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Abstract. The papers [O. M. Sarig. Symbolic dynamics for surface diffeomorphisms with
positive entropy. J. Amer. Math. Soc. 26(2) (2013), 341-426] and [S. Ben Ovadia. Symbolic
dynamics for non-uniformly hyperbolic diffeomorphisms of compact smooth manifolds.
J. Mod. Dyn. 13 (2018), 43—-113] constructed symbolic dynamics for the restriction of
C" diffeomorphisms to a set M’ with full measure for all sufficiently hyperbolic ergodic
invariant probability measures, but the set M’ was not identified there. We improve the
construction in a way that enables M’ to be identified explicitly. One application is the
coding of infinite conservative measures on the homoclinic classes of Rodriguez-Hertz
et al. [Uniqueness of SRB measures for transitive diffeomorphisms on surfaces. Comm.
Math. Phys. 306(1) (2011), 35-49].
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1. Introduction
Symbolic dynamics and Markov partitions have played a key role in the theory of uniformly
hyperbolic dynamical systems [AW67, Bow08, BR75, PP90, Sin68a, Sin68b, Sin72,
Rue04, Rue76].

This paper studies the symbolic dynamics of non-uniformly hyperbolic diffeomor-
phisms f : M — M. In this case, the papers [BO18, Sar13] constructed a countable
Markov partition for a subset M’ € M of the manifold, which carries all ‘sufficiently
hyperbolic’ ergodic invariant probability measures (a precise statement is given in §2).
See [Lim20, LM18, LS19] for other coding results in the non-uniformly hyperbolic setup
and [Lim19] for a survey of recent advances in the construction of symbolic dynamics for
non-uniformly hyperbolic systems.

Although M’ is ‘big’ from the point of view of hyperbolic ergodic invariant probability
measures, it is usually not equal to the entire manifold. For example, it does not contain
elliptic islands, or orbits with zero Lyapunov exponents.

o
https://doi.org/10.1017/etds.2020.114 Published online by Cambridge University Press @ CrossMark


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1017/etds.2020.114
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2020.114&domain=pdf
https://doi.org/10.1017/etds.2020.114

Markovian symbolic dynamics for non-uniformly hyperbolic diffeomorphisms 3245

The papers [BO18, Sar13] do not identify M’ explicitly. In this paper we modify the
construction of the Markov partition done there to yield a countable Markov partition for
which the set M’ can be determined explicitly.

Our main result says that M’ equals the set of orbits which are summable and recurrently
weakly temperable.

Summability and recurrent weak temperability are defined in §2.2. The precise state-
ment, Theorem 4.5, is given in §4. Finally, §5 adopts the results of [BCS] on transitive
codings of homoclinic classes for our setup.

An important motivation for this work is an ongoing project on generalized SRB
measures. These are possibly infinite invariant measures with strong ‘physical’ properties.
To study them symbolically, we need to know if they are carried by the set M’. This does
not follow from the results of [BO18, Sar13], which only identify M’ modulo hyperbolic
probability measures.

This paper treats diffeomorphisms. The case of flows brings in new difficulties, because
of issues related to singularities in the Poincaré section. The paper [LLS19] codes a smaller
set than the set of Lyapunov regular points. The author has been informed by Lima that
together with Buzzi and Crovisier they now have a coding which captures a larger set than
the set of Lyapunov regular orbits [Lim].

2. Statement of results

Let M be a compact Riemannian manifold without boundary, of dimensiond > 2. Let f €
Diff'*# (M), B > 0 (i.e. f isinvertible, f, f~! are differentiable, and both the derivatives
d, f,de f~" are B-Holder continuous functions of x).

2.1. General notation.

(1) For every a,b € R, c € RT, a=e* bmeans e C-b<a<e-b,and anb:=
min{a, b}.

(2) Forallx e M, (-, )y : TyM x T,M — R is the inner product on the tangent space of
x given by the Riemannian metric. | - |, : Ty M — R is the norm induced by the inner
product, |& Ii = (§, &)y, for all £ € Ty M. We often omit the x subscript of the inner
product and of the norm, when the tangent space in domain is clear from the context.

This work uses tools which were previously developed in [BO18, Sar13]. In the

following subsection, we introduce two notions of hyperbolic points, in order to have a

canonical (in this context, ‘canonical’ means definitions which do not rely on a specific

construction of symbolic dynamics, but which depend only on the quality of hyperbolicity
of the orbit of the point) characterization for a set of points which our symbolic extension
codes (see [BO18, Sar13)).

2.2. Non-uniform hyperbolicity. Suppose that x > 0.
(1) x-summability. The set of y-summable points is

X-summ := {x € M : there exists a splitting Ty M = H*(x) & H"(x) such that

o0 o)
sup Y ldifTEPE M <00, sup Y ldi f TSP < oo}.
Es€H (x),l61=1 ,,— g e HY(x),|& =1 ;g
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(2) x-hyperbolicity. The set of x-hyperbolic points is
x-hyp = {x € M : there exists a splitting Tx M = H*(x) & H"(x) such that
for all & € H* (x)\{0}, &, € H" (x)\{0},
1 1
lim sup log |dx f"&s|, lim sup log |dy f "€, < X}
n— oo n— o0
(3) For all x € x-hyp, x(x) := — max{supgseHS(x)\{o} lim sup,,_, ., (1/n) log |d, f*&],

SUDg, ¢ e (x)\ {0} lim sup,_, o, (1/n) log |d, f"&,1}.
(4) For all x € y-summ, for all &, ne T M, write § =& + &,,n=ns +n, with

&,ns € H(x), &, ny € H"(x),

(B ns)oy =2 ) (di f™Es di f " s)xe™X",
m=0

Eur g =2 > (de f "6 di f ") €0
m=0

(5) The Lyapunov metric is (&, )} := (&5, 0s)y.s + Gus M) -

For each x € y-summ, write s(x) := dim(H*(x)), u(x) := dim(H"(x)). The decom-
position M = H*(-) @ H"(-) may not be unique. However, for e-weakly temperable
points and small enough € > 0 (see Definition 2.3), the decomposition is unique and
invariant. See remark (3) in §2.4 for details.

Notice that x-hyp € x-summ. Recall that x € M is called Lyapunov regular [Pes76],
if T'M = 691(X)H (x), and there exists {y; (x)}l(xi, such that for all 1 <i <I(x),& €
Hi(O)\{0}, Tim, . 200 (1/n) log |ds f"&] = xi(x), and lim, . +00(1/n) log Jac(dy f") =
ZI(X) dim(H;(x)) - xi(x). Every Lyapunov regular point x € M such that min; {| x; (x)|} > x
and {i: x;(x) >0} {i : xi(x)<0} # 9, is x-hyperbolic and x-summable with
H¥(x) := ®j.);0)<0Hi (x) and H"(x) := ®j.,;(x)~0H;(x). However, the converse is
false, since there could be x-hyperbolic (hence x-summable) points, for which
lim,— 4+ oo (1/n) log |d, f*€], lim,—, _o(1/n) log |d, f"&| are different (or do not exist)
for some & € H;(x)\{0}, given any decomposition T, M = @ H; (x).

THEOREM 2.1. For all x € x-summ, there exists Cy (x) : RY — T M a linear invertible
map, such that for all £, n € Ty M, (C;l(x)"g‘, C;l(x)n)2 = (&, 1), where (-, ) is the
Euclidean inner product on RY. In addition,

D

C;l(f(x))odxfocx(x)z<Ds(x) 0 )

0 Du(x)

where Dg(x), D, (x) are square matrices of dimensions s(x),u(x) respectively, and
IDs I 1D I < e IDTH ), I1Du()|| < & for some constant k =k (f, x) > 1.

The map C, (x) is called the Lyapunov change of coordinates, and this theorem is
a version of the Pesin—Oseledec reduction theorem [KM95, Pes76], which we prove
in [BO18, Theorem 2.4]. C, (x) is unique up to an orthogonal self-mapping of H*(x)
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and of H"(x) for a fixed splitting H*(x) ® H"(x). In addition, x = C,(:) can be
chosen measurably on RWT, where the splitting 7xM = H*(x) ® H"(x) is unique
(see Definition 2.3 and the remark after Theorem 2.5); details can be found in [BO1S,
Footnote 1].

I1Cy (x)|| measures the hyperbolicity of x with respect to the decomposition T, M =
H*(x) & H"(x): the greater it is, the worse the hyperbolicity (slow contraction/expansion
on stable/unstable tangent spaces, or small angle between the stable and unstable tangent
spaces; see [BO18, Proof of Proposition 4.8, Part 1]).

Definition 2.2. Lete > 0 and x € x-summ, and define Qc(x) := max{Q € {e~/3}yen :
Q < (1/35F)IP||C )| H8/P).

Q¢ (x) is the size of a neighborhood of x where W;(lx) o f o ¥, & linear hyperbolic (see
Definition 3.3).

