
A COEFFICIENT PROBLEM FOR FUNCTIONS 
REGULAR IN AN ANNULUS 
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A solution will be given in this paper for the following 

—oo 

be regular and single-valued in an annulus 0 < p < \z\ < 1. Let Cr denote the 
image in the w-plane of the circle |z| = r, p < r < 1, and let us suppose that 
there exists in the w-p\ane a straight line which cuts Cr, for every r in the range 
p < r < 1, in precisely 2p distinct points, p being a positive integer. What are 
the sharp bounds enforced upon the complex coefficients an (n = 0, ± 1, . . .) 
by these conditions? 

It will be noticed at once that, because of the presence of the arbitrary constant 
do in (1.1), and because all the coefficients may be complex numbers, no re
striction will be put upon the problem if we assume in what follows that the 
given straight line is the real axis. 

Special cases of the above problem have been solved during the past two 
decades. These cases have been confined to functions f(z) analytic in the circle 
0 < \z\ < 1 (p = 0). If p = 0, p = 1, and if f(z) has real coefficients in (1.1) 
with a0 = 0, a\ — 1, then f(z) is typically-real for \z\ < 1. In this case it was 
shown by Rogosinski [8], Dieudonné [1] and Szâsz [9] that 

(1.2) \an\ < n\ai\, n = 2, 3, 

For p = 0, p = 1, a0 = 0, an complex numbers, it was shown by the author 
[5] that 

(1.3) \an\ <w 2 | a i | , n = 2, 3, . . . . 

The inequalities expressed in (1.3) were obtained again at a later date by 
Kakeya [4]. Both (1.2) and (1.3) are sharp. When p = 0, p arbitrary, and when 
<2o = ai = . . . = ap-i = 0, av 9^ 0, an complex for n > p, it was also shown 
[6] that 

(1.4) k | < -^yU (n - v2)'K\, n = p+l,p + 2,..., 

and (1.4) is also sharp. If, further, all the coefficients are real, the inequalities 
(1.4) are replaced [6] by the sharp inequalities (1.5), 
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1. Introduction. 
problem. 

Let 

(LI) 
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(1.5) \an\ < - ( 2 / _ ^ i l l («* - "') • k l . n = p+l,p + 2  

With the restriction that the first p coefficients be zero removed, the author 
showed [7] that 

< 2 ± I**' (1.6) lim sup 
On_ 

U(P + k)\(p-ky: 

but no sharp estimates for each individual \an\,n > p, were obtained. Quite 
recently Goodman and Robertson [3] have solved the problem for p = 0, p 
arbitrary, when the coefficients are all real, obtaining the sharp inequalities for 
n > p, 

(1.7) k | < Z ^ L + l H 2 \ \Ct>k\i JA (P + k)Up - k)\(n - p - l)\(n' - kÀ) 

which is of particular interest since it establishes, for a large class of multivalent 
functions, the Goodman conjecture [2] that (1.7) holds for all functions multi
valent of order p in \z\ < 1. 

In this paper we turn to the general case. Thus p is an arbitrary positive 
integer. The coefficients an(n — 0, ± 1, ± 2, . . .) are complex numbers and 
p may be positive or zero. We shall denote by â the complex conjugate of the 
number a. Our main result is stated in the following theorem. 

THEOREM 1. Let 
oo 

(1.8) w=f(z) = Y.anz
n 

be regular and single-valued for 0 < p < |s| < 1, the coefficients an in (1.8) being 
complex numbers. On each circle \z\ = r, p < r < 1, let the imaginary part of 
f{z) change sign 2p times, where p is a positive integer independent of r. Then, for 
n > p, the following inequalities hold and are sharp in all the variables \ak — â-k\ 
(k = 0, 1 , . . . , £ ) : 

V 

(1.9) \an — â-n\ < X A(Py k, n)\ak — â_.*|, 

where 

A(P,0,n)^ fl(n-v2)/(p\)\ 

A(p, k,n)^2U (n2 - v2)/(p + k)\(p - k)\, p > k > 0. 
v?ék 

By a rotation and translation we may obtain the following Corollary to 
Theorem 1. 

COROLLARY. Let f{z) be given as in (1.8), regular and single-valued for 
p < \z\ < 1. Let I be any straight line in the w-plane. Denote by deiy {d > 0), 
the point on I nearest the origin. For each r in the range p < r < 1 let the image 
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curve Cr of \z\ = r, through the mapping w = f(z), cross I precisely 2p times 
(p fixed). Then for n > p, 

(1.10) \ane~iy + d-ne
iy\ < 2A(p, 0, n)\3t(a0e

iy) - d\ 

V 

+ X) A(P> k> n)We~xy + d-ke
ty\. 

In the corollary, if d = 0 we define y to be \ir + 0, 0 < 0 < T, where 0 is the 
inclination of the line /. If / is the real axis, then d = /3 = 0,7 = |7r, and (1.10) 
reduces to (1.9). 

