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IMPLICIT PARABOLIC DIFFERENTIAL EQUATIONS

SALVATORE BONAFEDE AND SALVATORE A. MARANO

Let Qr = 2 x (0, T), where @ is a bounded domain in R® (n > 3) having the
cone property and T is a positive real number; let Y be a nonempty, closed
connected and locally connected subset of R”; let f be a real-valued function
defined in Q7 X R* x R™ x Y; let £ be a linear, second order, parabolic operator.
In this paper we establish the existence of strong solutions u € W;'l (QT, Rh)
(n + 2 € p < +o0) to the implicit parabolic differential equation

f(=z, t, u, Dzu, Lu) =0,

with the homogeneus Cauchy-Dirichlet conditions where u = (u1, uz, ..., us),
D.u = (Dzu1, Deua, ..., Daun), Lu = (Lur, Lus, ..., Lun).

1. INTRODUCTION

Let Q7 = Q x (0, T'), where  is a bounded domain in R™ (n > 3) having the
cone property and T is a positive real number; let f be a real-valued function defined
in @r x R x R™* x R*; let £ be a linear, second order, parabolic operator; let Y be a
nonempty, closed, connected and locally connected subset of R*. In the present paper
we consider the implicit parabolic differential equation

(A) f(z, t, u, Du, Lu) =0,

where u = (ui,u2,...,un), D;u = (Dzuy, Dyua,..., Dzuy), and Lu =
(ﬁul, L‘uz, ey ,C'u.h).

We look for solutions u € W2!(Qr, R*), n+2 < p < +o0, to equation (A)
fulfilling the conditions

(B) Lu(z, t) € Y almost everywhere in Qr,
u(z, 0) =0 in Q and u(z, t) = 0 on 80 x (0, T).

If h =1, Y = R and, for every (2,¢, 2, w) € Qr x R x R*, the equation
f(z, t, z, w, y) = 0 can be solved for y, (A) reduces to a quasi-linear equation

Lu = ¢(z, t, u, Dou),
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and a variety of existence results, established in the framework of abstract evolution
equations or resorting to techniques based on a priori bounds (see, for instance, respec-
tively, [1, 4], and the references given there), are already available. Otherwise, as far as
we know, nothing is known about the existence of solutions to the preceding problem.

The approach taken in this paper is similar to that previously introduced in [5]
to study the solvability of the Dirichlet problem for an implicit elliptic differential
equation. Namely, by using Theorem 1.1 of [7], we first reduce (A) - (B) to the parabolic
differential inclusion

Lu(z, t) € F(=, t, u, Dyu),

where F is a multiselection of the multifunction
(zyty 2z, w) — {yeY: f(=, t, z, w, y) = 0}.

Next, through the same arguments employed to establish Theorem 3.1 in [5], we accom-
plish the proof of existence. This method produces rather general assumptions on the
function f and the set Y. For instance, we do not require that f satisfy any Lipschitz
condition for the last variable nor that the set Y be compact. Moreover, “strongly”
implicit problems can be solved by using the main result (Theorem 3.1) of this paper.

To give a more concrete idea of this, consider the following example (see Example
3.1). Let g: @Qr — R be a measurable function satisfying

sup |g(z, )| <2—(7/2),
(z,0)€EQT

and let k: R —» R be the function defined by

y—1 ( ) 3 ) ( -1 ) )
2 + sin exp fy#1
My)={ W—1I v -1l w—1] #
0 fy=1.

Then, for any p € [n + 2, +00), there is a function w € W2"(Qr) such that

k(Lu(z, t)) = g(=, t) + arctanu(z, t) almost everywhere in Qr,
u(z, 0) = 0 for every z € Q and u(z, t) = 0 for every (z, t) € Q x (0, T).

2. PRELIMINARIES

Let © be a nonempty, bounded, open, connected subset of R®, n > 3, having the
cone property; let Qr =02 x (0, T) (T > 0);let p€ [n+ 2, +00).
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We denote by W2''(Qr) the space of all the functions u € LP(Qr) whose deriva-
tives (in the distributional sense on Qr)

Bu Bu Ou .
9z;’ 0t' Ozi0z; 7

belong to LP(Q1). A norm on W2''(Qr) is introduced by defining

lullyy, =Y IDZull, + || Deull, ,
|ax|<2

=1,...,n)

where a = (a1, 03, ..., @), || =a1 +a2+---+ a, and

olaly Ou
tU = ——.