Definition 2.3. A point x € x-summ is called e-weakly temperable if there exists g :
{f"(X)lnez — (e %/?}1en such that:

(1) goflqg=e"

(2) foralln € Z, q(f"(x)) = Qe(f"(x)).

If, in addition to (1) and (2), ¢ : { f"*(x)}nez — {e~t€/3},cn can be chosen to also satisfy

() limsup, 1. q(f"(x)) >0,
then we say that x is recurrently e-weakly temperable.

Define  WTS := {x € x-summ : x is e-weakly temperable}, and RWTS :={x €
x-summ : x is recurrently e-weakly temperable}. WT; is the set of weakly temperable
points, with parameters x, € > 0, and RWT j( is the set of recurrently weakly temperable
points, with parameters x, € > 0.

Notice that forall x > 0, € > 0, RWT; - WT;.

2.3. Symbolic dynamics.

THEOREM 2.4. For all y > 0 such that there exists a periodic hyperbolic point

D € x-hyp, there exists €, > 0 (which only depends on M, f, B, x) such that for all

0 < € <€, there exists a countable and locally finite directed graph G = (V, &) =

V(x, €), E(x, €)) which induces a topological Markov shift £ = X (x, €) 1= {u € V% :

(i, ujs1) € &, foralli € Z} witha map 7w : ¥ — M with the following properties.

(1) moo = fom whereo : ¥ — X, (ou); := ujy+1, i € Z (the left-shift).

(2) = isa Holder continuous map with respect to the metric d(u, v) := exp(— min{i > 0 :
uj v oru_; #v_;}).

(3) Let % .= {u e X: thereexists ny, my 1t 00 such that up, = Ung, U_my, = U_py,
forall k < > 0). Then w[X*] carries all f-invariant, x-hyperbolic probability
measures (i.e. hyperbolic measures with Lyapunov exponents greater than x in
absolute value).
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This theorem is the content of [Sarl3, Theorem 4.16] in dimension 2, and [BO18S,
Theorem 3.13] in any dimension. V is a collection of double Pesin charts (see
Definition 3.3), which is discrete (every v € V is a double Pesin chart of the form
v = fS’Pu with 0 < p®, p" < Q(x); and discreteness means that for all n > 0:
#HoeViv=yl P ps A pt > ) < 00).

2.4. Statement of the main result.

THEOREM 2.5. The construction of €y, V(x, €), (X, €) in Theorem 2.4 can be modified
such that, in addition, we get [ X (¥, o] = RWT; forall0 < e < ey).

Remark.

(1) In Definition 2.2, the 48/ exponent is an artifact of our proof, and any sufficiently
large power of |C, L(x)|| in the definition of Q.(-) suffices. Altering the power
changes both the set of coded points, and the coding (see §3.1).

(2) By Pesin’s tempered kernel lemma [KM95] (see also [BO18, Claim 2.11]), for all
€ > 0, almost every point is recurrently e-weakly temperable with respect to every
invariant probability measure carried by y-summ.

(3) Qc(-) depends only on € and on ||C M ') I, which depends only on the decomposition
T M = H*(-) ® H"(-). By equation (1), if x € x-summ is also e-weakly temperable
(and € is small with respect to x, B, as imposed by the assumption € < €, from
Theorem 2.4), then the decomposition T, M = H’(x) @ H"(x) must be unique.
Therefore, Q(-) is defined canonically for e-weakly temperable points, and does not
depend on the choice of C, (-). Thus, for all € € (0, €, ], WT; and RWT; are defined
canonically.

(4) RWTY, is of full measure with respect to every invariant probability measure carried
by x-summ.

CLAIM 2.6. Forall€ > 0 and €' > 3/2¢, RWTS € RWT¢, and WTS, € WT¢.

Proof. We prove the statement for RWTS; the proof for WTS is similar. Let x €
RWTS, and let g : { /" (x)}pez — (0,€) N {e7“/3}4cn be given by the recurrent e-weak
temperability of x. Define §( f"(x)) := max{t € {e~¢ *}peny : 1 < q(f"(x))}. It follows
that § o f/q = eF€te'/3) = oH(€/3426/3) — o2’ It follows from Definition 2.2 that
there exists b(e, €’) > 0 such that for all n € Z, b(e, €') - Qc(f(x)) < Qe ( f1(x)).
Let b(e, €') := max{t € {e=< 3y : t < b(e, )}, and define q' (f"(x)) :=b(e, €) -
G(f"(x)), n € Z. In addition, ¢’( f"(x)) > b(e, €)e ¢ /3 . g( f*(x)), for all n € Z, and
thus lim sup,_, ;. ¢’(f"(x)) > 0. Since {e_6/2/3}geN is closed under multiplication, it
follows that ¢’ satisfies the assumptions of recurrent ¢’-weak temperability for x, and so
x € RWTY. m

3. Review of [BO18, Sar13]
Throughout this section, f : M — M is a C'*# diffeomorphism of a compact Riemannian
manifold without boundary M, and x > 0.
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Definition 3.1. Let x € x-summ with T.M = H*(x) ® H(x), and let C,(x) be a
Lyapunov change of coordinates as in Theorem 2.1. Define, for all & € H®(x), &, €
H"(x),

S, &) =2 ) N fEPEN, U, E) =2 ) lde f 7N

m>0 m>0

COROLLARY 3.2. ||C;1(X)|| = SupSSGHS(x),SueH”(x):lés+Su|=l \/Sz(x, Ss) + U2(x, \’;:u)

See [BO18, Theorem 2.4] for proof.

Since M is compact, there exists r = r(M) > 0 such that the exponential map exp, :
{veTiM:|v] <r}— M is well defined, smooth, and injective for every x € M. When
€ <r, the following definition is well defined since C, () is a contraction (see [BO18,
Lemma 2.9], [Sar13, Lemma 2.5]).

Definition 3.3. (Pesin charts)

(1) Given x € x-summ, the map v, := exp, oCy(x):{fveiM :|v|<n}—> M,ne€
(0, Qc(x)], is called a Pesin chart with center x.

(2) A double Pesin chart is an ordered couple v/ P P w P, where P and P
are Pesin charts with the same map and concentric domains.

(3) Given a collection of Pesin charts 4, we say that a double Pesin chart wf o is over
Aif yP P € A (recall that a A b := min{a, b}).

Since M is compact, there exists p(M) > 0 such that for all x € M, there exist a
neighborhood D C {x’ € M : d(x, x') < p(M)} and a smooth map @ p : TD — R? such
that for all x € D, ®p|t,p is a linear isometry. Let D be a finite cover of M by such
neighborhoods (see [Sar13, §3.1]).

Definition 3.4. (e-overlap condition) Let 7, xpg be two Pesin charts. We say that v/
€-overlaps 1/fyq if

(1) p/g =e*;

(2) forsome D € D,x,y € Dandd(x,y) + [[@p o Cy(x) — Op o C, (M| < p*g*.

This definition is due to Sarig; see [Sar13, Definition 3.1].

3.1. Main steps of [BO18, Sar13]. There exists €, > 0 which depends on M, f, B, x,

such that for all € € (0, €, ] the following statements hold.

(1) A set of hyperbolic points. There exists a set, NUH}, of Lyapunov regular
x -hyperbolic points, such that for all x € NUH;‘, lim;,_, 400 (1/n) log ||C;1(f" €9}
= 0. The definition of NU H;‘ is not important for us, and can be found in
[Sar13, BO18, BO18, Lemma 2.6, Definition 2.10, Claim 2.11].

(2) Coarse graining. A is a countable collection of Pesin charts with the following
properties.t

(a) Discreteness. {yy € A¢ : n > t} is finite for all t > 0.
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(b) Sufficiency. For all x € NUH}, and for every sequence (1,),cz such that
0 <y = Qc(f'(x)), My € {6_66/3}661\? and 1, /nn41 = et€ for all n e Z,
there exists a sequence (1#}7:),152 of elements of A, such that for all n € Z:
(i) 4y e-overlaps 1//;71()5) and Qc(f™(x))/ Qe (xy) = e*/3;
(ii) ¥."f! e-overlaps I/I;’E;nl);
(iii) ¥~ e-overlaps wj’Z.";‘(Xn);
(v) Y e A, forall n, € {e=<Y/3}pen such that n, < 7/, < min{Qe (xn), €1u)-
See [Sarl3, Pr(zpq‘sitiorsl 3u.5] for the existence of A. .
(3) Edges. Let ¥ ", ¢1 " be two double Pesin charts over A.. Write ¢f 7 —
it
(a) w;s(?)q " and %‘{Mqu e-overlap (recall that a A b := min{a, b});
(b) fs/\pu and w}lfi?(liz e-overlap;
(¢) ¢" = minfep", Qc(y)} and p* = min{e®q*, Qe (x)};
(d) dimH*®(x) = dimH?*(y) (the decomposition .M = H*(-) & H"(-) is unique for
points in NU H).
This is due to Sarig, [Sar13, Definition 4.1] (see also [BO18, Definition 2.23]).
(4) Vertices and relevance.

