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THE Jo-RADICAL OF A MATRIX NEARRING
CAN BE INTERMEDIATE

J.D. P MELDRUM AND J. H. MEYER

ABsTRACT.  Anexampleis constructed to show that the Jo-radical of amatrix near-
ring can be an intermediate ideal. This solves a conjecture put forward in [1].

1. Introduction. Soon after the discovery of intermediateidealsin matrix nearrings
(see[1] and [4]), severa questions were raised in connection with these ideals. A fact
which followed immediately was that the J,-radical of a matrix nearring can never be
intermediate—for any (zerosymmetric) nearring Rwe have Jo(Ma(R)) = (JZ(R))* (see
[7, Theorem 4.4]). Because this relation does not hold for the Jo-radical in general (see
[2]), the question was raised in [1] whether the Jo-radical of a matrix nearring can be
intermediate. The object of this note is to provide an example of afinite zerosymmetric
abelian nearring R for which Jo(Mn(R)) is an intermediate ideal.

2. Preliminaries. Wewill assumeRto bearight zerosymmetric nearringwith iden-
tity 1. For a natural number n we define R” to be the direct sum of n copies of the (not
necessarily abelian) group (R, +). Forr € Rand 1 < i, j < n we define the function
fl:R"— R by ffa = Li(I'TI'j(Ol)) for each o € R, where;;:R— R"and 7j: R" — Rare
the i-th injection and projection functions respectively. The subnearring of M(R") gen-
erated by the set {f{ | r € R 1 <i,j < n}iscaled then x n matrix nearring over R
and denoted M, (R). It is easy to verify that M,(R) is aso aright zerosymmetric nearring
with identity.

For an ideal A < R there are two ways to construct an ideal in M,(R) which relates
naturally to A (see [6]), namely

AT =id(f2 Jlac A1<i,j<n)
and
A" :={U € My(R) | Ua € A" for all o € R"}..

It easily follows that A* C A*, and several examples exist (see[6], [2], [1] and [4])
to show that A* C A* ispossible. It isalso possiblethat ideals of M(R) can be properly

#
situated between A* and A* (see [1] and [4]). Any ideal | of M,(R) with the property
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that A* C | C A* for someideal A of Ris called an intermediate ideal of My(R). In [1]
itis shown thaI an intermediate ideal can never be of the form B* or B* for any ideal B

of R. In the next section we construct anearring R for which Jo( n(R)) isintermediate.
3. Anexample. We need the following result.

LEMMA 3.1. SupposeRisa zerosymmetric nearringwith an ideal A such that A =
{0}. Then (A*)? = {0} in Mp(R).

PROOF.  From [6, Proposition 7] it follows that (A*)? C A*A* C {0}* = {0}. .
The example: Consider the following abelian groups:

M:=7,d7Z,
N:=M®7Z,
G:=N¢&@ 7Z,.

Let My, M2, M3 denote the two-element subgroups of M with my € M; the nonzero
element for eachi = 1,2,3. Similarly, let Ny, N2, N3, N4 denote the two-element sub-
groups of N which are not subgroups of M, with nj € N; the nonzero element for
eachi = 1,2,3,4. Finally, let 91,9y, ...,gs denote the elements of G \ N. We iden-
tify M & {0} & {0} with M and N & {0} with N, and 0 := (0, 0, 0, 0) denotesthe neutral
element of G.

Define the nearring R as follows:

R:={f e Mo(G) [ f(Mi) T M;,1 <i <3 f(N) CN;,1<j <4
ggdeGandg—d e M= f(g) —f(d) e M;
gd e Gandg—d € N= f(g) — f(d) € N}.
Then Risaright, zerosymmetric abelian nearring with identity 1. Moreover, Risfinite
with |R| = 2%,
Define the R-subgroupsK and L of R asfollows:
K:={f €R|f(g) €M, 1 <i < 8; Ootherwise}
L={feR|f(g)eN,1<i<§ aotherwise}.

We may now draw several conclusions.

I. KandL areR-idealsof R.

Proor. Thisfollows because M and N are R-ideals of gG. n
Observation | enables usto consider the R-modules K, r(L /K) and r(R/L).
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I1. Jo(R) = Anng NN Anng(G/N).