9zt ... 823"’ b ot

The symbol W(Qr) stands for the space of all v € W2'}(Qr) such that u(z,0) =0
for every z € 2 and u(z, t) =0 for every (z,t) € 8Q x (0, T).
Given a positive integer h, we denote by W2 (Qr, R*) the space of all functions

Diu =

u: Qr — R* u = (uy, ua, ..., us), such that
u; € W:’I(QT) foreveryi=1,2,..., h.

The norm in this space is defined by

h
luly, = Z luillyyps  w=(u1,u2,...,us) € w2 (Qr, ]R").
i=1
In a similar way one introduces the space W(QT, IR") . For every u =
(u1, u2, ..., us) € W(Qr, R*), we set
Dzu = (D:ula Dz'U,2, ceey D:'U.h,),
Do — Ou; Ou; Ou;
zUi = 331,622’...’63n .
Finally, we write |-| (respectively ||-||) to denote the Euclidean norm of R* (re-

where

spectively, R™); d is the metric induced by |-| and 0 is the origin of R?.
The Sobolev Imbedding Theorem (see for instance [4, Lemma 3.3, p.80]) shows
that, if p > n + 2, then there is a constant 7 such that

(1) [u(z, ) S mlulyyps 1 D2u(z, Ol <mlulyy,

for every (z, t) € QT and every u € W(Qr, Rh).
Throughout this paper the letter

(*) ¢ denotes the smallest constant 5 such that inequalities (1) hold for all
the functions u € W(QT, R").

https://doi.org/10.1017/5S0004972700014349 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014349

504 S. Bonafede and S.A. Marano [4]

Let £ be the linear, second order, parabolic differential operator defined by

Ou ki 5u i Hu
Lu= o - Y aij(=, t)m + ';ai(z, g, ozt

i,j=1

where a;; (3,7 =1,2,...,n) are real-valued continuous bounded functions defined in
Qr, ai € L?(Qr) with

p fp>n+2 )
{ (i=1,2,...,n),

n+2+¢ fp=n+2 (e>0)

a € LP(Qr) and

3 aij(z )it 22N €
ij=1 i=1
for some X > 0, every (z,t) € Qr and every &, £2,..., én € R. Theorem 9.1 of [4,
p-341], ensures that £: W(Qr) — LP(Qr) is a one-to-one, surjective, linear operator
and that its inverse £L~1: L?(Q7) — W(Qr) is continuous.
We define, for every u = (u1, u2, ..., up) € W(Qr, RY),

Lu = (Luy, Lua, ..., Lup).

It is immediately verified that L is a linear one-to-one operator from W(QT, R") onto
L?(Qr, R*) and that the inverse operator L~! is continuous. We denote by ”L'1||
the norm of L™!.

For definitions concerning multifunctions, the spaces W*?(QQ, R") (t=1,2) and
further details, see Section 2 of [5].

3. EXISTENCE THEOREMS
The main result of this paper is the following

THEOREM 3.1. Let Y be a nonempty, closed, connected and locally connected
subset of R* and let f be a real-valued function defined on @t % RA:xR™xY. Assume
that:

(a1) Forevery (z, t, z, w) € QrxR*xR™ the function y — f(z, t, z, w, y) is
continuous, 0 € int (f(z, t, 2z, w,Y)) and theset {y € Y: f(z, ¢, z, w, y) =
0} has empty interior in Y .

(a2) Thereisaset ACY XY, A densein Y x Y, such that for every (z, t) €
Qt and (y1, y2) € A the set {(z, w) € R*xR™: f(z,t, 2, w,1n) <0<
f(=, t, z, w, y2)} is open.
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(as) Thereis a countable set A* CY x Y , A* densein Y x Y, so that for every
(¥1, y2) € A* the set {(z, t, z, w) € Qr x R* x R™: f(z, ¢, z, w, y1) <
0< f(=, t, 2, w, y2)} belongs to £L(Qr)® B(R" x R"") .

(a4) There exist r > 0 and m € LP(Qr) (n+2<p< +oo) such that
NZ7H[lmll, < = and {y € Y: f(=,t,2,w,y) = 0, y is not a local
extremum point for f(z,1t, z, w,-)} C B(0, m(z, t)) for almost every
(=, t) € Qr and every (z, w) € R* x R™ with |z| < cr, ||w|| < cr, where
c satisfies (* ).

Then there is a function u € W(Qr, R*) so that Lu(z,t) € Y and f(z,t, u(z, t),
D, u(z, t), Lu(z, t)) = 0 for almost every (z, t) € Q.