(a) A double Pesin chart over A, ¥ ¥, is e-relevant if there exists a chain of

) py.p! PoPs _ o PSPt s
€ X, n > X - X B s
double Pesin charts over A¢, (Y, " )nez, such that ¥y, Pu> Pn €
_ s pH ps ’p” .
{e=¢PYyen and ylmim Yy for all n o€ Z, and there exists y €

NUH)’(" such that f"(y) € ¥y, [Ro,(x,)(0)] for all n € Z (R, (v) :={v' € RY :
vVl <al). |
®) Ver= "yl e A pt p* e (e Yen N (0, Qe(0)], and Y
is e-relevant} is the set of relevant e-vertices.
(5) Induced graph and TMS. E¢ = {(V1, 12) € Ve X Ve 1 V] = ¢ 12}; Ge i= Ve, E) isa
countable directed graph. It is shown in [Sar13, BO18] that G, is locally finite: every
vertex has finitely many incoming and outgoing edges. We have

Ye = Xe(Ge) :={u € VEZ s (Ui, uipy) € &, foralli € Z}.

(6) This is the induced topological Markov shift (TMS). The local finiteness of G
implies that ¥, is locally compact. ¥, admits a factor map n : ¥, — M as given
by Theorem 2.4.

@) Ef = {u € X : thereexists ny, my 1 oosuchthatu_,, = u_p,, Um, = Um,, for
all k > 0}.

(8) A full measure coded set. NUH;* ={xe NUH;(k slim sup,_, 4o g (f" (x)) > 0},
where ge(x) :=€/Y,c7 1/Qc(f"(x))e~"/3¢ is Pesin’s tempered kernel [Sarl3,
BO18, §2.5, Definition 2.17]. NU H;'(‘E carries every y-hyperbolic and f-invariant
probability measure by Poincaré’s recurrence theorem. Notice that NU H;’ C RWTS.
By [Sar13, BO18, Theorem 4.16, Theorem 3.13],

r[zH 2 NUH].
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(9) Locally finite cover, forallv € V¢, Z(v) :=n[{u € Ef tug = v}l Ze = {Z()}ey,
has the following properties.
(a) Local finiteness. For all Z € Z, #{Z' : ZNZ' # @} < 0o [Sar13, Theorem 10.2].
(b) Covering. |J Zc = #[Ef] 2 NUH}.
(10) Countable Markov partition. R, is a countable partition given by the Bowen—Sinai
refinement of Z, (see [Sar13, §11.1]). It has the following properties.
(a) Reisarefinementof Z.:forall Ze Z,,Re R, RNZ #2F=RC Z.
(b) Forallve V., #R € R¢: Rc C Z(v)} < oo [Sarl3, §11].
(c) Symbolic local product structure. For all R € R, for all x, y € R, there exists
z € R,suchthatforalli > 0, R(f!(2)) = R(f1 (), R(f7(z)) = R(f~ (x)),
where R(t) is the unique partition member of R, such that t € R(t), for r €
JT[Ef]. We write z := [x, y]g.
(d {yeR:lx, ylg =x} S Wi (x),{y € R: [y, x]r = x} € W (x),  where
Wit (), Wi (x) are submanifolds such that for all z € Wy (x), d(f*(2),

fk( ) exponentlallyfast 0. and for all ze loc(x) d(f~ k(Z), fﬁk(x))

exponentially fast
_—

k— 00

(e) Symbolic Markov property. Let R, S € R, and let x € RN f~[S]. Let
Whx, R):={yeR:ye W ()}, W, R):={yeR:ye W (x)}. Then
STHUWH(f(x), )1 € W(x, R) and fIW*(x, R)] € W*(f(x), ).

(11) Induced graph and TMS, with a finite-to-one factor map.
(@ & :={(R.S) e R2suchthat f~'[S]N R # @}, Gc = (Re, &). We have

S =%(Go) :={ReRE: (R, Riyy) € &, foralli € Z}.

b 7T:3 > M, 7(R) := unique element of (1), f~" [R,]1is well defined for all
R e /E\e (see [Sar13, BO18, Lemma 12.4, Theorem 1.1]).

(c) ff ={R € fe : there exists ny, my 1 oo suchthat R_,, = R_,,, Ry, = Ry,
for all kK > 0}, 5?|§§ is finite-to-one, and 'ﬁ[ff] D NUHf [Sar13, Theorem
12.5], [BO18, Proof of Theorem 1.1].

3.2. Admissible manifolds. The following two definitions are a modification due to
Sarig of a notion introduced by Katok [Kat80], in [Sar13, §4.2, Definition 4.8] (the version
here corresponds to the case d > 2 from [BO18, Definition 3.1, Definition 3.2]). Denote
by R, (b) C R€ the | - | ball of radius a and center at b. Recall the definition of s (x), u(x)
from §2.2.

Definition 3.5. Letx € RWTS . A u-manifold in  is a manifold V* C M of the form
C =Y lF Usot1s - oo td)s - oo Fgn (seots - - 1), Bseos - - - 1a) @ || < g},

where 0 < ¢ < Q¢(x), and F is a C1*+8/3 function such that maxz oy |Ij"”|oo < Qc(x).
An s-manifold in ¥, is defined similarly as a set

VS = 1!f)f[{(tl’ st tS(X)’ F;:Y(X)+1(t19 L] tS(X))? LI ] Fj(tlv L] ts(x))) : |tl| S q}]»
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with the same requirements for FS and g. We will use the superscript u/s in statements
which apply to both the u case and the s case. The function F = F"/s is called the
representing function of V*/* at yr.. The parameters of a u/s manifold in vy, are:
o o(VUS) = ||d.ﬁ||ﬁ£3 = maxg Id.F|| + H6lg/3(d.F), where Holg;3(dF) :=

max; - pylldy F—dg FI/IT — 15 1P} and | A]l := sup, 2o |AV]oo/V]oo;
o y(V'5) = |ldoF|:

(V%) = |F(0)]oo
o (V%) :=q.

A (u/s,o,y, ¢, q)-manifold in ¥, is a u/s manifold V*/* in v, whose parameters

satisfy o (V%) < o, y(V¥/9) <y, o(V¥/%) <@, q(V*/%) < q.

Notice that the dimensions of an s- or a u-manifold in ¥, depend on x. Their sum is d.

Definition 3.6. Suppose x € RWT; and 0 < p*, p* < Q(x) (i.e. wfs’pu is a double

Pesin chart). A u/s-admissible manifold in I/IfS’pu isa (u/s,o, v, ¢, q)-manifold in
such that

p", wu-manifolds,

1
o<5, v APHYPR. o <103(p" A pY), q=

N =

p®, s-manifolds.

CLAIM 3.7. For all € > 0 small enough, for all u € X, there exist a unique admissible
manifold in uo, V" (u), which depends only on (u;)i<o, and such that f~"[V"(u)] C
u-admissible manifold in u_p for all n > 0, and a unique admissible manifold, V*(u),
which depends only on (u;);=0, and such that f"[V*(u)] C s-admissible manifold in u,
Jor all n > 0. These manifolds satisfy {mw(u)} = V*(u) N V*(u), and this intersection is
transversal. V*(u) and V* (1) are called the unstable and stable leaves of u, respectively.

This is the content of [Sar13, Proposition 4.15, Theorem 4.16] and [BO18, Proposition
3.12, Theorem 3.13].

4. Proof of main result

We now present the changes to the construction of €,, Ve, X¢ in [BO18], which will allow
us to identify the coded set & [Ef]. The main modifications are to replace NU H; by WT;,
in the coarse graining, to replace NU H* by RWT¢ in the definition of relevance, and to
replace €, by min{e,, €, 2}.

Assume that there exists a x -hyperbolic periodic point p, so that there exists €, > 0 as
in Theorem 2.4.

Definition 4.1.
@))] EX :=min{e, 2, €,} > 0 (recall that €, > 0 is introduced in §3.1).

*
(2) Given € € (0, ¢ x1, A¢ is a discrete and sufficient set of Pesin charts as in §3.1 step
(2), but given by the coarse graining process for Pesin charts with centers in WT¢,,
instead of NU Hy.
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(3) (a) A double Pesin chart over A, Wx Ly , is called -e-relevant if there exists a
chain of double Pesin charts over Ae, (w nePn )nez, such that 1//‘p0 - P R

ps, pt e {e 3} yen and l/fxn" P —. 1//,2?1' Pt for all n € Z, and there exists
y € RWT such that f"(y) € ¥x,[Rg, (x,)(0)] forall n € Z (instead of imposing
y € NUH}, as in §3.1 step (4)(a)).

