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A CHARACTERIZATION OF IDEALS 
OF C* -ALGEBRAS 

BY 

MASAHARU KUSUDA 

ABSTRACT. Let A be a C*-algebra and let / be a C*-subalgebra of A. 
Denote by Tp an extension of a state <p of B to a state of A. It is shown that / 
is an ideal of A if and only if there exists a homomorphism Q from A** onto 
/** such that Q is the identity map on /** and Tp o Q = Tp for every state 
<p on /. Furthermore it is also shown that / is an essential ideal of A if and 
only if there exists an injective homomorphism from A into the multiplier 
algebra of / which is the identity map on /. 

Dedicated to Professor Niro Yanagihara in Celebration of his Sixtieth Birthday 

1. Introduction. Let A be a C*-algebra and let B be a C*-subalgebra of A. We denote 
by A** the enveloping von Neumann algebra of A, which is identified with the second 
dual of A. Then the enveloping von Neumann algebra B** of B is identified with the 
strong closure of B in A** (e.g., [6,3.7.9]). In [4], the author showed that B is a hereditary 
C*-subalgebra of A if and only if there exists a projection of norm one Q from A** onto 
B** such that TpoQ — Tp for every state (p on B where Tp denotes an extension of a state tp 
of B to a state of A. Since every closed ideal is a hereditary C*-subalgebra, it is natural 
to investigate additional conditions which Q mentioned above should satisfy in order 
that a hereditary C*-subalgebra should become an ideal. In this note, it is shown that a 
hereditary C*-subalgebra become an ideal if and only if Q above is a homomorphism. 
Now recall that a closed ideal / of A is said to be essential if each non-zero closed ideal 
of A has a non-zero intersection with /. It is well known that if / is an essential ideal 
of A, then Q is injective on A (see [6, Proposition 3.12.8]). As a consequence of the 
above result, it is also shown that in order that a closed ideal / should be essential in A, 
it is necessary and sufficient that Q is injective on A. In the remainder of the paper, we 
discuss an application of this result to C*-dynamical systems. In fact, let (A, G, a ) be 
a C*-dynamical system where G is amenable. Then it is shown that an a-invariant C*-
subalgebra / of A is an essential ideal of A if and only if the C*-crossed product I xa G 
is an essential ideal of the C*-crossed product A xa G. 

2. Results. Let A be a C*-algebra and let / be a C*-subalgebra of A. Troughout this 
paper, the identity of the von Neumann subalgebra /** of A** is always denoted by /?, 
which is a projection of A**. Let ip be a positive linear functional on / and denote by Tp 
a norm-preserving extension of <p to A. 
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THEOREM 2.1. Let A be a C*-algebra and let I be a C* -subalgebra of A. Then the 
following conditions are equivalent: 

(1)1 is an ideal of A. 
(2) There exists a homomorphism Qfrom A** onto I** such that Q is the identity map 
on /** and Tp o Q = Tp for every state ip on I. 
In addition, Q is uniquely determined as the form Q(-) = p • p and Q maps A into the 
multiplier algebra M (I) of I. 
Furthermore, the homomorphism Q is injective on A if and only if I is essential. 

PROOF. (1) = » (2). Since / is an ideal, we have /** = A**/? for some open central 
projection p in A**. Define a projection of norm one Q from A** onto /** by 

Q(x) = xp 

for x G A**. Then Q is a homomorphism and it follows from [4, Theorem 2.2] that 
W ° Q — W for every state (f on /. Take any element x from A. For any y G /, we have 

Q(x)y = xpy = xy e I, 

which implies that Q(x) G M(7). 
(2) = > (1). Since c^o Q = ^ for every state (£> on /, / is a hereditary C*-subalgebra of 

A (see [4, Theorem 2.2]), and hence Q is uniquely written as Q(-) = p -p with the open 
projection p G A** satisfying /** = pA**p. In order to prove condition (1), it suffices to 
show that/7 is a central projection in A**. Take any element x from A**. Denote by KerQ 
the kernel of Q. We now assert that 

p(x-Q(x)) = (x-Q(x))p. 

