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THE 3-IRREDUCIBLE PARTIALLY ORDERED SETS
DAVID KELLY

The dimension [4] of a partially ordered set (poset) is the minimum number
of linear orders whose intersection is the partial ordering of the poset. For a
positive integer m, a poset is m-irreducible [10] if it has dimension m and re-
moval of any element lowers its dimension. By the compactness property of
finite dimension, every m-irreducible poset is finite and every poset of di-
mension = m contains an m-irreducible subposet. Thus, the set of all m-
irreducible posets (up to isomorphism) can be characterized as the smallest
set % of posets such that a poset has dimension £ (m — 1) if and only if it
does not contain any poset in .%. Henceforth, only 3-irreducible posets are
considered.

In this paper, the set of all 3-irreducible posets (up to isomorphism) will be
exhibited. The number of 3-irreducible posets with m elements is: 0(m = 5),
3(m = 6),21(m = 7), 4(even m = 8), or 5(odd m = 9). If a poset and its
dual were counted only once, the number would then be: 0(m < 5), 2(m = 6),
13(m = 7), 3(even m = 8), or 4(odd m = 9). Let

P = {A,n 2 0} I (B, BY, C, C*, D, DY} U {E,, E,*, F,, G,, HyJn = 0},

where these posets appear in Figure 1, and P? denotes the dual of a poset P.
The set & was introduced by I. Rival and the author in [8], where every
poset in & was shown to be 3-irreducible. By [7, Theorem 6.1], & is the
smallest set of posets such that a laitice has dimension = 2 if and only if
it does not contain any poset in & as a subposet. Let

1@ = @ U {CXl, Cde, CXQ, Cde, CX3, Cng, EXl, EX]d, EXz,
FXl, Fde, FX2} U {In, .[nd, ]nlﬂ é O},
where these posets appear in Figure 1. We will prove that & is the set of all

3-irreducible posets. Using different techniques, W. T. Trotter, Jr. and J. I.
Moore, Jr. [11] have given an independent proof of this result.

1. The posets in &% are 3-irreducible. We use the term completion for
what is also called the completion by cuts [3] or MacNeille completion. The
completion of a poset P is denoted by L (P). We will make use of the following
five lemmas. Planar lattices are defined in [3] and [7].

LEMMA 1 (Banaschewski [2] or Schmidt [9]). The completion of a poset P is
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the unique (up lo isomorphism) complele latiice L containing P such that every
element of L is both « join and a meet of elements of P.

Lemma 2 (Birkhoff [3]). If a lattice contains a finite poset P, then it also con-
tains the completion of P as a subposet.

Proof. Associate each element S of the completion of P, considered as a
subset of P, with the join of S in the lattice (with the meet of P replacing the
empty join).

Lemma 3 (Baker [1]). A poset and its completion have the saume dimension.

LEmMmA 4 (Baker [1]). 4 finite lattice is planar if and only if it is of dimension
< 2.

https://doi.org/10.4153/CJM-1977-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-040-3

PARTIALLY ORDERED SETS 373

LemMma 5 (Hiraguchi [5]). Adding one element to a poset increases its dimen-
ston by at most one.

We now show that every poset in & is 3-irreducible. This statement was
already proved for £ in [8], and we will use similar techniques for # — Z.
We first verify that the diagrams in Figure 2 are correct. Each poset in Figure 2
is dismantlable [6], and therefore, a lattice by [7, Proposition 2.1]. The cor-
rectness of Figure 2 now follows by Lemma 1. The diagrams for the collection
L = {L(P)|P ¢ &} are given in [7], where each completion is denoted by
the corresponding boldface letter (with the same subscript, if any). The com-
pletions of CX;, CX, and CX; contain C? (as a subposet); L(CX3) also con-
tains D. L(E£X;) contains E( while L(£X,) contains E; and E¢’. The com-
pletions of FX; and FX, contain Fy. For the rest of the paper, n will always
denote a non-negative integer. The completion of I, contains E,, and the com-
pletion of J, contains G,. Lemma 3 now implies that each poset in # — &£ has
dimension = 3. (Using [7, Proposition 5.3], it can be shown that the comple-
tions of the posets in # — & do not contain any other lattices in ., and thus,
by Lemma 2, contain only the corresponding posets in &.)

