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Abstract

Let G be a group acting faithfully on a homogeneous tree of order p + 1, p > 1. Let Jf° be the space
of functions on the Poisson boundary fi, of zero mean on J2. When p is a prime, G is a discrete
subgroup of PGL2(Qp) of finite covolume. The representations of the special series of PGL2(Qp),
which are irreducible and unitary in an appropriate completion of J f ° , are shown to be reducible when
restricted to G. It is proved that these representations of G are algebraically reducible on JT° and
topologically irreducible on Jf ° endowed with the weak topology.

1980 Mathematics subject classification (Amer. Math. Soc): 22 D 10, 20 E 05, 43 D 90.

1. Introduction

Let G be a group acting isometrically and simply transitively on a homogeneous
tree of order/? + \,p > 1. Every such group is isomorphic to the free product Grs

of r copies of Z and s copies of Z2, with 2r + s = p + 1 [1]. Following [3], we
denote by fi the Poisson boundary of G with respect to an isotropic nearest
neighbour random walk, by v the corresponding Poisson measure on 0 and by
P{x, u) = dv(x~lu)/dv(u) the associated Poisson kernel.

Let JT(i2) be the space of continuous simple functions on fi, endowed with the
weak topology defined by the functionals

For each z e C, we consider the representation -nz of G on Jf(S2), defined by

7rz(x)Z(to) = pz(x, o>)£(xlu), £ejr(fl) ,xe G.
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Let T = {z e C: z = hni/\ogp, h e Z}. In the case when G is a free group,
then TTZ is topologically irreducible on JT(fl), whenever z, 1 - z £ T [4, Proposi-
tion 3.2]. On the other hand, this representation is algebraically reducible on
JT(fl) [4, Proposition 3.3].

The purpose of this note is to extend these results to the representation mz of G
for 1 - z e T (the remaining case z e T is trivial). The argument of the proof
works in exactly the same way for all groups Grs. For the sake of simplicity of
notation, from now on we restrict attention to the case G = GOs; all the results
that we prove also hold in the general case.

The subspace J f °(fl) of J f (£2) defined by

jr°(S2)= { « e j r ( a ) , ( € , i ) = o}
is invariant under the representation mz, 1 — z e T; we endow Jf°(i2) with the
weak topology defined by the functionals

and call it the Jf°-topology. Then we prove that the representation wz, 1 — z e T,
is topologically irreducible on Jf"°(fl), but algebraically reducible.

A preliminary step in the irreducibility proof consists in finding a finite set of
functions \pj,j — l,...,p + 1, in Jf°(f i ) , such that the linear span of { ^ ( J C ) ^ :

x G G,j= \,...,p + 1} is the whole of JT°(fi). Then the argument proceeds by
constructing operators Tn

(J\ n G N, ; = l , . . . , / ? + 1, such that for any j =
l,...,p + l, £ e j r ° ( Q ) , Tn

U)£ converges weakly in JT°(fi) to (ttjWj, as
n —> + oo.

By way of contrast, we show that the representation mz, 1 - z e T, is topologi-
cally reducible on the Hilbert space where it acts unitarily.

2. Principal results

Let G be the free product 2 2 * Z 2 * ••• * Z 2 , (p + l)-times, with generators
aj, aj = l,j = l,...,p + l. Given any x e G , let E(x) = {w e 8: w(n) = JC),
where co(n) denotes the first n letters of the infinite reduced word co.

We define, for 1 < j: < p + 1,

( 1 , co e £ ( a . ) ,

and for any x e G, |x| = « > 1,
I, co <=£(.*),

l/(p - 1), co e £ ( X ( " -

lO, otherwise.

https://doi.org/10.1017/S1446788700026513 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700026513


[ 3 ] Special series of groups acting on trees 85

Linear combina t ions of \px, x G G, exhaust J f °(S2); moreover we have the
following result .

PROPOSITION 1. Let 1 - z e T. Then Jf°(S2) is the linear span of {ir,(x)\pj:
x <= G,j = 1,...,/» + 1}.

PROOF. It suffices to show that for every x G G, \px is a linear combination of
functions of the type nz(y)\pj, for some y G G, _/ = 1, . . . ,p + 1. Let JC be the
reduced word x = x1 • • • xn, n > 1. It follows by explicit calculations that

Let N(a, u') be the largest integer n such that u(n) = oi'(n). The representation
TTZ, 1 — z G T, acts unitarily on JT°(fi) with respect to the inner product defined
by

(€,!»)! = 2logp[ du f da'N(u,a')t(a)ri(a'), $, T, e JTO(Q).

Moreover the following fact holds.

LEMMA 2. For any | G J f °(fi) a«rfx e G, we have

wherecx = log/? • p2~M/(p + I)2.

PROOF. This is obvious from the definitions.

To prove that the representation mz is topologically irreducible on JT°(S2) with
respect to the Jf°-topology, we build, for any generator aJt a sequence ( » | J I } i e N

of measures on G such that ('nz(py))\px, \pv) tends to (\px, ^ X ^ , ipy) as n —> oo,
for any x, _y G G.