We call attention to the fact that for 0 < k < p, 

(1.11) à(P,k,n) =^D(p,k,n) 
k 

where D(p, kyn) is the coefficient of \ak\ in (1.7). 
The special case of Theorem 1 where p = 1 states that 

(1.12) \an — d-n\ < \n — l | - |a0 — ô0| + n\ax — a_i| 

for all integers n. (1.12) includes (1.3) as a special case. It is also seen that (1.6) 
follows as another special case of (1.9). 

From the identity 

(1.13) W ( * ) } = - M®f(.reie), z = rete, 

the following theorem is obtained immediately from Theorem 1. It shows that 
the Goodman conjecture (1.7) for all multivalent functions of order p in \z\ < 1 
holds for still another special class of multivalent functions of order p, this time 
with the coefficients complex numbers. We state the result as 

THEOREM 2. Let 

(1.14) /(*) = a0 + aiz + a2z
2 + . . . + anz

n + ... 

have complex coefficients and be regular and multivalent of order p for \z\ < 1, 
and for each r of the interval p < r < 1 let 

change sign 2p times on \z\ = r. Then for n > p, 

(1.15) \an\ < 2 , {p + k)[{p _ ky{n _ p _ 1 ) ! ( M 2 _ kt) \at\, 

and this bound is sharp in all the variables \ak\ (k = 1, 2, . . . , p). 

Theorem 2 was shown [5] in the special case p — 1, in which case w = f(z) is 
univalent (schlicht) for \z\ < 1 and maps each circle \z\ = r, p < r < 1, onto a 
contour with the property that each line parallel to the imaginary axis cuts the 
contour in at most two points. In Theorem 2 with p > 1, each such line is cut 
in at most 2p points. 
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2. Preliminary remarks. For the sake of clarity we give here a few definitions 
from [3]. 

Definition 1. The harmonic function v(ry 0) is said to have a change of sign 
at 0 = dj if there exists an e > 0 such that, for 0 < 5 < e, 

(2.1) v(r, 6j + Ô) -v(r, 6j - Ô) < 0. 

Definition 2. $f(z) = v(r, 0) is said to change sign a times on |z| = r if there 
are g values of 0, say 0i, 02, . . . , 0̂  such that 

(a) inequality (2.1) holds for each 0̂  ( j = 1, 2, . . . , q), 
(b) dj jà 6k (mod 2?r) if j ^ *, 
(c) if dj is any value of 0 for which i>(r, 0) has a change of sign then, for one 

of the dj (j = 1, . . . , q), 6S = dj (mod 2TT). 

In proving (1.9) of Theorem 1 we may assume tha t / (z ) , given by (1.8), is 
regular on \z\ = 1. For if this is not the case and/(s) is regular for 0 < p < \z\ < 1 
and f(z) =/_(2) +/+(z) , where 

oo oo 

then, for / sufficiently near to, but less than, one, 

(2.2) ft(z)=f+(tz)+Mz/t) 

is regular on \z\ = 1. Having proved (1.9) for ft(z) we have only to let t —» 1 to 
obtain (1.9) for f(z). Hence in what follows we shall assume/(z) to be regular 
on \z\ = 1. 

LEMMA 1. Let f(z) be given by (1.8) and be regular for p < \z\ < 1. Ze/ 
$f(eie) change sign 2p times at 0 = 0i, 02, . . . , d2p, (p > 1). 77zere exwf real 
numbers JJL and v such that, if g{z) is defined by 

OO 

(2.3) g(z) = (z + z-1 - 2 cos v)f(zel") = £ bnz
n, 

—oo 

then ^g(eiB) changes sign 2(p — 1) times. 

Proof. Since $g(eid) = 2(cos 0 — cos *>)3>f(e*(*+,i)) we may take 

(2.4) 2/z = 6t + 0,-, 2? - dj - Bu 

where 0* and dj, i 9^ j , are any two values of 0 where 3f(eie) changes sign. Then 
SfieW+ri) changes sign at 0 = ± (dj - dt)/2 = ± v as well as at 2(£ - 1) 
other values of 0. However, (cos 0 — cos v) changes sign exactly twice in 
— 7T < 0 < 7T, at 0 = ± v. Thus $g(eid) does not change sign at ± J> but does 
change sign at the 2(p — 1) other values of 0 (nowhere else if p = 1). 

The method of proof for (1.9) will be by induction on p by means of (2.3). 
Note that even in the special case where f(z) is regular in the whole unit circle 
\z\ < 1, g(z) is not regular at z = 0 when a0 5̂  0. This difficulty was easily 
avoided [3] when all the coefficients were real and /z = 0. 
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The proof of (1.7) by induction on p made use of the fact that (1.7) was 
already known for p = 1, i.e., that (1.2) held. However, (1.9) is not known to be 
true even for p = 1, except in the special case (1.3). It will therefore be necessary 
to establish (1.12) first. In proving (1.12) we shall need the following lemma 
which appears in [7, p. 514]. 