®) Ve = (7 yl " € A ptL p e (e P heen N (0, Qc(x)] and Y7
is * -e-relevant} is the set of x-e-relevant vertices.
@) Ec:={(v1, 1) € Ve X V¢ 1 1] —¢ 12}, Ge := (Ve, E¢) is a countable locally finite

directed graph (the local finiteness of G, follows from the discreteness of V; see

§2 3).

6 Ze={ue V Z such that (u;, uj+1) € 86, foralli € Z} is a locally compact TMS
induced by QE

(6) E# ={u € 26 : there exists ny, mg 1 oo such that u,, =up,, U_pn, =u_;,, for all
k > 0}.

*
Remark. Notice that the map 7 : ¥ — M from Theorem 2.4 is well defined on X..
This is true since, given a chain u € X, 7w (1) is the unique intersection point of V¥ (u)

and V*(u) (see Claim 3.7). The same construction extends to 2*35, since all arguments
which lead to Claim 3.7 for the definition of V¥, V¥ (see [BO18, Theorem 3.6], and
the graph transform argument) require only x-summability of the charts’ centers for the
Pesin—Oseledec reduction theorem (see Theorem 2.1).

The following lemma is an improvement of [BO18, Lemma 4.5].

LEMMA 4.2. Letv € X, such that w(v) € RWT;. Write W = V3 (v) and 7z = 7w (v), and
letr € (x/2, x). Then there exists Cy,; > 0 which depends only on vy, x, f, € and z such
that for all y € W*,

sup Y ldy fMEPE™ < Copz - VEICT @I
EeTyWs JEl=1 2

Notice that the bound on the right-hand side is uniform in y and r, which is the main
improvement compared to [BO18, Lemma 4.5].

Proof. Let q¢ : {f"(2)}nez — (0,€) be given by the e-weak temperability of z. By
definition, ¢.(f"(z)) < Q(f"(2)), for all n € Z. So, by [Sar13, Lemma 4.6], there
exists (p})nez, (Ph)nez. S {e™¢}eso such that ge (f"(2)) < pj A ph < Qe(f"(2)), for

alln € Z,and u := (¢”f(f§‘),ez is a chain (i.e. u; —>¢ uj41, forall i € Z, recall §3.1 step
(3)). Notice that the sequence (p; A p¥),cz is e-weakly temperable and recurrent (see
[Sarl3, Lemma 4.4]). Let y € W¥.

The idea of the proof follows the steps of [BO18, Lemma 4.5] for push-forwards of y, z

(with r replacing x and x replacing y., and e-weak temperability replacing the assumption
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lim,,_, 5 (1/n) log IIC)?I(f” ()]l = 0); and then uses a version of [BO18, Lemma 4.6] to
pull back the refined bounds. The reason why this works for r € (x/2, x), and not just
for x as required in [BO18, Lemma 4.6], is that there is no distortion of bounds by the
non-complete overlap of charts in the chain u, as u is a chain over a real orbit and not
merely a pseudo-orbit.

Set N = N(vo, z) € N such that N := min{N’ € Ny : fN'[W%] € V¥ u)} (which
exists since diam pnpws)( f"[W?*]) decreases exponentially faster than {ge( f" (2))}n>0, by
e-weak temperability of z).

Part 1. First we assume N = 0. Let ¢ > 0 and ny 1 oo such that g ( f"*(z)) > c for all
k> 0.

As in the proof of [BO18, Lemma 4.5], let

ng,:=min{n > 0: forallm > n, forall y’ € f™[W*], forall§" € T\, f"[W*],
&'l =1, forall j >0, |dy f/&'| <2e7 /@R (" @)}

The reason why the minimum is not over an empty set is that diam gryws;( f"[W?*])
decreases exponentially faster than g.( f"(z)) (by e-weak temperability), and that z is
x-summable, and so r’-hyperbolic for all 7’ € (r, x). For full details, see the claim within
the proof of [BO18, Lemma 4.5], with r replacing x and yx replacing x.; the assumption
lim,—, 5o (1/n) log IIC)?] (f™(2)|l = 01is replaced by the e-weak temperability of z.

Let k;, > 0 such that for all k > k,,, nx > n;,. Thus, for all k > k_,, for all y' €
SHWE,

4 _ -
sup Z |dy,fmé/|262rm < Z e MCO=N/3 5o )
EeTy [ WALIE =1, =0 ¢ m>0

The bound on the right-hand side depends on r and z, but does not depend on k (as long
as k > k; ).

We now wish to use [BO18, Lemma 4.6] with the chain u, and gain a bound for points
in W¥, instead of points in f"*[W?*]. This requires justification, since in [BO18, Lemma
4.6] the exponential factor in the sum is x, and we wish to apply it to a sum with an
exponential factor of r. The proof of [BO18, Lemma 4.6] starts by breaking the quotient
which we wish to estimate into two factors (see equation (14) in the proof). The first
factor is the improvement in the quotient which wish to bound, due to the pull-back by
f~L. The estimates of the first factor (see equation (17) in the proof) remain unchanged
(since [|C71(f™* ()| < IIC)?l(f”" (2))I). The second factor is due to the distortion by
non-complete overlap of charts (which does not apply to our case since u is a chain over
the actual orbit of z, and not merely a pseudo-orbit, hence the overlap is complete), and due
to the distance in the tangent bundle between the tangent vectors 7 £ and n (in the notation
of the proof of [BO18, Lemma 4.6]; see steps 1 and 2 in the proof). The assumption N = 0
(i.e. W* € V¥(u)) allows the estimates of the distance in the tangent bundle to remain as
in the proof.

Thus, we may apply [BO18, Lemma 4.6] to the chain u. Since the bound in equation (2)
is uniform in k, we may apply [BO18, Lemma 4.6] as many times as we need, starting from
un, where k is as large as we wish. Each time we apply [BO18, Lemma 4.6], the quotient
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which we wish to estimate either improves, or is bounded by e*Ve, and every time we hit
an element of {u,} it improves by a definite amount. Since we are free to choose k as large

as we wish, eventually it will drop below ¢*V¢ and will stay there. It follows that

sup Z |d fm%.|262rm < 64 sup Z |d fmn|2 2rm

geT, Wi Jl=1 120 neT WS lnl=1 1=

<M @I < MR @I

Part 2. We now wish to treat the case where N > 0. Notice that, for all y € W*, & €

T, W*,
T dy Vg
Z |d f n|2 2rm Z |dyfm$|262rm 2/‘N|d f €| Z |df (y)fm |d fNEllzezrm
m=>0 m=0 m=>0
d N
<2N(MgpeX)*N . Z |di(y)f”’£|2e2””.

|dy fNE|

m>0

Set Cy,,; 1= 2N (M seX V2N where N = N (v, z). Thus, together with part 1, we get

sup sup Y |dy fMEPEP™ < Cypz - VIO @I -
YEWs EcTy Wo fgl=1 . =)

COROLLARY 4.3. Under the assumptions of Lemma 4.2, for all y € W*,

sup Y Jdy fEPENM < Cyp - eVEICL @R,
T ANES Bt

Proof. Assume by contradiction that there exist § >0, y e W%, & e T,W* such
that 300 |dy fE[2eX ™ > Cy, -e4ﬁ+5||c;1(z)||2. Then choose N > 0 such that
SN0 ldy fMEPPM = Cyp 2 - WV C ()| Choose x/2 <r < x such that
SN0 ldy fEIPP ™ = Cypp - VYR CN ()2, whence Yoo |dy fE 2™ >
Cuoz - eHVEr1/2s ||C)?1 (2)||%. This is a contradiction to Lemma 4.2. L]

*
LEMMA 4.4. Letu € X¥. Then x := 7 (u) is x-summable, and

2.
SUPE e T, Vs (u), & | =1 Z |dy f7Es P2 < & NIC (o) 1P

m=>0

where xq is the center of ug = VY, Po-Pg . A similar claim holds for V*(u).

Proof. This lemma is the same as Claim 2 in the proof of [BO18, Lemma 4.7], except for
the fact that in [BO18, Lemma 4.7] we have ©* instead of >#. We will now explain how

to modify the argument of [BO18, Lemma 4.7] to handle £¥. The point is to deal with
*-€-relevance (see Definition 4.1), instead of e-relevance (see §3.1).
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Assume without loss of generality that there exists ny 1 oo such that u,, = ug for

all £ > 0. By the x-e-relevance of ug, there exists a chain w € ie N [ug] such that
z:=m(w) € RWT,. This way, we may use Corollary 4.3 to replace [BO18, Lemma 4.5]
in the proof of [BO18, Lemma 4.7] (i.e. to bound S(-, -) uniformly on the unit tangent
bundle of V¥(w)). The statement of Claim 2 in the proof of [BO18, Lemma 4.7] gives
what we wanted to show. O]

THEOREM 4.5. Forall € € (0, €], m[Z!] = RWTS,.

Proof. Lete € (0, ¢ x 1. The following steps are done both in [BO18], and in [Sar13] when
d=2.