It only remains to show that removing any one element from any poset in
A — P leaves a poset of dimension 2. It will then follow from Lemma 5 that
each poset in # — £ is of dimension 3, and therefore, 3-irreducible. If any
element of CX; except 0; is removed from L (CX}), a planar lattice is left; thus,
by Lemma 4, such a removal from CX; leaves a poset of dimension 2. The
completion of the poset CX; — {b:}, obtained by merely adding a zero and one,
is obviously planar. Thus, applying Lemma 4, CX; — {b,} has dimension 2.
The remaining posets in # — & are handled similarly. For example, for
1,(J,), di and d» (¢ and d) play the role that b, did for CX;. Only for J, must
more than three elements be added to form one of the corresponding comple-
tions. This completes the proof that all the posets in # are 3-irreducible.

2. Starting the proof that # contains every 3-irreducible poset. Let L
be a finite lattice, and let P = P (L), the subposet of irreducible elements of L.
(An element of a finite lattice is join-trreducible (meet-irreducible) if it is not
the joint (meet) of two incomparable elements; an element is i7reducible if it is
join-irreducible and distinct from 0, or meet-irreducible and distinct from 1.)
The remainder of this paper is devoted to proving the following statement:

If L contains a poset in P, then P contwins a posetin R .

Let P be a 3-irreducible poset, and let L = L(P). By Lemma 3, L has
dimension 3. Therefore, applying [7, Theorem 6.1], L contains a poset in Z.
Since P(L) € P by Lemma 1, the above statement will show that P contains
a poset in #; thus, P € &, completing the proof that & is the set of all
3-irreducible posets. (Actually, it is easily seen that P(L(P)) = P for any
m-irreducible poset P.)
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FIGURE 2. Completions of the posets in & — P
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F1GURE 2—(Concluded)

For each Q € &, we will show that if L contains Q, then P contains a
poset isomorphic to some R in &%. By duality, it is enough to let Q be a poset
in Figure 1. We will consider separately each case where Q is denoted by one
of the letters 4 to H (possibly subscripted). In any case involving a subscript
n, we will assume that the smallest n was chosen such that L contains Q or Q%
Unless stated otherwise, we also assume that all previously considered cases
and their duals do not occur. These are our “‘standard assumptions’.

The elements of Q are named as in Figure 1. The elements of the poset iso-
morphic to R will be given in the order determined by the labelling assigned
to R or R? in Figure 1 in the following manner: the alphabetical order pre-
dominates and then the numerical order on any subscripts is considered. For
example, a poset isomorphic to B or B? would be given in the order

{a, b1, s, bs, c1, Ca, 63}-
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3. L contains 4,. For1 <7 < n + 3, leta, be a join-irreducible element of
L such that ¢/ £ a; but ¢/ £ b1 (Subscripts are taken modulo z + 3).
If a)/ £ b, for some £ = 3, then taking the least such k, {ai/, as ..., a,
b1, b, . . ., by} would be isomorphic to A,_;. By the minimality of n, 2 = n + 3.
By symmetry, ¢/ £ b, only if jis7—1or ¢ (1 £7=<#n+ 3), and thus
{ar’, ad, ..., ansd, b1, be, ..., bups} = A, Meet-irreducible elements by
(1 =17 = n+ 3) can now be defined dually to yield a subposet of P that is
isomorphic to 4,. We recall that a crown is a poset isomorphic to 4, for some
n = 0. We have actually proved

ProrosiTiON. 1) If a finite lailice L contains a crown, lhen there is a crown
nP(L).

In the above proposition, P(L) need not contain crowns of the same size
as L does. (Consider the lattice of subsets of a four-element set.) Using [6,
Theorem 3.1], we obtain the

COROLLARY. If a finite posel contains no crowns, then its complelion is dis-
mantlable.