LEMMA 2. Let 

(2.5) F{z) = Ë Anz
n 

- c o 

be analytic and single-valued for p < \z\ < 1. If $lF(reie) > Ofor p < r < 1, then 

(2.6) \An + A-n\ <23L4o, 

where Â_n denotes the complex conjugate of A-n. If F(z) is regular on\z\ = 1, and if 
WF(eie) > 0, then (2.6) again holds. 

3. Proof of (1.12). Let 

(3.1) 0(s) = Co + dz + . . . + cnz
n + . . . 

be regular for \z\ < 1 and let 3<£(z) change sign exactly twice on \z\ = 1. By 
Lemma 1, fx and v exist so that 

(3.2) g(z) = (z + z-1 -2 cos v)<j>(zelli) 

= J . * - 1 + bo + hz + . . . + bnz
n+ . . . 

is regular on \z\ = 1 and Sg(z) does not change sign on \z\ — 1. Since ig(z) 
(or — ig(z)) satisfies the conditions of Lemma 2, we have 

(3.3) | & i - 6 - i | < |3(&o-6o) | , 

(3.4) \bn\ < | 3 (6o -5o ) | , n>l. 

From (3.1) and (3.2) a comparison of coefficients in the two power series 
gives 

(3.5) 5_i = c0, bo = C\e*i — 2c0 cos v, 

(3.6) bn = cn+1e
{n+1),xi - 2cne

nili cos v + c ^ " 1 ^ , n>l, 

(3.7) cne^ = £ bk
s[n {n ~ *> 

*=_! Sill V 

Substituting for b_\ and b0 from (3.5) in (3.7) we have 
n-l 

niii sin (n -\- \)v . , ai . Nsm nv . v^ , sin (n — k)v 
cne = Co : — + (cier — 2c0 cos v)—. h >L bk : — 

smv sin v fci sin v 
J sin (w + 1)J> . sin nv\ . M< sin w*/ , ^ , sin (# — k)v 

= c<A ^ 2 cos v— ( + cie - : r- 2-fl** • 
I sin p sin ^ ; sin *> fcl sin v ,,, ON sin (n — 1)P . ui sin w? , 5£? _ sin (w — &)*> 

(3.8) = - co ^ — + c^f —. h Z^ h ^ • 
sin v sin v fei sin v 
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From (3.8) we have the inequalities 
rc-1 

(3.9) \cn\ < (n - l)\c0\ + n\Cl\ + £ (n - k)\bk\, n > 1. 

From (3.3), (3.4), and (3.5) we have 
(3.10) \b±\ < | M + |3f(60 - So)| < S|co| + 2|ci|, 

(3.11) |6*| < 2|Jo| < 4|c0| + 2|ci|, k > 1. 

Substituting (3.10) and (3.11) in (3.9) we obtain 
7 1 - 1 

\cn\ < 6(n - l)\c0\ + (3n - 2)|ci| + ] £ ( * - i)(4|c0 | + 2|ci|) 
k=2 

n—l ) ( n—\ 

= \c0\\6n - 6 + 4 ^ (n - k)\ + |ciK3w - 2 + 2 £ (n - *) 

Thus for all integers n, 

(3.12) \cn\ <2\n2 - l | . |co| + n2 |d| f 

and we now have proved a special case of (1.12). 
Let now 

oo 

(3.13) f(z) = £ anz
n 

be regular on \z\ = 1 and such that 3/(2) changes sign exactly twice on \z\ = 1. 
We may write f(z) as 

00 00 

(3.14) /(*) = £ (a_„2-
K + â_„s") + a„ + £ (a„ - <S_)*" 

1 W = l 

where both series in (3.14) converge on |z| = 1. On \z\ = 1, 

(3.15) 3\ Ë (a.nz-n + a-nz
n) + dta0\ = 0. 

In this case, from (3.14) and (3.15) it follows that on \z\ = 1 the imaginary part 
of the function 

(3.16) 4>*(z) = (Sa0)i + Ë (<*» - â_„K 
n=l 

changes sign exactly twice. Thus <f>*(z) behaves like <j>(z) in (3.1) and inequalities 
corresponding to (3.12) must hold for cj)*(z). This then gives for all integers n, 

(3.17) \an — d-n\ < \n2 — l |- |a0 — âo| + n2\ai — â_i|. 

We note that in (3.17) not both the terms |a0 — a0| and \a\ — â_i| can vanish 
simultaneously. For otherwise the function 

<t>*(z) = (a2 — d-2)z
2 + . . . + (a» — â-.n)z

n + . . . , 

regular for \z\ S 1, would map \z\ = r, for every r in 0 < r < 1, into a contour 
which cuts the real axis at least four times. This, however, is contrary to the 
hypothesis for <£*(z) since p = 1. The proof of (1.12) is now complete. 
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4. Proof of Theorem 1. We now let 

(4.1) / ( 2 ) = Z < V n 

n=—oo 

be regular and single-valued for 0 < p < \z\ < 1. We suppose that $f(z) 
changes sign exactly 2p times on \z\ = 1. By Lemma 1 there exist real numbers 
ix and v such that 

(4.2) g(z) = (z + z~l - 2 cos v)f(zeifi) = £ &nz
w 

—co 

is regular and single-valued for p < |z| < 1 and $g(z) changes sign 2(p — 1) 
times on \z\ = 1. 

