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CHARACTERIZATION OF NON-LINEAR
TRANSFORMATIONS POSSESSING KERNELS

VICTOR ]J. MIZEL

1. Introduction. Recently, in collaboration with Martin [10] and Sunda-
resan [11], I obtained a characterization of certain classes of non-linear
functionals defined on spaces of measurable functions (see also [12]). The
functionals in question had the form

(L.1) Fo) = [ omdu= [ o)

with a continuous ‘“‘kernel” ¢: R — R, or

12) Fe) = [ GowmmMaer= [ o66r0)da6s0

with a separately continuous kernel ¢: R? — R. There are direct applications
of this work to the theory of generalized random processes in probability (see
[8]) and to the theory of fading memory in continuum mechanics [3]. How-
ever, the main motivation for these studies was an interest in possible applica-
tion to the functional analytic study of non-linear differential equations. From
the standpoint of this latter application it would also be desirable to charac-
terize the broader class of functionals having the form

(1.3) F&) = | o), du),

where the kernel ¢: R X T"— R satisfies ““Carathéodory conditions”’. This
can be readily understood if we recall that the existence theory for
%) = o(x(t),t), with ¢ a function satisfying Carathéodory conditions, is
very close to that for £(!) = ¢(x(¢)) with ¢: R — R continuous (see, e.g., [2]).

In the present paper we obtain an abstract characterization for functionals
having the form (1.3), a characterization which is of the kind obtained earlier
for functionals having the form (1.1). In addition, we characterize correspond-
ing transformations from L?(T") to C(S), where C(S) is the space of continuous
functions on a compact Hausdorff space. Our proofs utilize some results
appearing in Krasnosel’skil’s important summary [9] of work on transforma-
tions of the type x — ¢ ox. For some work on a problem analogous to ours for
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functionals on the space of continuous functions on a compact metric space,

see [1].T

2. Throughout this paper, T = (T, Z, u) is a complete measure space, R is
the real line with Lebesgue measure, and M (7T") denotes the space of extended
real-valued measurable functions on 7.

Definition. A real-valued function ¢: R X 1" — Rissaid to be of Carathéodory
type for T and we write ¢ € Car(7) if it satisfies the following conditions,

(1) ¢(-,t): R — R is continuous for almost all ¢ € T,

(2) ¢(c,): T — R is measurable for all ¢ € R.

One can extend this definition in an obvious way to functions
¢: R™ X T — R*. We remark that Car(7) is a subspace of the vector space
M(R X T).

If x is an extended real-valued measurable function on 7 and ¢ is in Car (1),
then the function ¢ o x defined by

(pox)(t) = o(x(1), 1),

is also a measurable function on 7. This is obviously true when x is a measur-
able function whose range is a finite set. In the general case, x is the limit
everywhere of a sequence of functions x, of the above type. Hence by con-
tinuity of ¢ in its first argument, ¢ o x, as the pointwise limit almost every-
where of the measurable functions ¢ o x,, is measurable. Thus for each
¢ € Car(T), the mapping x — ¢ 0 x is a mapping of M (T") into itself.

It is useful to single out certain subspaces of the vector space Car(7") in
terms of their mapping properties.

Definition. Given the number p, 1 = p = 00, a function ¢ of Carathéodory
type for T is said to be in the Carathéodory p-class, and we write ¢ € Car?(1)
if ¢ maps L?(T) into L'(T). That is, ¢ is in Car?(7T’) if

pox € LY(T) forall x € L7(T).

Remark. For the case of a non-atomic ¢-finite measure space it is known
[9, p. 27] that ¢ isin Car?(7), 1 < p < 0, if and only if

le(x, )] < a(t) + blx]
for some a € L1(7T).
THEOREM 1. Let T = (T, Z, u) be a finite or o-finite measure space. Let F be
a real-valued functional on L= (1) which satisfies:
(1) Flx +y) = F(x) + F(y) when xy = 0 a.e.,
(i1) F 1is uniformly continuous on each bounded subset of L*(T),

(iii) F(x,) — F(x) whenever {x,},=1 converges boundedly almost everywhere to
x € L=(T).

{Since the submission of this paper, two related papers [4; 7] have appeared. Of the two,
[4] is more closely related to this work,
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Thenithere exists a function ¢ € Car™(T) such that

@1) Fo) = | omdi= [ o), du).
Moreover, ¢ can be taken to satisfy
(2.2) 0(0,:) =0a.e.,

and s then unique up to sets of the form R X N with N a null set in T.
Conversely, for every ¢ € Car®™(T) satisfying (2.2), (2.1) defines a functional
satisfying (i), (ii), and (iii).
Remarks. (1) The final statement of the theorem is valid for any ¢ € Car®(7T)
satisfying

(2.3) J; (¢ 00)du = 0.

Moreover, condition (i) on F can be modified in such a way that this result
applies to all ¢ € Car”(T). Namely, we could replace (i) by
(i") F(x +y) — F(x) — F(y) = const = Cy whenever xy = 0 a.e.
Note that then the functional Fi(x) = F(x) 4+ Cpr satisfies (i), (ii), and (iii).
(2) Unlike the results in [10; 11], the present characterization does not
require a hypothesis concerning the non-atomic nature or almost non-atomic
nature of 7. The same holds true for Theorem 2 below.

Proof of Theorem 1. It follows from (i) and (iii) that for each real number &
the real-valued set function a, defined by ax(S) = F(hxs) is countably
additive and absolutely continuous relative to u. Hence by the Radon-
Nikodym theorem there corresponds to each % a function ¢, € L(T), unique
up to a null set, such that

Flixs) = f on di.

The functions ¢, with & rational will be utilized below in constructing the
function ¢ occurring in (2.1). This construction applies the following lemma
whose proof will be deferred until later.

