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INTEGRAL FUNCTIONALS IN THE 
DUALS OF LA-SPACESC) 

BY 

H. W. ELLIS AND J. D. HISCOCKS 

1. Introduction. Luxemburg andZaanen [5] call an element çp of the topological 
dual of a normed or seminormed vector space V an integral if 

( W n i o ( i . e . / n G K / n > / „ + i , A / w = o) implies lim^(/n) = 0. 

We denote the space of integrals by V1, For the Lx function spaces introduced by 
Ellis and Halperin [2] another Banach subspace of the dual emerges, namely the 
conjugate space Lx* which is the Lx space determined by the conjugate length 
function A*-Lx* is contained in (Lx)z but need not coincide with it. 

There are measure spaces in which, for LA=L1 , Z / V ( l / ) * , (LA)J. In [3] Ellis 
and Snow characterized the dual of L1 in terms of integrals with respect to collec
tions of functions defined in terms of an arbitrary iVD-decomposition of the 
measure space. The space of analogous collections of elements for an arbitrary Lx 

will be denoted by (LXY (§4 below). Always 

Lx* c {Jîy a (I})1 c (LA)*. 

In §§3-5 the spaces Lx*, (Lx)^ and (LX)T are related and conditions whereby 
each coincides with (Lx)* are given. 

2. Definitions and notation. We consider an arbitrary complete measure space 
(X, S, fi) where S is a cr-algebra. We let M denote the measurable functions 
valued in the extended reals, R. In a partially ordered space (B, < ) with a zero we 
denote by B+ the elements/ e B wi th />0. A function /IrM+^Ë^ is called a length 
function [2] if 

(Ll)A(/ ) = 0 if / (x) = 0 for almost all xeX; 

(L2) Kfi) £ Kf*) if / i ^ / 2 ; 

(L3) KA+f2)£Kfi) + Kf2); 

(L4) A(fc/) = H ( / ) , fceR+; 

( L 5 U . î £ i / implies that KfùL^iKf)-
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490 H. W. ELLIS AND J. D. HISCOCKS [December 

F o r / e M w e define A(/)=A(|/ |) and set ^ A = { / e M * ' i ( / ) < o o } (where M* 
denotes the finite real valued elements of M). On i?A , (LI), (L3) and (L4) imply 
that X defines a seminorm. Making identifications modulo A-null functions gives a 
space LA which is a Banach space. With the usual pointwise order i?A is a vector 
lattice and (L2) implies that % is monotone on the positive cone of J§?A. When 
fe J§?A, (L5) is an analogue of the Lebesgue monotone convergence property in 
the space of integrable functions. Similar statements are true in Lx ordered point-
wise modulo A-null functions. With conventional lack of precision we shall not 
always distinguish £?k and ZÂ 

To each length function A corresponds a conjugate length function 2* defined 
on M + by 

A*(g) = sup \fgdju< +00. 
/:A(/)<1 J 

The space J§?A* is called the conjugate of &\ Ifge &x\ defining ^:«^A->R by 

<Pg(f) = \fgafl, 

lip J = sup \(pg(f)\ = sup ifgdp I 
A(/)<1 A(/)<1 I J I 

= sup f/|g|d/* = A*(|g|) = A*(g) 
Mf)<l J 

and <pg G (J§?A)*. Furthermore if {fj e J§?A and / J O then / ng+|0, /wg J O and the 
general Lebesgue convergence theorem implies that (I(pg) holds. 

A function / :X->R will be called a step function i f /=2?=i ^%^> ^ G ^ (where 
^ denotes the characteristic function of A). With the added requirement that 
each et has finite measure/will be called a simple function. We denote by ^# , M 
respectively the spaces of step functions and of simple functions and define e/#A= 
J( n J2?A; M A = M n &k.Mk and MA denote the closures of these spaces in &x 

for the seminorm topology. 

