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SUBSEMIGROUPS OF FREE PRODUCTS OF SEMIGROUPS

by JAMES RENSHAW
(Received 20th July 1989)

Given amalgams of semigroups [U; T;] and [(U; §;] with US T,=S,, it was proved by Howie in [6] that [} T;
need not be embedded in []§S; We use the homological techniques developed by Renshaw in [7, 9] and
study three new conditions each of which imply the embeddability of the above free products.

1980 Mathematics subject classification (1985 Revision): 20M 10.

Howie [6] showed that, unlike the case for groups, if [U; S;] is an amalgam and if T;
are subsemigroups of S; such that [U; T;] is an amalgam, then [ [} T;, the free product of
the amalgam [U; T;], need not be embeddable in [} S;, the free product of the amalgam
[U;S.]. He proved, among other things, that if U and T; are unitary in S;, then the free
products are embeddable. We extended these results in Renshaw [8] to show that the
same conclusion holds if the inclusion maps U— T, and T;—S; are pure. We provide here
three more conditions for the free products to be embeddable, one related to Hall and
Howie’s perfect subsemigroups, one connected with flatness of U-sets and one concern-
ing right generalised inverse semigroups.

1. The “homological” machinery

For definitions of U-sets, U-maps etc. see for example Renshaw [7]. The category of
left U-sets will be denoted by U-ENS. For convenience, we shall mainly work from now
on with monoids. It is an easy matter in any case to extend these results to semigroups
(see for example Renshaw [8, 97).

Suppose that [U; S;:iel] is an amalgam of monoids and that there exists a family of
monoids {T;:iel} with the property that US T, S; for all i in I. We shall call the
amalgam [U; T;] an amalgam of submonoids of the amalgam [U; S,;]. Our main problem
is to determine some conditions under which [[§ T;, the free product of the amalgam
[U; T;, is embeddable in [[}S;, the free product of the amalgam [U;S;]. It was shown
in Renshaw [8] that we need only consider amalgams over a finite index set.

Let X e ENS-U. From now on, all tensor products are over U unless otherwise stated.
We say that X is (right) flat if for all left U-monomorphisms i:4— B the induced map
I1®@1:X®@A—->X®B is one to one. We shall say that X is (right) quasi-flat if for all left
U-monomorphisms A:A—B with B flat, the map 1@ L X®A-X ® B is one to one
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(clearly flat implies quasi-flat). A right U-monomorphism f:X Y is said to be (right)
pure if for all left U-sets A4, the induced map f® 1:X® A—Y® A4 is one to one. A right
U-monomorphism f:X—Y is said to be perfect if f is right pure and Y is right flat.
(This is a generalisation of Howie’s left perfect subsemigroups in Howie [5]. See also
Hall [2] and Renshaw [9].) Let f:X—Y be a right U-map and A:4— B a left U-map
and consider the commutative diagram

o1,
X®A —— 42, Y®A

1, ®A 1,®A (1)

X Y

X®B —————— Y®B
f®1 B
We say that the pair (f, 4) is stable if im(f ®@A)=im(ly @ A)nim(f @ 1g). If f:X->Y is
a right U-monomorphism and if (f, A) is stable for all left U-monomorphisms 1:4—B
then we say that f is stable. We shall say that a right U-monomorphism is quasi-stable
if (f, 4) is stable for all left U-monomorphisms 1:4A—B with B flat.

A monoid U is said to be left (right) reversible if any two principal right (left) ideals of
U intersect. Let X e U-ENS and consider the left U-congruence = on X defined by
x=y if and only if either x=y or there exists x,,...,x,€X, uy,...,u,, vy,...,v,€ U such
that

X=UXy, V1Xy =UpXp, UpXy = U3X3, ..., UpX,=).

There is clearly a dual definition for right U-sets. It is easy to demonstrate that if
x®y=x®y in X®Y then x=x" in X and y=)y in Y. Let f:X—>Y be a U-
monomorphism and consider the right U-congruence on Y defined by

pr=im fxim fUly.

We shall denote the quotient Y/p, by Y/X and an element yp, by y. The following
results are easy to establish, see Renshaw [7].

Lemma 1.1. Let f:X—>Y be a right U-monomorphism and let A U-ENS. Then
(i) ker(Y®A—Y/X® A={(f()®a, [(x)®a):a=a} U lye

(ii) if Y/X is quasi-flat then U is right reversible,

(iii) if y®a=f(x)®d in YR A then y@a=f(x)®a in Y/X® A,

(iv) if X and Y/X are quasi-flat then Y is quasi-flat,

(v) if Y is (quasi-)flat then Y/X is (quasi-) flat if and only if U is right reversible and
f is (quasi-)stable.

The following result will be required later.
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Lemma 1.2. If f:X—>Y and g:Y—>Z are right U-monomorphisms and 1:A—B is a left
U-monomorphism then

(i) if g®1:Y® B—>Z® B is one to one then (gf, 1) is stable if both (g, 2) and (f, 2) are
stable,
(i) if we let §:Y/X —Z/X be given by g(3)=g(y), then (g, A) is stable whenever (g, ) is
stable,
(i) if g 1:Y®B—-Z®B is one to one and (gf, 1) is stable then (f, 1) is stable,
(iv) if (gf,A) and (g, 2) are stable then (g, ) is stable.