According to our standard assumptions, we henceforth assume that L
contains no crowns. Since L does not contain 4y, L has breadth 2 [6, Lemma
3.4]. Therefore, any element ¢« € L — (P \J {0, 1}) can be written as ¢ =
x1 V x2 = y1 A ¥e for suitable x1, x2, 1, y2 € P. We note that none of the
posets in &% contain a zero or one. From now on, x and vy (with or without
subscripts) will always denote elements of P.

In each of the remaining cases where L contains the poset Q in &, we now
outline the procedure that will be followed. Each element « of Q is considered
in turn. If @« € P, we proceed to the next element. If « ¢ P, then it can be
written as ¢ = x; V x2 = y1 A ¥2. (In the sequel, whenever we write ¢ = x V X,
the conditions on x will ensure that x ¢ Q, and dually.) Often, we can
simply replace @ in Q by one of x1, x2, ¥1 or ¥y, to obtain a poset Q’ isomorphic
to Q. Otherwise, we will show there is a subposet R of (Q — {a}) U {x1, x2,
v1, ¥2} that is in #. This procedure is repeated with Q" or R replacing Q until
we obtain a subposet of P that is in #. The poset isomorphic to R will be given
in the order determined by the labelling of R or R* in Figure 1. When R re-
places Q, its elements are named as in Figure 1.

We recall that a down-down fence [7]is a poset {ay, s,y . .., dyyo, 01,02, . . ., Dpy1}
in which a; < b;and ;41 < b; (1 =1 < n + 1) are the only comparabilities.
(For any E, or F,, the subposet consisting of all the a,'s and b,'s is a fence.)
The following two lemmas will be repeatedly applied in the sequel.

LEMMA 6. If {ay, asy . .., apre, D1, Doy « . ., byy1} s @ down-down fence in a
poset L containing no crowns, and y > ay but y > aq, then y > a,; for all v = 2.

1This proposition and its corollary were obtained jointly with I. Rival.
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Consequently, y 1s incomparable with every element of the fence except a; and
possibly ;.

Proof. If y > a; for some 7 = 3, then choosing the least such 7, 4, 3 =
{aly Aoy o . v, Ay Z)l, b?y ce ey bi*hy}'

LEMMA 7. Let S = {ay, as, . . ., uya, b1, by . . ., by} be a down-down fence
wn a laltice L that contains no crowns. If ¢ = y1 N\ y2in L and ¢ is incomparable
with every element of S, then yy or y. 1is incomparable with every element of S.

Proof. If the statement of the lemma were false, we could assume there were
integers ¢ and 7 with 1 =7 < j = n + 2 such that y; > a4, y2 > a;, y1 > a
whenever 7 < k& = j, and y; > a; whenever 1 =1 < j Then A, ;1=

{ay, @ty oo oy @y, €, 05 0501, ..o, by_1, Y2, ¥1}, contrary to assumption.

4. L contains D.

(i)a ¢ Pt If a =x V xy with & 4 by, then x can replace a. Therefore,
we can now assume that a € P.

(ii) by ¢ P. Let by = x1 V x2. Applying the dual of Lemma 7 to S =
{b1, bs, a} shows that x; or x, can replace bs. We can now assume that a,
by € P.

(iii) ¢1 € P. If ¢1 = y A y2 with y } bs, then y can replace ¢;. Therefore,
a, bg, C1, Co E ]).

(iv) b1 € P.Letb;y = x V x2 =y A yowithx € coand y 3 bs. Then, v || b3
by Lemma 6. If x > a (v < ¢1), then x(y) could replace b;. Therefore, we can
assume that « || @ and y || ¢;. Then, CX; = {x, a, by, v, c1, bs, ¢}, where every
element, except possibly b3, is in P.

(v) L contains CX5 with only by ¢ P. Let by = y A y» with y > «3. Then,
v || a1 by Lemma 6 applied to the fence {bs, as, a1, ¢, b»}. If ¥ < ¢, then y could
replace b3; therefore, y || ¢. Then, CX2 = {a1, as, as, b1, bs, ¢, y}, where every
element is in P.