Proor: Fix (z, t) € Qr. Forevery (z, w) € R? x R**, we define F(z, t, z, w) =
{yeY: f(z,t, z,w,y) =0, y is not a local extremum point for f(z, ¢, z, w, -)}.

It is a simple matter to see that all the assumptions of Theorem 1.1 in [7] are
satisfied. Hence, the set F(z, ¢, z, w) is nonempty and closed for any (z, w) € RExR™,
and the multifunction (z, w) — F(z, t, 2, w) is lower semicontinuous.

Let A be a nonempty, connected, open subset of Y. If (z, ¢, z, w) € F~(A) then
there is y € A such that f(2,¢, 2z, w,y) = 0 and y is not a local extremum point
for £ - f(=,t, z, w, {). By hypothesis (a; ), this implies that there are two open sets
Ay, A; C A so that f(z,t, z, w, y1) <0 for every y1 € A; and f(z, ¢, z, w,y2) >0
for every y; € A;. Bearing in mind that A* N (4; x 42) # 0, we obtain (y;, y2) €
A* N (A x A) satisfying

f(za t, z, w, yl) <0< f(zs t, z, w, yz)'

Conversely, let (z, ¢, z, w) € @7 x R* x R™ and let (y1, y2) € A* N (4 x A) be such
that f(z,¢, z, w,n) <0< f(z, 1, z, w, y2). Since A4 is connected, there is y € A4 so
that f(z,t, 2z, w,y) =0. If y is not a local extremum point for £ — f(z, ¢, z, w, §),
then (z, t, 2z, w) € F~(A). Otherwise, assumption (a; ) and Lemma 2.1 of [6] produce
y* € A such that f(z,t,z,w,y*) = 0 and y" is not a local extremum point for
£ > f(=, 1, z, w, £). Therefore, in either case,

F~(A) = U {(=, t, 2z, w) € Qr x R x R™*:
(v1,2)EA*N(AXA)
f(:’ t’ Z, W, yl) <0< f(l', tv z,w, y2)}'
By hypothesis (a3 ), the preceding identity yields

F~(A) € £(QT) ® B(R? x R™*).
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Since the space Y has a countable base of connected open sets, we see that the mul-
tifunction F is L(Qr) ® B(IR" X R"")-mea.surable. Moreover, because of assumption
(as), for almost every (z, t) € Q7 one has

(2) sup{d(F(=, t, z, w), 0): |z| < ¢r, |Jw|] € cr} < m(z, t).

Now, we set B, = {u € W(Qr, Rh): lulz,, , < 7} and S, = j(_B,.), where 7 denotes
the imbedding operator of W2'! (Qr, RY) into L?((0, T); W**(Q, R*)). The mapping
j is compact. In fact, let {uz} be a bounded sequence in W2 (Qr, R*); then {u;} is
bounded in L?((0, T); w2?(Q, R*)) and {%‘t’*} is bounded in L?((0, T); L? (2, R*)).
Since the imbedding of W2?(Q, R*) into W?(Q, R*) is compact (see for instance
[3, Theorem 11.2, p.31]), due to Theorem 1 of [2], there exists a subsequence of {u}
strongly converging in LP((0, T); W*?(Q, R*)).
Finally, by means of inequalities (1), for every v € S, we obtain

(3) |v(z, t)| < cr and ||Dzv(z, t)|| < cr almost everywhere in Q7.
I v € S5,, we define

G(v) = {w € L?(Qr, R*) : u(z, t) € F(z, t, v(z, t), Dyv(z, t))

almost everywhere in Qr}.

Owing to the properties of the multifunction F, the same arguments used in the proof
of Theorem 3.1 in [5] can be applied to conclude that there is a continuous function

g: Sr — L?(Qr, RY)

satisfying g(v) € G(v) for all v € S,.
Obviously, the function jo L™! o g: S, — L?((0, T); W*?(Q2, R*)) is continuous.
Moreover j o L™ o0 g(S,) C S, since for any v € S, one has

127 (90D < N7 190 znopary < 1272 Imll, <+

because of (2) and (3). Thus, by the Schauder Fixed Point Theorem, there exists
vo € Sy such that jo L™! o g(vp) = vo.

