polynomials of V.

Proof Denote by

sh +(e+1)+d(n K) )

5(8)2777;777”1_[ _SA_dn h)

By Theorem 3.6 we have
[Ty =) [ 5009000 dx
v v
Changing f by P;(dy) f in the above equation, and using the fact that

FPo(dy) )X) = (1)~ 2m)* " HVP(X)F()(X),

we obtain

(6) /7134(3y)f(Yﬁs(Y)dY = (=)' @) De(s)
v
FHXP(X)V ) (X) dX.
A\

On the other hand, if 2"~ denotes the vector

©,...,0,2,....2),
——
n—{+1

we can rewrite Py(X) V() (X) as V() 20- (X), where
V,(s) 2(n—t+1) - Vt(s([))-

Here s') is the parameter introduced in the statement of the theorem. Using integra-
tion by parts on the left-hand side of (6), we get

| fFONPUOIVS(Y)dY = (=1)"="* 2m)* "= De(s) 3"(f)(X)Vt(s<f>>(X) dX
7

:( )n €+1(2 (n—0+1) C(S /f(

c(s)
Hence
c(s)

Py(9y)Vs(Y) = (—l)”_£+1(27r)2(n—f+1 0 o )

Vo (Y).
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An easy computation shows that

C(S) B 1 nﬁ'l F( sh.+(e+l)24rd(n7n)) n—_0+1 1—\( 75N7r;(n7/<) + 1)
)Yy g2n—t+1) —sy—d(n—r) wt(etD)+d(n—r) ’
() il DN D) Tt -

Using the fact that I'(z + 1) = zI'(z), we can see that

c(s) 1 st (et ) +dn— k) —s. —d(n—K)
c(s®) T p2n—t+1) E ( 2 - 1) <f>
(_l)n—(ﬂ n—_{+1
= G L (et —m)sc+ (e = )+ d0n = ).

)
k=1

Fort € N” such thatt,, > t,_; > --- > t, we set

I_Jt(aY) = ﬁ](ay)tlpz(ay)tzftl .. .I_Jn(ay)fn*tnﬂ'

Theorem 4.2  Fort € N" such thatt, > t,_, > --- > t;, the following holds

P(0y)V(Y) = be(8) Vo= (Y),

where
- m
bt(s) = H(SH +— - d(H - 1) - thi)t,;,even(sn' + d(l’l - K))t,;,evem
k=1 n
andt* = (t,,...,t1). Here (a); even := ala+2)(a+4)---(a+2t).

Proof Let|t| =t +---+1t,. Since F(P(dy)f)(X) = (=1)12n)2MP(X)TF(f)(X),
we can employ the same argument used in the proof of Theorem 4.1 with 2|t| inte-
grations by parts to obtain

B0 To(Y) = (D m - T ), .
c(s — 2t*)
Next we shall use (—%) to denote (—%, ey —%) .
Corollary 4.3 Forany f € 8(V)
2.9 = - £(0)
n sj+(m/n)—d(j— sl = m/n—d(j— :
[T I( e )z . U) =% szll"( : z(] 1))
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Proof By the functional equation, we have

Z(f,s) _ P MZ(F (), 1(s)
H;’:l F( s]-+(e+1)2+d(n7])) H;’:l F( 75j7§(n7]))

Since

Hr(sj+(e+1)2+d(n—j)) :HF(Sj-l—% —Zd(j— 1))7

j=1 j=1

the corollary follows by Fourier inversion. ]

The next corollary is a consequence of Corollary 4.3 and the fact that

Z(P(9y)f,8) = b($)Z(f,s — 2t").

Corollary 4.4

d(n— J))

( th(S)H S(+(m/n - 1))

Z(f,s—2t" )) | = PO

where § denotes the Dirac function at 0.

Remark 4.5 This remark is an extension of [2, Théoreme II1.10], which can be
derived by an almost straightforward modification of the proof in [2]. To simplify
the presentation of our statement, we shall slightly change the definition of V. For
a = (a,0z,...,a,) € C", set V* := V{'V5? ... V. The relation between V<
and Vy is that V® = Vg ifandonlyif ¢y = syand oy = s5; — 51 for 2 < i < n.
For a € ", such that Re(«;) > 0 forall 1 < i < n, the function V¢ is absolutely
convergent. We claim that if f € 8(V), then the function

a — Ra(f),
where
Ro(f) Jy FOV*(X) dX
« I Tai+-+aj+dn—j)+ D0+ +aj+dn—j)+e)
1<i<j<n

extends holomorphically to all of C”. We shall only present the main steps of the
argument. In this setting, R, deserves the name of Riesz distribution associated to
the non-Euclidean Jordan algebra V. From Theorem 4.1, one can see that if we apply
the polynomial differential operator P;(0Jx) to V<, then the shift is only negative in
the power of the first factor in V<, for every ¢. In order to shift the power of the
other factors in V* we will use different differential operators.
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ForX e Vi ={X e V|V (X)---V,(X) #0}and for 1 < ¢ < n, set
Di(er, x) = Vi(X)* -V (X)PF1 0 Py(dx) 0 Vi(X) ™ -+ Vg (X) .

Using Theorem 4.1, we obtain

n—{+1
Dy, 0)VX)* = [] (er+--+ an_ps +d(i — 1))

k=1
(a[ +t gy tde—1)+ (e — 1)) V(X)> 202kt
where 2; = (0,...,0,2,0,...,0)and
a—2p+21++2 1 =(an+2,...,00_1+2,00 — 2,041, ..., 0p).

Now we shall construct new differential operators which will allow us to shift
down the power of any factor in V<.