Step 1. We claim that & [éf] 2 RWTS. The proof is the same as the proof of
[BO18, Proposition 2.30], except that we have to use g.(x) given by the definition
of recurrent e-weak temperability instead of Pesin’s tempered kernel g¢.(x) =
G/ZmeZ ]/Qe(fm(x))e—lmlf/:”.

Step 2. Letu € if and write z := w(u). By Lemma 4.4, z € x-summ. It is left to show
that z is recurrently e-weakly temperable.

Step 3. In order to show recurrent e-weak temperability, we wish to compare
IC L @)l with [C )l n € Z, where u,, = 22" This is similar to Claim 2 in

the proof of [BO18, Lemma 4.7] and [BO18, Proposition 4.8], except that we must use %"

instead of £¥. The details are as follows.
Assume without loss of generality that u,, = ug, for all k > 0, and n; 1 oo. Consider

*
the chain w € X, N [ug] which is given by the x-e-relevance of ug such that w(w) €
RWT;. Consider the chains

* u;, fori < mny,
u® e ., 1 >0, where uﬁl) = { ! =
Wiy, fori>ny.

Write z; 1= n(ga)). In [BO18, Lemma 4.7], the author uses [BO18, Lemma 4.5] in order
to show that sup;-o SUPgcr, vs @) gj=1 S(21, §) < 003 Corollary 4.3 takes the place of
[BO18, Lemma 4.5] in this argument.

With this is mind, [BO18, Lemma 4.7 (Claim 2)] can be carried out verbatim, and so
there exists a linear invertible map 7y : T;V*(u) — H®(xo) such that ||z |, ||(71;0)_1 I <

ezQE(xO)M, and such that
forall € VS ), [£]=1, S(z &) = e VeS(xo, 5 ).

A similar statement holds for JT)?O : T,V*(u) — H"(xo) and U (-, -). 71;0 and rr)’fo extend to
the invertible linear map 7, : ;M — Ty M by my)l7,vs @) = rrjo and 7y, |7, vu ) = 71)':0.
It then follows from the proof of [BO18, Proposition 4.8] that |7y, ||, ||7'[);)1 | < e2VE,
Thus, by Corollary 3.2, ||C;1(z)||/||C;1(x0)|| = t3Ve, Similarly, by considering the
shifted sequence, [|C; ' (f" @) II/1C; ! (xa)ll = eF3Ve foralln € Z.
Step 4. We can now continue to show recurrent e-weak temperability. Define

q " @Dlnez = {7 len by q(f"(2)) := be - p5 A pl, where be := max{t €
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(e Y en i t < e300V€/B) By the definition of f;é, A ph e e 3y, for all

n € 7Z; thus, since {e€/3},cn is closed under multiplication, the definition of g is proper.

q satisfies the assumptions of recurrent e-weak temperability as follows.

(1) By the definition of ‘— .’ (recall §3.1 step (3)(c)),q o f/q = ete

(2) Sinceu € Z*If, lim sup,,_, 1o ¢ © f"(x) > 0.

(3) By the definition of double Pesin charts, p; A pi < Q¢ (x,), for all n € Z. Thus, for
all n € 7Z (recall Definition 2.2 for the definition of Q.),

90/8

€ —1 —48
Py APy = Qelin) = 2 10 ) |77
90/8
€ —3Je) =1, ¢n —48/8
= S e VEIC @)D

SVERIE L0 (f1(2)) - 3
< VB (f(2)).

Therefore  q( f*(z)) < e—300Ve/B pSApl < e—300v/€/B . ,300/e/p 0.(f"(2)) <
Qc(f"(2)), foralln € Z.

It follows that 77 («) € RWTS,. Thus, 7[%] C RWT, and together with step 1, 7[Z7] =

IA

RWT;. O
Definition 4.6. Forallu € V., Z.(u) :=n[[ulN 2] Z. :={Z() : u € V.} is a cover
of I[2#].

COROLLARY 4.7. (Local finiteness of Z.) Forall € € (0, éx], forallu € Ve, #{v € V¢ :
Z(u)NZe(v) # T} < o0
This is the content of [BO18, Theorem 5.2] (and similarly [Sar13, Theorem 10.2] when

d = 2), where (as in step 3 in Theorem 4.5) Corollary 4.3 replaces [BO18, Lemma 4.5] in
the proof of [BO18, Lemma 4.7]; and the rest of the inverse problem [BO18, §4] can be

*
carried out verbatim with =¥ replacing =¥

Assume that there exists a periodic point p € x-hyp, and let € € (0, ¢ x1-

* * *
THEOREM 4.8. There exists a countable partition R¢ of | 5 Ze(v) = m[ 2] such that
veVe

the following statements hold.

@) RE zsareﬁnementon forallZ € Ze, R € RE, RNZ#23=RCZ.
(2) Forallv e VE, #{R € Re R C Z v)} < o0 [Sar13 §11].
(3) Symbolic local product structure. For all R € RE, for all X,y € R, therg exists
=[x, yIr € R, such that for all i >0, R(f'(z)) =R(f'(y), R(f'(2)=
R(f7'(x)), where R(t) is the unique partition member of 7*35 containing t, for
te n[if].
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*

Given a locally finite cover as Z. (see Corollary 4.7), such a refining partition as R
exists by the Bowen—Sinai refinement; see [Sar13, §11.1].

Definition 4.9. (1) fe ={R € 7*352 TR N f_l[RiH] # o, foralli € Z}.

2) if ={R € fle . there exists ng, my 1 oo such that R,, = Ry, R_, = R_,,, for
all k > 0}.

(3) Every palr of partition members R, S e Re is sald to be e- afﬁllated if there exists

U,v € Ve such that R C Z (u), S C Z (v) and Z (w)N Z (v) # @ (see [Sarl3,
§12.3]).

Remark. By Corollary 4.7 and Theorem 4.8, every partition member of R, has only a
finite number of partition members e-affiliated to it.

* *
THEOREM 4.10. Given X from Definition 4.9, there exists a factor map T : X — M
such that the following statements hold.

(1) 7 is Holder continuous with respect to the metric d(R, S) = exp(— min{i > 0 : R; #
Sior R # 85_}). _

(2) foT =T oo, where o denotes the left-shift on Z..

3) ﬁ|1# is finite-to-one.

(4) ForallR € £, 7(R) € Ro.

(&) ﬁ[ff] carries all x-hyperbolic invariant probability measures.

This theorem is the content of [Sar13, Theorem 1.3] (and [BO18, Theorem 1.1]).

PROPOSITION 4.11. Forall € € (0, EX],
* * *
72 =n[3! = Re.

Proof. w[Z!] =) Re by definition, since R, is a partition of 7[Z]. We need to show
* *
that 7[ZF] = n[Z¥].

*

* *
(D). Let u € =¥, m(u) € Re. Write R; := unique element of R, which contains

m(o'u) = fi( W), i € Z. It follows that R := (R;)icz € S, and that T(R) = 7 (x)
by the uniqueness of a shadowed orbit (by [BO18, Proposition 3.12, Proposition 3.5]
{m(R)} = V() h V*(u), and by Claim 3.7, T(R) = 7 (u)). Then by definition, for all

* *
i €Z, Ri C Zc(u;). Since u € =¥, there exists ix 1 oo such that u;, = u. By Theorem
4.8(2), Z(u) contains finitely many elements of R¢. So, by the pigeonhole principle,

R e S (see Theorem 4.8).

(©). LetR, S € Re such that there exists x € RN f~1[S]. Let u € V6 such that R C
Ze(u). Then there exists u € EE N [u] such that 7 () = x, and so § C Ze(ul). Given
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* * *
a chain R € ¥, choose Z.(ug) 2 Ro, and construct this way a chain u € %, such that
R; € Z(u;) for all i € Z. By the uniqueness of a shadowed orbit, 7 (u) = T(R). By
Corollary 4.7, and the pigeonhole principle, u € X*. O

COROLLARY 4.12. Let p be a x-hyperbolic periodic point, such that RWT;X % &. Then
forall e € (0, EX],

*

*x *
7[S!] = n[=f] = RWTS.

Proof. In Theorem 4.5 we saw that n[E ] =RWT ; In Proposition 4.11 we showed the

equality 71[2 1= JT[E ]. Therefore we are done. O

Definition 4.13. RWT} = RWT;X is called the set of recurrently codable points.

Notice that, by Claim 2.6, Uo <2/t RWT6 C RWT*

5. Ergodic homoclinic classes, maximal irreducible components and coding infinite
conservative measures

The aim of this section is to construct an irreducible coding of an ergodic homoclinic class,
which lifts all conservative (possibly infinite) measures on it (see definition below), as an

extension to the preceding result in [BCS], which only treats probablllty measures.
* *

In this section € is fixed and equals ex The € subscript on Ze, Ze s Re, Ee, Ef, Ve, Z¢
will be omitted to ease notation.