For any fixedy = 1,...,/? + 1 and any large integer «, let j ' j 7 ' be the measure
supported on the words of length n, defined by

l ' Xl = Xn = aji

'00> A l "*" uji A n "^ "/"'

where r = y n - y10 - yOi + Yoo ̂  0. a n d Yii. Yio. Yoi and y^ are fixed.

LEMMA 3. Let 1 — z G T. FO/* awyy = \,...,p + 1 and for every x, y G G

lim (7rz(p^7' J \^x, ^ j = ( \px , \
n—*oo
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PROOF. The proof is based on direct calculations, which require some precision
but follow straight from the definitions. We give only the end results of these
calculations.

Let x, y e G, n > \x\ + \y\. For \x\ = |^| = 1 we have

p~4+O{p-"), x*ajty4

-p~3 + 0(p~"), otherwise,

and

[p~\ x - y = aj,
A

- / ? ~ 3 , otherwise.

In the other cases (\x\ \y\ > 1) we have

and

Using the above lemmas we can prove that for 1 — z e T, Jf°(fi) has no
nontrivial invariant subspace with respect to 7rz(x), which is closed in the

-topology.

THEOREM 4. Let 1 - z 6 T.

(i) Forj = 1 , . . . ,p + 1 and n a large integer, let

then

lim
n->oo

(ii) // d( is a subspace invariant with respect to irz(x), and closed in the
Jf°-topology, then either J( = {0} orjK =

PROOF, (i) This follows from Lemma 3. (ii) Let J(be an invariant subspace with
respect to -nz(x) and closed in the J f °-topology. If (£, rpj) = 0 for every i^J(
and ally = 1,...,p + 1, then for every ^ e ^ # , x G G, and ally = 1,...,/> + 1, we
have (wz(jc)^, \pj) — 0. This implies, by Lemma 2, that
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for every J e / , x e ( ; and ally = \,...,p + \.SoJt = {0}, by Proposition 1.
Otherwise take £ G Jfand \pk with (£, xpk) # 0. Since^is closed, we deduce from
(i) that i//̂  G ^ . But (i//^, ;//y) ¥= 0 for every7, and therefore ^ G ^ for ally. So

Finally we prove that the representation -nz, for 1 - z e T, is algebraically

reducible on Jf"°(Q). For anyy = 1,... ,p + 1, we denote b y ^ y the linear span of

THEOREM 5. Let 1 - z e T. For any j = l,...,p + 1, J(y- is a nontrivial proper

invariant subspace o / J f ° ( f i ) with respect to the representation ITZ(X), X G G.

P R O O F . Fixy = 1, . . . ,/> + 1. It is enough to prove that, for / # y, \p: £ J('}. Let

<p be an element otJtj. Without loss of generality qp can be written as
N

( \ \ ~ * \ ~ * /•"* f \ i

* / *P == / / {__, 77" { X I w ,
n=\ \x\-n

n J

where x = x1 • • • xn and Cx depends only on x G G. If N = 1, it is obvious that

<p # \pj, whenever / ¥=j. Indeed in this case <p = Ca7T2(aj)\pj = —Ca^j, which

cannot be equal to ipt, if i ¥= j . Suppose now there exists a function <p of type (*)

where N > 1, and such that <p = ipr Since <p is of type (*), then for any y G G,

\y\ = N and y = yx • • • yN-Xaj, there exists a constant Kv such that, for w G
r ~ 1 ) ) , we have

On the other hand, <p = >//,, and <p must be constant on E(y(N : ) ) . So necessarily

Cy = 0, and <JP reduces to
N-l

<P= E E Cx-nz(x)xPj.
n = l |*| = n

By the same argument we prove that Cx = 0 for all x such that |JCJ > 1, and this
contradicts the assumption that N > \.

3 . Concluding remarks

Let H be the isometry group of the tree associated with G [7, 6]. Let ^j(fi) be
the completion of Jf °(S2) with respect to the inner product ( , )x defined in
Section 2. The representations of the special series of H are unitaries on J
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and their restrictions to G coincide with ITZ, 1 - z e T. In particular, if p is a
prime, then the representations mz, 1 - z e T, are restrictions to G of the special
series of PGL2(Qp) [8]. The topological reducibility of mz on Jf^Sl) is now
immediate, as the following argument shows. Indeed each representation of the
special series of H is a subrepresentation of the regular representation of H [8];
therefore the representations IT,, 1 - Z e T, are subrepresentations of the regular
representation of G. Since G is a discrete group, it is in particular a non-compact
SIN group [2]. Hence it has no minimal projections in L2(G) [2, Corollary 4.2]. In
view of the correspondence between minimal projections in L2(G) and topologi-
cally irreducible subrepresentations of the regular representations of G, this result
implies that the representations ir,, 1 - z e T, are topologically reducible on

It would be interesting now, in view of [5], to characterize all the discrete
subgroups F of H of finite covolume, which have the property that the spherical
representations restrict irreducibly to F.
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