In summary, we have shown that if L contains D (and contains no crowns),
then P contains D, CX, or CXs.
5. L contains C.
(i) a ¢ P.lfa = x V x2 with x < b3, then x can replace a.

(ii) by ¢ P. If by = x1 V x4, then x; or x, can replace b3 by the dual of
Lemma 7 applied to {ci, ¢3, al.

tIn each paragraph, the original assumption of the heading will be shown not to hold. In other

words, we show that the element being considered can be assumed in the sequel to be an
element of P.
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(iii) ¢ € P. If ¢; = y1 A vs, then 9, or y, can replace ¢; by Lemma 7
applied to {bs, b3, ¢2}.

(iv) c2 & P. If ¢co = 91 A s, then y; or y, can replace ¢, since, otherwise,
we could assume that y; > ¢1, y1 P ¢3, ¥2 > ¢3, and ys P ¢;, Then, D =
{a, c1, bs, c3, y1, ¥2}, contrary to assumption. Therefore, a, b3, c1, ¢, ¢3 € P.

(v) by ¢ P. Letb; = x V xg with x € ¢3. If x > a, then x could replace b1;
therefore, x || a. If x < by, then D22 {¢s, b3, c1, by, %, a}; therefore, x || bs.
Then, CX1% = {¢1, ¢s, 3, X, b2, b3, a}, where every element, except possibly b,
isin P.

(vi) L contains CX1 with only by ¢ P. Let by =y A y» with y > a;. If
y < ¢, then y could replace bs; therefore, v || c. If y 3 b, then CX, 2 {a4, a3, as,
by, ¢, v, b3} while if y > b;, then CX3 = {ay, as, as, by, ¢, bs, y}; in both cases,
every element is in P.

In summary, P must contain C, CX,%, CX,? or CX;%

6. L contains B.

(i) b1 ¢ P. If by = x1 V x9, then x; or x, can replace b; by the dual of
Lemma 7 applied to {cs, c3, a}.

(ii) ¢1 ¢ P. Let ¢1 = 91 A y2. If neither y; nor y, can replace ¢;, we can
assume that y; > by, y1 > b3, v2 > by, and y2 > bo. If y1 > ¢y, then %=
{v1, c1, c2, c3, b1, @, b}, contrary to assumption. Therefore, v, || c2 and y, || cs.
Then, CX, = {b;, a, bs, Y2, y1, C2, €3}, which implies that L contains C? by
Lemma 2. Therefore, by, b, b3, ¢1, €2, ¢3 € P.

(iii) @ ¢ P.Leta = x; V x.. If neither x; nor x5 can replace @, we can assume
that X1 < bl, X1 { bg, Xo < b2, Ell’ld X9 { bl. If X1 < l)g, then D = {xl, bl, Xo, b3,
c1, ¢3}; therefore, x; || b3 and x3 || bs. Then, EX 2 2 {x1, x2, b3, b1, c3, bs, 1}, with
every element in P.

7. L contains F,. In addition to our standard assumptions, we assume that
L does not contain E,, or E,? whenever 0 < m < #.

(i) c g P.Ifc =x V x, with x &€ a,4, then x can replace c.

(i) d ¢ P.Ifd = y A v, wecan assume by Lemma 7 that y is incomparable
witheverya;and b, (1 =4 < n + 2). Ify 4 ¢, then C = {c¢,a1,d, @,y 2, b1, ¢, y}.
Thus, y < ¢ and v can replace d.

(iii) by ¢ P. Let by = y A y2 with y > as. If y > d, then D = {a4, by, d,
bs, v, e}; therefore, y | d. Thus, by Lemma 6, y can replace b;. Therefore,
Gpye, b1, ¢,d, e € P.