Proor. Eachof Mj(1 <i < 3)andNj(1 <j <4)andG/N, isan R-module of type
0 (they are all of order 2 and nontrivial). We a so have that

3 4
AnngN = [ﬂ Anng Mi] N [ﬂ Anng Nj:|.
i=1 j=1
It follows that
Jo(R) € Anngk NN Anng(G/N).

But since AnngN N Anng(G/N) is a nilpotent ideal of R, the reverse inclusion also
follows. ]

Note that the R-modules M;i(1 <i < 3), Nj(1 <j < 4)and G/N arein fact of type 2,
implying that Jo(R) = J>(R).

[l. (Jo(R))+ is a nilpotent ideal of nilpotency degree2 in M(R).

PROOF. By Il we have that (JO(R))2 = {0}. The result now follows directly from
Lemma3.1. m

IV. JO(MZ(R)) contains a nilpotent element of nilpotency degree 3.

PROOF. By | we can consider K2, L2/K? and R? /L2 as M,(R)-modules (see also [3,
Proposition 4.1]). Define

A = Anny,r K2 N ANy, (L2 /K?) N ANy, (RE/L2).
Then A isanilpotent ideal of M»(R) (A% = {0}) yielding
A C Jo(M2(R)).
Consider the elements g3, Ny, Np, Mg € G, where

01:=(0,0,0,1)
n :=(0,110) €N
n,:=(1,0,1,0) €N
mg ;= (1,1,0,0) € M;
and the elements a, b, c,d € R, where
al@):=n,1<i <8 0 otherwise
b(g) =, 1<i <8; 0 otherwise
c(mg) := mg; 0 otherwise
d(ny) := n;, 1 <j < 4; 0 otherwise;
and finally here, the matrix V € M(R), defined by

V= B+ 1+ + D).
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Weshow that V € A. Takeany (k, k') € K2. ThenV(k k') = (ak+c(dk+dk’), bk). Now,
foranyi,1 <i < 8, wehavek(g),K'(g)) € M whilea(M) = b(M) = d(M) = {0}. Since
k(N) = K'(N) = {0}, it follows that ak + c(dk + dk’) = bk = 0, implying that

)] V € Anny, g K2

Now takeany (I,I") € L2 Then V(I,I’) = (al + ¢(dl +dI’), bl). Sincel(G),!'(G) C N and

a(N) = b(N) = {0}, while c(G) C M, it follows that [al + c(dl +dI")](gi), bl(gi) € M for
ali,1<i<8. Also, I(N) = I'(N) = {0}, and we deduce that

2) V € Anny,r (L2 /K?).

Finaly, take any (r,r’) € R2. Then V(r,r’) = (ar + c(dr + dr’), br). Since a(G), b(G),
c(G) C N, it followsthat [ar + c(dr + dr’)](gi), br(g) € Nforalli,1 <i < 8. Consider
NN (1<j<4).Then

[ar + c(dr +dr)](ny) € a(N) +c(d(N;) +d(N;)) € c(N;) = {0}
Also, br(n;) = 0. Now consider m € M; (1 < i < 3). Then
[ar +c(dr +dr')J(m) € a(M;) + c(d(M;) +d(M)) C c(M;) = {0},
while br(m) = 0. It follows that (ar + c(dr +dr’), br) € L2, i.e.,
(3) V € Anny,r) (R2/L2).
Our claimthat V € A is now established by virtue of (1), (2) and (3). Now consider

V2(1,0) = V(a+cd,b)
= V(a,b) sincecd = 0
= (a® + c(da + db), ba)
= (c(da+ db),0) sincea® = ba= 0.
This, together with

c(da+ db)(gy) = c(d(n) + d(np))

=c(n +ny)
= ¢(mg), sincen; +n; = mg
=mg #0,
showsthat V2 # 0. Since A C Jo(M2(R)), IV is proved. .
V. (JR)" - Jo(M2(R)).
Proor. Thisfollowsdirectly from Il and IV. L]
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VI. Jo(M2(R) C (Jo(R) "

ProOF. Consider the R-subgroup Ko of K generated by the elements ki, k; € K
where

ki(g1) := my; 0 otherwise,
ko(g1) := np; 0 otherwise.

