A COEFFICIENT PROBLEM FOR FUNCTIONS
REGULAR IN AN ANNULUS

M. S. ROBERTSON

1. Introduction. A solution will be given in this paper for the following

problem.
Let
(1.1) w=f(z) = Y a2

be regular and single-valued in an annulus 0 < p < [zl < 1. Let C, denote the
image in the w-plane of the circle || = 7, p <7 < 1, and let us suppose that
there exists in the w-plane a straight line which cuts C,, for every 7 in the range
p < r < 1, in precisely 2p distinct points, p being a positive integer. What are
the sharp bounds enforced upon the complex coefficients a, (. = 0, = 1,...)
by these conditions?

It will be noticed at once that, because of the presence of the arbitrary constant
ao in (1.1), and because all the coefficients may be complex numbers, no re-
striction will be put upon the problem if we assume in what follows that the
given straight line is the real axis.

Special cases of the above problem have been solved during the past two
decades. These cases have been confined to functions f(z) analytic in the circle
0< lz’ <1 (p=0).1If p=0, p =1, and if f(2) has real coefficients in (1.1)
with ap = 0, a; = 1, then f(2) is typically-real for [zl < 1. In this case it was
shown by Rogosinski [8], Dieudonné [1] and Sz4sz [9] that

(1.2) lax| < nlai], n=23....
For p=0,p = 1,ap = 0, a, complex numbers, it was shown by the author
[5] that

(1.3) lan| < 7’|y, n=23....

The inequalities expressed in (1.3) were obtained again at a later date by
Kakeya [4]. Both (1.2) and (1.3) are sharp. When p = 0, p arbitrary, and when

G=a1=...=a,1=0, a, #0, a, complex for n > p, it was also shown
[6] that

2 oo s
(14) lanl < yill @ =3 lal, m=p 10 +2,.,

and (1.4) is also sharp. If, further, all the coefficients are real, the inequalities
(1.4) are replaced [6] by the sharp inequalities (1.5),
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(1.5) fa,,1<mhg(nz_yz).,a,,;, n=pt1p+2,. ...

With the restriction that the first p coefficients be zero removed, the author
showed [7] that

. |a|

=0+ k)P — R

but no sharp estimates for each individual lanl, n > p, were obtained. Quite
recently Goodman and Robertson [3] have solved the problem for p = 0, p
arbitrary, when the coefficients are all real, obtaining the sharp inequalities for
n > p,

- 2k(n + p)!
AN el < L GBI =Bl —p - DI =)
which is of particular interest since it establishes, for a large class of multivalent
functions, the Goodman conjecture [2] that (1.7) holds for all functions multi-
valent of order p in |3 < 1.

In this paper we turn to the general case. Thus p is an arbitrary positive
integer. The coefficients a,(z = 0, == 1, & 2,...) are complex numbers and
p may be positive or zero. We shall denote by a the complex conjugate of the
number a. Our main result is stated in the following theorem.

an
2p

(1.6) lim sup

N—00

<2

THEOREM 1. Let
(1.8) w=f(g) = 2, a2

be regular and single-valued for 0 < p < Izl < 1, the coefficients a, in (1.8) being
complex numbers. On each circle |z| =7, p<r <1, let the imaginary part of
f(2) change sign 2p times, where p is a positive integer independent of r. Then, for
n > p, the following inequalities hold and are sharp in all the variables |ay — G|

(B=0,1,...,p):
(1‘9) lan - d—n] < ;) A(py k) n)lak - a/——k])
where

A, 0,m = I1 " = M)/,

»
Ap, kyn) = 2]1 0* =) /(0 + BWp —B),  p> k>0
v=0
vEE
By a rotation and translation we may obtain the following Corollary to
Theorem 1.

COROLLARY. Let f(z) be given as in (1.8), regular and single-valued for
p < lz] < 1. Let I be any straight line in the w-plane. Denote by de™ (d > 0),
the point on | nearest the origin. For each r in the range p < r < 1 let the image
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curve C, of [z’ = 7, through the mapping w = f(2), cross | precisely 2p times
(p fixed). Then for n > p,

(1.10) e ™ + ane”| < 2A(p, 0, n)|R(aee™) — d

+ k;l A(Pr k9 n) lake_i’y + d—kei’yl'

In the corollary, if d = 0 we define y to be i7x + 3,0 < 8 < m, where 8 is the
inclination of the line /. If [ is the real axis, thend = 8 = 0,y = 37, and (1.10)
reduces to (1.9).