(iv)b; ¢ P (2=<1=<n+4+2). Letb, =y A ys with y > d. Let j(k) be the
least (greatest) value of [ such thaty > a,. If y < e, then F,, = {ay, ..., a;
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@iy o ooy Apgty D1y ooy 0gy ¥y Oiiny o ooy Dpyo, ¢, dy e} withm =n —k + 7+ 1.
(Note that m = 0.) By the minimality of #, m = #n, and consequently, j =
1 — 1 and k = 1. This means that this is the original F, with b; replaced by y;

therefore, we can assume thaty || e. If j > 1, then E;_» = {ay, ..., a; by, . . .,
bj, v, d, e}, which is contrary to assumption since j € » + 1. If & <#n + 2,
then F, = {ay, ..., Guo ¥, big1y - vy buye, ¢, d, e} with m =n — k + 1.

Since k = 2, this would contradict the minimality of #. Therefore, 7 = 1 and
kE=mn-4+2 If y> by, then D= {c, by, ayss, d, v, e}. Therefore, y || b1 and
FX.% = {y, e, b1, 4y, ai, d, c}, where every element, except possibly a4, is in P.

(v) L contains FX, with only by ¢ P. Let by = y A vy, with y P b;. Since y
could replace b; if y < ¢, we can assume that y |/ c. If y > by, then D =
{as, b1, as, by, v, ¢}. Therefore, y || by and FX» = {a1, a3, as, by, b3, ¥, ¢}, where
every element is in P.

8. L contains E,. The standard assumptions apply except that we assume
that L does not contain F,, only when m = 0. (Note that cases 7 and 8 cover
all situations where L contains some E,, E,% or F,.)

(i) ¢ ¢ P. If ¢ = x1 V «y, it follows by the dual of Lemma 7 that x; or
Xs can replace c.

(ii) ay ¢ P. Let a; = x1 V x.. If neither x; nor x, can replace a1, we can
assume by the dual of Lemma 6 that x; < ¢, x1 € b3, x2 < b3, and x2 < c.
Then, D? < {d, c, by, bs, x1, x2}.

(ili)a; ¢ P2 =17=n-+1). Leta; = x V x. Suppose that neither x nor
X2 can replace a,. If x2 < ¢, xo € b1, and xo 4 byye, then E¢? = {b;, by,
@1, @y, @41, C, X2}, contradicting that # = 1. Consequently, we can assume
that ¥ 4 ¢ and x <€ b;_;. If j is the greatest value of %k such that x < b, then
m=mn—7+14 12 0 and, by the dual of Lemma 6, E,, = {a; ..., a;,
X, Ajy eeny Uproy D1y ooy by by, oo, bays, ¢, d}. By the minimality of #, j =
¢ 4 1 and this is the original E, with «, replaced by x. Therefore, we can as-
sume that a; € Pfor1l £1 < n + 2.

(iv) by ¢ P. Let by = y A y2 with y > as. If y > ¢, then D = {a;, by, ¢,
bs, v, d}. Therefore, y || ¢ and y can replace b; by Lemma 6.

V)b, g P (2=1=n+4+2)Letdb;, =y A y2withy P c. Let j(k) be the
least (greatest) value of / such that y > «a,. If y < d, then we can show that
y can replace b; similarly as in case 7 (iv); therefore, y || d. If 7 > 1, then E;_,
~{ay, ...,a; by, ...,0, 9, ¢, d};therefore,j =land k=n+ 2. If y > b,
and y > b,;3, then D?* = {y, b1, d, b,y3, a1, ayye}. Thus, we can assume that
either v || by, ¥ | Dyy3 and EX | = {a1, anyo, ¢, 01, Y, d, bogs}l, or v > b1, v || buss
and EXs = {ay, a,ps, ¢, b1, d, b3, y}. In both cases, every element, except
possibly d, is in P.
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(vi) L conlains EX, with only by ¢ P. Let by = vy; A vy and suppose that
neither y; nor vy, can replace b3. By symmetry, y; > b;, and therefore, y, || 5.
We first assume that y; 3 bo. If yo9 > by, then D =< {ay, by, as, b2y, ¥1, Yo}
Thus, y: || bsand FX» 2 {as, ai, as, by, by, ¥2, y1}, which implies that L contains
Fy by Lemma 2. We can now assume that y; > b,; consequently y2 3 b,, and
thus, y» > b4 If y; and y, are interchanged, and b, and b4 are interchanged, we
return to the case that was considered first.