LeEMMA. Given any n > Q there is a measurable set S, = \U;-1S,,: such that

A1) w(T = S,) < p(Sy,) <o00,2=1,2,...,

(2) on S,,; there exists for each pair of numbers M, e > 0a d = 6;(¢, M) > 0
such that for rational b and h' we have

hho€[—M,M] and |h—H| <= sup |les(t) — on(t)]| S e
€8, ;

Now select a sequence 5, — 0 and define a function ¢: R X T'— R as

follows:

lim on(t) forte S = U1 S
(24) ‘P(C) t) =\ r:&fr;al) =

0 forte T — S.

https://doi.org/10.4153/CJM-1970-053-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-053-3

452 VICTOR J. MIZEL

It follows from the lemma that this defines ¢ unambiguously and that ¢(-, ¢)
is continuous for each ¢ € T. Moreover, since I — S is a null set, for each
¢ € R the function ¢(c, -) is the almost everywhere pointwise limit of a
sequence of measurable functions ¢, and is therefore measurable. Thus ¢ is
of Carathéodory type for 7. Further, since for ¢ rational we have

o(c, ) = ¢.(t) a.e.,

it is clear that ¢(c, -) € LY(T) for ¢ rational and that ¢ satisfies (2.2). It
remains to be shown that (2.1) holds. For this we shall utilize Vitalli's con-
vergence theorem.

Suppose that x € L®(T") is a simple function with rational values, i.e.

N

X = 2 CiXre ¢ rational, {7} disjoint.
k=1

Then, using (i),

N N
Fe) = Y Flexn) = % [ puda
i=1 k=1 Jr1yp

= L (¢ o (E Cexr)) dp = ‘L (¢ 0 x) dp.

Thus (2.1) holds in this special case.
Now each x € L®(T") is the limit almost everywhere as well as in norm of
a sequence x, of simple functions with rational values,

X%, = x a.e. and in L=(T).

Since ¢ € Car(T), it follows that
(2.5) 00X, > @OX a.e.

In addition, the sequence ¢ o x, € L'(7") is uniformly absolutely continuous,
ie.

(2.6) f l¢ 0%,/ du— 0 as u(R) — 0, uniformly in 7.
R

Otherwise there would exist for some ¢ > 0 a sequence of sets R,, C 1" with
p(Rn) < 3 ™ and a corresponding sequence ¢ 0 X, such that

f lo 0 %p,| du > e
Rm

It follows that each R, possesses a subset R,,’ satisfying

f (¢ 0 %n,) du
Rm'’

Now the functions v, = %,,.Xr. form a bounded set in L”(I") since the x,

> ¢/2.
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form such a set, and hence v,, — 0 boundedly almost everywhere. Moreover,
Yn being a rational-valued simple function implies that

Fow = [ omdn= [ (oman

However, by the construction of R, this implies that the F(y,) do not con-
verge to zero, contradicting property (iii).

Furthermore, the sequence ¢ o x, has the property that for each ¢ > 0 there
exists a set R, such that u(R.) < o and

2.7) f l¢ 0%, du < e for all .
7-R,
Otherwise, for some ¢ > 0 there would exist an expanding sequence of sets
Ry, with u(R,) < and Up-1R, = T and a corresponding sequence ¢ 0 %,,,
such that [ 7_ g, |¢ 0 %,.| du > e Thus for some R, C T — R,

f (¢ O %n,) du
lel

The functions ¥, = X,.Xzn satisfy ¥, — 0 boundedly almost everywhere,
while the formula

Fow) = [ eomdu= | (o om)dn

implies that the F(y,) do not converge to zero, contradicting (iii).

Since the sequence ¢ 0 %, in L1(T) satisfies (2.5)—(2.7), it follows by Vitalli’s
convergence theorem (see [5, p. 150]) that ¢ o x belongs to L1(7") and that
¢ 0%, = ¢ ox in L1(T), whereby

F(x) = lim F(x,) = lim f (¢ 0x,) du = f (¢ 0x) dp.

n->0 N0

> €/2.

Thus ¢ € Car®(T") and (2.1) holds. The uniqueness of ¢ follows from the fact
that by (2.2),

F(cxs) = fT xse(c, t) du = fs ¢, dp.

Considering only rational ¢, we see that this condition determines ¢(c,*) up
to a null set, and hence determines ¢ € Car(7) up to sets of the form R X N
as claimed. This completes the proof of the first half.

For the converse let ¢ be a function in Car®(7") which satisfies condi-
tion (2.2). Then the functional F defined by (2.1) obviously satisfies (i). We
proceed to show that (ii) holds. Otherwise there would exist numbers 4, ¢ > 0
such that corresponding to each positive integer # there is a pair of functions
Xy Yo € L*(T") satisfying

[nllos [Pl = 4y [lon = 3l < 1/m,

2.8
(2.8) [l 0% — @ 0 yull1 > a.

https://doi.org/10.4153/CJM-1970-053-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1970-053-3

454 VICTOR J. MIZEL

Consider first the case in which u(7") is finite and set S; = 7. Select a sub-
sequence of x,, v, as follows. By the absolute continuity of the indefinite
integral of ¢ 0 x; — ¢ 0 y; there exists an ¢ > 0 such that

fs lpoxs — poyi]du < a/3 whenever u(S) < 2.