In particular, g and [ are quasi-stable if and only if gf and g are quasi-stable.

Proof. (i) Suppose gf(x)®b=z® A(a) in Z@ B. Then since (g, 1) is stable, there
exists y,®a, in Y® A such that gf(x)@b=g(y;)®@A(a,). So f(x)®b=y, ® ia,) in
Y® B and since (f, /1) is stable, there exists x,®a, in X® A such that f(x)®b=
J(x;) ® A(a,). Hence, gf(x)®b=gf(x,)® Aa,) and (gf, 4) is stable.

(ii) Suppose that g())®b=z® A(a) in Z/X ® B. Then from Lemma 1.1(i), we see that
either

(a) g()®b=z®Na) in Z® B, from which we deduce that there exists y, ®a4, in
Y®A such that g())®b=g(y,)®Ma,) and consequently Z(7)@b=g(y,)® Ma,)
and so (g, 1) is stable; or

(b) g)®b=gf(x)®by, z® Ma)=gf(x,)®b, with b, =b,. By Lemma 1.1(iii) Z®
Aa)=gf(x,) ® Ma)=g(f(x,))® Aa) and so (g, 4) is stable.

(iii) If f(x)®b=y®Aa) in YR®B then g(y)®@AUa)=gf(x)®b and so g(y)® Ala)=
gf(xX)@Ma) for some x' in X, 4 in A, since (gf,A) is stable. Hence
y&® Ma) = f(x)® Ma’) as required.

(iv) Suppose z®@ A(a)=g(y)®b in Z® B. Then F®Ma)=g(y)®b in Z/X®B and
since (g, A) is stable, we deduce that z® A(a) =g()") ® A(a’) for some y' in Y, a’ in A. From
Lemma 1.1(i) we see that either

(a) z® A(a)=g(y)® A(a’) as required, or

(b) 2@ Ma)=gf(x,)®b,, g(y)® Ma)=gf(x,)®b, with b, =b,. Hence, since (gf, ) is
stable, we see that z® A(a)=gf(x3;)® A(a3) and so (g, 4) is stable.

The following lemma generalises Lemma 1.1(i) and (iii) and the proofs are similar.

Lemma 13. Let AcE-NS-U, BeU-ENS,X,YeU-ENS-U and f:X-Y a (U, U)-
monomorphism. Then
()ker(A® YR B—AR(Y/X)@B) ={(a® f(x)®b,a ® f(x)®b)a=d,b=b"}Ul 1gygs.

(i) if a®@y®b=dQ@ f(x)QF in AQYR®B then a@j@b=a'® [(X)®b in
AQ(Y/X)®B.
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Lemma 14. Let f:A—B be a right U-monomorphism, g:C—D be a (U,U)-
monomorphism. Then

(i) if D, D/C are flat (both right and left flat) and A is (quasi-)flat then
A®C—-AR® D is (quasi-)stable,

(ii) if D is flat and B/A is (quasi-)flat than A® D—B® D is (quasi-)stable,

(iii) if D, D/C are flat and A, B/A are quasi-flat then AQ C—+B® D is a quasi-stable
monomorphism and hence (B D)/(A® C) is quasi-flat.

Proof. (i) and (ii) are generalisations of Renshaw [7, Theorem 4.10] and the proofs
are similar. In (iii), AQ C—A® D is one to one since A4 is quasi-flat and AQ D—»B®D
is one to one since D is flat. Now A® C—»A® D is quasi-stable by (i) and AQ D-B®D
is quasi-stable by (ii) and so the composite A® C—-B® D is quasi-stable by Lemma 1.2,
Finally, B® D is quasi-flat since B is quasi-flat (Lemma 1.1(iv)) and D is flat. Hence by
Lemma 1.1(v) we see that (B® D)/(A® C) is quasi-flat.

Consider the following commutative diagram of U-monomorphisms

f
A B
ol
C ——D
8

Define 7:B/A—D/C by yT(E):Rb_). Then 7 is well-defined and it is straightforward to
show that 7 is one to one if and only if the above diagram is a pullback.

Lemma 1.5. Suppose that the above diagram is a pullback (so that 7 and g are one to
one). Then (D/C)/(B/A)~(D/B)/(C/A).

Proof. Consider the following commutative diagram

f
4 > > B > B/A
5 Y Y
\L A4
C > 2 > D »y D/C (A)
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Let a:D/C—(D/C)/(B/A) and B:D/B—(D/B)/(C/A) be the canonical maps and define
h:(D/C)/(B/A)—(D/B)/(C/A) by h(x(d))=B(d). Then h is well defined, since, if a(d)= a(d’)
then either
(i) d=d' in D/C, in which case either
(a) d=d giving p(d)=p(d), or _ _
(b) d=gl(c), d'=g(c’) for some ¢,c¢’ in C. In this case d=g(c)=g(¢) and d'=g(c).
Hence B(d)=p(d); or
(ii) d=7(B)=7(b) and d'=7(b')=y(b") in D/C. Now either
(c) d=y(b) and so d=y(b)=yf(a)=gd(a) in D/B (any ac A), or
(d) d=glc), y(b)=g(c) for some ¢, ¢’ in C.
Either way, d=g(¢) in D/B for some c¢ in C. Similarly, &=g(c) in D/B. Hence
B(d)=B(d).