In other words, B
Ko = {f € R| f(g1) € M; 0 otherwise}.
Now suppose {0} C K{ C Kq isaproper nontrivial R-subgroup of Ko. Then there exists
7 #

m € M suchthat m ¢ Ky(g1). Choosekn € Ko suchthat kn(g1) = mandr € Rsuch that
r(m = mandr(g) = 0if g # m. Now let k € Kg, k # 0. Then [r(k + ki) — rkm](91) =
—m ¢ K{(91), which impliesthat r(k + ki) — rkm ¢ KJ, i.e., K{ is not an R-ideal of Ko.
Consequently, Ko is a simple R-module R-generated by two elements ki, k, € K. This
means that K3 = Ko @ Ko is a simple M2(R)-module generated by the single element
(k1, ko), i.e., K3 isan M(R)-module of type 0 (see[5, Lemma3.1(b)]). Thisimpliesthat

(4) Jo(Mz(R)) C Anny,w K3.
Now consider the matrix
W= 15 (fly +fio),

wheret(m)= m, i = 1,2; 0 otherwise, and s(mg)= mg; 0 otherwise. Takeany (r,r’) € R2.
Then W(r,r’) = (s(tr +tr),0). For m, i = 1,2, we have

S(tr +tr')(m) € s(t(M)) +t(M})) C s(M;) = {0}
Also, for ms we seethat

(tr +1r')(mg) € s(t(Ms) +t(Ms)) C s({0}) = {O}.

Forn, 1 < < 4, weobtain s(tr +tr’)(n;) = {0}, sinces(n;) = 0, 1 < j < 4. Hence, we
seethat s(tr+tr’) € Anng N. Also, sinces(G) C N, itfollowsthat s(tr+tr’) € Anng(G/N),
whence W € (Jo(R))". Now consider (ky, ko) € KZ. Then W(ky, ko) = (s{tky + tko), 0)
and s(tky + tho)(g1) = S(t(my) + t(mg)) = S(my +my) = S(mg) = Mg # 0.

Consequently, W ¢ Anny,w K3. By (4), W ¢ Jo(M2(R)) andsoJo(M2(R)) - (Jo(R) "

| |
VIl Jo(M2(R)) isan intermediate ideal.

ProoF. Thisfollowsby V and V1. L]

One of the key properties of this example is that (JO(R))+ C Jo(M2(R)). It is not
known whether this is true in general, although it seems to be a plausible conjecture,
which we formalize as follows:
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CONJECTURE 2.2. If Ris a zerosymmetric nearring with identity, then (JO(R))+ -
Jo(Mn(R)). .

ACKNOWLEDGEMENT. This paper was written while the second author was visiting
the Department of Mathematics at the University of Edinburgh. He was financially sup-
ported by the FRD, the Central Research Fund of the UOFS and his parents. He wishes
to express his appreciation towards these institutions and in particular to his parents. He
would also like to thank Dr. John Meldrum and his wife, Patricia, for their hospitality
and assistance during his visit.

REFERENCES

1. J. D. P Meldrum and J. H. Meyer, Intermediate ideals in matrix near-rings, Comm. Alg. (5)24(1996),
1601-1619.

2.J.D. P Meldrum and J. H. Meyer, Modules over matrix near-rings and the Jo-radical, Monatsh. Math.
112(1991), 125-139.

3.J.D. P Meldrum and A. P. J. van der Walt, Matrix near-rings, Arch. Math. 47(1986), 312—-319.

4. J. H. Meyer, Chains of intermediate ideals in matrix near-rings, Arch. Math. 63(1994), 311-315.

5. J. H. Meyer, Left ideals and O-primitivity in matrix near-rings, Proc. Edinburgh Math. Soc. 35(1992),
173-187.

6. A. P J. van der Walt, On two-sided ideals in matrix near-rings, In: Near-rings and Near-fields, (ed.
G. Betsch), North-Holland, 1987, 267-272.

7. A. P.J. van der Walt, Primitivity in matrix near-rings, Quaestiones Math. 9(1986), 459-4609.

Department of Mathematics & Satistics Department of Mathematics
University of Edinburgh University of the Orange Free Sate
James Clerk Maxwell Building PO Box 339

TheKing's Buildings 9300 Bloemfontein

Mayfield Road Republic of South Africa

Edinburgh EH9 3JZ e-mail: wwjm@wwg3.uovs.ac.za

United Kingdom
e-mail: j.meldrum@ed.ac.uk

https://doi.org/10.4153/CMB-1997-024-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1997-024-0

