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Let £ be a real Banach space. A mapping f of E into E is said to be
bounded if / maps every bounded set into a bounded set.

Let B be the set of all bounded and continuous mappings of E into
E. If we define the linear combination at,f+f}g for /, g e B and real numbers
a and /? by («.f+(}g)(x) = af(x)+(}g(x) for every x e E, B is a linear space.
Moreover, we can define the product of / and g by

fs(x) = /(§(*)) fof every x e E.

It is clear that the right distributive law is satisfied: (J+g)h = fh+gh for
every f, g, heB, and that the left distributive law is not always true.
Therefore, following the terminology of Zassenhaus [4, pp. 71—74], we
may call this space B a near-algebra.

In this near-algebra B, we can define a topology as follows. Let us
consider the sets Bn = {x e E \ \ \x\ | ^ n} for n = 1, 2, • • •, then a mapping
/ is bounded if and only if the semi-norms

I I/I In = SUp \\f(x)\\
xeBn

are finite. Therefore,

is a metric on B, and with this metric B is complete. We call this topology
the uniform topology of B. Thus the space B is a Fr6chet space by the
uniform topology.

A mapping / of E into E is said to be compact if each of f{Bn) (n = 1,
2, • • •) is contained in a compact set. Evidently, the set C of all compact
and continuous mappings of E into E is contained in B. Moreover, the set
C satisfies the following conditions:

(1) It is a linear subset.
(2) If f is one of its elements and g e B, then fg and gf belong to it.
(3) It is closed under the uniform topology.
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Generally, a non-empty subset / of B is called an ideal if it satisfies the
conditions (1) and (2). An ideal is called the zero ideal if it consists of a
single element 0 (the zero element of B). C is a non-zero closed ideal.
Since B is not an algebra, an ideal is not necessarily a kernel of a homo-
morphism. For a study of this fact from the algebraic point of view, we
refer to [1].

When £ is a Hilbert space of countable dimension, it was proved by
Calkin [2] that the set of all compact and continuous linear mappings was
a minimal closed ideal of the Banach algebra of all bounded linear map-
pings. (An ideal is said to be minimal if it is not the zero ideal and does not
contain properly any ideal of the same type other than the zero ideal.)
But, in the case of the near-algebra B, the set C is no longer a minimal
closed ideal of B.

For example, let us consider the set I(E) of all constant mappings,
in other words, I(E) is the set of all mappings ca(a e E) such that ca(x) = a
for every x e E. It is obvious that I(E) C C C B, and we have

«ca+/3ct = caa+fib,
cj = ca, fca = c/(fl) for every / e B.

Therefore, I(E) is an ideal of B and, moreover, it is closed under the
uniform topology. It also follows from the equality caf = ca that every
non-zero ideal contains I{E), which means that I(E) is a minimal (closed)
ideal.

This closed ideal does not contain the set of all linear mappings of
finite rank. On the other hand, the closed ideal C contains all linear map-
pings of finite rank.

REMARK. Let E be the conjugate space of E. Then, a mapping /
is said to be of finite rank if there exist ai e E (i = 1, 2, • • •, k) and
d(e E (i = 1, 2, • • •, k) such that f(x) = d1(x)a1+d2(x)a2+ • • •-\-dk(x)ak

for every x e E.
The purpose of this paper is to prove that the closed ideal C is minimal

amongst all closed ideals which contains all linear mappings of finite rank.

THEOREM. Let E be a real Banach space, B be the near-algebra of all
bounded and continuous mappings and I be a closed ideal of B. If I contains
all linear mappings of finite rank, then C C /.

LEMMA. For any f e B, there exists a sequence fn] € B such that
(1) /w(£)CUflS lS1a/(Bn+1);
(2)limn_rf(/W /) = 0;
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(3) if f 6 C, then fn] e C. Moreover, / M (E) is contained in a compact
set;

(4) if each of f(Bn) (n = 1, 2, • • •) is contained in a finite-dimensional
subset of E, then each of fn^(E) is contained in a finite-dimensional subset.

PROOF. Let us consider the real continuous functions:

1 if 0 ^ X ^ n;
—X+n+1 if n < X ^
0 if A;

and define the mappings fn^ by

for every x e E.