We call attention to the fact that for 0 < & < p,

(1.11) A(p, ko) = 3D(p, by m)
where D(p, k, n) is the coefficient of ]ak! in (1.7).
The special case of Theorem 1 where p = 1 states that
(1.12) la, — a_n| < |n* — 1]-]ao — do! + nllay — a|

for all integers 7. (1.12) includes (1.3) as a special case. It is also seen that (1.6)
follows as another special case of (1.9).
From the identity

(1.13) S (z)} = — b%i}?f(reio), z = re®,

the following theorem is obtained immediately from Theorem 1. It shows that
the Goodman conjecture (1.7) for all multivalent functions of order p in ’z] <1
holds for still another special class of multivalent functions of order p, this time
with the coefficients complex numbers. We state the result as

THEOREM 2. Let
(1.14) fG) =ar+az+as’+ ... +ad+...

have complex coefficients and be regular and multivalent of order p for ]zl <1,
and for each v of the interval p < r < 1 let

W)
change sign 2p times on !z] = r. Then for n > p,
2 2k(n 4 p)!

(1.15) ol < LGB - i~ 5~ D — )

and this bound is sharp in all the variables ]ak] (k=1,2,...,9).

Theorem 2 was shown [5] in the special case p = 1, in which case w = f(2) is
univalent (schlicht) for Iz’ < 1 and maps each circle lzl =rp<r<1,ontoa
contour with the property that each line parallel to the imaginary axis cuts the
contour in at most two points. In Theorem 2 with p > 1, each such line is cut
in at most 2p points.
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2. Preliminary remarks. For the sake of clarity we give here a few definitions
from [3].

Definition 1. The harmonic function v(r, §) is said to have a change of sign
at @ = 0, if there exists an € > 0 such that, for 0 < § < ¢,

2.1) v(r,8; + 6)-v(r,0;, — §) <O.

Definition 2. Jf(2) = v(r, 0) is said to change sign g times on [z] = r if there
are ¢ values of 6, say 6y, 0s, . . . , 6, such that

(a) inequality (2.1) holds for each 6; (j = 1,2,...,¢),

(b) 8, == 6, (mod 27) if j = &,

(¢) if 6;is any value of 6 for which v(7, ) has a change of sign then, for one
of the 6, (j=1,...,q), 0, =6, (mod 27).

In proving (1.9) of Theorem 1 we may assume that f(z), given by (1.8), is
regular on lzl = 1. For if this is not the case and f(z) is regular for 0 < p < lzl <1

and f(z) = f_(2) + fi(2), where
f+(2) = ;aﬂ", f-(z) = Z‘l a .z

then, for ¢ sufficiently near to, but less than, one,

(22) fu(z) = filts) + f-(2/1)

is regular on lz[ = 1. Having proved (1.9) for f,(z) we have only to lett — 1 to
obtain (1.9) for f(z). Hence in what follows we shall assume f(2) to be regular
on |z = 1.

LeEMMA 1. Let f(2) be given by (1.8) and be regular for p < lz] < 1. Let
Sf(e®®) change sign 2p times at 0 = 61,02, . .., 05, (p > 1). There exist real
numbers u and v such that, if g(z) is defined by

(2.3) g) = (+ " — 2cos n)f(ee™) = 3 b,
then Jg(e®) changes sign 2(p — 1) times. -

Proof. Since Sg(e') = 2(cos 6§ — cos v)If(e!®+») we may take
(2.4) u=0,+8, 2v=20,—0,

where 6; and 6, 7 5 7, are any two values of 6 where Jf(e??) changes sign. Then
§f(e***t») changes sign at § = =+ (§; — 6,)/2 = + v as well as at 2(p — 1)
other values of 8. However, (cos § — cosv) changes sign exactly twice in
— 7 <0 <matf= =+ Thus Jg(e?) does not change sign at = v but does
change sign at the 2(p — 1) other values of 8 (nowhere else if p = 1).

