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LOCALIZATION OF PATAI'S THEOREM ON ALEPHS

FREDERICK BAGEMIHL

If p and y are ordinal numbers such that 2 = N + for

every a 5 y2 , then y < a) . This localizes a result due to

Pata i .

According to Patai [J, Theorem XIV], if the equality 2 a = « +

holds for every ordinal number a , then p < a) . We shall show that the

same conclusion can be drawn from the assumption that the equality holds

when a ranges over merely an arbitrary, but sufficiently long, interval.

THEOREM. If \i and y are ordinal numbers such that

(1) 2 X
u+a+Y

for every a < y 2 } then y < w .

Proof. Assume the conclusion to be false. Then y = X + n , where X

is a limit number and n < u> , so that (l) holds for every a 5 X + X + n .

We show first that, for every E, < X ,

(2) 2 y 5 = 2 V

For suppose this to be false. Then there exists a smallest ordinal number

6 satisfying 0 < & < X such that

(3)
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Note that

where |@| denotes the cardinality of 3 . If 3 is a limit number, then

by the minimal property of $ ,

where N' = ^ K i r , which contradicts (3). If. 3 is isolated (a case
£<3 M + A + i>

neglected by Patai), then by the minimal property of 3 ,

According t o ( l ) ,

whereas

y+X+3+X+w " y+X+(B-l)+l+X+n " y+X+(3-l)+X+rc '

so t h a t

2 , ^-+, _ 2 y+X+3

which contradicts (5). Hence (2) is true for every £, < X .

According to (l),

O X K K

y+X+y y+X+X+n y+X'2+w '

whereas

2 = x = N

y+X'2+Y y+X*2+X+K

and consequen t ly

(6) 2 y + A < 2

But i n view of (2) and (U) ,
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u+X-2 = 2«" = -p-y 2 y+X+£ = T—T 2 y+X = <2 y+X^ |X| = 2 y+X= T—T

E,<\

where K" = £ K , , which contradic ts (6 ) .

Our assumption i s therefore untenable, and the theorem i s t r u e .
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