A comparison of coefficients in (4.1) and (4.2) gives 

(4.3) bn = an+ie{n+l)lli - 2ane
mi cos v + an^71'1^ n = 0, ± 1, ± 2, . . . , 

(4.4) o^* = £ ft *n .<"-*> = 5, + &, 
A=_co sin v 

where 

(4.5) A - £ V n (* " *)F, 
*r4 sin v 

(4.6) 52 = g 6f" (W ~ *)y. 
fc^ sin?/ 

Making use of (4.3) in (4.5) we simplify S\ as follows: 

c V* /~ ^a+D/ii o„ J^* o , „ ,(fc-i)/x^sin (^ — &)p 
^i — 2iu iak+ie — 2ake cos v + ak-ie ) : 

fc=-co S i n V 

Plii sin (n - p + 1> (p-i)M J s i n (n - p + 2> 
= a?e : h (ip-ie ) : 

sin v \ sin v 
sin (n — p + l)v\ 

sin p j 
, v^2 fcujsin (w — k + \)v - sin (n — &)J> . sin (n — k — l)v\ 

+ 2^ <V 1 • - 2 cos v ^ - H —: J—\, 
*±4 I sin v sin z> sin v ) 

so that 
(4.7) 5X - a * " " s i n ( w - £ + 1 > _ c ? - i ) ,*s in(W - j>> 

sin ^ sin J/ 

Thus (4.4) simplifies to 

/j . ox n rim __ n via sin (n — p+ l)v jp-nn sin (n - ft> 
r±.o) ane = ÛU6 : dv—ie : 

sin ^ * sin v 

— 2 cos v 

, xr^ * sin (^ — k)v 
k=p sin v 
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Next, consider the expression 

(4.9) T^ntbJn{nrk)v 

]C=P sin v 
n-l 

Z ( - (k-i)m r,- iwi , - (fc+i)/xï)Sin (n — k)v 
\ai-ke' ;M - 2a_ke

 M cos v + a-k-ie
K + ^ * — 

k=p s in v 

- n >-DM sin (n - p)v 
sin v 

J s i n ( n - p - 1 > _ 2 c o g ^ (,-f>>| t 

I sin ^ sin v ; 

E
n~l « *u js in (^ — k — \)v ~ sin (n — &)Ï> , sin (n — k + l)v\ 

a-ke \ : 2 cos v *-: — H -—: '—( 
=„4-i I sin v sin v sin v ) + 

,(H-I)M< sin (w - j>> »M< sin (n — p + l)v n | l i 
(4.10) T = fixV*""" ^ ^ ^ - â ^ " v . ^ ' ; + â^e1 

sin v y s inv 

Adding to the right-hand side of (4.8) the expression for T in (4.10) and then 
subtract ing the expression for T in (4.9) we may rewrite (4.8) in the form 

UU\ n *»"* - in > - I ) M * sin (n - p)v wism (n - p + l)v nfli\ 
(4.11) ane = \ a\-ve : a-ve : -+- a-ne ( 

\ sin v sin v ) 
[ Pfli sin (n - p + 1 > _ (p-i)M sin (w - j > > \ 
t sin v sin v J 

+ \ape
v> 

sin v 

(4.12) (an - â^e^ = (aP - < * _ > " ' s i n (" ~JV
+ ^ 

- (ap_i - a!-p)e ^ - ^ 

+ Z (6, - s-*)sin (». - k)v\ 
k=v sin *> 

(4.13) \an — <z_n| < (w - £ + l ) |ap - â-p| + (» - £ ) | a P - i - â i - P | 

+ S (»-*)l**-5-*l-
k=p 

We have already seen t h a t (1.9) holds for p = 1 and all integers n > 1 
because of (3.17). We now assume tha t the coefficients bn of g(2) in (4.2) satisfy 
(1.9) with p — 1 replacing £ and bn replacing an. Then from (4.13) we shall be 
able to prove by induction t h a t (1.9) holds for all p and all n > p. T h u s we 
assume, for k > p — 1, 

(4.14) \bk - E-k\ < ! £ A(p - 1, s, k)\bs - 6_ t | . 

https://doi.org/10.4153/CJM-1952-037-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1952-037-1


FUNCTIONS REGULAR IN AN ANNULUS 415 

From (4.3) we have the inequalities 

(4.15) |&o — So| < 2\a0 — a0\ + 2\a\ — â_i|, 

(4.16) \bs — 5_s| < \as+i — â_s_i| + 2\as - a_s| + |as_i - âi_,|, 

5 = 1,2, . . . , p - 1. 

Making use of (4.15) and (4.16) in (4.14) we have 

(4.17) \bk - 6_*| < 2A(p - 1, 0, k)(\aQ - â0\ + \ax - â_x|) + R, 

where 

(4.18) R s ] £ A(/> - 1, ^, £)( |a s +i - a_s_i| + 2|as - a_,| + |a5_i - âi_, |) . 