The method of proof for (1.9) will be by induction on $ by means of (2.3).
Note that even in the special case where f(2) is regular in the whole unit circle
[z’ < 1, g(3) is not regular at z = 0 when ao, % 0. This difficulty was easily
avoided [3] when all the coefficients were real and u = 0.
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The proof of (1.7) by induction on p made use of the fact that (1.7) was
already known for p = 1, i.e., that (1.2) held. However, (1.9) is not known to be
true even for p = 1, except in the special case (1.3). It will therefore be necessary
to establish (1.12) first. In proving (1.12) we shall need the following lemma
which appears in [7, p. 514].

LEMMA 2. Let

2.5) F(g) = Z 4,2
be analytic and single-valued for p < [zl < 1. If RF(re*®) > 0 for p < r < 1, then
2.6) |4, + A_,] < 29R4,,

where A_, denotes the complex conjugate of A_,. If F(2) is regular on fz[ = 1, and if
RF(e') > 0, then (2.6) again holds.

3. Proof of (1.12). Let
3.1) 6@ =ctcz+...+a+...

be regular for lz[ 1 and let J¢(2) change sign exactly twice on [z] 1. By
Lemma 1, u and » exist so that

3.2) g2(2) = (24 27" — 2 cos») p(ze"?)
=bg b+ bzt ...+ b2+ ...

is regular on ‘z] =1 and Jg(z) does not change sign on lz] = 1. Since ig(3)
(or — 1g(3)) satisfies the conditions of Lemma 2, we have

(3.3) b1 — b_a| < [3(Bo — o),

(3.4) [ba] < (o — Do), n> 1
From (3.1) and (3.2) a comparison of coefficients in the two power series

gives

3.5) b_1 = co, bo = c1e"* — 2¢q cos v,

(3.6) by = Cop1e™ " — 206" cos v + c,_1e™ O, n>1,

3.7) ™t = nil b s_______m (n — k)

k=1 k sin v
Substituting for b_; and &, from (3.5) in (3.7) we have

. —1 .
i sin (m 4 1) b g sinny | X b Sl (n — k)
Cn€ O any + (cie Co COS v)—.n " + k}_:l siny
sin (n + 1 sin 7 sin 7% sin (n
=co{~——(—.—i——)—y—2cosv—.—v}+cle’ V—l—Zbk—(————)
sin » sin » =1 sin »
sin (n — 1)y ism ny sin (n — k)
3.8 = — ¢ + c¢" —_—,
3.8) " sinw T + Z by sin v
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From (3.8) we have the inequalities

(39) ol < @0 = Dleo + nlesl + . (0~ B, > 1
From (3.3), (3.4), and (3.5) we have .

(3.10) [b1] < [b-a] 4 [ (B0 — bo)| < Slco| + 2]ca,

3.11) 1B] < 2[Bo] < 4lco] + 2[ca), B> 1

Substituting (3.10) and (3.11) in (3.9) we obtain

leal < 6(n = D)leo] + Gn — )| + 2 (n — k) (&leo] + 2]a])

= ]co]{6n -6+ 42 (n — k)} + |61|{3n - 24 22 (n — k)}.

Thus for all integers #,

(3.12) lea] < 2]0* — 1]+ ]co| + #*|ca),
and we now have proved a special case of (1.12).

Let now
(3.13) f@) = 2 ad"

be regular on |z| = 1 and such that §f(z) changes sign exactly twice on lz] = 1.
We may write f(z) as

©

(3.14) f@) = > (@™ + a_p?") + a0 + 2: (@n — @-n)2"

1
where both series in (3.14) converge on |z| = 1. On |2 = 1,

(3.15) 8{ 2 (a—nz™ + d@_2") + mao} = 0.

In this case, from (3.14) and (3.15) it follows that on [z! = 1 the imaginary part
of the function

(3.16) ¢*(z) = (Jao)t + Z_:l (@n — a-n)%"

changes sign exactly twice. Thus ¢*(2) behaves like ¢(2) in (3.1) and inequalities
corresponding to (3.12) must hold for ¢*(z). This then gives for all integers #,
(3.17) |ty — a_p| < |n* — 1]+ ]ao — @o| + #°|ay — a_i|.

