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The equat ion of mot ion of a c h a r g e d p a r t i c l e in a combined 
g r a v i t a t i o n a l and e l e c t r o m a g n e t i c field is c a s t in the c l a s s i c a l 
H a m i l t o n - J a c o b i fo rm and then appl ied to the s p e c i a l c a s e of a 
S c h w a r z s c h i l d m e t r i c , l ead ing to the wel l e s t a b l i s h e d equa t ion 
of p l a n e t a r y mo t ion . 

1. C o n s i d e r a p a r t i c l e of c h a r g e e and r e s t - m a s s m 
o 

in a g r a v i t a t i o n a l field c h a r a c t e r i s e d by the m e t r i c t e n s o r g 
uA 

and an e l e c t r o m a g n e t i c field c h a r a c t e r i s e d by the po ten t i a l $ . 
\i 

Its equa t ion of mo t ion i s then given by the following v a r i a t i o n 
p r i n c i p l e [ l ] 
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H e r e s is an a r b i t r a r y p a r a m e t e r , c the ve loc i ty of l ight , and 

the c o o r d i n a t e s a r e q ~ (q , t)* the la t in ind ices denot ing the 
3 space c o o r d i n a t e s . We sha l l use the s u m m a t i o n convent ion 
th roughou t . 

k 
* k dq k . k 

We put L ds = L dt , q = -~- , so that L(q , t , q ) = L r + Lf 
dt 

whe r e 
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• k . i „ . k . 1 / 2 
L ' = m o C [ g k i q q + 2 g 4 k q + g 4 4 ] 

L" = e(4>k q + 4>4) • 
(2) 

The m o m e n t u m p canon ica l ly conjugate to q i s then 
.K. 

3 L 1 8 L1 2 9 L M 

p = = -— -f ~- y a s s u m i n g L.1 f 0 , o r 

2 2 
m c 

P k = " T 5 - ( g ki q + g4k> + e +! 
(3) 

km k m k 
In t roduce g by the r e l a t i o n g g. = 0. . Then , 

î m 1 

c o n t r a c t i n g p by g , we obta in 
JK 

2 2 
km o , . m km k m 

P k g = -jj- ( q + g 4 k g ) + C g *k 

. m U . . k m 
q = "TT (pk " e V 8 

k m 

m c 
o 

34k 

or q 
m 

2 2 P k g 
km m 

m c 
o 

w h e r e we have put 

p
k
 = pk " e \ 

jna k m 
' 4k ' 

(4) 

In o r d e r to e x p r e s s L,1 a s a funct ion of p ! and q we 
. , k 

c o n s i d e r 

L'2 = m o c 2 ( g k £ q k q ^ + 2 g 4 k q k + g 4 4 ) -
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get 

. m 2 
Subst i tu t ing q f rom (4) in the e x p r e s s i o n for L' we 

2 2 2 / Lf sk k \ / Lf ' m l 
U - m c PL g - f ~rr Pig - * o s k £ 2 2 ^s & 2 2 W 

/ \ m o C 

. 2 2 / Ll , sk k \ 22 
+ 2 m o C g4k ( ~Ti K g * f ) + m o C g44 

m c 

L,1 2 mi 2 2 k 22 
- F T PmP* g " m o C g 4k f + m o C g 4 4 
m c 

o 

i 
by v i r t u e of g f = g T h e r e f o r e , f inal ly, 

fk , 1 / 2 
g 4 k " g 4 4 

2 2 I mi 2 2 
m c \ p ' p ' s - m c 

o x m £& o 

The Hami l ton ian is t h e r e f o r e given by 

. m 
H = p q - L 

m 

= (P' + e* ) ( " ^ T Pi g ^ " ^ ) - L' - L' 
-m m Z / Ur / •m m l 2 2 * V 

m c 
o 

Lf km 2 2 m 
( P Pjg - m c ) - p ' f 

F r o m (2) and (4) 

(5) 

2 2 m k o m 
m c 

o 

2 2 m k m 
m c 

o 

e km m 
L" = — — r L f < t > p ' g - ef cf> + eè (7) 

2 2 m k m 4 
m c 

o 
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so t h a t , s u b s t i t u t i n g (7) a n d (5) in (6) , 

L l , , k m 2 2s , m 
H = 0 0 (P ' P1 g - m c ) - p» f - ecb 

2 2 v r m k to o m 4 
m c 

o 

k m 2 2 W r k v l l / 2 
o r H ( p , q , t ) - [ ( P m P ^ g - ^ 0

C ) ( g 4 k
f - g 4 4 > ] 

p ! f - ecb 
m 4 

(8) 

C o n s i d e r n o w t h e s p e c i a l c a s e of t h e M i n k o w s k i m e t r i c 

, 2 ^ n k., m 2 2 
d s = - 6 dq dq + c d t , 

k m 

s o t h a t 

k m 2 m 
y = - ô , g = c , f = 0 

k m 5 4 4 

a n d 

r 2, 2 2 2 2 2 1/2 
H = [c ( p ' + p ' + p1 + m c )] - e è 

L v ± l *2 3 o / J Y 4 

W h e n t h e r e i s n o e l e c t r o m a g n e t i c f i e l d t h e H a m i l t o n i a n r e d u c e s 

to t h e f a m i l i a r e x p r e s s i o n 

r 2 , 2 2 2 2 2 1 /2 
H = [c (p + p + p ^ + m c )] L VM *2 * 3 o J 

for a r e l a t i v i s t i c f r ee p a r t i c l e . 