Collecting terms in (4.17) and (4.18), we may write 

., , . ^2k(k + p - !)![" 1 . 1 "1. 
\bk - 6_*| < (jfe _ ^ , |_ ( ( p _ i ) , ) ^^ + ^ _ 2)!(jfe2 __ 1}J|ao - a, 

(4.19) 2fe(fe+ £ - ! ) ! [ 1 1 _ 
"*" (* - p)\ l{2p - 2)!(£2 - (p - 1)2)_T* a~pl 

a0[ 

2k(k + p M L 
)! L(2p-3)Uk2 

+ (k-p)l L ( 2 £ - 3 ) ! ( £ 2 - (p-2)2) 

+ SOj* _ 0\l/î,2 _ (JK _ l)2)Jla i >-1 ~" a i - p ! (2/> - 2)!(£2 - (p - !) ')_ 

+ fe (*- />)! L"( 
\as — a_* 

t i (* - P)\ UP - 2 + s)\(p - s)\(k2 -(s- i)2) 

2 la. — â_,| 
+ ( £ - l + 5 ) ! ( £ - l - * ) ! ( £ 2 - 5 2 ) 

+ 
a s - â_s| "I 

D2)J-(£ + s)l(p - 2 - s)l(k2 - (s+m 

Substituting (4.19) in (4.13), we obtain 
V 

(4.20) \an - a_n| < £ ) D^a» — <L_M|, 

where 
(A0Ur> - ^2k(n-k){k + p-l)f 2 1 1 
(4.21) Do - 2 j (jfe _ ^ i |_((£ _ m*k» + pl(p _ 2 ) ! ( ^ _ i ) > 

M O ^ n _ _ £ _ V Hn-k)(k + p-2)\ 
K ' "-1 ~(2p - 2)! éf-2 (* + p - 2) {k - p + 2)! 

.[(p-l)(k2- (p-i)2) + k2- (p-2)2l 
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n-1 k(n - k)(k + p - 2)! 
( 4 ' 2 3 ) D'~ (2p-2)\k^ (k-p+l)l 

while for jit = 1, 2, . . . , / > — 2 we have 

(424) c>_gw.-»y_^-»u> 
where 

-[-, 
i 

lk • . ( ^ - 2 + M ) ! ( ^ - M ) ! ( * 2 - ( M - 1 ) 2 ) 

2 
+ {p - l + n)\{p - l - n)\{k'- S) 

+ (p + M)!(£ - 2 - M)!(^2 - (M + I)2)]' 

To complete the proof of (1.9) by induction it is then sufficient to evaluate 
Du (n = 0, 1, . . . , p) and, indeed, to show that 

(4.25) D^ A(p,n,n). 

5. Formulae for DM. We shall prove first (4.25) in the case fx = p, that is, 

{ , 2 ^ k{n - k)(k + p - 2)1 2n(n + p)\  
V'l) (2p - 2)! ér_x (k-p+ 1)! (2#)!(n - £ - l)!(rc2 - £2)* 

Equation (5.1) is equivalent to 

{z9) ^lk(n-k)(k + p-~ 2)1 ?*(?* + ft- 1)! 
^' } , 4 l i ( f c - £ + l ) ! 2ft(2ft- l ) ( * - £ ) ! 

which is easily seen to be true when n = p. We shall prove (5.2) by induction 
on n, making use of the formula 

, , f, (5 + g)! (m + g+l)l 
{ ; « 5! ( 2 + l ) . ( m ! ) ' 

Assuming (5.2) for an integer n, we then have 

( 5 4 ) y» * ("+! -*) (* + £ - 2 ) ! 
*-n-i (fe — £ + 1)! 

w(« + ft - 2)! !£i k(n+l - k)(k + p - 2)! 

w(ra + ft - 2)! »(» + / > - 1)! , y»1 *(& + £ - 2) 
(n - p + 1)! + 2p(2p - i ) (n - /»)! t - f ^ i (* -*> + 1)! 

w(w + j& - 2)! w(w + ft- 1)! ^ (fe +j> - 1)! 
(n-p+ 1)! + 2£(2£ - l ) (n - £)! +*è±i(ife - /> + 1)! 

*-p-l (& — ft + 1) 
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n(n + p-2)\ n(n + p-l)\ (n + p - 1)1 
(n - p + 1)! + 2p(2p - \){n - p)\ + (2p - 1)(» - p)\ 

(p- l)(n + p-2)l 
(2p-2)(n-p)l 

(n+l)(n + p)\ 
2p(2p- 1 ) ( » + 1 - £ ) ! * 

Thus (5.2) holds when n is replaced by n + 1. This completes the proof by 
induction of (5.1). 