Let p be a periodic point in x -summ. Since p is periodic, ||C L(-)|| is bounded along the
orbit of p, and therefore p € RWT,. Every point x € RWT}, is (recurrently) codable, and
so has a local stable manifold V*(x) (e.g. VS(u), u € i [{x}1n i#), and a global stable
manifold W*(x) := J,~o f"[V*(f"(x))] (similarly for a global unstable manifold).

Definition 5.1. A (possibly infinite) measure-preserving transformation, (X, B, u, T), is
called conservative if for every set A € 5 such that £(A) > 0, there exists n > 0 such that
w(T"[A]N A) > 0.

By Halmos’s recurrence theorem (see [Aar97, §1.1.1]), a measure-preserving transfor-
mation is conservative if and only if it satisfies the statement of the Poincaré recurrence
theorem:

forall A € B, u(A\{x € A : there exists ng, my 1 oo such that
™ (x), f7™(x) € A, forallk > 0}) =0.

Definition 5.2. The y-ergodic homoclinic class of p is

Hy(p) := {x € RWT} : W"(x) h W (o(p)) # @, W’ (x) h W*(o(p)) # &},
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where rh denotes transverse intersections of full codimension, o(p) is the (finite) orbit of
p, and W¥(-), W*(-) are the global stable and unstable manifolds of a point (or points in
an orbit), respectively.

This notion was introduced in [RHRHTU11], with a set of Lyapunov regular points
replacing RWT) . Every ergodic conservative y-hyperbolic measure is carried by a
x -ergodic homoclinic class of some periodic hyperbolic point.

Remark. Notice that H,(p) C W5(o(p)) h WH(o(p)) = Newhouse’s definition of a
homoclinic class [New?72]; in particular, H, (p) is not necessarily closed.

Definition 5.3.

* *
(1) Define the relation ~CRXxRby R~ S <= thereexist ngs, nsg € N such that
R 255 5 5 55 R, that is, there exists {R; }"SRH’RS such that Ry = R, Ry =
S, Rygr+ngs = Rand f~ R1NRi_; # gforalll <i <nggs+ nsg. The relation
*
~ 1is transitive and symmetric. When restricted to {R € R : R ~ R}, it is also
reflexive, and thus an equivalence relation. Denote the corresponding equivalence

*
class of some representative R € R, R ~ R by (R).

* *
(2) A maximal irreducible component in X, corresponding to R € R such that R ~ R, is

{R € 5 : R e (R)Z}.

LEMMA 5.4. Let p € y-summ such that there exists | € N such that if f'(p) = p, then
p € x-hyp.

Proof. We prove an exponential contraction strictly stronger than e™* on H*(p). The case
for H*(p) is similar. First assume that f(p) = p. Since p is x-summable, forall & €
HS(p) with [E] =1, Yo —0 |dpf’"¢§|2 2xm < 0. Let {Sl}s ?) be an orthonormal basis
for H*(p) (with respect to (-, -),, the Riemannian form at T p»M). For all m > 0, there
exists £ e H*(p) with || =1 such that |d, f"&"™| = |d, ™| s (pl. Therefore,
for a™ := (™, &),

00 ) 00 s(p)
Do ldp [ s P =Y Idy fE™ PPN < Z (Z la™| - 1y f"E; )
m=0

m=0
o, s(p) s(p) o0
< Z(Z \d)p f’"s,) =Y > (dpf"E ™) (dy £ E ™)
=0 i= i,j=1 m=0
Cola™ =<1
s(p) 00 o0
= Z Z dp fr&;|2exm - Z ld, f7E;|?e2xm (. Cauchy-Schwarz)
i,j=1 m=0 m=0
< d d 2 2xm 3
s | 2 ormerenn) <o ©
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The derivative d, f : H*(p) — H*(p) is a linear map. Working in coordinates, it is
sufficient to assume without loss of generality that d, f is a Jordan block Jy(p)(A) of
dimension s(p), with eigenvalue A for some A € R\{0} (since f is a diffeomorphism).

Write Jy(p) = Al + N where N denotes the nilpotent matrix whose entries right above
the diagonal are all 1s and all other entries are Os, and I denotes the identity matrix. Then
N*(P) = 0. By the binomial theorem, if m > s(p), then

s(p)
m
Ty = M+ N)" = <k>k”’_ka. )
k=0

Since Jy(p)(A) is a Jordan block, it admits an eigenvector with an eigenvalue A, and so
1 s(py @l = |21 and [ldp f™ |5yl = 21" Hence, by equation (3), 300 |2 <
>0 o ldp ™ sy I7€2X™ < 00, and s0 0 < |A| < e™X.

On the other hand, by equation (4), lldpf™gs(pyll < C-m*P - |A" for some
C = C(p) > 0. Hence, ||dpf™ sl < C-m*P ceX'm where x':=log|A| < —x.
Thus, lim sup,,, _, ,(1/m) log |ld,, f™ ks p)ll < —x. This concludes the proof for the case
f(p)=p.

In the case where the period of p is/ > 1, write, for all £ € H*(p),

[ee) -1 o0
D ldp frEPE =D €Y d i (fN)(dp fE) PO < o0
m=0

j=0 m=0
Then by the first part of this proof, there exist A;, j =0, ...,/ —1,suchthat 0 < [A;] <
e %! and C; = C;(p) > O such that for all 0 < j <1 — 1,1 >0, ||dy f™!F/ |psp)ll <
max; {C;} max;{|A;|"} - m*P)_ As in the case of f(p) = p, this is sufficient. O

Definition 5.5. For all x € WT%,

Phx) :=max{r € {e~Plen 1 e Nt < Qe ("N (x)), forall N > 0},

pi(x) = max{r € (e ““Plen e Nt < Qc ("N (1)), forall N > 0).

This definition was introduced in [Sar13, Lemma 4.6], and is due to Ledrappier. The
maximum is over a non-empty set because of e-weak temperability.

Note that, forall n € Z, wph(x)’p" x) —. wp;’“(x)’p”“(x)

fr) S @)
. .. . (PP (p)
LEMMA 5.6. Let p be a x-hyperbolic periodic point, and let u := (1//‘fn(p) )nez- Let
x € V:u) N RWT; such that dimH* (x) = dimH*(p). Then
lim sup sup S(f"(x), &) < max{ sup SCf(p), m)} <00.

=00 §,eH(f7"(x)),|&n]=1 ! ni€HS (f1(p)).Inil=1
A similar claim holds for x € V*(u) N RWT?, but with n — —oo0.

Proof. First notice that by definition, u is periodic and I/f;;,’g ;’p n(P) — w;zi}(p)’p”“(p),

for all n € Z. Fix § € (0, 1). Assume without loss of generality that f(p) = p. By
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Definition 5.5, if f(p) = p, then ou = u. By the inclination lemma [BS02, Theorem
5.7.2], we may assume without loss of generality that d (VS(f7H(x)), VS(u)) < t for
all i > 0, where T > 0 is arbitrarily small, Vs(f_i (x)) is the part of Ws(f_i(x)) which
is close in C'-norm to V* (u), and the C L_distance is calculated in the chart Yy el ).

In particular, since V* (1) is an admissible manifold in v/; «p ), VS( f~i(x)) is the graph
of a C'-smooth function. Denote the function representing the graph of V*(u) by F, and
the function representing the graph of V*( f ~“I(x)) by Gi,i > 0.

Let P :RY — R'™ be the projection to the s(x) first coordinates, and let
£ € H'(x) such that |d (f~DE|=1. &€= dyr o Vp(ts dp 1 Gou) for some
u € RSP Define n=n(&) :=doy,(u,doFu) € H*(p). Write again d,(f )& =
d¢;1(f_1(x))wp(v, dPﬂ/fgl(f—'(x))le) for some veR'™, and define ¢ = ¢(§) :=
dorp (v, doFv) € H°(p). Notice that n:T,V*(x) - H’(p) is a linear map, and
in fact the definition extends naturally to 7 : Tp-i(y) VS(f~H(x)) — H*(p), for all
i > 0. Thus, by the inclination lemma and by choosing 7 > 0 sufficiently small, we
may assume without loss of generality that ||dx(f_l)€|2 — |dp(f_l)n|2| < 4. Define

p = max{S(x,§)/S(p, n), 1}.
Step 1: Refining the estimate from [Sar13, Lemma 7.2]. We have

S, de(FTHE) /S (p, ¢) < pPe.