We note that in (3.17) not both the terms |a, — do| and |a; — @_,| can vanish
simultaneously. For otherwise the function

¢*(2) = (@2 — ds)s" + ...+ (@ — an)d" + ...,

regular for |z| < 1, would map |s| = 7, for every 7 in 0 < r < 1, into a contour
which cuts the real axis at least four times. This, however, is contrary to the
hypothesis for ¢*(z) since p = 1. The proof of (1.12) is now complete.
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4. Proof of Theorem 1. We now let

(4.1) f) = X2 an"

be regular and single-valued for 0 < p < fz] < 1. We suppose that Jf(z)
changes sign exactly 2p times on Iz[ = 1. By Lemma 1 there exist real numbers
u and v such that

(4.2) 2(z) = (54 27 — 2 cos v)f (ze™) = i bt

is regular and single-valued for p < [z] 1 and Jg(z) changes sign 2(p — 1)
times on ]zl = 1.
A comparison of coefficients in (4.1) and (4.2) gives

¢ by = Qup1e™ " — 20,6 cos v + ape™ T, n=0,%£1,£2,...,
fvt:je e =k§;b"s“ins—i(r:‘17_—k)”y - Si+ S,

4.5) k;m k_s_l_r,l_%g'_;_& |

(4.6) Z ka

Making use of (4.3) in (4.5) we simplify Sy as follows:

p—1
1 _neisin (n — By
SI — Z (ak+1€(k+ i deek“ cos v + @it (k )m) ( )
k=—co Sln 14

msn = p Dy (p—lm{sm (n=p+2)

sin » sin »

— 2cosv

sin (n — p + 1),,}

sin »

sin » sin » sin v

T ”Z_:Zakek,,i{sin n—k+1)y 2 cos ”sin (n — k)u+ sin (n — kb — l)v},

k=—oo

so that

.7 = g, sin (mn — p+ 1) g (p_l)“,sm (n — p)v
) sin v p-16 sin »

Thus (4.4) simplifies to
4.8) @™ = a,e™ sin (n —p+ 1)y —a, le(p—l)uiw

sin v sin y

n Z sin (n —

sin v
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Next, consider the expression

n—1 .
4.9) T = '_M__k_)’ﬁ
(4.9) kz,pb .

sin »
S v ~ kmi 7. etDK sin (n — k)v
= > {G1se — 2a_xe"" cos v + a_y_1€ J——
= sin »
= Gy sin (n — p)v
sin »

+ d_pe”“i{sm (. —f= Dy _ 2 cos ﬂ—(snm;ym}-l- a_ne™*

sin y

4+ nz_:l d_kekm{sin (n—k—1)p 2 cos » sin (n — k)v + sin (w — k + l)y}

) sin » sin » sin »

(@10) T = oS0 =P o pusin(n—p+ Ly o
’ sin » sin v :

Adding to the right-hand side of (4.8) the expression for T in (4.10) and then
subtracting the expression for T in (4.9) we may rewrite (4.8) in the form

(4.11) g™ = {dl (p—l)uzﬂn_(”_—_P_)_’f a emsm (m—p4 1)y n d_nemti}

sin » sin »
+ {a o sin (ﬂS;l f + 1) — g, 17 sin (ZIH—VP)V}
= - sin (n — k)
+ k2=p (bk - b—k) Siﬂ v )
N _ sin(w —p+1
(4.12) (@n — a_n)e™' = (a, — a_p)ewi ( sinpv =
_ _npsSin (n —
— (ay1 — G1y)e® M (sin V;b)l'

n—1 . .