REMARK. If/ G */#+ there is a sequence of step functions fn G «jf with / J / If ^ 
is cr-finite there is a sequence of simple functions increasing t o / 

3. The spaces («Sf A)J. For an arbitrary measure space (X, S, v) we use the 
following approach to the integral. 

I f /=2î Ẑ̂ i e «^+> w e d e f i n e 

J-/ d r = ]£ c<v(é?<) e ft. 
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1972] INTEGRAL FUNCTIONALS IN THE DUALS OF Z*-SPACES 491 

If/G M+ we define 

jfdv = sup{ jfa dv,fa eji+ja ^ / } G R+. 

Finally iff G M and J/+ dv and/or J/~ ûfr>< oo, we define 

f/dy=f/fdy-f/-dy. 

Then «Sf1^ #> v)=.2?1(v)={feM:jfdv GR} is the usual space of integrable 
functions without identifications. If/n G M+ and/ n | / e «S?1 then 

lim \fndv = ifdv. 
n-*oo J J 

Given a space ££X(X, S, [i) and positive measure r on S, we define 

A » = supj Udvjejf*, Kf) <, l) < +00. 

(For g G M+, dv = g°dp, we have /l*(r)=2*(g).) 
Given JSfA(Z, 5, /i), set SA= {e e ^ e JSPA}. For <p G ( J 2 P ^ define, on S\ 

and extend the definition to all of S by 

/^0) = sup{>(é?'), e' G SA, e' <= e}. 

Then //<p:iS^-R+ and standard arguments show that //^ is a measure on 5 that is 
absolutely continuous with respect to JU. 

If fe &\ and fjf, fn e JT+9 then fn e J(x+ and / - / J O . Hence, using (/ç>) 

(3.1) iffy* =lim I /» <K = l i m ?(/«) = <PU)> 

and (3.1) remains valid in J£?A since (3.1) holds for/+ and/~. Thus every cp e (l/)+ 
can be expressed as an integral with respect to the corresponding measure ^ . 
Furthermore 

Atyf) < s u p j J / J ^ , X(f) < lj = sup{ç</), A(/) < 1} = |M|. 

If/G JS?i, A(/)^0, €>0,fjf,fn G e^A, then for « sufficiently large, 

/ ^ < ; | / B d/^ + e; 

Since for <pe(L% ||ç»B=sup{ç>(/),/^0, X(f)£l) it follows that A*(/^)>||ç>|| 
and equality holds. 
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Conversely for an arbitrary countably additive measure v on S with /l*(V)<oo, 
define 

<P*(f)=jfdv, feJ?\ 

I f /J /wi th/„ e J(\ for all n and /e Se\, then 

[fdv = lim f/„ dv < lim A(/„)2*(v) < A(/)A*(v) < oo. 

Considering/"1" and/" it follows that if/G S£X then/G JS?1^) and (/99v) is implied 
by the general Lebesgue convergence theorem. Thus cpv G (J£?A)+. 

Writing <p' = cpv, cpf determines a positive measure [iç, with 9?v(/) = If dp y. for 
all/in J£?\ Since the integrals with respect to v and // , coincide on ~#A, 

A*(v) = A*(/V) = K l | . 

Dropping the assumption that 99 is positive, if 99 e (JS?A)J\ then 99=99+ —99" with 
99+, 99- and 19>| = 99++99" in («£?*)+. Since S£k is a seminormed vector lattice, 
|| 9?|| = || 199) || for every 99 G (J?A)*. We set iwfl)=^9+—^_ where it is defined (which 
includes SA), define 

^ ( ^ ) = ^tyfci). 
and write 

/ dp9 = / dp9+ - / d/v> / G «S71^). 

Since JSfA <= JS?1 (/*,„,) this is finite for every/G Jî?A and 

/ • 

We set A*(/*9)=A*(^K|). Using the above results for (=§?A)+, 

A t y ^ = n » w ) = iiMii = ii9>n-

THEOREM 3.1. To each q> e ÇSCX)Z corresponds measures v1=fjtq)+, v2—fif- on S, 
determined by <p+ and cp~, with 

(3.2) y(f) = [fdv1-[fdvi 

and ||?'||=A*(1«9)=A*(v1+v2). Conversely if v± and v2 are measures on S with 
A*(r4)<», J=l, 2, then (3.2) gives <p e (JS?*)7 with ||<p|| =X*(v1+v^. 