Since 0 ^ <£n(A) £S 1 for every A 3: 0 and n = 1, 2, • • •, it is clear that
/[n] e B.

Proo/ of (1). Let us take an arbitrary y e /^(.E). Then, y = fn\x) =
<£n(||x||)/(x) for some a; e E.

(i) If * 6 BB) then, since ||x|| < n, ^(||aj||) = 1, hence y =^(||a;||)/(x)
= f(x)sf(Bn)Cf(Bn+1).

(ii) If a;eBB+1\Bn, then, since n < \\x\\ < n+1, 0 ^ B ( | | * | | ) =
- | | a : | | + n + l , hence it follows that y = ^n(||*||)/(*) e UosS«£1«/(Sn+1).

(iii) If x # Bn+1, then, since ^B(||a;||) = 0, we have y = 0 e 0

Proo/ o/ (2). For any m and «, we have

II/W-/IL = suPxeBm \\?nHx)-f(x)\\ = supxeBm ( l - ^ ( | | » |
When n ^m, since x e Bm implies ||z|| ^ m ^ n, we have ^n(||a;||) = 1,
so that ||/[n]—/||m = 0 if n ^ m. Therefore,

oo I | | / [»]_/ | |

= lim I — ,w1 7 ^l im
, 2 m 14-11 finl f \ \ — 2™

n->oo m=n+l ^ ' T i l / /Mm n-»oo ^Proo/ o/ (3). Let us take an arbitrary sequence (yk) Cfn](E). Then,
by (1), we can find numbers <xft and elements xk such that 0 5S xk 5S 1,
a;A e B n + 1 and yk = 0Lkf(xk). Since f(Bn+1) is contained in a compact set,
there exists a subsequence (xki) such that ]im.i_toof(xk() = y0 for some
yoe E. Since (a.k) is a bounded sequence, there exists a subsequence
(a.,) C (xk() such that l im^^a , = OQ for some a0. Thus, lim^^y,. =
]iml_toooiif(xj) = ao2/o, which means that f[nJ(E) is relatively compact.

Proof of (4). By the assumption, for each n, there exists a finite-
dimensional subspace En such that f(Bn+1) C En. Since En is linear,
ccf(Bn+1) C £„ for every a, which implies that / w (E) C U0SaSi «/(£n+1) C En.
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Proof of Theorem. Let us take an arbitrary / e C By (2) and (3) of
the above lemma, limn_>0Oi(/CB], /) = 0 and each of fn]{E) is contained
in a compact set. Therefore, since / is assumed to be closed, we have only
to prove that, if f{E) is contained in a compact set, f el. Let us assume that
f(E) is contained in a compact set. Following the method first used by
Leray and Schauder [3, p. 51] we can construct a sequence /„ such that
limn-.oo^(/n. /) — ° a n ( i e a°h L(E) is contained in a finite-dimensional
subspace of £ as follows. Since f(E) is totally bounded, for each n, there
exists a finite number of elements yt, y2, • • •, yk(n) such that

f(E)C[j{yeE/\\y-yi\\<lln}.

Let En be a finite-dimensional subspace which is spanned by y1, y2, • • •, yMn),
then the mapping /„ is defined by

*(n) /*<n)

where

= f
1

^"-Hrt*)-^! if
0 if

It is clear that fne B and |\f(x) —/„(a;)11 < 1/w for every z e E, from which it
follows that lim^oorf^, /„) ^ l i m n ^ ^ l / ^ + l ) = 0. Therefore, we have only
to prove that, if f(E) is contained in a finite-dimensional subspace, then
/ e / . Let us assume that f(E)CE0, where Eo is a ^-dimensional sub-
space. Let ex, e2, • • •, ek be a base of E and e1, e2, . . ., ek be elements of
E such that e^ej) = 1 if i = j ; = 0 if i =£ /. Then, we have

)«* for every xeE.

Now, let us consider the mapping

g(x) = a(f(x))a (xeE)

where aeE and deE. If we put (a®d){x) =d(x)a, then the mapping
a ® d is a linear mapping of finite rank, and g = (a (g) a)/. Therefore, since
a ® a e /, we have g e /, and, since / is a linear combination of (e,- (g) et)f,
we have / e /. Thus, the proof is completed.
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