Obviously, e¢; < 3u(T). Since ¢(:, t) is continuous for almost all ¢ € T, it is
uniformly continuous on the set [—A4, 4] C R for such ¢. Thus for each e,

T = Q {ml, € [=4, 4], les — 2] = %:> lo(en £) — olcs, )] = e} UN,

where u (V) = 0. Hence by selecting #; sufficiently large one can find a measur-
able set T; satisfying

[(p 0%ny) (1) — (@ Oymy) ()| = 5,% for t € T,

and u(T — T2) < e1. By (2.8), this implies that with Sy = T — T,

J lo OXny — @ 0| duu > 2a/3,  p(S2) < er

S

Again, since the indefinite integral of ¢ 0 x,, — ¢ 0 y,, is absolutely continuous,
there exists an es > 0 such that

f @ 0%p, — @ Oy, | du < a/3 wherever u(S) < 2ea.
S
Obviously, 2e; < 1u(S:). Again by the uniform continuity of «(:,f) on

[—A4, A] for almost all ¢, there exists an 73 sufficiently large and a correspond-
ing set T3 such that

(0 0x)®) = (p 02) )] < 3275 fort€ Ty,
and u(T — T3) < e2. By (2.8), this implies that with S; = T — T,

fs l¢ OXng — @ O gl du > 2a/3,  u(S3) < e
3

Proceeding with this construction we obtain a subsequence x,, v,, and a
corresponding sequence of sets S; satisfying

. l¢ 0%y — @ O Y| du > 2a/3, fs l¢ 0 %n, — ¢ O Y| du < a/3,
k k+1

and p(S;) < e—1 < u(Si—1)/2. Now define R; = S; — U =r4+1S:;. The sets
R; are disjoint. Moreover,

,u.( U Sz) < 2#(Sk+1) < 2¢,

I=k+1
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so that, recalling how the ¢, are defined, one has
JI; l¢ 0 %n, — @ O Y| du > a/3.
k
Define
X = Z Xnk XRiy y = Z Ynk XBie
=1 k=1

By construction, x,y € L®(T), so that pox, p 0oy € L(T), and

J; [ ox — ¢ 0yl du = L [ 0% — © O Y| du > a/3, E=1,2,....

k k

Since the R; are disjoint, this is a contradiction.

Consider now the case u(7") = © and assume that (2.8) holds. One con-

structs sequences of functions {x,,}, {3..} and a sequence of disjoint sets { Ry}
such that

@9 @) <w, [ loom —eomld>a/.
k

The procedure is again inductive. Let R; be a set of finite measure such that

f le 0%1 — ¢ 0y1| du > a/2.
R1

This is possible by (2.8). Then, by the result in the preceding paragraph,
for n, sufficiently large,

L [ﬁaoxnz_"ﬁooynzldl"<a/2-
1

Hence there exists a set R C T' — R; such that u(R;) < oo and

L | O0%py — @ OYno| du > a/2.
2

Again since u(R;\U R;) <0, we have by our earlier result that for
sufficiently large,

f |¢oxn3_¢oyn3|d”<a'/2'
R1U R2

Hence there exists a set R3 C T" — (R; \U R;) such that u(R;) < o0 and

J; [‘P OXpg — @ O’,Vnald,u > a/2
3

Proceeding in this fashion one arrives at sequences of functions {%,;}, {¥u:}
and of disjoint sets {R;} for which (2.9) holds. Now define

[ee) [}
X = Zl Xnx XREy Yy = kz; Ynk XRre
pram -
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By construction,

f lp ox — ¢ 0| du > a/2, E=1,2...,
Rk

contradicting the fact that p o x, p 0y € L1(T).
There remains the proof of (iii). Let x, be a sequence such that

(2.10) Xy — X a.e, %] oo [%]] = 4.

Since ¢ € Car(7'), it follows that

(2.11) 90X, > @0OX a.e.,

while by (ii),

(2.12) lle 0 x|y, oo x|y = M = M(A4).

It will be shown that (iii) holds by proving that
90X, > ¢@0x in L! norm.

The argument again utilizes Vitalli’s convergence theorem. First, we show that
for every sequence {x,} satisfying (2.10), the functions ¢ o x, have uniformly
absolutely continuous indefinite integrals, i.e.

(2.13) f lo 0%,] du — 0 as u(U) — 0, uniformly in #.
U

For otherwise there would exist for certain numbers 4, @ > 0 a sequence {x,}
satisfying (2.10) and a corresponding sequence of measurable sets .S, such that

#(Sn) — 0, J I‘P Oxn] du > 2a.
Sn

It then follows that there exists for each S, a measurable subset .S,’ such that

f (@ o xn) du
Sn’

By extracting a subsequence if necessary, we may assume without loss of
generality that all the integrals in the above formula have the same sign,
say positive. That is,

(2.14) w(sH =0, [ pox)du>a
Sn’

#(Snl) —0, > a.

Now by a construction analogous to that used in the proof of (ii) we can
extract a subsequence {x,,} such that the corresponding sets S,,’" satisfy

(2.15) w(Sun') < /2 < u(Su')/4,

where ¢ > 0 is selected so that

w(U) < Ek=>f le © %] du < a/2.
U
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Namely, with #; = 1 and with #n; < ... < n; already chosen, select 7,1 > 7
to be the smallest integer such that

ﬂ(Snku/) < eIc/2~
It then follows that

(2.16) f (¢ 0%n) du > /2, where R, = S,/ — U S/,
Rk J=k+1

since (2.15) implies that

p( U SM'> < &.
J=tt1

Consider now the function
y= El Xnx XRE-
k=

By (2.16) one has ¢ 0y ¢ L'(T"), a conclusion which contradicts the fact that
o € Car®(T).