The H a m i l t o n - J a c o b i equa t ion for a c h a r g e d p a r t i c l e in a 
combined g r a v i t a t i o n a l and e l e c t r o m a g n e t i c field is t hen , f r o m (8), 

/ 3 S k 
Hf—k . q , t 

9 S 

9 S as 
m m \ " e « k 

k m 2 2 ! 
y - m e 

o 
3 4 k" ̂ - g 44 | 

1/2 

3 S 
- ec() ] f*11 _ e<|> + -jrf = 0 . (9) 

m m / 4 3 1 

354 

https://doi.org/10.4153/CMB-1963-029-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-029-1


When t h e r e is no e l e c t r o m a g n e t i c field (9) r e d u c e s to 

a s 3 S km 2 2 
— 7 g - m c 

m ^ k o 
?44 

1/2 

as m as 
— f +^7" = ° 
r, m o t 

(10) 

A c o o r d i n a t e - s y m m e t r i c fo rmu la t i on of the s a m e p r o b l e m 
based on the w o r k of H. Rund has been given by Vans tone (c. f. 
p r e c e d i n g p a p e r . ) 

2. As an e l e m e n t a r y app l ica t ion of (10) we c o n s i d e r the 
f a m i l i a r p r o b l e m of the advance of the p e r i h e l i o n of a p lanet in 
a S c h w a r z s c h i l d m e t r i c 

, 2 , 2m 2 2 2 2 2 ^ 2 
ds = - (1 - ) d r - r d9 - r sin 9 d<(> 

2, 
+ c (1 

2 m 
dt< (11] 

w h e r e 

G M 

2 ' 

G = cons t , of g r av i t a t i on 

M = m a s s of the sun 

Then g 
i k 

•{1 
2 m 

0 

1 

1 . 2 
— sin 

2 
r 
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2 2 m 
g 4 4 = C ( 1 " — > ' 

„m 
"4k 

= 0 , f = 0 , a n d 

H d o e s n o t c o n t a i n t 

T h e H a m i l t o n - J a c o b i e q u a t i o n f o r t h e m o t i o n i s t h e n 

« / k a s 

9 q 

o r 

Z.t 2 m . I . , 2 m , , 8 S . 2 1 8 S . 2 

(If) 2 . 2 „ 94> 
r s m 9 

2 2 
+ m c 

o 

1 /2 

(12) 

We n o t e f i r s t of a l l t h a t <j> i s a c y c l i c v a r i a b l e , a n d s e p a r a t e t h e 

v a r i a b l e s b y p u t t i n g 

S ( r , G , 4) = S ( r ) + S ( 9 ) + S (<(>) . 
r Q 4> 

dS d S , 
T h e n p = — = a M - c o n s t a n t , a n d \ — -

9 dcf) 1 \ d9 2 „ 
s i n 8 

1 /2 

d S . 

c o n s t a n t , o r p 
e de 

2 û i 
a 

2 . 2 ^ 
s m 9 

F o r a p l a n e t m o v i n g in t h e p l a n e 9 =— w e m a y t a k e a - a , 

p = 0 , s o t h a t 

S ( r , cj>) = S + a 6 
r 1 

w h e r e S s a t i s f i e s t h e e q u a t i o n 
r 
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^•(«•^(^^(-^l-yl-f 

o r S(r,4>) = / 

E 1 2m 2 2 2m 
— . — (i . ) - m c (1 

2 £ r o r 
c r 

(1 -
2 m 

1/2 

f a i + c o n s t . (13) 
1 

We now set 

" i = - / 

as 
—— = 6 = cons t . We have then 
à a 1 

1 

E 1 2 m . 2 2 2m x 

— - — (1 ) - m c (1 
ù ù x o r 

c r 
(1 

- 1 / 2 

a - 1 
1 . . 2m . _ 

— (1 ) dr+cj> 
2 r 

r 

Di f fe ren t ia t ing wi th r e s p e c t to r and s q u a r i n g we get 

2 

4 W 
r 

1 E " l „ 2 m v 2 2 # j 2m 
— — . — (l ) . m c (1 

2 2 2 r o r 
, aA c r 

1 

In t roduc ing u = — and d i f fe ren t ia t ing with r e s p e c t to cj> we obta in 
r 

the f a m i l i a r equa t ion for the orb i t 

d u m „ 2 
r = —r - u + 3mu , 
2 2 

d<j> h 

w h e r e 
2 2 

m c 
o 
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In the l i m i t a s m -> 0 one ob ta ins the f a m i l i a r equa t ion of 
o 

m o t i o n of a photon in a g r a v i t a t i o n a l f ie ld . 

A s u m m e r r e s e a r c h g r a n t f r o m the Canad ian M a t h e m a t i c a l 
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