(vii) L contains EX, with only by ¢ P. Let by = y1 A v, and suppose that
neither y; nor v, can replace b,. We can assume that y; > b1, y1 > b3, v2 > b3,
and y, > c. If y; > ¢, then D = {as, ¢, as, b3, y1, ¥2}. Thus, y; || c and FX, =
{a1, as, as, ¢, b3, y1, ¥2}, a contradiction. Therefore, we can assume that all the
elements of E,, except possibly d, are in P.

(viii) d ¢ P.Ifd = y; A y2and neither y; nor y, can replace d, then we can
assume that y; > by, y1 > byys, V2 > byys, and 2 3 by Then, I, = {ay, ...,
Ay, 01, + . ., boysy €, V1, ¥2}, where every element is in P.

9. L contains G,. In addition to the standard assumptions, we assume that
L does not contain H,, whenever 0 £ m < #.

(i) ay ¢ P.Ifa, = x V x2 with x < by, then x can replace a;.

(1) by ¢ P. If by = %1 V x,, then by the dual of Lemma 7 applied to
{as, ¢, a1}, %1 or x5 can replace by. Therefore, ay, anys, b1, s € P.

(iii)a; ¢ P 2=1=n-+2). Leta; =xV x: with x € b,. If x < ¢, then
D= {b, 3, €, Qny3y buye, X, bpy1} When 7 = n + 2, and G, i1 =2 {x, a4, . . .,
Unisy Oiy oo oy Dpys, ¢} when 2 < m 4 1. Therefore, x || ¢. If x > a; and x 3 by,
then CX; = {by, a1, x, by, ao, ¢, az} when 7 = 2, and H,_3 = {by, ..., by,
ai, ..., a; ¢, x} when 7 2 3. Therefore, x > a, or x > b;; consequently, one
of the following two cases must occur:

(a) there is j (1 £j <1 — 1) such that x > a;, x > b,_; (if j > 1) and

x P b]; or
(b) thereisk (1 = k <1 — 2) such that x > b, x > biyr and x > apys.
If (a) holds, then Gu—iyji1 = {ar, ..., @j %, Gix1y «« «y Quis, D1y ooy by, Dy

.y buys, ¢}. By the minimality of #, 7 = ¢ — 1 and this is the original G, with
a; replaced by x. If case (b) occurs with & = 7 — 2, then D = {b;_,, x, a1,
b1, ay, b;}. Otherwise, case (b) occurs with 2 < ¢ — 3 and G, = {by, . . .,
bi1, Qxs1, + .., aq x}. Therefore, all the elements of G,, except possibly c,
are in P,

(iv)c g P. Let c = x V x2 =y A y2 with ¥ € a,43 and vy > b;. Let j(k)
be the greatest (least) value of / such that y > a,(x < b;); then, j = 1 or 2,
andk = n + 2o0rn + 3. If x > a,, then D? = {b, x, a3, bs, 4z, b1} when k = 3,
and Gi_s = f{as, ..., ay by, ..., by, x} when kB = 4. Therefore, x || @, and
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dually, y || by4e. Similarly, if x > a1, then D = {ay, as, by, %, a3, bs} when kb = 2,
and G—3 = {ay, ..., a, b1, ..., by, x} when k& = 3. Therefore, x || a; and
y||b; 1 <i=n+3)Ifk=j=2 then 4y = {a, by, x, a3, by, y}. If k =
7+ 1, then CX ;3 =< {x, a;, b;, ¥, bji1, @ji1, @j12}. We can therefore assume that
k =7+ 2 and thus, i, o= {a,, ..., ax bj, ..., by, x, y}, where every
element is in P.

10. L contains H,. The standard assumptions apply except that we assume
that L does not contain G,, only when 0 = m < n.

(i) a1 ¢ P. If ay = x V x, then by the dual of Lemma 7, we can assume
that x || boand x || ¢. If x < d, then D¢ = {bs, d, as, bs, x, b;} when n = 0, and
Gpo1 2 {x, as, ..., @y, ba, . .., byys, d} when n = 1. Therefore, x || d and x
can replace a;.