It is immediate to verify that the function u = L™'(g(vo)) belongs to W (Q, R*)
and satisfies the conditions

Lu(z, t) € F(z, t, u(z, t), Dyu(z, t)), |Lu(z, t)| < m(z, t)

almost everywhere in Q7. This completes the proof. 1]
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REMARK 3.1. It is of interest to note that the assumptions (a2 ) and (a3 ) of Theorem
3.1 are satisfied if, for example, the function (z, t) — f(z, t, z, w, y) is measurable for
all (z, w,y) € R* x R™ x Y and the function (2, w) — f(z, t, 2, w, y) is continuous
for all (z,t,y) € Qr x Y. Moreover, hypothesis (a4 ) is obviously satisfied whenever
the set Y is bounded.

The proof of Theorem 3.1 contains an existence result for parabolic differential
inclusions, which is interesting enough to be stated separately.

THEOREM 3.2. Let F: QrxRA2xR™* - 9% be a multifunction with nonempty
closed values having the following properties:

(h1) For almost every (z, t) € Qr, the multifunction (z, w) — F(z,t, z, w)
is lower semicontinuous.

(h2) The multifunction F is £(Q7) ® B(R* x R™*)-measurable.

(hs) There exist + > 0 and m € LP(Qr) (n+2 < p < +oo) such that
Iz lm|l, < r and

sup{d(F(z, t, z, w), 0): |z| L cr, |Jw|| € v} K m(z, 1)

almost everywhere in Qr, where c¢ satisfies (* ).
Then there exists a function u € W(QT, R") such that

Lu(z, t) € F(z, t, u(z, t), Dyu(z, t)) and |Lu(z, t)| < m(z, t)

for almost every (z,t) € Qr.

A variety of special cases of Theorem 3.1 are particularly interesting. As an ex-
ample, we present the following result, which makes more explicit the conclusion of
Theorem 3.1.

THEOREM 3.3. Let fi, fo, ..., ft be k real-valued functions defined in R* and
let f be a continuous real-valued function defined in @t X R* x R"" R*. Let Y be

a nonempty, closed, connected and locally connected subset of ﬂ } 78 1(0) such that

0 €int(f(z,t, 2z, w,Y)) and theset {y € Y: f(z,t, 2z, w,y) = 0} bas empty interior
in Y for all (z,t, z, w) € @7 x R* x R™*. Further, suppose that the hypothesis (a,)
of Theorem 3.1 holds. Then there is a function u € W(QT, R") such that

fi(Lu(z, t)) =0, fa(Lu(z,t))=0,..., fi(Lu(z, t)) =0,
f(=z, t, u(z, t), Dzu(z, t), Lu(z, t)) = 0 almost everywhere in Q7.

Finally, to give a more precise idea of the possible applications of Theorem 3.1, we
present the following example.

https://doi.org/10.1017/5S0004972700014349 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014349

508 S. Bonafede and S.A. Marano (8]

ExAMPLE 3.1. Let g: Qr — R be a measurable function and let k: R — R be the
function defined by

Hy) = { P (2““‘ |y31|>e""(|y——11|) fy#1

0 ify=1.

Suppose

(4) inf g(z,t)> -2+ (n/2)and sup g(z,t) <2-—(n/2).
(z.t)eQr (z,t)eQr

Then there is a function » € W(Qr) such that
k(Lu(z, t)) = g(z, t) + arctanu(z, t)

almost everywhere in Q.

Proo¥F: For every (z, t, z,y) € @r x R xR, we put

(=2, t, z, y) = k(y) — (9(=, t) + arctan z).

It is easily proved that the function f: Qr X R Xx R — R so defined satisfies the
assumptions (a; ) and (a3 ) of Theorem 3.1. To verify hypothesis (a; ), we observe that,
for every fixed (z, t, 2) € @1 X R, the function y — f(z, ¢, 2, y) is continuous and the
set {y € R: f(z, t, z, y) = 0} has empty interior. Moreover, since one has

(5) Jim k(y) = -2and Lm k(y) =2,

inequalities (4) yield y1, y2 € R satisfying f(z, ¢, 2, y1) < 0 < f(z, t, 2, y2), so that
0 € int (f(=, ¢, 2z, R)). Finally, because of (4) and (5), there is p > 0 such that

f(z, t, z,y) <0 for all (z,¢, z,y) € Qr X R X (—00, —p)

and
f(z, t,2,y) >0forall (2,¢, z,9) € Qr X R x (p, +00).

Therefore, assumption (a4 ) is satisfied too whenever we choose m(z, t) = p, (z, t) €
Qr, and r > ||C7| lm||,- Now, Theorem 3.1 can be applied to get a function u €
W(Qr) such that

k(Lu(z, t)) — (9(z, t) + arctanu(z, t)) =0

for almost every (z,t) € Qr. 1]
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