Next, we show that the functions ¢ o x, are uniformly equicontinuous,
i.e. given an ¢ > 0 there is a measurable set .S, satisfying

(2.17) p(Se) < o0, f |¢ 0%, du < e uniformly in n.
7-8,

For otherwise there would exist for certain numbers 4, ¢ > 0 a sequence
satisfying (2.10) which fails to satisfy (2.17) for any set S of finite measure.
We could then extract a subsequence {x,,} and a disjoint sequence of sets R,
such that

,U'(-Rk) < o0,

f (¢ oxm,)du‘ >e/4, k=12..
Rp

Namely, let #; be chosen so that ||x,,||1 = €. There then exists a measurable
set U, such that

f (¢ 0 %yy) du
U1

and hence a set Ry C U, such that

= €/2,

/"(Rl) < 0, > 6/4'

f (¢ 0%,y) dp
R1

In general, with #; < ... < n; already chosen, select 7,1 > #; to be the
smallest integer such that

k
f l@ O Xnpyn| A 2 ¢, where S; = U R;.
T—8k J=1

There then exists a measurable set Uyy1 C T — Si such that

|f (¢ O %npyy) du| Z €/2,
Uk +1
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and hence a set Ryy1 C Ugyi such that

4 (Rest) < 00, f (0 0 %) du| > /4.
k +1

By extracting a further subsequence if necessary we may assume without loss
of generality that all the integrals in the above formula have the same sign,
say positive. Thus,

(2.18) w(Ry) < o0, f (¢ 0 %yy) du > €/4, E=1,2,....
Rk
Consider now the function
y = Z Xni XRk+
k=1

By (2.18) and the disjointness of the sets Ry, we see that ooy ¢ LY(T),
which contradicts the fact that ¢ € Car®(7).

However, (2.11), (2.13), and (2.17) imply the L1-convergence of {¢ o x,} to
¢ 0 x, which ensures (iii).

Proof of the Lemma. In the following we restrict the symbols % and 7 to denote
rational numbers. Consider first the case of a finite measure space. To begin
with we show that, for each M > 0 and each positive integer #, the contracting
sequence of measurable sets A M = {{| |¢y(t) — ¢u (t)| > 1/n for some
h,h' € [—M, M] with |k — B'| < 1/5},7=1,2,..., converges to a null set.
Otherwise for some fixed ¢ > 0,

pApMmy =¢ j=1,2,....

Now
AjM’n C U U -Bh,r — U -Bh(j)y
nel—M,M] r€[-1/4,1/5) hel—M, M1
where
By = {t| [en(®) — @t ()]1 > 1/m}, B = U B,
7€[—1/4,1/4]

Enumerating the rationals in [—M, M] and [—1/j, 1/5] as hy, ks, ... and
71, 7e . . ., respectively, define the sets Cy,? and Cy,,,, as follows:

B

—1

(€] ()]
Chk]=-Bhk]— lBhi(j)» k=1,2,...,
=
-1
Chk.n = Bbk.fl - L Bhk.m l = 1,2,..
=

For each j define the functions x; and y; by

e

(2.19) X; = 1;1 thc;.,c(j)y
(2.20) Yi = e ZZ; (e + 7’z)X0h,€vrl'
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By construction, x; and y; are in L*(7T") and satisfy
(2.21) e sller 1y lle = M + 1,
(2.22) lle; = yille = 1/5.

Moreover, for N, N’ — 0,

N
> hixen,(» — %; boundedly a.e.,
k=1

and
N

(b + 71) Xen,.r, — ¥; boundedly a.e. .

=1 =1

M=

b

Hence by (i) and (iii) and the definition of ¢, we have:

O O

F(x;) — F(y;) = g; F(thChk(J)) - Zl Z F((h + Tz)XChk.r,)

k= =1

el 0 1
= J; Z [¢thChk(f) - l; <Phk+1,Xc;.k,r,:l dp > ;#(

k=1

-~

Bh(j)> g 1 c,
n

i=12,...,

hel—M,M]

contradicting (ii).
It follows from the above that with M given there exists for each 5 > 0
a set S, satisfying

(2.23) for each ¢ > Othereexistsad = (e, M) > Osuch thath, b’ € [—M, M]
and |h — B| < 6= |ea(t) — ow ()] = efort € S,™,

(2.24) p(T — SM) < 1.
For by the preceding paragraph one can select for each integer # an index j, such
that

p(dMmy < q9/28,  m=1,2,....

Then the set S,, defined by
(2.25) SM=T— U 4,M",
n=1

satisfies (2.23) and (2.24).
In addition, the set .S, defined by

(2.26) S, = NS, M
M=1
is readily seen to satisfy (2.23) and (2.24) for all M. Thus the lemma is proved

in case T is a finite measure space (with S,,; = Syforz =1,2,...).
Now suppose that u(7") = co. By hypothesis,

T=UT, With#(T¢)<OO.
=1
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Using the result established in the preceding paragraphs, we construct sets
S, CTyi=1,2,..., by defining

Spve = Sy (relative to the measure space 1).

It is then clear that the set S, C " which is defined by

S,, = 'k—J1 S,,,i

satisfies all the requirements stated in the lemma.

COROLLARY 1. With T non-atomic let F be a real-valued functional on o sub-
space V of M(T) such that VO L=(T"). Suppose that F satisfies the following
conditions:

(1) Flx +y) = F(x) + F(y) when xy = 0 a.e.,
(it) F is uniformly continuous on each bounded subset of L=(T),

(iii)’ F(x,) — F(x) whenever {x,}n=1 € V converges a.e. to x € L*(T).
Then there exists a function ¢ in Car(T) such that

(2.27) Fx) = f (pox)du forx e V

and F: V — R is bounded. In fact,

(2.28) (V) = R, C LY(T") is bounded.

Moreover, ¢ can be taken to satisfy (2.2) and is then unique in the same sense as in
Theorem 1.

Conversely, for every ¢ € Car®(1") which satisfies conditions (2.2) and (2.28)
[the latter for V = L=(T)], the functional defined by (2.27) salisfies (i), (ii),
and (iii) with V = M(T).