Next we shall establish (4.25) for the values ju = 1, 2, . . . , p — 2. We shall 
omit the proof of (4.25) in the cases /x = 0, JJL = p — 1 since the method of proof 
in these two cases is very similar to the typical case which follows. We assume 
now that 1 < JU < £ — 2,n > p, and shall prove that 

^ k ( n -k)(k + p- p f f r + M - l)fr + M) , 2(£2 - M
2) 

é j (* - *)! L ft2 - o« - i)2 ft2 - M2 

ft2 - 0* + i)2 J + 
n(n + pY- 

(» - £ - 1)!(«2 " M2)' 

which is equivalent to (4.25). It can be easily verified that (5.6) holds when 
n = p + 1. We assume (5.6) for an integer n and prove that (5.6) holds for the 
integer n + 1. Replacing w by n + 1 in the left-hand side of equation (5.6) we 
have 

/ç-n y k& + 1 ~ ft) (ft + P ~ !)'["(*> + M)2 - fr + M) I 2(j>2 - M2) 
(5'7) ÉJ (*-/»)! L ft2-0u-D2 + ft2-M2 

g, - M)2 - fr - M) l • g 
1 ft - 0* + 1) J 

_ n(n + p-iy\(P + tf- (P + n) , 2(£2 - M2) , (ft - M)2 ~ (/> - /*)! 
- (» - /»)! L n2 - 0» - l)2 + «2 - M2 + «2 - (M + l)2 J 

»(» + />)! ^ ^ ( f e + ^ - i ) i r ( f > + M ) » _ fr + ; t ) 

+ („ _ p _ !)!(„» _ „*) + £ (ft-/»)! L ft2-(M-l)2 

i 2(£2 - M2) , (ft - M) 2 - (ft - M ) 1 

The right-hand side of (5.7) should equal 

(n+l)(n + p+ 1)! 
(«-ft)!((« + 1 ) 2 - M 2 ) 

if (5.6) is to be proven, and we can see that it does so, provided we show that 
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?=î k(k + P - 1 )![(/> + M)2 - te + M) 
(5-8) è (*-/»)!. L ^2 - (M - 1 ) 2 " 

k — fi k 

tc=p 

2 
2 ( ^ - MZ) , te - M)2 - (j> - M)1 

+ ,2 .2 + L2 _ (M + 1)2- j 

= (w + £ - ! ) ! [ ( » + ! ) ( » + />+ !)(» + />) _ «(w2 - j>2) 
(» - />)! L (» + l)2 - M2 «2 - M2 

„ i t e + M) 2 - te + M) , 2(P
2 - M2) , (£_= M)2 ~ (^ ~ M)l 1 

" W \ „ 2 - ( M - l ) 2 " + w
2 - / ~ +

 w
5 - ( M + 1 ) 2 " )S 

We shall prove (5.8) by induction on n. It is easily verified that (5.8) holds 
for n — p + 1. Replacing w by n + 1 in the left-hand side of (5.8), we have 

, ,Q , A k(k + p - l)!fte + M)2 - te + M) , 2te2 - M2) 
(5-9) h (k - P)\ L k2 - (M - l)2 + ife2 - M 2 

te - M)2 - te - M)"| _ v , v 
+ **_ ( M + 1 ) ^ - J - 2- + 2-

_ n(w + p - i ) ! r t e + M)2- te + M) , 2te2 - p2) te - M)2 - te - M)1 
(» - £)! L n2 - (M - l)2 + «2 - M2 " + n2 - (M + l)2 J 

(» + / > - l)!["(n + l)(n + /> + l)(n + j>) _ w(w2 - p2) 
+ (» - £)! L (» + l)2 - M2 w2 - M2 

J t e + M)2- te + M) , 2te2 - / ) , te - M)2 - te - M)11 
~ w l W

2 - ( M - D 2 + - w s - v - + „ » _ ( „ + !)* / J 

~ {n- p)\ L (» + l)2 - M2
 K2 - M2 J 

Q + ft)!J~(w+ l)(w + j > + 1) _ n(n - p)~\ 
(n - p)L (n + l)2 - v.2 n2 - M

2 J" 

If (5.8) is to be proven the right-hand side of (5.9) should be the same as the 
expression obtained by replacing n by n + 1 in the right-hand side of (5.8). 
This will be the case, provided we prove that 

, , i m ,„,< \(n+l)(n + p+l) n(n - p)~\ 
(5.10) (» + 1 - P\ {n + 1 )2 _ M2 - w2 _ M2 J 

[ (n + 2)(n + £ + 2)(» + ft + 1) (n + !)((» + l)2 - ft2) 
(» + 2)2 - M2 (» + l ) 2 - M2 

;„ . i v f t e + / » ) ' - te + M) | 2te2 - M2) 
(M + 1} W l)2 - (M - If + ( « + 1 ) 2 - M 2 

4}} te - M)2 - te - M) 
+ (n + l)2 - (M + l)a 
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(5.10) is equivalent to 

2(w + l)8 - 2p\n + 1) n(n-p)(n-p+ 1) 
/ * . I 1 \2 2 — 2 2 

(n + 2)(n + p+2)(n + / > + ! ) 
(n + 2)2 - M2 

f„ l i J ( ^ + ^ ) 2 - fr + P) i 2(j>2 - M2) " (» + D \ ( w + 1 ) 2 _ , . . _ ^ 2 + Z T X - T ^ m 

+ '-- ' - 2 ' ' l)2 /-

L ( n + 1 ) ' - ( M - 1 ) J ' (n+iy-S 
(p - M)2 ~ (P -
(n + l)2 - (JL + 

If all terms with denominator (w + l)2 — /x2 in (5.11) are collected and placed 
on the left-hand side, these terms simplify to the simple term (In + 2) so that 
(5.11) is equivalent to 

{5.12) 2tt + 2 = "Y" 2 + / , ô\2 2 
n — jjL (n + 2) — y. 