The proof is as follows:

ST de(fFTHE) =2 ld o [ (fTHEPEX™

m=0
= §2(x, £)eX +2/d (fHE[?
< p?e* S (p, ) + 2ld, (f~HEI%

S (pdp (£~ =2 ldp f"dp (£~ P ™ = S*(p, me™ + 21d,(fnl.

m=0
Then
S*(f7 ), de(fTHE)

S2(p, dp(f~1m)

_ PP (p.m) + 20d(fDEP
§2(p, me*t +2|d,(f~nl?
2 200> = DIdp(f Ol +2(1dp (f Dl = 1de (fHEP)

S2(p, dp(f~Hn) '

®)

Now, if p > e, then p? — 1 > 2/5, and so (0> — DId,(f~nl? + (idp(f~nl? —
lde (f7HER) = (0> = DA —8) =8 = (P> = D(1 —8) — (> = 1§/2V/8 = (p*>— 1)
(1—8—~/8/2) > (0> = (1 = 3/2/8) > (0% — D)e~2V?, for small enough § € (0, 1).
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We then get that, all together,

SUTO N _ 5 202 -er™ 2t eVt
2o dy (O TS d, (o S T e ol 1yl
2 2(0° — 1)_672\/3 < ,02(1 _ 2(1 - 1/p2)e_2ﬁ>
IC (I +8) ~ ICx " (p)leb
_ 2V8Y) ,—2/8 —25
R e ]

I (p)lle? 1€ (p)le?

For § € (0, 1) small enough so \/gil/ze_l/HC;l(p)” > 1,

S2 —1 , dx -1 B
UG DO L 2 g < e
> “p

Since both ¢ and n depend continuously on &, and can be made arbitrarily close with t > 0
small enough, and since S 2( p, -) is continuous (see [BO18, Theorem 2.8]), we may assume
without loss of generality that S2(p, )/S*(p, d,,(f’l)n) € [e7%, €%]. Thus we get in total
that

=<

SO (T s
§2(p. ©) =0

Step 2: Estimating the limit. The estimates of step 1 hold for all f~"(x) for n > 0 large
enough so d1 (VS(f7H(x)), VS(u)) < t forall i > n. Let ns := min{n > 0: foralli >
n, dcl(VS(f_i (x)), VS(u)) < 1}, where 0 < v = 7(§) (thus step 1 treats all f~"(x) for
all n > ng). That means that the ratio in equation (6) is either bounded by e‘/g, or it
improves by a factor of at least €%, with each iteration of f -1 (starting from f~"4(x)). On
the other hand, when 1 < p < e‘/g, by equation (5), with an iteration of f ~1 the bound
may deteriorate to at most e3*/‘§. Thus,

2 —-n —n
fim sup S (2f (x), dx (7f )§) <3V,
n—00 S=(p, n(dx (f7M)E))
Now, since § > 0 was arbitrary, we get, for all £ € H*(x)\{0}, that
" S2(f7"(x), dy (fTE)
im sup — <1
nooo  SHp, n(d(f~ME))

From that, since lim,,—, »c [7(dx( f™™)&)/|d( f~™)&)])| = 1 (by the inclination lemma and
the definition of 1 : Tp—n () V' (f7"(x)) — H*(p)), the lemma follows. O

(6)

(7

The reason why we got a better result here than in [BO18, Lemma 4.6] and [Sar13,
Lemma 7.2] is that here the centers of charts are f —i( p), and there is no distortion as a
consequence of non-full overlap between f —L(x;) and x;_;.

Definition 5.7. For all x € RWT;( = |J R, the itinerary of x is R(x) := (R(CFE(x)))iez

where R( f'(x)) := unique element of R which contains f’(x).
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*
Notice that R(-) : RWT; — X is one-to-one and is a measurable map such that R o
*

f =00oR and 7 o R = Id. Moreover, for all x € RWT;, R(x) e S*: see the proof of
Proposition 4.11.

PROPOSITION 5.8. For every x-hyperbolic periodic point p, there exists $ S amax-
imal irreducible component, such that T[X] 2 H,(p) modulo all conservative (possibly
infinite) Borel measures which are carried by H, (p).

This is an adaptation of the proof by Buzzi, Crovisier and Sarig in [BCS, Lemma 3.11,
Lemma 3.12]. They proved the proposition for finite invariant measures and in dimension 2.
As stated in [BCS], the symbolic dynamics of [BO18] can be used to extend the proof to
the higher-dimensional case, but still only for finite invariant measures. Here we explain
how to extend the proof to cover also all conservative infinite measures.

Proof. Let u be a conservative, invariant, (possibly infinite) Borel measure carried by
H, (p). By Corollary 4.12 and Proposition 4.11, H, (p) C ﬁ[f}#] = -J R. Since R(-) is

one-to-one, [l := [t o E‘l is a well-defined invariant and conservative measure on %,
and /1 o 7! = . Thus 71 is carried by

X X *
S .= (R € % there exists a € R such that R; = a for infinitely many

i > 0 and for infinitely many i < 0}.

Therefore, ﬁ[f##] N H, (p) carries all conservative measures which are carried by H, (p).
*
While chains in £## are required to have a symbol which repeats infinitely often in the
*

future and in the past, chains in S* are allowed to have one symbol which repeats infinitely
often in the future, and possibly a different symbol which repeats infinitely often in the

past. Each chain R in S* has the following form:

., P—i,a, P—i+1, a...a, p—1, a...a, pi, d...a, pi—1, a...a, p;, a... )

where p; denotes a finite word which connects a to a. For each word w, :=
a, P—p, @y P—pt1>Qy . . ., A, Pp—1, A, Ppa, let xg') be the image of the periodic extension
of w,,. N

Step 0. Construction of a countable and dense collection of hyperbolic periodic
points. For every chain R as in equation (8) such that 7 (R) € H,(p), let R™ =
the admissible concatenation of w, to itself. Then R — R. As demonstrated in the

proof of Proposition 4.11, there exists u™, u € >* such that u™ — y and 7(W"™) =
T(R™), w(u) = T(R). It follows that V*(u™) — V*@u), VS ™) — V°(u) as admis-
sible manifolds in u (i.e. the representing functions converge in C!-norm).

Since 7(u) = 7(R) € Hy(p), there exists N = Ng such that fN[V*(c"Nu)]
WS(o(p)) # 2, fN[VS(eNu)lh WS(o(p)) # 2. So, there exists ng such that for
all n > ng, NIV Nu™)]h Wio(p) # 2, fF7NIVIeu™)] h Wi (o(p)) # &.
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Let Pg:= {xg’)}|n|>nk. Then for all n > ng, x%") € Hy(p), and therefore
Pgr € Hy(p).

Consider the countable collection of all periodic points generated in this manner
(pitizo = U{Pr : R e ¥ N7 [{x}], x € Hy(p)} (C RWT*, Theorem 4.5). Then by
the transitivity of the homoclinic relation [New89, Proposition 2.1], for all i, j > 0,
pi € Hy(pj). Assume without loss of generality that there exists N; 1 oo such that for
alll e N, foralli < N, o(p;) S {pj}j<n,.- Fix N € {Ni}io.

Step 1. For all 0 <i, j < N there exists t;; € (W"(p;) h W¥(p;)) N Hy(p), and ¢;
has a uniformly hyperbolic orbit, and its coding involves finitely many letters (i.e. for all
t;j there exists {R\'Y RUD € 5 0 (R Y )2 such that 7 (R = 1;)).

Proof of step 1. (a) The orbit of #; is uniformly hyperbolic. Since p; € H,(p;), there
exists #;; € W*(p;) h W*(p;). Showing that ;; has a uniformly hyperbolic orbit would
yield that ¢;; € RWT;’(, and so, since p;, pj € Hy(p), also t;; € Hy(p). By Lemma 5.4,
pi» Pj € x-hyp; hence, by [BO18, Lemma 4.5], 1;; € x-hyp. By the inclination lemma
[BS02, Theorem 5.7.2], the angle between W*(¢;;) and W*(z;;) is bounded away from
zero along the orbit of #;;. Therefore, by [BO18, Lemma 4.5] and by Lemma 5.6,
(1€ (f*@i)) 13kez is bounded along the orbit of #;. Thus, #;; € RWT% and has a
uniformly hyperbolic orbit.

(b) Coding of a uniformly hyperbolic orbit with finitely many letters. Assume x €
RWT;‘( has a uniformly hyperbolic orbit (i.e. { 1€y LCf"(x)}nez is bounded). By

[Sar13, Proposition 4.5], there exists a chain u = {y/y, Piy. ez € ©F such that 7(u) = x,
Qc(x))/ 0c( fi(x)) = e*/3 for all i € Z, and p, p; are given by a formula such that

if inf,cz{Qc(x,)} > 0, then inf,cz{p;, p4} > 0; thus by the discreteness of V), there are
finitely many possible letters in that coding. For all i € Z, R( f(x)) € Z(u;), and so, by

Theorem 4.8, R(x) contains finitely many letters. In addition, for all R € stnz-l [{x}1,
for all i € Z, R; and R( f'(x)) are e-affiliated; thus R contains only finitely many letters
as well (see remark after Definition 4.9). O]

Step 2. Let {t;;}; j<n be defined as in step 1, and choose some £i‘ € ﬁ_l[{t,-j}] which
involves only finitely many letters. As defined before step O, for all p € {p;}i>0. p =

*
7 (w(p)) where w(p) € S* and there exists My (py = 0 such that o™ w(p) = w(p).
Let

L= {wp):0<i<NJU{L, Jij=n.