Proof. Observe that the functional Fy, = F|L®(T") satisfies (i), (ii), and (iii)
of Theorem 1, and hence is given by

(2.29) Fi(x) = f (pox)du forx ¢ L™(T),
for some ¢ € Car®(7T). !

We show first that ¢ (L”(1")) C L*(T") is bounded. Since every x ¢ M (T) is
the limit almost everywhere of a sequence x, € L*(7’), it will then follow by
Fatou’s lemma that |¢ o x| being the almost everywhere limit of {|¢ 0 x,|} is
in L'(T) and is norm bounded by the same constant as {|¢ 0 x,|}. Thus
e(M(T)) C LY(T) is also a bounded set. Suppose that ¢(L®(T")) were un-
bounded. Then there exists a sequence x, € L*(T') such that

(2.30) llo 0 xulls = ¢y —00.
It follows that there exists a subset 4, C T such that

(2.31) P = | [ (o o) du

= ¢,/2 0.
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Consider first the case u(7") < . Then since T is non-atomic, there exists
for each sufficiently large # a subset 4, of 4, such that

(232) ’F(anAn’)[ g 1; ﬂ(An,) é 2/011-

However, since x,x4,» — 0 a.e., (2.32) contradicts (iii)’.
Now suppose that T" = U;-1 T4 u(T;) <oo. The preceding argument
shows that for each m there is a constant N,, such that

m
lle o x||1 £ N, for x such that supp x C U 7.
i=1

By extracting a subsequence we can assume that in (2.20), ¢, > 3N,. Con-
sequently, there exist sets A, C T" — U;=1 T; such that

||¢omeAm”l> 2Ny, m=12....
It then follows that for some subset 4,/ C A,

f (¢ o xm) du
Am’

XmXanr — 0 a.e.,

(2.33) |F&mXam)| =
Now

> Np.

and hence (2.33) contradicts (iii)’.

For the converse, suppose that ¢ € Car™(7") satisfies (2.2) and (2.28).
By the argument given earlier, it follows that ¢ (M (7)) C LY (T) is bounded,
so that Fis defined on M (T"). Property (i) is obvious and (ii) is a consequence
of the theorem. It only needs to be shown that (iii)’ holds. Suppose that
x, € V,x € L*(T) and x, — x a.e. Then it can be shown just as in the proof
of the theorem that

00X, — ¢o0x in L!norm
and therefore
F(x,) = [(pox,) dup— [(p0x) du = F(x).

Remark. 1t is easy to show by examples that on atomic measure spaces, (i),
(ii), and (iii)’ do not imply (2.28). On the other hand, the above proof shows
that for all T, if ¢ € Car®(7T") and ¢ satisfies (2.2) and (2.28), then F satisfies
(1), (ii), and (iii)’.

THEOREM 2. With T as in Theorem 1, let F be a real-valued functional on
LP(T), 1 £ p < o, which satisfies the following conditions:

(i) F(x + v) = F(x) 4+ F(y) when xy = 0 a.e.,
(ii,) F s continuous on L?(T),
(iii,) F is uniformly continuous relative to the L” norm on each bounded subset
of L*(T) which is supported by a set of finite measure.
Then there exists a function ¢ € Car?(7") such that

(2.34) F(x) = f (¢ 0%x)du for x € LP(T).
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Moreover, ¢ can be taken to satisfy
(2.2) 00,:) =0 a.e.
and is then unique up to sets of the form R X N with N a null set in T.

Conversely, for every ¢ € Car?(T) satisfying (2.2), the formula (2.34) defines
a functional satisfying (i), (ii,), and (iiip).

Remarks. (1) Observe that when F is a linear functional, (ii,) signifies
uniform continuity on bounded subsets of L?(7") and hence implies (iii,). In
addition, for such cases the function ¢ necessarily has the form ¢(x, ) = xu(¢)
for some locally summable function u. Thus the present result includes the
Riesz representation theorem, modulo a proof that » € L?(T") is necessary
and sufficient in order that the above ¢ be in Car? (7).

(2) Combining Theorem 2 with results in [9], it follows even for the case of
non-linear F that F is locally bounded on L?(7"). However, F is generally not
uniformly continuous on bounded subsets of L?(T"). (See the remark following
Corollary 2.)

(8) This result provides a significant strengthening of a result stated in [6]
(see Corollary 2).

Proof of Theorem 2. By hypothesis, 7" = \U;=1 T'; where the T'; are disjoint
subsets of finite measure. Thus L*(1";) can be identified in the obvious way
with a subspace of L*(T), 7 = 1, 2, ... . Define

Fy= FIL™(Ty), i=1,2....

Then (i), (iip), and (iii,) imply that each of the functionals F; satisfies the
hypotheses of Theorem 1, the validity of (iii) being a consequence of (ii,) and
the dominated convergence theorem. Hence there exist functions ¢; € Car(7T',),
unique up to null sets, which satisfy (2.2) on T'; and

(2.35) Fix) = f (ps0x)du forx € L>(T,), 1=1,2,..
T

Now define ¢: R X T"— R by means of
(2.36) e )Ty = ¢i(h,-), he€Ri=1,2,....
It is clear that ¢ € Car(7") and that ¢ satisfies (2.2). It remains to show that

(2.34) holdsforx € L?(T"). Now for each simple function x the set A = supp (x)
has finite measure. Hence by the reasoning above,

F(x) = L (¢ ox) du, where ¢ € Car®(4).

Now by uniqueness of the Radon-Nikodym derivative of the set function
a(S) = F(axs) we have, on the sets (U7=17;) M 4, and hence on 4, that
pox|s =y oxa.e Thus

F@) = [ omdu= [ (o ox)dn.