(w + l)(/» + M ) 2 - (»+ l ) f r + M) 
(»+ /•)(« + 2 - / » ) 

( w + l ) ( j > - M ) 2 - ( n + l ) f r - / t ) 

and (5.12) is equivalent to 

(5.13) (2« + 2) (ra2 - M2) (rc2 + 4ra + 4 - / ) 

= w(» - £)(« - £ + 1)(«2 + 4w + 4 - M2) 

+ (re + 2)(» + /> + 2)(» + /> + 1)(«2 - M2) 

- (n + l)(n - /.)(» + n + 2)(/> + M)2 

+ (» + 1)(» - M)(» + M + 2)(£ + /.) 

- (» + l)(n + /.)(» - M + 2)(p - M)2 

+ (» + 1)(» + M)(» - M + 2)(/> - /»). 

Both sides of (5.13) reduce to the polynomial 

In + 10w4 + (16 - 4/x2)«3 + (8 - 12/iV + ( V - 16/»*)»» + ( V - 8M1). 

Since (5.13) is therefore an identity, this completes the proof by induction of 
(5.6). Thus (4.25) is established. 

6. Sharpness of Theorems 1 and 2. We shall show now that inequalities 
(1.9), (1.10), and (1.15) are sharp for all integers p. Since the quantities 

\ak-â-A, k = 0, 1,. . . ,p, 

are to be assigned arbitrary values in advance, in order to prove that (1.9) is 
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sharp it will be sufficient to exhibit a function w = f*(z) of the form (1.8) which 
is a power series. Thus we shall take a-k = 0 for all k > 0. Since the addition of 
a real constant to the function /* (z) does not affect its imaginary part, we may 
assume that ao is a pure imaginary number id, d > 0, without restricting the 
problem. Then, having shown that (1.9) is sharp by exhibiting a function f* (z) 
satisfying the conditions of Theorem 1, for which equality signs hold for all 
n > p in (1.9), we see at once by a rotation and translation that (1.10) is also 
sharp; and from (1.13) that (1.15) is indeed sharp too. 

Let |a0|, |#i[, . . . , \ap\ be p arbitrary non-negative numbers, not all zero. 
Define 

(6.1) ak= ( - l)kik+1\ak\, fe = 0, ! , . . . , £ , 

(6-2) ^ ° ( a ) , S ( * + J 5 - g ) r * = o,i,...,,, 
(6.3) f*(z) = £ ( - i ) * ^ i 7 p t « = E a ^ . 

We shall show that f*(z) satisfies the conditions of Theorem 1, and that 
equality signs hold in (1.9) for this function. We must show that there exists an 
interval p < r < 1 such that on each circle \z\ — r of this interval the imaginary 
part of f*(z) changes sign exactly 2p times. To this end it will be sufficient to 
consider the real part of the function — if*( — iz) for z = rety where 

V Jc , k+l 

(6.4) - if*(- iz) = Z ( - 1 ) % * +
 p . 

Long but straightforward and elementary calculations give 

(6.5) Rk(r, 0) S 9 t { ( f ^ ^ w } 

( 2 t + l ) ! r * r ( - l ) V ( l - r 2 ) Ç,1 tt) ~| 
= ( l - 2 r c o s 0 + r 2 ) H *!(* + 1)! + h. Dm C ° S ^ J ' 

where 

(6.6) (* + 1 - m)\(k + 1 + «OLDj? 

= (~ lf~m[(k + 1 - m)(rk-m - rk+2+m) + (k + 1 + w ) ( / + m - r*+2~m)]. 

Thus 

(6.7) lim l_r2 - 22*+i(1 _ cog^w-njfei^ + ! ) ! 
R*(r, 0) _ (2k + l)\ I" ( - 1 ) * 

Ik 

g? 2 ( - l ) * " " - 1 ^ 2 - f t - 1) cos we] 
+ h (k + 1 - m)!(fc + ! + « ) ! J 
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(2k + 1)! ( - 2)*(1 - cos 6)\k cos 6 + k + 1) 
- 2 2 W ( 1 _ cos0)2*+l[_ (2yfe + j ) , J 

( - l)*(fecosfl + fe + 1) 
~ 2* + 1 ( l - cos0)* + 1 • 

For z = retB we now have 

(6.8) (1 - Ir cos 6 + r2)2p+1$l{ - if*(- iz)} 

= É ( - l)hAkRk(r,d)(l - 2r cos 6+ rifv+1^P(r, 6). 
/fc=0 

Here P(r,6) is a polynomial in cos 0 of degree 2£ and the number of changes of 
sign of 3f*(z) is precisely the number of changes of sign of P(r,6) on\z\ = r < 1. 