+ 3 0 - bpin =k,

k=p s vy

(4.13) an — do| < (m — p 4+ V]ay, — @] + (n — p)lay—1 — @1

+ ni (n — k)|bx — b_yl.

k=p

We have already seen that (1.9) holds for p = 1 and all integers n > 1
because of (3.17). We now assume that the coefficients b, of g(z) in (4.2) satisfy
(1.9) with » — 1 replacing p and b, replacing a,. Then from (4.13) we shall be
able to prove by induction that (1.9) holds for all p and all » > p. Thus we
assume, for 2> p — 1,

rp_l —
(4.14) |bx — by <'Z{) Alp — 1,5, k) |by — b_,|.
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From (4.3) we have the inequalities
(415) Ibo - 60[ < 2[00 - a_ol + 2|a1 - Li_ll,
(4.16) |bx - 6—s[ < las+1 - a_—s—ll + Zlas - d—s[ + las—-l - dl—slr

s=1,2,...,p—1.
Making use of (4.15) and (4.16) in (4.14) we have

4.17) |bx — b] < 2A(p — 1,0, &) (a0 — @o| + a1 — d-1|) + R,
where

p—1
(4.18) R= s;l AP — 1,5, k)(las+l - d—S—ll + Zlas - d—Sl + Ias—l - dl—ti)~

Collecting terms in (4.17) and (4.18), we may write

s 2%kt p-D] 1 1 _
be = bl ST Lt = D% T B = 2 = 1>]“’° %
(4.19) 2k +p— D 1 _

T k-0 Lep—iF = - 1)2)]""’ @

4 2+ p - O 1

k- L@p—IE - (p —2)%
2 _
TR 1>2>]‘“”"1 Band
+ "2—:‘ 2kt +p — DI las — a_,|

S k=) Le—24+90—9)E - (—-1)7

2|a, — a_,|

T T 0 -1 - E =)

Ias - d—s‘l
T TG -2 - E =G+ 1)2)]‘

Substituting (4.19) in (4.13), we obtain

(420) lan - d—nl < ‘;:]D#[au - d—#L
where
= —kRE+p =D 2 1
aap, - HRE=ROLL = o e+ =)
422) D, 4 S kr—kE+p-—2)!

T - Skt p—2)(k—p+ 2)!
= DE = @ — D)+ B — (p — 2)7,

https://doi.org/10.4153/CJM-1952-037-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1952-037-1

416 M. S. ROBERTSON

2 L kn— k)4 p—2)!

(4.23) D= p 1,2 G-pF DI
while for p = 1,2,...,p — 2 we have

_ SN2k —B)(k+p — 1)
(4.24) D, = k;p * =) Ay
where

A =[ 1
FLe -2+ Wi - wIE - (= 1))
+ 2
B —1+wp—1—-wE — )
+ L ]
+mip—2-wE - @+ DHT
To complete the proof of (1.9) by induction it is then sufficient to evaluate
D, (u=0,1,...,p) and, indeed, to show that

(4.25) D, = A(p, p, n).

5. Formulae for D,. We shall prove first (4.25) in the case u = p, that is,

5.1) 2 f k(n — k)(k+p —2)! _ 2n(n + p)!
O (B —p+ 1)! @p)!(n — p — D" — p°)’
Equation (5.1) is equivalent to
"Z':lk(n—k)(k+;b—2)!= nin—+ p —1)!
w1 (B—p+1)! 2p(2p — 1)(n — p)!
which is easily seen to be true when n = p. We shall prove (5.2) by induction
on 7, making use of the formula
G+ ! (m+ g+ 1)!
53) L T Gt DO
Assuming (5.2) for an integer #, we then have
\ik(n-*-l—k)(k-i—P—Z)!
k=p—1 (k —p + 1)!
_netp=2! "i‘k(n+1—k)(k+p—2)!
m—p+ 1! 54 (B —p+1)!
_nntp—2)! nin+p — 1)! _|_"§k(k+p_—2)
(mn—p 4+ 1! 2002p — 1)(m — p)! W= (B —p 4 1)!
_nntp—2) nptp = D! (et p—1)!
(m=p+ 1! " 2p2p = 1)(n = p)! 157k — p 4+ 1)!

=D G,

(5.2)

(5.4)

+

+
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_nrntp=nl, nmt+p— 1! + (nt+p— 1!
m=p+ 1! " 202p—1)(n—p)! " (2p — 1)(n — p)!
_p=1)n+p-2)!
(2p — 2)(n — p)!

I CE S CE )
26020 — D(n+ 1 — )T

Thus (5.2) holds when # is replaced by # + 1. This completes the proof by
induction of (5.1).