A similar argument shows that h is one to one and it is easy to see that h is onto and
is a U-map.

Lemma 1.6. With the notation and conditions as in Lemma 1.5, suppose that 1: X —>Y
is a left U-monomorphism and that (y, A) is stable and D/C® X —-+D/C®Y is one to one.
Then (g, ) is stable. In particular, if D, D/B and D/C are (quasi)-flat then so is (D/B)/(C/
A) (and hence (D/C)/(B/A) by Lemma 1.5).

Proof. Suppose §(¢)®y=d® A(x) in D/B® Y. Then from Lemma 1.1(i), we deduce
that either

() gl0)®y=d®(x) in DY, or

(i) g ®y=7(b))®y;, d®Ax)=7(b))®y, With y,=y,.
In case (i), d® A(x)=g(c)® A(x) in D/C® Y by Lemma 1.1(jii) and so d® x=g(c)® x in
D/C® X. Hence, by Lemma 1.1(i) we have either

(a) d®x=g(c)®x in DR X, giving d® A(x) =£(¢)® A(x) as required, or
(b) d®x=g(c,)®x;, glc)®@x=g(c;)®x, which again means that d@A(x)=
£(c,)® A(x,) as required.

In case (ii), since (y, ) is stable than d ® A(x)=7y(b;) ® A(x;) for some b; in B and x; in
X. Hence, in D/B® Y we have, for any a in A, d®@ A(x)=y(b3) ® A(x3)=7f(a) ® A(x3) =
£26(a) ® A(x3) =g(6(a)) ® A(x;) as required.

Lemma 1.7. Let f:X-Y be a right U-monomorphism and A:A—B a left U-
monomorphism and suppose that all the maps in diagram (1), above, are one to one. Then
diagram (1) is a pullback if and only if (f, 2) is stable. In particular, if

(i) f is perfect, or
(ii) X and Y/X are quasi-flat and B is flat,

then diagram (1) is a pullback.
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Proof. That (f, 1) is stable if and only if diagram (1) is a pullback follows from the
note before Theorem 4.8 in Renshaw [7]. Also, if X and Y/X are quasi-flat then by
Lemma 1.1(iv), Y is quasi-flat and so all the maps in (1) are one to one. Hence by
Lemma 1.1(v) diagram (1) is a pullback. If f is (right) perfect then again all the maps in
(1) are one to one. To show that (f, 2) is stable, we generalise (Renshaw [9, Lemma
4.15]). Consider the following pushout diagram (in U-ENS):

B
Since tensor products preserve pushouts, then
1A
X®A ——53X®B
1A l l 1®a
X®B ——X®P
1B

is also a pushout (and hence, since 1 ® 4 is one to one, also a pullback). It is a pushout
in ENS. Now if y® A(a)=f(x)®b in Y ® B then
Jx)®@ab)=y@ai(a)=y® pA(a)=f(x)®B(b) in YQP.

Since f is (right) pure then x®a(b)=x® f(b) in X® P and so (since pushouts of
monomorphisms along monmorphisms are also pullbacks in ENS) there exists x’®a’ in
X®A with x®b=x'® A(a’) in X® B which means y® A(a)=f(x)® X(a’) in YR® B as
required.

The following rather technical result, which was proved in Renshaw [8, Lemmas 2.2
and 2.3], forms the backbone of the machinery we need.

Lemma 1.8. Consider the following commutative diagrams

a [0 4
A— ' B E—2%* ,F
3 [ nl 2
C — D G — H
n o vl |e
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where the top squares are pullbacks and the bottom squares are pushouts and where
y1B1=14 v2B2=1g and f,,g,, f, and g, are all one to one. Suppose we have “connecting”
monomorphisms ¢:A—E, 3:C—G, e:B—>F and y:D—H such that the completed diagram

™

commutes and such that

g A
c—' B — L F
o lv 1] :
G —  H D —— 5 H
&, A4

are pullbacks. Then there exists a unique monomorphism h:P—Q such that the bottom
“cube” in (*) commutes and such that

o/,

W e—W™

€
— > F
Jov,
" Q
is also a pullback.

Recall that if U is a submonoid of a monoid S and if XeENS-S, Ye ENS-U and
f:X-Y is a U-map then the free S-extension of X and Y consists of a right S-set,
F(§;X,Y), together with a right U-map g:Y—-F(S; X,Y) such that the composite
gof:X—F(5;X,Y) is a right S-map and such that the pair (F(S; X, Y),g) is universal
with respect to this property. It was shown in Renshaw [9, Theorem 4.19] that
F(S; X, Y) is the pushout in the category ENS-S of the diagram

X®S —— 5 Y®S

l

X
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The idea behind the next two theorems is to take a diagram of the form

A > B s F(T;A,B)

|

C > D » F(S;C.D)

and show that for some monoids U< TS, if the first square has a particular property,
P, say, then so does the second square. This will form the basis for an inductive process
in Section 2.