Therefore (2.34) has been established for simple functions.
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To show that (2.34) holds for all x € L?(T), we again utilize the Vitalli
convergence theorem. Notice that each x € L?(T") is the limit almost every-
where as well as in norm of a sequence x, of simple functions,

(2.37) x, > x a.e. andin L?(T).

Since ¢ € Car(T), it follows that

(2.38) QOoX, = @OXx a.e.

In addition, the indefinite integrals of the sequence ¢ o x, € L'(T") are uni-

formly absolutely continuous, i.e.

(2.39) f lo 0%,| du — 0 as u(U) — 0, uniformly in 7.
U

Otherwise there would exist for some ¢ > 0, a sequence of sets U,, C T with
w(U,) < 3™, and a corresponding sequence ¢ O %,,, such that

f l@ O %nm| Au > a.
Um

It follows that each U, (even if U, is an atom) would possess a subset U,,’
satisfying

f (¢ 0 %nn) dﬂi > a/2.
Um’

Now by (2.37) and the Vitalli convergence theorem [5, p. 150] applied to the
%,, the functions x, form a bounded set in L?(7") and

lim [2,|” du = 0
w0 Ju

uniformly in #. Hence the functions y, = %,,.xv.’ lie in a bounded subset of
L?(T) and satisfy y, — 0 in L?(T"). Moreover, since ¥, is a simple function,

Fow = [ o= [ (o om)dn
However, by the construction of U,’, this formula implies that the F(y,) do
not converge to zero, contradicting (ii,).

Finally, the sequence ¢ o x, has the property that for each ¢ > 0 there
exists a set U, such that u(U.) <o and

(2.40) f l¢ 0%,| du < € for all n.
T-U,

Otherwise for some ¢ > 0 there exists an expanding sequence of sets U, with
w(Uy) <0, Um=1 Un = T, and a corresponding sequence ¢ 0O x,,, such that

f |¢ O %nm| A > €.
T—Um
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Thus (even if T — U, is an atom) for some U, C T — Up,

fvm,, (¢ © %) dn\ > ¢/2.

By (2.37) and the Vitalli convergence theorem, the indefinite integrals of the
functions x, are equicontinuous with respect to u, so that the functions
Vm = XpmXvn Satisfy v, — 0 in L?(T"). However, the formula

Fow = [ Goman=[  (om)a

implies that the F(y,) do not converge to zero, contradicting (ii,).

Since the sequence ¢ o x, satisfies (2.36)—(2.40), it follows by the Vitalli
convergence theorem that ¢ o x is in L!(7T") and that ¢ 0 x, — ¢ 0 x in L1(7),
whereby

F(x) = lim F(x,) = lim f (¢ 0%x,) du = f (¢ 0 %) dp.
N->c0 N T T
Thus (2.34) holds for all x € L?(T"). The uniqueness of ¢ assuming that (2.2)
holds, is immediate, since Theorem 1 then asserts the uniqueness of
olTi=1,2....

For the converse we proceed as follows. Suppose that ¢ is a function in
Car?(T") which satisfies (2.2). Then (i) obviously holds. Moreover, for any S
such that u(S) < oo, the restriction ¢|.S is in Car?(S). This implies in particular
that ¢|S is in Car®(S) and satisfies (2.2). Thus the validity of (iii,) follows
from Theorem 1. On the other hand, (ii,) is a consequence of a theorem of
Nemitskii [9, p. 32] which asserts that every ¢ € Car?(T) yields a continuous
transformation from L?(7T") to L'(T) by x — ¢ o x. Indeed, the continuity of
the function x —>fT(<p ox) du is a direct consequence of the continuity of
the above transformation.

COROLLARY 2. With T as above, there exists for every real-valued functional F
on LP(T), 1 = p < 0, which satisfies the following conditions:
(1) Flx +vy) = F(x) + F(y) when xy = 0 a.e.,
(ii,’) F is uniformly continuous on each bounded subset of L?(T),
a function ¢ € Car?(T") such that

Flx) = fT(g@ ox)du  forx € IP(T).

Moreover, ¢ can be taken to satisfy (2.2), and is then unique up to sets of the form
R X N with N C T a null set.

Remark. The converse to this corollary is false except for a purely atomic

space I" consisting of a finite number of atoms. That is, ¢ being in Car?(7)
and satisfying (2.2) does not in other cases ensure that (ii,’) holds. To see
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this, let T = U{=1 T4, where 0 < u(T;) < © and T, are disjoint. Then the
function

o) = 3 FiBWxo, (1)

is in Car?(T") provided that each f;: R — R is continuous and satisfies |f;| = 1.

However, it is easy to prevent uniform continuity on certain bounded sets in
L?(T) by selecting the f; to have appropriate zeros.

3. In this section we analyze transformations from L?(T") to C(S).

THEOREM 3. With T as in Theorem 1 let A be a transformation on L®(T)
with values in C(S), where S is a compact Hausdorff space. Suppose that A
satisfies the conditions

(i4) A(x +v) = A(x) + A(y) when xy = 0 a.e.,
(iia) A is uniformly continuous on each bounded subset of L= (T'),

(ilig) A (x,) — A (x) whenever {x,},=1 converges boundedly a.e. to x € L*(T).
Then there exists a transformation ®: S — Car®(T") such that

3.1) 4E@E) = [ @6) ox)du= [ 20,0 a0

The transformation ® can be taken to satisfy
(a) ®(s) 00 = 0a.e. foralls € S,
in which case ®(s) is unique, for each s, up to sets of the form R X N with N a
null set T. Moreover, ® has the following additional properties:
(b) the mapping s +— ®(s) o x is weakly continuous for each x € L*(T),
(c) the mapping x> ®(s) ox € LY(T) s uniformly continuous on each
bounded subset of L*(T"), uniformly in s,
(d) if x, — x boundedly a.e., then
(1) limu(myso [ 2(®(s) 0 x,) du = O uniformly in s and n,
(2) for any expanding sequence E; such that UE; = T,

lim (®(s) ox,) du = 0 uniformly in s and n.
Eitr Yr-E;

Conversely, every transformation ®:S — Car®(T) satisfying (a), (b), (c),
and (d) determines by means of (3.1) a tramsformation A: L*(T) — C(S)
satisfying (14), (i4), (iis).