Next we shall establish (4.25) for the values u = 1,2,...,p — 2. We shall
omit the proof of (4.25) in the cases p = 0, 0 = p — 1 since the method of proof
in these two cases is very similar to the typical case which follows. We assume
now that 1 < u < p — 2,n > p, and shall prove that

k= mm+p—nT@+y—M@+m 420 =)

5.6) 2 (k — p)! L &= -1 E =
@—u—n@—m]
kz _ ( =+ 1)2
n(n + p)!

T (m—p— I = 4

which is equivalent to (4.25). It can be easily verified that (5.6) holds when
= p + 1. We assume (5.6) for an integer » and prove that (5.6) holds for the
integer # + 1. Replacing # by # + 1 in the left-hand side of equation (5.6) we

have
67)2 m+1&@i;p—n{@;fn—@ﬁm z%lyp
@wVﬁ>ﬂ Z+§
—"WJfQPT%f9¢_@f”+2%:§)+@£fkﬂfﬁ”ﬂ
o _n;n_—i-lj))!)(!nz S :Z:k(k +p ;)'1)'[(? —kk u_) = _(le)r )
+2%:£) %:p(;%;m]

The right-hand side of (5.7) should equal

m+1)n+4+p+1)!
(n — o)/ ((n + 1)* — u¥)

if (5.6) is to be proven, and we can see that it does so, provided we show that
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Lkt p— D[ G+ — (p+n
68  XTGan L F-Go1

FH =D oo - (P—u)]
M

kz_( —|-1)2
<n+p—1>'F<n+1><n+p+1><n+p> _n(n® —p?Y)
(m—p)t L (n+1)" = 4 nt — i’
(P+u)—(1>+u) 206" — ) (P—#)—(P—u)}
e P Sy RS DL ]

We shall prove (5.8) by induction on #. It is easily verified that (5.8) holds
for n = p + 1. Replacing z by # + 1 in the left-hand side of (5.8), we have

(50) S EE+p =D +w) = @tw | z_@_—:_?)

= (k-9 L = @-1)° K —
(P—u) ll (2l z =
R Ry ] ZHZ_,,
=”("+P—1)![(P+u)2—(P+M)+2(P2—u2)+(P—u) —(p—w]
(n — p)! n = (u—1)" n' — ' n' — (u+1)°
+<n+p—1>'F(n+1><n+p+1><n+p> n(n’ = p*)
n—p)' L (n+1)" = n' — '
{(P+M) —(P+u) Z(P —u2)+(1>—u) —(P—u)}:l
n'— (u— 1) n — ' — (u+1)°
_tp =)+ Dot p+ Dot p) n(n—p)]
n—p)! L (n+ 1) — 4 n —u
<n+p>'r(n+1>(n+p+1> n(n—p)]
T mw—p)lL (m+1) =4 n o= u

If (5.8) is to be proven the right-hand side of (5.9) should be the same as the
expression obtained by replacing # by # 4 1 in the right-hand side of (5.8).
This will be the case, provided we prove that

(5.10) (n+1 — p)[(" + 1)+ p +1) _ nin = ?)}

(n+1)" — n' —u
[(n+2><n+p+2><n+p+1> (n + D ((n+ 1)* = p%)
(n+2)°—4u* (n+1)* — u?

(p+u) = (p+n 2(p" = u)
B ("+1){<n+ = =0T G =

+(p—u):—<p—u)}]_

(m+1)° — (u+ 1)°
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(5.10) is equivalent to

2(n+1)—2p(n+1) n(n—P)(n— +1)
(s.a1) 2T o

(n+2)(n+z>+2)(n+1>+1)
(n+2)" —u*

_ (p+w)’ = (p+n 20" — u%)

Lo =w = (p—u)}
(n+1)" = w4+ D)

If all terms with denominator (n + 1)2 — u? in (5.11) are collected and placed

on the left-hand side, these terms simplify to the simple term (2z 4 2) so that
(5.11) is equivalent to

an—pP)n—p+1) , r+ 2+ p+2Dm+p+1)
(5.12) 2n 42 = - — + n+ 27 = g
D+ ) — e+ 1)+ w)
(n+u)(m+2—u)