Theorem 1.9. Let UcT<S with U-T and U—S perfect as right U-monomorphisms.
Then T—S is perfect if and only if the following condition holds:

Whenever A€ ENS-T, B,De ENS-U and Ce ENS-S and whenever «,:A—B, a,:C—D,
6:A—C and ¢:B—D are perfect U- monomorphtsms such that for all left U-sets X the
commutative diagram

a1®1X
ARX — — =, BRX

8®1’XJ, 1€®1X
C®X BT D®X
(x2 X

is a pullback, then the canonical maps f,:B—F(T; A, B) and B,:D—F(S; C, D) are perfect
U-monomorphisms  and  there  exists a  unique perfect  U-monomorphism
Y:F(T; A, B)—F(S; C, D) such that the commutative diagram

B1®1X
B®X — ' A, F(T:A, B)®X

e®1xl lw@lx
D®X _B_Gﬂ_" F(S;C,D)®X
2 X

is also a pullback for all left U-sets X.

(In other words the property P mentioned above is: “all maps in the square are
perfect and ‘tensoring’ on the right by any X gives a pullback”))

Proof. For the sake of brevity let P=(T; 4, B) and Q=F(S; C, D). Suppose that the
inclusion T—S is perfect. From Renshaw [10, Theorem V.1.3] (the proof is similar to
Theorem 4.20 in Renshaw [9]) we can deduce immediately that the canonical maps
B—P and D—Q are perfect monomorphisms. In particular, P and Q are right flat. We
apply Lemma 1.8 to the diagram:
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A®X — B®X
N N
C®X +—> D®X
ART®X — | ———— BOTR®X
\’ \N
COS®X ———» DBS®X

A®X —s P®X
\N

AN

N

COX 5> Q®X

This is reasonably straightforward. The only part that requires special mention is that
the commutative diagrams

(a) AQX ————————— B®X (b) COX ——— D®X
ART®X — —  BOTRX COS®X ————— DRS®X

(C)ART®X ————BRTAX (d) B®X ——— D®X
COSOX ——— DBS®X B®T®X ——— > DR®S®X

are all pullbacks. In fact diagrams (a) and (b) are pullbacks by Lemma 1.7; we can
“redraw” diagram (c)

A®RT®X — — BRT®X

i l

COTRX ———— DRTRX

l 1

COS®X ——— DASRX;

the top square is a pullback, by assumption and the bottom square is a pullback by
Lemma 1.7; diagram (d) can be “redrawn”

B®X ———» D®X

l |

BOT®X ———— DRTOX———DRSR®X;
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the square is a pullback by Lemma 1.7 and the map D@ T® X-D® S® X is one to
one since T—S is right pure and D is right flat. Hence, by Lemma 1.8, we deduce that
PR®X—-0Q®X is one to one and so P—Q is perfect and the commutative diagram

B®X —— P®X

J 1

D®X — _, O®X

is a pullback.

Conversely, let A=T, B=TwU, C=T®S and D=T®SwU in the statement of the
theorem. Then it is a straightforward matter to check that the given conditions hold.
Now it is easy to establish that F(T; 4, B)=TwTand F(S;C,D)=T®SwS and so we
can deduce that TuT>T®SwS is perfect and so in particular the inclusion T—S§ is
perfect.

The next result is of a similar nature.

Theorem 1.10. Let U= T<S and suppose that S, T, S/U, T/U and S/T are all flat.
Whenever A€ ENS-T, B,De ENS-U and Ce ENS-S and whenever o,:A—B, a,:C—D,
0:A—C and e:B—D are U-monomorphisms such that A, B/A, C, D/C, C/A and D/B are
all quasi-flat and for all flat left U-sets X, the commutative diagram

A®X — 5 B®X

]

C®X ——  D®X
is a pullback, then there exists a unique U-monomorphism :F(T; A, B)—F(S; C, D) such

that B,F(T; A, B)/B, D, F(S; C,D)/D and F(S;C, D)/F(T; A, B) are all quasi-flat and the
commutative diagram

B®X —— > F(T;A,B)®X

1 l g

D®X —— F(S;C.D)®X
is also a pullback for all flat left U-sets X.

Proof. Again we let P=F(T; A, B) and Q=F(S;C, D). It follows immediately from
Renshaw [7, Theorem 4.15] that the canonical maps B—P and D—Q are one to one
and that B, P/B, D, Q/D (and hence by Lemma 1.1(iv) P and Q) are all quasi-flat. If we
apply Lemma 1.8 to diagram (2) as before we can deduce that there is a unique
monomorphism P—Q such that (4) is a pullback. Finally, we need to show that Q/P is
quasi-flat. To this end, notice that (D/B) is quasi-flat (by assumption) and so from
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Lemma 1.1(iv) @/P will be quasi-flat if we can show that (Q/P)/(D/B) is quasi-flat. Now
from Lemma 1.5 (Q/P)/(D/B)~(Q/D)/(P/B). Also, from Renshaw [7, Lemma 3.10] (see
also Renshaw [7, the proof of Theorem 4.15]), @/D~D® S/L and P/B~B® T/K where
L and K are, respectively, the pushouts of the following diagrams

a 0

c—2*,D A—',8B
C®S — L AQT — K

2 1

With Lemma 1.6 in mind, consider the commutative diagram

¢

K—2 1L

d

B®T —e®r D®S

It is straightforward to show that y,, y, and ¢ are defined by

b®1 ; k=9,(b)
4,(@)®t; k=1(a®1)

d®1 ; 1=9,(d)