(ii) by ¢ P. Let by = x1 V xs. If neither x; nor x» can replace b;, we can
assume that x; < a1, x1 € d, x2 < d, and x2 € a;. Then, D* = {b, s, a4, ¢, d,
x1, xo}. Therefore, ay, ayys, b1, s € P.

(iii) ¢ ¢ P.Letc = y A y.. Applying Lemma 7 to {ay, b, b3}, we can assume
that v || @y and y || bo. If ¥y > d, then D =2 {by, by, d, ¢, byrs, ¥}. Therefore, y || d
and y can repalce c.

Let a; = x V x with © € b1, If x < ¢ and x > by, then D = {by, x, ai, by,

(iv)a; ¢ P (2 =1 = n+ 1). Byduality, we can assume that? < 1(n + 3).

@s, bz} when 7 =2, and G,_3 = {by, ..., by a1, ..., a;, x} when 7 = 3. If
x < cand x || by, then CX;3 = {x, b1, a1, ¢, as, by, b3} when 7 = 2, and J,_; =
{01, ..., by as, ..., as x, ¢} when ¢ = 3. Since the latter case implies that L

contains G,_3, we conclude that x || ¢. If x < d, then D? = {by, d, a3, b3, x, bs}
when 7« = 2 and # = 1; otherwise, 2 < n and G,—; = {x, a1, . . ., Quis, Diga,

.o« byys, d}. Therefore, x || d. If x 3 by, then
Hn—i+1 &= {xr Aip1y o o vy Apt2, blv bi+ly ce ey bn+3r ¢, d}

Therefore, x > by and one of the following two cases must occur:
(a) there is j (1 = j <17 — 1) such that x > a;, x > b; and x > b;41; or
(b) thereis k (1 < kB =<1 — 1) such that x > by, x > byr1 and x > «,.

If (a) holds, then

Hn—1+j+1 = {(Lly ce ey A5 Xy Qig1y - e ey Ay, blr LRI b1+1! bi+1y I
bn+3: c, d} .

By the minimality of #, 7 = 7 — 1 and this is the original H, with «; replaced
by x. If case (b) occurs, then D = {b;_1, x, a;_1, bs, @y, bip1} Wwhen B =1 — 1,
and Giyo = {by, ..., by ay...,asx} when kb <17 — 2.

(iv) b; ¢ P (2 =1 = n 4+ 2). By duality, we can assume that ¢ < in + 2.
Let b; = x V xo with x € a.. If x <c¢ and x < d, then CX;* = {as, by, c,
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ay, by, d, x} whenn = Qand 7 = 2, and D? 22 {b,.3, as, ¢, d, by, x} whenn = 1.
If x < cand x || d, then for n = 0, CX % = {ay, b3, ¢, ay, x, d, by} when x > by,
and CX,? 2 {as, by, ¢, a1, b1, x, d} when x || by; for n 21,7 <n+ 1 and

H,y w1 2 {as, oo, typo, %, big1, o oo, bays, ¢, d}. Therefore, x || ¢. If x 3 a, and
x 3 by, then CX, X {ay, by, x, as, bs, ¢, b3} when 4 = 2, and H,_s = {ay, .. .,
@i—1, b1, ..., b4y ¢, x} when ¢ = 3. Therefore, x > a; or x > b;; consequently,

x || d and one of the following two cases must occur:
(a) there is 7 (1 = j =1+ — 1) such that x > a;-, (if > 1), x > a; and
x > by;or
(b) there is & (1 < k =17 — 2) such that x > ay, ¥ P a1 and x 3 bpyq.
If (a) holds, then

H, 0 = {(h, e Qg Qg ey Gy By b %, b, Dags, € d}-

This must be the original H, with b, replaced by x. If case (b) occurs, then
D>~={a; s a;1,bi,x, a; b whenk =1 — 2 and G,_,_3 = {ay, ..., ¢y,
brs1y « v+, by x} when £ = ¢ — 3. With this contradiction, the proof of the
final case is complete.
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