D —w)— e+ 1)(p—w)
n—wm+2+u '

and (5.12) is equivalent to
(513) @2n+2)(n" — W) (n' +4n+ 4 — )
=n(n—p)n—p+1)(n" + dn+ 4 — 4°)
++2)n+p+2)n+p+ 1) -4
— A+ D)=+ p+2)p+w)’
+ @+ 1) —p)m+u+2)P+w
— D+ wE—p+2)0—w’
+ @+ D@+ )=t 2)C—n).
Both sides of (5.13) reduce to the polynomial
21° 4+ 100" + (16 — 4u¥)n® + (8 — 12u)n” + (2u* — 164" n + (2u* — 8u?).

Since (5.13) is therefore an identity, this completes the proof by induction of
(5.6). Thus (4.25) is established.

6. Sharpness of Theorems 1 and 2. We shall show now that inequalities
(1.9), (1.10), and (1.15) are sharp for all integers p. Since the quantities

Ialc_d—-klr k=0,1,~--rP,

are to be assigned arbitrary values in advance, in order to prove that (1.9) is
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sharp it will be sufficient to exhibit a function w = f*(2) of the form (1.8) which
is a power series. Thus we shall take a_; = 0 for all 2 > 0. Since the addition of
a real constant to the function f*(z) does not affect its imaginary part, we may
assume that ao is a pure imaginary number id, d > 0, without restricting the
problem. Then, having shown that (1.9) is sharp by exhibiting a function f*(z)
satisfying the conditions of Theorem 1, for which equality signs hold for all
n > pin (1.9), we see at once by a rotation and translation that (1.10) is also
sharp; and from (1.13) that (1.15) is indeed sharp too.

Let |ao|, lai], ..., |ay] be p arbitrary non-negative numbers, not all zero.
Define
6.1) a; = (— 1) Yay, E=0,1,...,p,
(6.2) 4, = (2k)!Zk 2] E=0,1,...,p
= k+ ik —q)F e
P k - _k+1 o
(63) @) = X (- DA = Y 0
=0 1 —12) =0

We shall show that f*(z) satisfies the conditions of Theorem 1, and that
equality signs hold in (1.9) for this function. We must show that there exists an
interval p < 7 < 1 such that on each circle |3 = 7 of this interval the imaginary
part of f*(2) changes sign exactly 2p times. To this end it will be sufficient to
consider the real part of the function — 7f*( — 42) for 2 = re’d where

) R
(6.4) — if*(—dz) = » (— DA
x=0 1-23)
Long but straightforward and elementary calculations give
k k41
+
&ammmzﬁgfﬁm}
) X 5 VLA NCS V(IR S I e ]
= A= 2rcost + %L Rt T D cosmb |

where
(6.6) (B+1—m)(k+ 1+ m)DP
= (_ l)k—m[(k + 1 — m)(rk—m . fk+2+m) + (k + 1 + m)(er . rk+2—m)].

Thus

. R(r,® @+ D! [ (=1
6.1) Im="""3 = 25 (1 — cos )P LRIk + 1)

B2(— 1) '’ —k — 1) cos mﬁ]
LD Ry P e u i
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3 Qt+1)! [ (=2)*1 = cos0)(kcos8 + k + 1)]
2% (1 — cos 6) L (2k + 1)!

_ (= 1D)*(kcosb+E+1)

2]c+l (1 — cos 6)k+1

For z = re® we now have

(6.8) (1 — 27 cos 6 + ) "TIR{ — if*(— iz)}

?
= > (= 1) ARy (r, 0)(1 — 27 cos 6 + ")t = P(z, 0).
%=0
Here P(r,0) is a polynomial in cos 6 of degree 2p and the number of changes of
sign of 3f*(3) is precisely the number of changes of sign of P(r,0) onlz| = » < 1.
Since we shall see that

(6.9) la.] = i A(p, b, n)|ax| ~ en™,

Jf*(2) cannot change sign onlzl = 7, for an interval p < r < 1, fewer than 2p
times because of (1.9). Thus P(r,0) changes sign at least 2p times on [zl =7,
p <r <1. We shall show next that P(r,d) cannot vanish more than 2p
times on |z = 7 for p <7 <1,0< 6 < 2. Let