L is finite and involves only finitely many letters.
Step 3. Define

L:= U{Gjﬁ}jez

uel

By the Holder continuity of 7 (Theorem 4.10), for all y € 7T[L], there exist j¥(y),
J7() =N such that limy—eo d(f7"(¥), fT"(Pj-(y) = 0, limy 00 d(f"(¥),
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f"(pj+y))) = 0. Therefore, 7[L] is compact, f-invariant, and x’-uniformly hyperbolic
for some x’ > x (by the proof of step 1).
Step 4. We now follow the argument in [BCS, Lemma 3.12], By the shadowing lemma,
there are €’ > 0, § > 0 such that:
(1) every €’-pseudo-orbit in L% is §-shadowed by at least one real orbit [KH95,
Theorem 18.1.2];

(2) every €'-pseudo-orbit in LZ is 28-shadowed by at most one orbit by expansivity; see
[KH9S5, Theorem 18.1.3] (in particular, every orbit as in the first item is unique).
Since L is finite, there is some m > 0 large enough so that d( f™(y), f™(pj+))) <
€/2d(f7" ) [T (Pj-() < €/2 forall y € RIL]. Let Ly := UT__, {f/ () : y €

7[L1}, which is also finite. Let

= {x € M : the orbit of x is §-shadowed by an ¢’-pseudo-orbit in Lﬁ}.

This set contains ﬁ[l:], and since L,, is finite, it is also closed. It is also invariant and
uniformly x’-hyperbolic for some x" > x (whence € RWT}).

We construct a point in K with a dense forward orbit in K in the following way. Take
a list of all finite ¢’-pseudo-orbits {w; };>o with letters in L,,. Each y € L,, connects by an
admissible word of length at most m to some periodic point p;+(y) € Ly, and has some
periodic point p ;- (,) connecting to it by an admissible word of length at most m. For each
two periodic points p;, pj € L;,, p; connects to p; by an admissible word of length at
most 2m through #;;. Therefore, every pair of admissible finite words w, ' of letters in
L,, can be concatenated by some admissible finite word of letters in L,,. Concatenate this
way all words in {w;};>0, and take any admissible continuation to the past. This yields an
€’-pseudo-orbit, and the unique orbit in K it §-shadows must be dense in K by expansivity;
denote this orbit by o(x). This can be seen by [Bow(08, Lemma 3.13]: the mapping t
which maps each €’-pseudo-orbit to its uniquely §-shadowed orbit is a continuous map
(the topology on the space of pseudo-orbits is the metric topology generated by cylinders);
and in addition T o 0 = f o 7, where o denotes the left-shift on €’-pseudo-orbits. Thus,
shadowing longer intervals of the orbit of x forces to be closer to it.

Step 5. The orbit of x lies in K, which is an invariant x’-uniformly hyperbolic set for
some x’ > x (see [KH95, Proof of Proposition 6.4.6]), whence ||C;1(')|| is uniform*ly

bounded on K; and by the same argument as part (b) of step 1, x has a pre-image in s#

which contains only finitely many letters. Choose one pre-image like that, and denote it by

v. There exists at least one symbol v’ such that the forward orbit of v visits its cylinder [v']

infinitely often. Let vt := g™inti=0:0'velv'lly 4nd let v~ be some periodic chain in [v'].

Define

- {v’+ ifi 2 0, and write x’' := T (V).
v, ifi <0, -

Then the forward orbit of x’ is dense in K, and v’ € ZN = {u € E u e (v VY (recall
Definition 5.3). b N 1s a maximal irreducible component of £ contalnlng a compact set
which contains the orbit of v’. For each y € 7[L] C K, the orbit of x’ has a subsequence
converging to it. Since v’ is made of finitely many letters, the orbit of v" belongs to a
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compact subset of b ~- Therefore, the subsequence { /™ (x")}x>0 which converges to y, has
a subsubsequence of its own such that {0""1' v} j>0 converges as well. By the continuity of
7, that limit must code y. Therefore n[E ~1 2 7[L] and, moreover, each term in JT[L] has
a pre-image in ¥y made of finitely many letters.

Step 6. For each N € {N;};>0, po € Z[E 1. Since '7?|1# is finite-to-one, there could be

only finitely many maximal irreducible components in X, which can code pg. Therefore,
there is some subsequence of the maximal irreducible components from step 5, EN,,_,

lj 1 oo, which is constant. Denote this component by S. For each fixed N € {Ni}i>0, we
constructed a set I:, and all such sets must be covered by ﬁ[i].

Step 7. Given a point z € Hy (p) N 7[=**], consider its coding S, as in equation (8).
This coding has a sequence of periodic chains {S (")}n>n s C [Sol, which converge to it.

O

For all n > ng, Ty = = 7(8™) can be coded by a chain in ¥ with finitely many different

letters. These chains (Wthh contain finitely many letters, and as such lie in 2#) all belong

to a cylinder from {[b] € ’R : b is e-affiliated to Sp}, which is a finite collection (see the
remark after Definition 4.9). Thus they have a converging subsequence with a limit in

5 (cylinders are compact since S is locally compact [Sar13, §12.2], and $ is a closed

subset). By the continuity of 77, that limit must code z, and so [ £] 2 Hy (p) N 7[SH] =
H, (p) modulo all conservative measures which are carried by Hy (p). O]

We compare our proof to the one in [BCS]. In [BCS, Lemma 3.13], the authors give
a procedure for lifting invariant probability measures which are carried by H, (p) to
an irreducible coding. Their technique involves restriction to points which are generic
with respect to Birkhoff’s ergodic theorem, and it therefore does not apply to infinite
measures. The lifting is done by the formula & := [(1/|Ny|) > e v, SrRdp(x), where
Ny =7 {x}1n $* and $*:= {u e $ : there exists v, w such that #{i >0:u; =
v} =00, and#{i < 0:u; = w} = oo}. When u is carried by ﬁ[i#], this lifting is well

*
defined since 7 is finite-to-one on . So, we are required to find a different way which
does not depend on generic points to show that all conservative measures which are carried
by H, (p) are also carried by T[=".

The main difficulty in doing so is as follows. Let there be a point x € Hy (p) N7 [Z##]
Wthh can be coded by a chainu € %, and assume that u is the limit of a sequence u™ €

E## it is not generally true that u € S¥.

The chains which are shown to code H, (p) N 71[2##] in Proposition 5.8 were con-
structed in such a way as to guarantee that we can overcome that difficulty.

In [BCS, Lemma 3.13], the homoclinic class which is being lifted to an irreducible
component (modulo all invariant ergodic probability measures carried by it) is H O (p) :=
{q € H,(p) : q is periodic}. On the other hand, our Proposition 5.8 and Theorem 5.9 apply
to ergodic homoclinic classes in the sense of [RHRHTU11], which are smaller. The reason
for this is that ergodic homoclinic classes are relevant to specific objects of our interest
(e.g. SRB measures on ergodic homoclinic classes; see [RHRHTU11]), and we find them
easier to study, and their notion more suitable for our needs.
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THEOREM 5.9. Let p be a x-hyperbolic periodic point. Let S be the irreducible TMS from
Proposition 5.8 which covers H, (p) modulo all conservative measures. Then 7[2*] =
H, (p) modulo all conservative measures which are carried by H, (p).

Proof. p is clearly in H, (p) N ﬁ[f##], and so it is has a coding in . For all PRS =,
7(v) € Hy (p) by the irreducibility of ¥ (and since 7[Z*] = RWT? ), thus the inclusion

*
C is clear. It remains to show the inclusion 2. Given each x € H, (p) N 7" (= H,y (p)

modulo all conservative measures on H, (p)), x has a coding v € S* as in equation (8).
In step O of Proposition 5.8 we described a sequence of periodic chains which converge to
v. Call these chains {y(i)}izo. By step 5 of Proposition 5.8, {ﬁ(y(i))}izo all have codings
made of finitely many letters in ¥, denoted by {u"};>0, and by step 7 of Proposition 5.8
we can assume without loss of generality that {u("};~o converge to some limit u € s,

with 7T (1) = x. Let (v i )1eN be a constant subsequence of (v;); >0 (it exists since v € f#);

denote by w the symbol which satisfies vj, = w for all / > 0. For all / > O there exists i

;.f) = v;, = w.Ifi is big enough that d (", u) < e~/ then u;) =
*

uj. y(i), g(i) both code the same point and lie in f#, therefore u"? is e-affiliated to v,

Therefore, w is e-affiliated to u j,. Since #{v' : V' is e-affiliated to'w} < oo, we get by the

pigeonhole principle that some symbol must repeat in u for infinitely many positive indices.

such that foralli > i;, v

Similarly, it follows that some symbol must repeat in u for infinitely many negative indices.
Therefore, u € ¥ and 7 (1) = x. O
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