Proof. If A satisfies (i4), (iia), and (iiis), then for each fixed s € S the
functional defined by F,(x) = A4 (x) (s) satisfies (i), (ii), and (iii) of Theorem 1.
Hence by Theorem 1 there exists an element ®(s) € Car®(7T") satisfying (a)
for which the representation

F@) = 406 = [ (@6) o) du

holds, and @(s) is unique up to sets of the form R X N with NV a null setin 7.
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To show that (b), (c), and (d) are satisfied, we proceed as follows. According
to (i4) and (iii4), F, determines for each x € L*(T) a p-continuous measure
v, by means of

(3.2) 1) = Fuloxo) = [ (26) owxo) du
Using (a) we can rewrite this as follows:

(33) (6) = | (@) 0%) d = AGx0)5):
Thus for any x,y € L™(T) we have

64 J [#6) o — 8() 031du = %(6) = n(G)

= A(xx0)(s) — A(yxe) (5).
Now the total variation of the signed measure », — v, is given by

3.5) Var (v, — »,)

Il

J; |®(s) ox — ®(s) oy|du
sGLé;z) [A(xxe)(s) — A(yxe) ()]
- G“g: [4 (xxe) () — A(yxe) ()]

However, by (ii4) we see that on each bounded subset B of L*(T") there exists
for each ¢ > 0 a 4, independent of s, such that for x,y € B, |[|x — y||, < &
the right side of equation (3.5) is less than e. This yields (c).

To show that (b) holds, we observe first that, as a consequence of (c), for
each x € L*(T") the family

K, = {®(s) ox|s €5}

is a bounded subset of L1(T") (here the bounded subset of L*(T") is taken as
B, = {y € L*(D)| |I7lle = ll*|lo}). Moreover, since A maps L*(T") into C(S),
we have for each E € Z:

3.6) fT (®(s) oxxz) du = fT xz(2(s) ox) du = A (xxz) (s)

is continuous with respect to s. It then follows by (i4) and (a) that

3.7) sz(CD(s) ox)du € C(S)

for every measurable function z whose range is a finite set. Since these functions
are dense in L*(T") = LY(T)’ and #, is a bounded subset of L!(T), it follows
that (3.7) holds for all z € L*(T), which yields (b).

To prove (d) we argue by contradiction. If (d) (1) were false, then there
would exist a sequence x, converging to x boundedly almost everywhere and
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a sequence of triples (Eu, Smy ¥nn) With u(E,) < 1/m such that for some
fixed a > 0,

(3.8) > a, m=1,2,.

S @) oz an

By compactness of .S we may assume without loss of generality that s, — s.
Moreover, by (iii4) we have for each G € Z:

B9 rr0sn(@) = [ (@) 030) d = A o) 50) = A Gx6) (5

= f (®(sm) 0x)duasn— o0,
G
uniformly in m. The continuity of 4 (xx¢) now implies that

(3.10) Iim vy, (G) = A(xxe)(S0) = 14,5 (G).

m,N->co

Therefore it follows by the Vitalli-Hahn-Saks theorem [5, p. 158] that

3.11) lim »,,,,,(E) = lim (®(sm) 0%,) dp = 0 uniformly in m and #,
E

B(B)=0 B0
which contradicts (3.8). If (d) (2) were false, then there would exist a sequence
x, converging boundedly to x almost everywhere and a sequence of triples
(Ewy Smy %um), with {E,'} an expanding family in 2 whose union is 7', such
that for some fixed « > 0, we have:

S @6 om)

Again we may assume that s, — s, so that (3.10) holds. Therefore it follows
by Nikodym’s corollary to the Vitalli-Hahn-Saks theorem [5, p. 160] that

(3.12) >a, m=12....

(3.13) lim (®(Sm) O %) dp = 0 uniformly in m and #,
M0 T—Emnm'
which contradicts (3.12).

For the converse we observe by Theorem 1 that (i4), (iis), and Z, C C(s)
all follow directly from (a), (b), and (c). To prove (iii,) we observe that x,
converging to x boundedly almost everywhere implies by (d) (2) that for
each ¢ > 0 there exists a set E,, with u(E.) < 00, such that

f (®(s) ox,) du < ¢ uniformly in s and .
T-E,

Now bounded almost everywhere convergence of x, to x implies that on the
set E. this convergence is almost uniform. Hence by (d) (1) there exists a
subset FfC E. such that

f (®(s) ox,) du| < € uniformly in # and s
FE
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while the convergence of x, to x on E, — F. is uniform. Thus by (i), we have

619 AEE —AWO! = | [ @) omdu— [ (@) 0x) du

+ f (2(5) o) du — | (2(5) 0%) du

+ [ @) om — () ox) du

< 4e + L_F |®(s) ox, — ®(s) ox|dp.

Then by (ii4) we have, for sufficiently large #:
(3.15) |4 (x,) (s) — A(x)(s)| < 5e uniformly in s.
Since € > 0 was arbitrary, this yields (iii).

We now give an analogue for L?(7),1 < p < co.