Yl(k)={ 20 ®s; I=1,(c®5)

72(l) ={

(p(k)={92(3(b)) 5 k=9,(b)

1,(8(a)®1); k=1,(a®1)

We need to show that this diagram is a pullback, that all the maps in the diagram are
one to one and that D® S, (D® S)/L and (D® S)/(B® T) are all quasi-flat. That y, and
y, are one to one follows from Renshaw [7, Lemma 3.9] and the fact that (a,,U—>T)
and (x,, U—S) are stable and ¢®: is one to one since it is the composite of the one to
one maps B T-D®T and D® T-D® S. To show that ¢ is one to one, suppose that
@(k)=@(k’). There are essentially three cases to consider

(a) k=3,(b) and k'=3,(b"),

(b) k=1,(a®1t) and k'=1,(a’ ®1'); and

(¢) k=9,(b) and kK'=1,(d ®?).
In cases (a) and (b), we can easily deduce that k=k" when we note that t,, 3,, ¢ and
d®1 are all one to one. In case (c) we have 3,e(b)=1,(6(a)®¢) and so, since the

diagrams in (5) are also pullback diagrams, there exists ¢ in C with g(b)=a,(c) in D and
(a)®t'=c®1in CR®S (and so in C® T). Since (3) is a pullback when X =U, we see
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that b=«a,(a,) and c=4(a,) for some a; in A. Hence a ®t'=a,®1 in A® T and so
k=3(b)=3,a,(a;)=7(a;, ®1)=1,(@ @)=k’ as required. Now D® S is quasi-flat since
D is quasi-flat and S is flat, (D® S)/L is quasi-flat since it is isomorphic to Q/D and
from Lemma 1.4(iii) we see that (D® S)/(B® T) is quasi-flat since S and S/T are flat and
B and D/B are quasi-flat. Finally, we show that the above diagram is a pullback.
Suppose then that y,(I)=¢(b)®t in D® S. Then either

(a) d®1=¢(b)®t if I=3,(d), or
(b) a(c)®s=¢e(b)@t if I=1,(c®35).

In case (a), d®1=¢(b)®t in D® T since D is quasi-flat and so since ¢ is quasi-stable
(and so (g, U—T) is stable) then ¢(b)@t=¢(b)®1 in DT for some b’ in B. Hence
b®t=b'®@1=y,(3,(b) and I=39,(d)=,(e(b')) = p(3,(b")) as required.

In case (b), since a, is quasi-stable, then &(b)®@t=ua,(c,)®¢t; in D®S (and so in
D® T). Notice also that c®s=c, ®t, in C® S. Now, putting X=T in diagram (3) we
deduce that b@t=0,(a,)® ¢, =y,(1,(a, ®¢;)) and ¢, ®t, =d(a,)®t, for some a, in A,
t, in T. Consequently ¢(ti(a, ®1t,))=1,(d(a,) ®t,)=1,(c, ®t,)=1,(c®@s)=1

Hence, by Lemma 1.6, (D® S/L)/(B® T/K)~(Q/D)/(P/B)~(Q/P)/(D/B) is quasi-flat
and the theorem is proved.

2. Subsemigroups of free products

Let [U;S,,S,] be an amalgam of monoids. Define W,=S,, W,=5,®S, and
fi:W, =W, by fi(s))=s,®1. Now define, inductively, W,=F(S;W,_,,W,_))
(i=n(mod 2)) and let f,_,:W,_,—W, be the canonical map. It was shown in Renshaw
(9] that there exist maps ¢,:W,—S,*,S, forn=1,2,... such that ¢,o f,_;=¢,-, (n22)
and such that the system (S;*,S,, ¢,) is the direct limit in the category of U-sets of
(W,, f,)- It is clear that if [U; Ty, T,] is an amalgam of submonoids then a similar
construction, say (Z,,g,), can be made. So we can construct a commutative diagram

U £ P €y
N T
Wl——->W2——) y e
<p\l<pz Lo,
S 1*U52
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where €,:Z, > W, is the inclusion, &,:Z,—W, is given by &,(t; ®t,)=t,®t,, and in
general ¢,:Z,—» W, is the unique T-map (i=n(mod2)) which makes the diagram

8

_—

n-1
Zn-2 Zn-l
\ ﬁ
Zn
j;l-rf;\-Zen -2 8n 1 fn-len-l
Wn
commute.

If we denote the canonical map T *,T,—S*;S, by ¢, it is easy to show (see
Renshaw [8]) that if each ¢; is one to one then so is . Our aim therefore is to show
that under certain conditions imposed on U, S; and T, each ¢; is a U-monomorphism.