Since we shall see that 

(6.9) \an\ = £,A(P,k,n)\ak\~cn\ 

3 / * (z) cannot change sign on|z| = r, for an interval p < r < 1, fewer than 2p 
times because of (1.9). Thus P(r,6) changes sign at least 2p times on \z\ = r, 
p < r < 1. We shall show next that P(r,0) cannot vanish more than 2p 
times on \z\ = r for p < r < 1, 0 < 0 < 27r. Let 

(6.10) P(e)=limfM) 

~ H2k+l ( l -cos0)*+ 1 '2 ^ - c o s ^ 

= 22p(l - cos Ofi, 4*(* cos 0 + k + 1)(1 - cos 0f~* 

= 22p(l - cos 0)*Q(0). 

where 

(6.11) Ç(tf)s £l^(kcose + k+l)(l-CQBO)'-t 

(6.12) Q(0) > ^ § > 0 

provided not all |a0|, |ai|, . . . , \ap\ are zero. 
P (0) is a polynomial of degree 2p in the variable « = cos 0, and has exactly 

p real zeros in the variable u in the range — 1 < u < 1. Since Ç(0) > 0, and 
because the zeros of any polynomial are continuous functions of its coefficients, 
we conclude that P(r, 0), as a polynomial of degree 2p in u — cos 0, also cannot 
have more than p real zeros u in the range — 1 < u < 1. For, given e sufficiently 
small but positive, and for values of r near one, P(r, 0) has exactly p complex 
zeros uk in the circle \u — l| < e, where u is regarded as a complex number, 
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* -=± 1,2, . . . ,p. Let 

PO, e) s p1(^)p2(^), p2( t t) ES n («* - «). 

Then 

\im P2(u) = (1 - ^)p, lîmPi(«) = 22pQ(d), 
r->l r->l 

and when u is real, — 1 < u < 1, 22p<2(0) > 2M, > 0. Thus, there exists a 
range p < r < 1 for which |Pi(w)| > 2v~lAv > 0, for « real and — 1 < u < 1. 
It follows that, for a range p < r < 1, P(r,d) has not more than £ real zeros u 
in — 1 < u < 1, and therefore not more than 2p zeros 0 in the range 0 < 6 < 2w. 
P(rfi) therefore changes sign exactly 2p times on each circle \z\ = r for some 
range p < r < 1. This shows that /* (z) satisfies the hypothesis of Theorem 1. 

In addition it is necessary to show that for jf*(s) (6.9) holds. We note that 
the coefficient of zn in (zk + izk+1) (1 — iz)~2k~l is 

2n(n + k - \)\in~k 

(n-k)l(2k)\ ' n > k ' 
Thus for 

(6,3) aB = ̂ (2W)Z/^^i)l^ 

-2^£<-i^+*-1),£-fci (»-*)! Éi(* + ff)!(*-g)! 

/ W ^ jfe (« -£ )K*+ ?)!(*-?)! I s l 

_ ,^iv _ (-inn + p)\\a 
=i («2 - <f )(« - /» - D!(^ + <?)!(/> - 2)!' 

(6.14) |on| = 2 A(£, 2>*0kl> 
<Z=0 

where A(p, q, n) is defined as in (1.9). Now the proof that (1.9) is sharp has 
been completed. 

To show that (1.15) is also sharp we form the function 

.dz 
(6.15) F*(z) = 

0 Z 1 1 W 

= £ (- 1)V+15, 
'*(1 - is)2* 

where 

(6.16) 5. = At - f f ko| = W±i(k + $i-q)V 
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It is immediately obvious from (6.14) and (6.15) that, for F*(z), 
V 

(6.17) Kl = É %£,<?,«)K|, n>p, 
q=l rl 

which is to say that equality signs hold in (1.15). Further, since F*(z) is a 
polynomial of degree p in the variable f = iz/{\ — iz)2, and since f is a univalent 
function of z for \z\ < 1, it follows at once that F*(z) is multivalent of order 
not exceeding p in \z\ < 1. From (6.15) it is seen that for an interval p < r < 1 
the derivative 

(6.18) fdWF*(rete)\ 

changes sign exactly Ip times on \z\ = r. From (6.17) it may be noted that for 
F*(z), 

\dn\~cnp . 

Thus F*(z) cannot be multivalent of order v < p, for in that case we should 
conclude from a well-known result for the coefficients of a multivalent function 
of order v that dn = 0{n2v~l). Thus F*(z) is multivalent of order p in \z\ < 1. 
W = F*{z) has the property that it maps \z\ = r, p < r < 1, onto a contour 
such that every straight line parallel to the imaginary axis cuts it in at most 
2p points. 
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