THEOREM 3.2. [5]. (LA)J=(LA)* if and only if 
(IX) /.iO./.eJS?*, implies that l i m ^ A(/J=0. 

Proof. Since \<p(f„)\<\\<p\\ A(/n), (7A) implies (7ç>) for every y e (I*)*. Con
versely if (If) holds for every y e (Z/)*> (7A) holds [5, p. 671, Lemma 22.6]. 
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THEOREM 3.3. If (LA)7=(LA)* thenJÏx=Lx. 

Proof. Jtx is a vector subspace of lA Assuming that Jix^Lx
9 let/' e Lx—Jtx. 

A corollary of the Hahn-Banach theorem then shows that there exists cp G (l/)* 
with y{f)=09 / e ~^ \ <p(f)?*0. Since 

?(/ ') = y + ( / f + ) - f f + ( / ' " ) -9" ( / / + )+W'" ) 

we can assume that q>9 / ' > 0 . Then 

?{/) = JMV /eLA. 

There exists a sequence /w G Mx with / J / ' . Using the countable additivity of <p 
and the Lebesgue monotone convergence theorem, 0<ç>(/')=5 l im^^ J/n d/t^O, 
a contradiction. 

4. The spaces (o§fA)̂ . In [3] Zorn's lemma was used to show that in an 
arbitrary measure space (X9 S, ju) there exists a decomposition 

X = Xx U X2, 

with Zi nX2=<£; Z2=Uaej3f ea, 0<^(O<°o5 flej^Z; p(ea n ea,)=0, a&a', 
and such that if ë e S , e ' c Zx then either /j(e')=0 or ju(ë)= + oo. For each e e S 
with 0</j(e)<oo, there is then a countable collection of subscripts {aj with 

00 

Such a decomposition was called an iVZ>-decomposition. 
When Xis tf-finite, X1 and Z2 are measurable, /z(X1)=0 and X2 is expressed as 

a union of sets of finite positive measure with null intersections. 
Fixing an TVD-decomposition, where (ea9 Sa, JJL) is the restriction of (X, S, ju) to 

ea, we set 
M^= IT M(ea9Sa9{*)9 

and denote points by g^={ga G M(ea, Sa9 ju);ae <$/}. 
If E G S is cr-finite, then ju(E n ea)=0 except for a countable collection {a{}. 

Defining 

#22 == (sup* ga)xE if M^ n e J ^ O for at least one aes/9 

gE = 0 if (̂Zi n ea) = 0 for all a es/, 

we have g# G M(X, 5, //). For an arbitrary length function A on (X, S, /u) we 
define 

**(&/) = sup{A*fe), £ G S, £ cr-finite}, 
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and denote by (&Y the elements ^ e M ^ with A*(g^)<oo. Then Ç&Y 
is a vector subspace of M^ on which A* is a seminorm; a norm with identifica
tions modulo A*-null functions. We note that 

LEMMA 4.1. Ifû*(g^)<co,f0 e o£?A, then for at most countably many aesé 

(4.1) jfogadf**0. 

Proof. There is no loss of generality in assuming that each ga > 0 almost 
everywhere in ea and tha t / 0 >0, A(/0)=l. Suppose that (4.1) holds for uncountably 
many a e r f . There then exists d > 0 and {aJ with 

fogai dp> d, i = 1, 2, 

If E= U e v 

A*(g^) > A*(g^) > jf0gE dfx = | J/o g a o 4< = +oo, 

giving a contradiction. 

DEFINITION. For each g^ e (Jg?A)^,/e oSfA define 

<<&*/) = < f l = U jea, a G * / : f | / g j rf/i > oj. 

Set gf=ge{f) if e(f)^<f>; = 0 if e(f)=<f>. Then e(f)eS, is cr-finite and g ^ M . 
We denote the complement of e( / ) by e(f). 

LEMMA 4.2. 7/*^ G {££X)\ and p^ is the corresponding measure on S, then each set 
ea, a e <$/, is / ^ a-finite. 