Theorem 2.1. Let [U; T,, T,] be an amalgam of submonoids of an amalgam [U; S, S,]
such that the inclusions U—T;, and T,—S; are perfect right U-monomorphisms, i=1,2.
Then the canonical map Ty*yT,—S,*,S, is also a perfect U-monomorphism.

Proof. Consider the commutative diagram

Zl—g-]—) 22 ?2) 23 -g—;

& & &5

00 o,

wl_‘> w, 2, W, >..

We see that we need only establish the conditions of Theorem 1.9 for the first square
and it will then follow by induction that each g; is perfect. It is easy to establish that f;
and g, are perfect monomorphisms. For example, since S, is flat then f; is one to one;
since S, and S, are both flat then W,=8,® S, is flat and since the inclusion U—S, is
right pure and S, is right flat then f; is right pure. Now ¢, is perfect by assumption. It
is easy to check that the tensor product of two perfect monomorphisms is another
perfect monomorphism and so ¢, is perfect. Finally, if X € U-ENS, then the commutative
diagram

Z‘®X — 28X

L

W1®X _— W2®X
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is a pullback, since it can be “redrawn” as

Tl K — Tl ®T2®X

l J

Sl®X _— SI®T2®X —>Sl®SZ®X

The square is a pullback, by Lemma 1.7 and since T,— S, is right pure and S, is right
flat then the map S, ® T, ®X->S,®S,®X is one to one. So the conditions of
Theorem 1.9 hold and therefore each ¢; is a perfect U-monomorphism. It now follows
that the map Ty*,T,—S,*,S, is pure and since it is known that S,*,S, is also flat
(Renshaw [10, V.1.4] and Bulman-Fleming and McDowell [1, Theorem 4]) the result
then follows. (Note that direct limits of flat U-sets are flat.)

Using the well-known fact that amalgamated free products are associative, it is then
an easy matter to extend this result to amalgams with a finite index set and then to an
arbitrary index set using Renshaw [8, Theorem 1.2].

The next theorem can be proved in a similar way using Theorem 1.10 in place of
Theorem 1.9. The details have been omitted.

Theorem 2.2. Let [U; T, T,] be an amalgam of submonoids of an amalgam [U; S, S,]
such that T, T /U, S;, S;/U and S;/T; are all flat for i=1,2. Then the canonical map
T,*yT,—S,#yS, is a U-monomorphism.

Say that a monoid U is a perfect amalgamation base if

(1) U is an amalgamation base, and
(2) whenever [U; T;] is an amalgam of submonoids of [U; S;] then I1}T,—>I1%S; is one
to one.
It is now clear that if U is absolutely flat (in other words, every U-set is flat) then U
is a perfect amalgamation base. Since it is known that inverse semigroups are absolutely
flat we can deduce:

Corollary 2.3. [Inverse semigroups are perfect amalgamation bases.

It is easy to show that U is absolutely flat if and only if U is absolutely perfect (i.e.
the inclusion U—S is perfect as a right and left U-map, for every containing monoid, S)
(see also, for example, Renshaw [9 or 10]). Hence absolutely perfect monoids are perfect
amalgamation bases. The converse of this result was established in Renshaw [8]. Note,
however, that we need the inclusions to be perfect both as left U-maps and right U-
maps. For example the two element right zero semigroup, U, is such that U-S is
always perfect as a left U-map but not always as a right U-map (see Hall [2]). Since
perfect amalgamation bases need have both these properties, we deduce that the two
element right zero semigroup is not a perfect amalgamation base. Other examples of
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amalgamation bases that are not perfect amalgamation bases can be found among the
cyclic semigroups. Hall [2] has shown that every finite cyclic semigroup is an
amalgamation base and that the only cyclic semigroups that are absolutely perfect are
the groups. Hence the only cyclic, perfect amalgamation bases are the cyclic groups.

Since inverse semigroups are perfect amalgamation bases, it is natural to ask: if
[U; T] is an amalgam of subsemigroups of the amalgam [U; S;] and if U, T; and §; are
all inverse, is it true that 7 *,T; the free inverse product of the amalgam [U; T], is
embeddable in 7 *;S; the free inverse product of the amalgam [U; §;]? The answer is in
the affirmative. To see this we note that in any class of semigroups with amalgamated
free products, it is straightforward to check the following,

(1) (A#yB)*sC= A*y(B*5C),

(ii) UsyD=~D,
whenever U, S, A, B, C and D are semigroups such that Uc A, B,D and S<B, C. Now
suppose that € is a class of semigroups with amalgamated free products (e.g. inverse
semigroups) and suppose that [U; T, T,] is an amalgam of subsemigroups of [U; S,, S,]
where all the semigroups belong to 4. Then using the above isomorphisms we can
deduce that S,*,S,=((Ty*yT3)*r,52)*r,S; and so if, in €, U, T} and T, are all
amalgamation bases (e.g. if they are all inverse) it follows that T,*,T, can be embedded
in SI*USZ'

3. Right generalised inverse semigroups

Lemma 3.1 (Bulman-Fleming and McDowell [1, Lemma 1.2]). x®y=x'®}y’ in
X®Y if and only if there exists x,...,x,in X, y5,...,y,in Y, u,,...,u, and v,,...,v, in

U such that
X=X U Uy y=v1)y2
X Uy =Xy Uy, =03)y3
’
xn—lvn—l=xnun unyn=y
XUy =X

A set of equations such as those above is called a U-scheme over X and Y joining
(x,y) to (x',y).