(6.10)  P(6) = f r.6)
2 Ay (kc050+k+1) gy _ 2p+1
= 2FT (1 — cos 6)F" (1 — cos6)
y4
= 2%(1 — cos )" Y -—',z kcosf+ k4 1)(1 — cos8)”*
k=0
= 2%(1 — cos 6)’Q(9),
where
2 A, ot
(6.11) 0 = >, —k(k cosf + k+ 1)(1 — cos8)
k=0
(6.12) 06) > 2
provided not all |aq|, |ail, . . ., |a,| are zero.

P(0) is a polynomial of degree 2p in the variable # = cos 6§, and has exactly
p real zeros in the variable # in the range — 1 < # < 1. Since Q(6) > 0, and
because the zeros of any polynomial are continuous functions of its coefficients,
we conclude that P (7, §), as a polynomial of degree 2p in # = cos 6, also cannot
have more than p real zeros « in the range — 1 < u < 1. For, given e sufficiently
small but positive, and for values of 7 near one, P(r, §) has exactly p complex
zeros uy in the circle |u — 1| < ¢, where u is regarded as a complex number,
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k=12 ...,p. Let

P(r,0) = Pi(u)P2(u), Pa:(u)= 1_1 (ur — u).

Then
lim Py(u) = (1 — u)®, lim Py(u) = 2%Q(9),
751 751
and when % is real, —1 < u < 1, 22Q(0) > 2?4, > 0. Thus, there exists a

range p < r < 1 for which [Pl(u)l > 20714, > 0, for u real and —1 < u < 1.
It follows that, for a range p < r < 1, P(r,0) has not more than p real zeros u
in —1 < u# < 1, and therefore not more than 2p zeros 6 in the range 0 < 6 < 2.
P(r,9) therefore changes sign exactly 2p times on each circle Iz[ = r for some
range p < r < 1. This shows that f*(z) satisfies the hypothesis of Theorem 1.

In addition it is necessary to show that for f*(z) (6.9) holds. We note that
the coefficient of 2" in (g*¥ + 7z%t1) (1 — 13)~ %1 is

m(n + k— 14"
n — B)I(2k)! ">

k.
Thus for

7E) = X

et — 1)+ E— 1)
6.13) a, = " (2n )LZ( >(nk)!(2k)! )y,

P YR ELI S
=2 BT &G TolG—g)

_ ”(—DW+k—W
= 2ni"" ;} k; (n =)+ !k — {Z)'I al

_ n+12 (= l)p(” + P)"aq'
Vi~ —p— DI+ —

(614) Ianl = qz::o A(Pv q, n)[aq]’

where A(p, ¢, n) is defined as in (1.9). Now the proof that (1.9) is sharp has
been completed.
To show that (1.15) is also sharp we form the function

2 dz = > a
(6.15) F*(z) = Jo(f*(Z) — @), = Z} " = 213 n?
where
_ 2R qld,|
(6.16) By = du =y rlasl = (2h)! Z ET Ok —oF
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It is immediately obvious from (6.14) and (6.15) that, for F*(2),

?

(6.17) ldal = 22 IA(p, g, m)ldy], n>p,

g=1

which is to say that equality signs hold in (1.15). Further, since F*(z) is a
polynomial of degree p in the variable { = iz/(1 — 72)2, and since { is a univalent
function of z for Izl < 1, it follows at once that F*(z) is multivalent of order
not exceeding p in ]z] < 1. From (6.135) it is seen that for an interval p < r < 1
the derivative

(6.18) 5%{9@*@&")}

changes sign exactly 2p times on Iz[ = 7. From (6.17) it may be noted that for
F*(2),

|dn| ~ en™ ",

Thus F*(z) cannot be multivalent of order » < p, for in that case we should
conclude from a well-known result for the coefficients of a multivalent function
of order » that d, = O(n*-'). Thus F*(z) is multivalent of order p in lz[ <1
W = F*(2) has the property that it maps ’z| =17, p <r <1, onto a contour
such that every straight line parallel to the imaginary axis cuts it in at most
2p points.
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