Proof. Let {eb, b G B} denote the measurable subsets of ea satisfying 

0 < /i9(eb) < oo, 0 < /A(eb) < fx{ea). 

Order collections of disjoint subsets from {eb} by inclusion. Each chain then has 
an upper bound so that Zorn's lemma implies the existence of a maximal collection 
which is countable since fi(ea)<co. Let ea denote the union of the sets in this 
maximal collection. Then ea—e'a e S. Ifju,(ea—e'a)=0, [x<p(ea—0=0- If /Ji(ea—e'a)>0, 
V><p(ea—0=0 or + oo as does e* for any e* e S, e* a ea—ea. Thus ea—ea is either 
/JLV null or p9 purely infinite. Since the definition of / ^ does not permit purely 
infinite sets we conclude that ^0^—e'a)=0 and thus ea is /u^ cr-finite. 
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If 99 e (oSfA)̂ . then for each ea, a e se, ju^ is absolutely continuous with re
spect to ft on ea, ea is /^-finite and ju^, cr-finite and the Radon-Nikodym theorem 
gives ga:ea-+R+ with gaeM and such that 

H><p(e) — \gad/JL9 eeS, e^ ea. 
Je 

It then follows that for each /G J§?\ 

(4.2) <p{fe) = fd^ = fgadp, eeS, e^z ea, aej/. 
Je Je 

Set g^={ga, a eœf}. Then 

**(g*) = s u p { £ / r f / v E cr-finite, X(f) £ l j ^ A*(^) = Ml-

Thus to each <p e i^x)z
+ corresponds g^ e (jSfx)* related by (4.2). It follows from 

(4.2) that i f / e £x, 

<p(\f\ K J ^ 0, 

iff ea <= e(ga,f)=e(f), and in particular for at most a countable collection of 
subscripts a. For an arbitrary ço e (£?*)+, 

e(<P,f) = U K , a es/:<p(\f\ %ea) * 0} 

will coincide with e(g^,f) for theg^ determined by cp and will also be denoted by 

e(f). 

THEOREM 4.1. There is an isometric isomorphism between (S£XY (with identifi
cations) and the subspace of (£?x) of different elements cp with (p(f%e~(f))=0 for 
eachfe ^fx. To each g^ corresponds <p by 

(4.3) <p(f)=jfgfd/*, fe&\ 

Proof. Let g^ e ( J g ^ . Defining <p by (4.3), 

\9(f)\ < l(JK*(gf) ^ Hf)**(gJ < » , 
and <p:J^-+R. 

Since e(af)=e(f), a^O; e(f+f) c e(f) u e(f'), (a countable union of sets 
ea, a e j / ) . It is easy to verify that (f+f')gf+f=fgf+f'gf almost everywhere 
and co is linear and so in (JSP*)*. To see that <p e (&% let / „ e &x, f„ JO. Since 
e(f„) «= < / i ) , 

9>(/«) = I fngfn dp = I Ag / x d}i, n = 1 , 2 , . . . . 

The Lebesgue general convergence theorem then implies that lim„ co(/„)=0. 
Finally we observe that $fxè(f)ga dfi=0 for every ae#/ which implies that 

9>(fxë(f))=0 for each/ in J2?\ 
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Let g^e(^x)^ and define <p by (4.3). Then \\(p\\<h*(gj. As shown after 
Lemma 4.2, q> determines g> e (Jâ?A)^ with A*(g^)<||9?|| and with (4.2) holding. 
Thusif/eJS?A , a e j / , 

J/(g.-g5^ = ?</)-?</) = 0. 