In what follows we will denote by 'U the monoid obtained from the semigroup U by
adjoining an identity, 1, regardless of whether U already has an identity. See Renshaw
[9] for results concerning amalgams of this type of monoid. A semigroup, S, is called
right generalised inverse if it is regular and efg = feg for all idempotents e, f and g. Hall
[3, Theorem 4] proved that if U is a regular subsemigroup of a semigroup S such that
efs= fes for all idempotents e, f €S and for all s€S, then 'U—!S is perfect as a left
'U-map. In particular, this will be true if U is an inverse semigroup or if both U and S
are right generalised inverse semigroups. We extend this result as follows:
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Theorem 3.2. Let U be a regular subsemigroup of a semigroup T and T a
subsemigroup of a semigroup S and suppose that efs= fes for all s€S, and all e, f € E(T).
Then the inclusion *T—'S is a left pure *U-monomorphism.

Proof. Let ZeENS-'U and suppose that z®t=2®¢ in Z®.,'S. Then we can
construct a 'U-scheme of the form

Z=2Z U, u1t=0182,
210y =25, U383 =10,S83,
’
Zp—1Up-1 =2ZpU, UySy =yl
!
Z,0,=2

where z;€ Z, u;,v;€'U, s;€'S and t,t'e'T. We can assume, without loss of generality,
that each u;, v;e U (otherwise a smaller U-scheme could be formed). We therefore need
to consider three cases:

Case I, t,t'eT and each s;eS.
Let us define

xo=1,x,=v7 Y x;=v] 'ux;_, 2Zign
Yo=bLyi=u, ' yi=us i \0p_ia1 Yo 2gizgn,
where u; ! and v, ! are fixed inverses (in U) of u; and v;. So in other words,
xi=vi‘luivi_—llui— 1---02 luzvl_l,
Vi= U it 1 Upm it 1ln iz Un g0 gty L
Define

-1 __ -1 __ -1 _ -1 -1
Xo —1, Xy =0y, X; =0gUy Lo U U

—1_ -1_ -1_, -1 -1
Yo =1, yi =up Y =Uluy U igilp_iig.

We shall prove:

Lemma.
() uyt=v,x,3uyt,
(i) ;o yugt=wx;_ X7 'Si4 1, 2gisn (wheres,,=t),

(“l) uixi_1u1t=v,-x,~u1t, 2§l§ns
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(lV) vnt’=unylvntl3
_‘ .
(V) Uiyn—ivntl=viyn—l'yn—|'+lsi’ lélén“l (where Sl=t),
(VI) Uiyn—l'vnt,=uiyn—i+lvnt,’ lélén—la
(Vi) v X Ut =u,x,_ X, 11,
s _l I_ _1 2 .
(viit) vx;x, ' =ux; o x, 2<ign—1,
(lx) lelxn-lt'=vlyn—lvnt"
Proof of lemma.
() u;t=v,5,=v,0{ 'v,s;=v,0] 'ut=v,x,u,t.
(i) We use induction. When i=2, we have
— -1 — -1 _ -1 -1
UpX U E=U0 0 U E=UaUp USy; =UaUy U  "D4S,
oy gy= Ll =1 _ -1 — -1
S UU; DylUy UyS; =UaX DiU5 DpS3=1UX X5 Si.
Now assume the result is true for i=k, say and consider
-1 -1 -1 ; ;
Uy 1 Xy L= Uy p U U Xp Uy E=Up U U Xp 1 X S+, DY induction,
_ -1 —1 -1 — ~1 —1
FUp b tbe 1V, WX 1 X Sk s T Uk Uir 1 U+ 1 XX Sk+a
_ -1, -1 — -1, -1
FUp oy XX Uy U 1Skt T Uk 1 XXy Uk 1Uk+15k+ 2
- -1
U+ 1 X3 Xp + 15k + 2
The result follows by induction.
(iii) WX Uy b =X X7 s = x LT s,
ivi-1%1 iMi— 17 i+1 ivi—1vi— 1% idi+ 1
— -1, =1, =1 =1 -1,-1
FUXi— XU U TS =00 WX Xy U US4
=007 upx; _ qu t=vxut.
(iv) Ut =U,S,=Uply tu,s,=uu, vt =u,y,v,t.
(v) When i=n-1, we have
U -1 r_ -1 —_ -1 -1
Un—lylunt_vn—lun vnt_vn—lun UpSp = Up—1Up—1Un-1U, U