THEOREM 4. With T as in Theorem 1, let A be a transformation on L?(T") with
values tn C(S), where S is a compact Hausdorff space. Suppose that A satisfies
the conditions

(ig) Alx+1y) = A(x) + A(y) when xy = 0 a.e.,
(iia,) A s continuous on L?(T),
(iiia,) 4 is uniformly continuous relative to the L” norm on each bounded
subset of L=(T") which is supporied by a set of finite measure.
Then there exists a transformation ®: S — Car?(T") such that

(3.16) Alx)(s) = fT (®(s) ox) du.

The transformation ® can be taken to satisfy:

(a) ®(s) o0 = 0a.e. foralls € .S,

n which case ®(s) is unique, for each s, up to sets of the form R X N with N
a null set in T'. Moreover, ® has the following additional properties:

(by) the mapping s 1— ®(s) ox € LY (T) 1is weakly continuous for each
x € L(T),

(cp) the mapping x 1— ®(s) ox € LY(T) is weakly continuous (using the
norm topology on L?(T)), uniformly in s,

(dp) the mapping x 1— ®(s) o x is uniformly continuous (relative to the L™
norm), uniformly in s, on each bounded subset of L*(T) which is sup-
ported by a set of finite measure.

Conversely, every transformation ®: S — Car?(T) satisfying (a), (b,), (c,),

and (d,) determines by means of (3.16) a transformation A: L?(T) — C(S)
satisfying (ia), (iia,), and (iiia,).

Proof. If A satisfies (i), (iia,), and (iiis,), then for each fixed s € S the
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functional defined by Fs(x) = A (x)(s) satisfies (i), (ii,), and (iii,). Hence by
Theorem 2 there exists an element ®(s) € Car?(T") satisfying (a) for which
the representation

Fi@) = 4@ = [ (@) ox) da
holds, and &(s) is unique up to sets of the form R X N. To show that (b,),

(cp), and (d,) hold, we proceed as follows. According to (i) and (ii4,), Fs
determines for each x € L?(T) a u-continuous measure », by means of

(3.17) 4(G) = Fulexo) = | (2(5) 0wx0) da.

Using (a) we can rewrite this as follows
(3.18) +(©) = [ (@) 02 du = 4Gx0) ()
Thus the variation of the signed measure v, is given by

(3.19) Var (v,)

J; |®(s) ox|du
= sup 4 (vx¢) (s) — iréf A (xxe) (5)-
GeZ G'e€Z

We now show that for each x, the right side of equation (3.19) is bounded.
Since x is in L?(T"), we deduce by equicontinuity of the indefinite integral of
|«|? that corresponding to each e there is a set E. € Z, u(E.) < 0, such that
||xxr—&lp < e. We can require without loss of generality that E. contain at
most finitely many atoms, Ey, ..., E,,. Moreover, by absolute continuity of
the indefinite integral of x there exists a ¢ such that

(3.20) [lxxzll, < € whenever u(E) < 4.

Now by (ii4,), 4 is continuous at 0 € L?(T"). Hence on taking e sufficiently
small we deduce that

(*) |4 (xxr)(s)] =1 uniformly in s, whenever u(F) < 3,
(3.21)

(**) |4 (xxr)(s)] £ 1 uniformly in s, whenever F C T — E..
Now for any G € 2 we have, by (i4),
3.22) [A@xe) ()| = |A@xenw-zry)(s) + 2_;1 A(xxenz:)(s)

+ A (xxen@-ULEn) (5)

S 143 GO + 14 Gxone, Ui 6l
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Moreover, by splitting the non-atomic subset E. — U7%1 E; into parts of
measure less than § and applying (3.21) (*), we obtain the estimate

(3.23) AGxone, Siepo) ()] sEE T B 4 g g alBd 4y
Combining (3.22) and (3.23) we deduce that

IJ(EG)

820 UEx0 2+ 4 5 (@l = i,

uniformly in s and G.
Therefore by (3.19) it follows that the set

(3.25) B, = {®(s)oxxg| E € 2,5 € S}

is a bounded subset of L1(T).
Now since 4 takes L?(T") into C(S) we have for each E € Z:

626) [ (@) owxs) du = f 3o (®(s) o) du = A (exs) ()

is continuous with respect to s. It then follows by (i) that

(3.27) j 2(8(s) ox) du is in C(S)

for every simple function 2. Since the simple functions are dense in L*(T") =
LY(T) and B, is a bounded subset of L!(T), it follows that (3.27) holds for
all z € L=(T), which yields (b,).

To show that (c,) holds, let {x,},=1 denote a sequence converging to x = x,
in L?(T"). Then the indefinite pth power integrals of the {x,},>0 are uniformly
absolutely continuous and equicontinuous with respect to u. Hence it follows
by the technique used in deriving (3.24) that

By = {®(s)oxuxs| E€ 2,5 € S,n 20}
is a bounded subset of L(T).
Now for each E € Z, x,xz converges to ¥ € xz in L?(T) and hence by
(iia,) we have
(3.28) L (®(s) oxuxz) du = ‘L xz(®(s) o0x,) du — fT xz(®(s) ox) du

uniformly in s.
It then follows by (i) that

(3.29) f 2(®(s) 0x,) du —>f 2(®(s) ox) du uniformly in s,
T T
for every simple function 2. Since the simple functions are dense in

L*(T) = LY(T)" and Bys,) is a bounded subset of L1(T), it follows that (3.29)
holds for all z € L*(T"), which yields (c,). Finally, the transformation
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A, = A|L®(E), for any E such that u(E) < o0, satisfies (i4), (ii4), and

(iiiy) of Theorem 3, the last following from (ii4,) by virtue of the Lebesgue

dominated convergence theorem. Therefore (d,) is a consequence of Theorem 3.
The converse is immediate.

Remark. Theorems 3 and 4 are well known in the linear case [5, p. 490].
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