This implies that A*(g^ — g^)=0 and thus 

so that || 9 » = ^ * ^ ) . 
On the other hand if we start with q> e (J§?A)+, 9? determines g^ 6 (câ?A)^ 

with A*(g^)<||99||. As in the preceding paragraph, g'^ determines <p' with ||ç>'|| = 
h*{gj). Furthermore for every/G JS?A, 

?>'(/) = <p'(fxe(fï) = <P(fxe(f)), 

It follows that 99=99' if and only if(p(fxe(f))=0 for every / e J§?\ 
We next consider the behavior of the functionals in (cS?A)+ on the sets e(f), 

fe J§?£. Since e(f) is cr-finite, ë(f) e S. There are three possibilities 
(i) fi(e(f))=0. Then, setting f=fxe(f), A</°)=0 and so ? ( / ° ) = 0 ; 
(ii) 0</ / (e( / ) )<oo. Then £(/) is the union of a null set and an at most count

able collection of sets ea, a e $0. If fJ>(e(f) C\ ea)^0, ea is not contained in e(f) 
and (p(f°%ea)= $fga d/u,=0. It follows again that (p(f°)=0. 

(iii) fx(e(f))= + co. If Zx contains a purely infinite set s e 5 with ^ ( / J ^ O , 
^(fsX^ifs))^ a n d 9̂  ^ a s n o isometric correspondent in (JS?*)1 .̂ A simple 
example is given by taking X={a, £}, 5 = ^ ( Z ) , //{a} = l, ^ { 6 } = + 00, A(/)= 
max {/(a),/(£)}, ^ = { 0 } , X2={a}. Then (JS?*)"* coincides with the functionals 
vanishing at b and is different from (J§?A)J=(J§?A)*. 

On the other hand if e(f) is cr-finite it follows as in (ii) that (p(f°)=0. 

THEOREM 4.2. If cpe (^% then <p e (-2?*)^ if and only if for every j e i , 

(4.4) <p(xs) = /*„($) = sup{9?(^') = IJ,9{S'), s' <= J , /*(.$') < 00}. 

Proof. Consider/6 JS?*, f°=f%e(f). There then exists {/„} euf£ , / „ î / ° with 

<K/°) = |7°<K>=lim |7„<K 
J 7l-»-00 J 

Now fn= YiciXsi w i t h e a c h siesX> si <= #(/)• If J c si9 p9(s)<co then 
j e S A , 

as in (i) and (ii) above. It follows that $fnd/ji9=0 for each n and therefore 

<p(f°)=0. 
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Conversely if <p e {&x)^ and s e Sx, then 

for certain #,- G J / . Then (4.4) follows from (7ç>). 

THEOREM 4.3. (JSPA)^=(«^A)J J / ou/ <WI/J; I / (4.4) Aoifc for every <p G ( . 2 % 
If the simple functions are dense in J?A, (4.4) holds for every <p e (i?A)+. (t2

?x)s*= 
(=§?A)* if and only if(IA) holds andMx=£>\ 

Proof. The first statement follows from Theorem 4.2. 
If Mx=&x and j G S A then, given e>0, there exists / = %? ciXsi e M* with 

A(#y--/)<e. If s'={x:f(x)>0} n 5-, / i ( 0 < o o and 

Thus for any <p e {££%, 

<P(XS)-<P(XS') < Il y II * G P - # 0 < Ml s> 

which implies (4.4). 
If Mx=Se\ (&Y =(&*)* and, if (JA) holds 

( jS?y = (jgf*)* = (jg*)* 
by Theorem 3.3. 

Now assume that (&Y=(&X)*. Since (&Y c (JS?A)J c (^fA)* it 
follows from Theorem 3.3 that (IA) holds and MA=«5fA. Assuming that M V J S ? A , 

an argument similar to that in Theorem 3.3 gives the existence of <p e {££Y, 
fe Sg\ with <p(f)>0 and c>(g)=0 for every g in MA. Then <p(f)=<p(fxe(f)) with 
e( / ) cr-finite. Since there then exists {gn} <= MA with gnîf%e(f), 

cp{f) = lim <?(£„) = 0, 
n->oo 

giving a contradiction. 
We observe that the spaces -2700 with X not finite gives examples where 

(&Y * (&y = & with MA^ &\ 

Note that in this case ( ^ A ) ^ ( ^ A ) * . 