S

—_ -1 -1 — -1
=V Uy UV Vg 1S, =V 1 V1 UpVy U1 Sp— 1

— -1
=Up-1V1Y2 Sp-1-
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Assume the result is true for i=k and consider
-1
Uk—lyn—k+lvnt’=0k—luk vkyn—kvnt’,
—1 ._1 - .
=Uk_1Ux UYn-iYa-k+18% DY induction
_ -1 -1
=Uk-1Uk -1V —1Yn-k+1Vn-k+150
— -1 -1
=Uk—1Yn—k+1Yn—k+10k 10k 15k
_ -1 -1
=0k 1Vn—k+1Vn—k+1Vk— 1 Ug-15¢-1,
— -1
=U—1Vn-k+1Vn-k+25k—1-
The result follows by induction.
(vi) v vt =v ! = ~ !
iVn—iUnl =U;Yp—iVn=i+18i=U)Yn-i¥n=Vi W;S;;
_ -1, -1, =1 o =1 -1,-1
UiV iYn—ilUi Wl WSi=UU; VY Yn-iUi US,
-1 ,
=Ulli UyYp— iUnl =UiYp—is 1 Ual
(vii) VpXplhyt =UpX, - 1 X 1t by (ii) and (iii).
(viii) First, notice that x; '=x;'y,_;v,, 1Si<n—1.
—1, -1 -1 -1 -1,-1
ViXiXy U =007 WX 1 X{ Yo iUt =007 U X (XU UiV iUl
-1,,-1, -1 _ -1,,-1
S WX X gl U7 UY Ul = UKy XU U Y- 0,1
_ -1 tl__ —ltl
SUXi—1X; Yn-iUpl =UX; X, L.
(lX) lelxn-ltl=vlvl-lxl_lyn—lvnt” since xn_l=xl_lyn—lvm
-1
=011 U1Yn-1Upt =01 Vn— 10,
If we now return to the proof of the theorem and put a;=xu,t, b;=x;x, 't and
C;=Yy._i+1V.l, then it is easy to check that the following is a ! U-scheme over Z and 'T

joining (z,t) and (Z/,t') and so z®t=z'®¢t in Z®:y;' T as required.

Z=Zlu1 u1[=vlal

Zy)0y =2zyU, Ua, =v,a,
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ZiUi=2Zi4 Uy

Zp-2Up-2=2Z,_ U,
Zp—1Un-1 = 24U,

znun=zn—lvn—l

Ziy =2 10i—y

Z3U3=12Z,0;
ZoUy; =2zy0,
2101 =2Z3U,

Zi0i= Ziy Uiy

Zp-qUp— =2z,

z,0,=2'

Case 11 Some of the s;=1.

PRODUCTS OF SEMIGROUPS

Uir18i=V; 4104,
un—lan—2=vn—lan—l
unan-l =unbn— 1
vn—lbn—l =un—lbn—2
Vioabioy=u; b,

vzbz = uzbl
viby=vyc,
uzcz = 1)2C3

355

Suppose that i is the smallest index with s;=1 and that j is the largest index with
s;=1. Put x=v;_,x,_,x;_ and y=u;y,_;.+,y,~j+, and notice that x,yeU. Then it is
straightforward to check that the following is a 'U-scheme over Z and 'T:

z=2z,u;
2103 =25U,
Zi—aVi—2=2Z; 1 U;j,

zi_1x=(z;-1X)

u1t=vla1
Uay =0,4,

Ui @ y=x"1

and so we have z®t=z;,_,x®1in Z®'T. In a similar way it is again easy to check the

following is a 'U-scheme over Z and 'T:
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and so 2Z@t'=z;y®1 in ZQ'T. But z@t=2Q¢ in Z'S and 50 z;_,x@1=z;yR1
in Z®'S. By Hall [3, Theorem 2] we deduce that z;_,x=z;y and so, in Z®'T we
have z@t=z;,_x®1=2z;y@1=2®¢ in Z®'T, as required.

Case 111 t—1or t'=1.

Suppose, without loss of generality that t'=1. If t=1, then by Hall [3, Theorem 2] it
follows that z=2z' and so z®1=2®1 in ZQ'T. If t#1, and s;=1 for some i, then by
the above argument, there exists z”"eZ with z®t=z"®1 in Z®'T. Hence 27 ® 1=
z’®1 in Z®'S and so by Hall [3, Theorem 2] again, 2’'=z" giving z®t=2z®]1 in
Z®'T as required. Suppose then that t#1 and that each s;% 1. In this case we see that
the original scheme can be rewritten as:

Z=zlul ult=0152,
210y =2,u, U383 =0,S3,
— — ( -1
Zp—1Up-1=2,U, u,s, =v,v, vn)
z,v,=2

and so using the procedure in Case I, we can deduce that z®t=2'®uv, 'v, in ZQ'T.
But zZ®u, 'v,=2v, v,@1=z,0,0; }0,®1=2,0,®1=2®1 in Z®'!T. The proof of
Theorem 3.2 is complete.

Using Hall [3, Theorem 4] and the dual of Theorem 2.1, we can now deduce
immediately:

Theorem 3.3. Let U be a regular semigroup and let [U;T] be an amalgam of
subsemigroups of an amalgam [U; S;] such that e f;s;,= fie;s; for all i and for all s;€S; and
all idempotents e, f;€ T,. Then TI§T,—TI}S; is one to one. In particular, the conclusion
holds if U is inverse or if U, T; and S; are all right generalised inverse.
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error in an earlier version of this paper.
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