Forl1</{<mand1 <j</{—1,let

2—1—j

Ejole,0x) = [] Djlale, ., j), 0x)
=1

where
ale, i) =a—2+ (27 == D) 2;+ { (= D+27 T} (204 +21).

The operator Py(cx, Ox) == Ei ¢(ax,0x) o - - - o E—y o(ex, Ox) o Dy(ex, Ox) satisfies

n—l+1 (—120717
(7) ]P)((a,ax)V(X)a: H Né,n(a)H H
k=1 j=1 i=1
n—0+1 n—j+l
{ T Nisla+217 =20 T Njsla+ 27170 =26 = 1) 900,
k=1 k=n—{+2

where
Nji(a) = (aj+ - F+ay_pw+dx— 1) aj+ -+ ay_pr td(k— 1)+ (e—1)).

Now, we consider a second family of operators defined by

2l—1-j

Filo,0x) = [] Djble 2., j), dx)

i=1
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where b(a, 0,1, j) = ao— (i—1)2;+{i—1—-2"7}(21+---+2;_y)for 1 < j < {—1.
The operator

Py, 0x) :==Dy(ov — (21 + -+ +24-1),0x) o Fr_1 (e, 0x) 0 - o Fe(ex, Ox)

satisfies

n—0+1 (=121 n—j+1

®) P, 00)VX)* = [ New@ ] TT T] Niwle—26G-1)v0)>2.
k=1 =1 i k=1

The purpose of P, and P} is to obtain, as nearly as we can, the set of possible poles
of V*. Indeed, by [2, Théoréme III.10], only the common zeros of the Bernstein
polynomials in (7) and (8) can give a potential pole. Further, for every fixed £ < n,
one can check that the common factors in (7) and (8) are

(9) [T (aj++a+dn—0)(aj+ - +a+dn—i)+(—1).

1<j<U<i<n

Now we come to the last step in the proof of the claim above. For a € C" such
that Rec; > 0, for 1 < i < n, the function V¢ is absolutely convergent. By [2,
Théoréme II1.10], the factor (9) is the greatest common divisor of each Bernstein-
type polynomial b(cx) that satisfies Dy(cx, Ox)VE® = b(a)V*~ %, forall1 < £ < n
and for all polynomial differential operators Dy(cx, Jx). Hence, the set of potential
poles of Z(f, ) is included in the set of those of

H D(aj+-+a+dn—i)+ )T (aj+ - +a+dn—i)+(e—1)+1).

1<j<i<n

Remark 4.6  The distributions R, are related to the theory of classical Riesz dis-
tributions and generalizations. For instance, when V is a simple Euclidean Jordan
algebra with symmetric cone €2, then families of Riesz distributions are associated to
Q. We refer to Faraut—Koranyi’s book [10] for a thorough study on Riesz distribu-
tions for symmetric cones; see also [12]. In [10], the authors investigate the set of
multi-parameters o for which Ry, is of positive type, i.e., Ry, is a positive measure.
For example, on the real line, and in Faraut—Korényi’s setting, R, coincides with the
Riemann-Liouville distribution F( )x+ ! which is positive if and only if & > 0. In
the framework of non-Euclidean Jordan algebras, it is a natural question to ask for
conditions on « such that R, is of positive type. In the case where a; # 0 and
a; = az = --- = a, = 0, this problem has a solution in [3], but the general case
remains open.

Appendix

For the convenience of the reader, we briefly give some details on the notations that
we used in this paper for the case g = sp(n,C). Assume that g is the Lie algebra
sp(n, C) which is given by

sp(n,C) = { [VL\]I —\2]’} ’ V,W € Sym(n,C),U € M(n,(C)},
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where Sym(#, C€) denotes the subspace of symmetric matrices in M(n, C). The Lie
algebra g can be writtenas g =V @ 1 & V where

0 Vv
\v{_o OHVEsym(n,C)},
- [0 0
_{_W 0}‘W€Sym(n,(€)},
(U
K

-|

In this example, mp = n(n+1),e = 1,and d = 1. On'V, the involution v is given by
v[3%] = [0J]. Theaction of the structure group L on V is given by

u 0 oV |0 uvi
o {u}7'} |0 o] |0 o0 |°
For g1,42 € g, the pairing (g1,£))q = Re(Tr(g1£2)). We choose the Lebesgue
measures dX on'V and dY on'V to be

=

_?]t] ‘ U eM(n,(C)}.

dX = (V2" [ dvij, X= [g (Vfﬁ(f'))fvf} ev,
i<j

ay = (V2o [ dwj, ¥ = { 0 0] e

Py (wij)ij O
For 1 < ¢ < n, we have the following subalgebras

= Jo-[s s eemec o

0 0 0 0
o= {fs SJle=[p Jecomu-rofex

o(l,=1;4) = { [g _(H ‘ B= [2 8] ,beM(n—é,e;C)} clL

The change of coordinates

a ab’
ba bab' +c||,

(AL SHE -

is a diffeomerphism from (‘)1(6) x g(1,—1;¢) x \Vf”*é) — O, Here (‘)1(6) is the set of
elements in \VI(Z) such that the matrix a is invertible, and O is the set of elements
[5%] in V where the principal minor det;(V) # 0. We have a similar change of

coordinates for V.
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22 S. Ben Said
Finally, we shall write the integral formula (3), where we identify V with
Sym(n, €), V! with C, V"= with Sym(n — 1,C), and g(1, —151) with C*~'. Thus,
for f € L' (Sym(n, C), dX), we have
a ab’
(X)dX = / / / ({ D a)*" " dadbdc.
/Sym(n,of Sym(n—1,0) J i1 <cf ba bab' +c ol
A similar formula for V holds.
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