5. The spaces J§?A\ If ç> e J§?i* there exists geM+ with A*(g) = || <p\\ and 

9V)=jfgdiieR, feJ?\ 

It is clear that 9? G (JSf*)* with fi<p(s)= j* s g dp, se Sx. 
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For an arbitrary JVjD-decomposition define g^={gxeal a E ^)- ^ s e Sx
9 g e 

Se\s), {x G s:g(x)^0} is cr-finite and (4.4) follows easily. Thus J5?A* <= (JâfY and, 
in general, 

(5.1) J§?A* c {&Y cz (&*y c (j§?A)*. 

On the other hand if <p e (LY, /̂zera cp eLx* if and only if there exists j e M 
with A.*[(g-ga)xea]=Ofor every aestf. 

We observe that if X is cr-finite or if every feLx has or-finite support then 
LA*=(LA)^=(Z/) J . 

Speaking loosely, if cp G (Z/)*^ then <p will be in Lx* if it is possible to piece 
the ga together to form a measurable function g on X. Examples are given in [3] 
for L1 where the {ga} determine a function g which is not measurable and where 
there can be no function g equal to each ga almost everywhere in ea9 a e j / . 

THEOREM 5.1. If LX*=(LX)* then (Ix) holds and MX=LX. If (7A) holds, if MX=LX 

and (5.2) to each cp e (LA)* corresponds a a-finite set E with (p(f%E)= cp(f) for every 
feLx,thenLx*=(Lx)*. 

Proof. The first part is given by Theorem 4.2 since Lx* = (LA)* implies that 
LX*=(LY. 

Assuming (JA) and MX=LX, then (LA)^==(LA)* by Theorem 4.2. To cp e(LA)* 
corresponds g^ with A*(g^)=||ç)||. By (5.2) cp(f)=cp(fxE) for every feLx 

where ^ i s cr-finite, pt(E n ea)=0 for all but a countable set of subscripts in j / , say 
a{, / = l , 2 , . . . . I f g = 2 r ^ t h e n 

<K/) = I / £ / ̂  = / g df*> 

for every/GLA and A*(g)=|M|. We conclude that LA*=(LA)^=(LA)*. 
That (5.2) is not a necessary condition is shown by the following 

EXAMPLE. Let X=(0 ,1) , S=0*(X), ^(é?)=number of points in e(= + oo if e is 
infinite); A(/)= ^fd[x,fe M+ . Then LX=L1. An iVT) decomposition of Z i s given 
by X1=(j), ^2=(Jae(o,i) ia) (where the sets are disjoint). Since (Ix) holds in L1 and 
MX=L1; (L1)*=(L1)^=L0 0 . Clearly each g determines g-^gaeM so that 
(L1)*=LA*. However ^ l e (LA)* without (5.2) holding. 

Halperin [4] has solved the problem of necessary and sufficient conditions for 
the reflexivity of ZÂ His conditions (1.3), (1.3)* correspond to (5.2) for (LA)* and 
(LA*)* with /j,(et) replaced by A(#ez), A*(#e,). The condition (Ix) together with 
MX=LX imply his (1.1) and MX*=LX* is his (1.2). We sketch a proof in the present 
context. It shows that when Lx is reflexive (5.2) is a necessary condition. 
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THEOREM 5.2. Lx is reflexive if and only if 

(i) (JA) and (Ix*) hold in Lx and Lx*\ 

(ii) MX=LX, MX*=LX*; 

(iii) (5.2) holds in (Lx)* and in (LA*)*; 

(iv) Every f s M can be expressed as/=/i+/2 with A**(/)=A(/1), A**(/2)=0. 

Proof. Necessity. By [4, Lemma 3.3] if LX=(LX)** then (l/)*=LA* and 

(Z/l*)*==LA**=ZÂ By Theorem 5.1 (i) and (ii) are necessary. (5.2) is then a con

sequence of (ii) in Lx* and LX**=LX. As in [4] (iv) is also necessary. 

Sufficiency, (i), (ii) and (iii) imply that Lx*= (LA)* and LA**=(LA*)* by Theorem 

5.1. As in [4] (1.4) implies that LA**=LA and completes the proof. 
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