Assume thatp(x — Q(x)) ^ (x — Q(x))p. Since x — Q(x) G Kerg, there exists a positive 
element a in KerQ such that pa ^ <a/?. Since Q(a) = /*?/?, we have a*p = 0. Hence we 
obtain that a/? = 0, which contradicts that pa ^ a/?. We thus see that p(x — Q(x)) = 
(x — Q(x))p. Since pQ(x) = Q(x)p, we have 

px = p(Q(x) + (x - Q(x))) = 2Wp + (x - Q(x))p = xp. 

Finally we assume that Q is injective on A. In order to prove that / is essential, we 
show that if a closed ideal J of A satisfies I C\ J = { 0} , then J = { 0} . Assume that 
IC\ J = { 0} . Let JC any element in J. We then have xy — 0 for all y G /. Hence we have 

Q(x)y = g(xy) - 0. 

Since Q(x) G M(/), the above equality shows that Q(x) — 0 i.e., x = 0. Thus we 
complete the proof. Q.E.D. 

In the above theorem, the condition that Q be injective is very strong. If, in condi­
tion^), we assume such a condition instead of the condition that Tp o Q — Jp for every 
state (p on /, we can show that / is an ideal. In fact, we have the following. 
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PROPOSITION 2.2. Let A be a C-algebra and let I be a C*-subalgebra of A. Then the 
following conditions are equivalent: 

(1)1 is an essential ideal of A. 
(2) There exists an injective homomorphism Qfrom A into the multiplier algebra M(I) 
of I which is the identity map on 1. 

PROOF. We have only to prove the implication (2) = > (1). For any x G A and y G /, 
we have 

Q(xy) = Q(x)y G M(I)I C /, 

and hence xy — Q(xy) G A. Since we have Q(xy — Q{xy)) — 0 and since Q is injective 
on A, we obtain that xy — Q(xy) = 0. We thus see that xy = Q(xy) G /, which implies 
that / is an ideal of A. It then follows from the last paragraph of the proof of the above 
theorem that / is essential in A. Q.E.D. 

By a C*-dynamical system, we mean a triple (A, G, a ) consisting of a C*-algebra A, a 
locally compact group G and a group homomorphism a from G into the automorphism 
group of A such that G 3 t —> at(x) is continuous for each x in A. We denote by A xa G 
the C*-crossed product of A by G, which is the enveloping C*-algebra of the Banach 
*-algebra Ll(A, G) of all Bochner integrable A-valued functions on G (see [6, 7.6]). 

Let 7T be a representation of A on a Hilbert space H. Then the co variant representation 
(7f\ A, L2(//, G)) is given by 

(7T(û)O(0=7r(ari(fl))a0, 

(A,O(0=C(*"10 

for a G A, s G G and £ G L2(//, G) where L2(//, G) denotes the Hilbert space of 
all square integrable //-valued functions on G. The regular representation of A xa G 
induced by (IT, H) is the representation (w x À, L2(//, G)) defined by 

(Of x A)WOW = jGmx(s))XsO(0 ds 

for JC G /^(A, G) and £ G L2(//, G) (see [6, 7.7]). Let TT be faithful. Then (TT x A )(A x a 

G) is called the reduced C*-crossed product of A by G, which is denoted by A xar G ([6, 
7.7]). 

It is well known that / is an a-invariant ideal of A, then / xa G is an ideal of A x a G 
([2, Proposition 12], or [3, Lemma 4]). 

COROLLARY 2.3. Let (A, G, a) be a C*-dynamical system. Let I be an a-invariant 
C*-subalgebra of A. Then the following conditions are equivalent: 

(1)1 is an ideal of A. 
(2) There exists a homomorphism Qfrom A** onto /** such that Q is the identity map 
on I** and Tp o Q — Tp for every state <p on I. 
(3) I xa G is an ideal of A xa G. 
(4)1 xa G is a C*-subalgebra of A xa G and there exists a homomorphism Qfrom 
(Ax a G)** onto (lxa G)** such that () is the identity map on(lxa G)** and xj)oQ= x/j 
for every state ijj on I xa G. 

PROOF. The equivalence of (1) and (2) and that of (3) and (4) follow from Theorem 
2.1. We have only to show the implication (3) = > (1). Condition (3) shows that lxarG 
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is an ideal of A xar G. Consider the dual coaction Ô of G on A xar G. Clearly I xarG 
is invariant under 6 (see [5, 4.1]). Denote by (A xar G) x^ G (resp. (7 xar G) x$ G) the 
crossed product of A xar G (resp. IxarG) by <5. It then follows from [5, Proposition 4.5] 
that (/ xar G) Xs G is an ideal of (A xar G) x& G. By duality for the dual coaction (e.g., 
[5, Theorem 6.3]), 1®C(L2{G)) is an ideal of A ® C(L2(G)), where C(L2(G)) denotes the 
C*-algebra of all compact operators on L2(G). This means that / is an ideal of A. Q.E.D. 

In the above corollary, since p is G-invariant, Q is a G-invariant homomorphism. This 
fact will be used in the next proposition. 

PROPOSITION 2.4. Let (A, G, a) be a C*-dynamical system. Let I be an a-invariant 
C*-subalgebra of A. Iflxa G is an essential ideal of A xa G, then I is an essential ideal 
of A. If G is amenable, the converse also holds. 

PROOF. Suppose that I xa G is an essential ideal of A xa G. Let Q and () be as in 
Corollary 2.3. By Theorem 2.1, () is injective on A xa G, hence so on the multiplier 
algebra M(A xa G). Let (TT, U, H) be the covariant representation of A corresponding 
to the universal representation (ir xw, H) of A x a G (cf. [6, 7.6.4]). As described in [4, 
Remark 3.3], Q has the form Q = (7r** O Q) X U where 7r** denotes the normal extension 
of 7T to A**. Since () \A is nothing but 7r** O Q and A C M(A xa G), Q is injective on A. 
By Theorem 2.1, / is an essential ideal of A. 

Suppose that G is amenable and that / is an essential ideal of A. Since / x a G is 
an ideal of A xa G, we have only to prove that I xa G is essential. Let n be a faithful 
representation of / on a Hilbert space H, which we can regard as a faithful representation 
of M(I). In addition, a is extended to an automorphism group, also denoted by a , of 
M(I). Denote by (w, A, L2(H, G)) the covariant representation of M(I) induced by 
(7T, H). Consider the covariant representation (TT O Q, À, L2(H, G)) of A induced 
by (7T o Q, H). Since Q is a G-invariant homomorphism, i.e., a o Q — Q o a , i t i s 
easy to verify that ix o Q = w o Q. Now we consider the (faithful) regular representation 
(TTXA, L2(//, G)) of Ixa G ([6, Corollary 7.7.8]). For any x G Ll(A, G), (T^Q X A ){x) 
belongs to the C*-algebra generated by W(M(I)) U AG- Hence, we see that (n o Q x 
A)(JC) G (TT x A)(/ x a G)". Since (TT O Q X A)(JC)(7T x A)(/ x a G) C (W x A)(/ xa G), 
(7T o Q x A )(JC) is a multiplier of (W x A )(/ x a G). Thus 7r O Q X A maps A xa G into 
the multiplier algebra M((W x A )(/ x a G)) of (w x A )(/ x a G), and 7roQxA =7fxA 
on / xa G. Since 7r O Q is injective, 7r o Q x A is faithful on A x a G. Identifying 
(W x X)(I xa G) with / xa G, 7r O Q X A is regarded as an injective homomorphism 
from A xa G into M(/ x a G) which is the identity map on / xa G. By Proposition 2.2, 
/ XQ, G is an essential ideal of A xa G. This completes the proof. Q.E.D. 
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